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DIVISIBILITY PROPERTIES OF GRADED DOMAINS 

D. D. ANDERSON AND DAVID F. ANDERSON 

1. Introduction. Let R = 0«<Er Ra be an integral domain graded by 
an arbitrary torsionless grading monoid Y. In this paper we consider to 
what extent conditions on the homogeneous elements or ideals of R carry 
over to all elements or ideals of R. For example, in Section 3 we show that 
if each pair of nonzero homogeneous elements of R has a GCD, then R is 
a GCD-domain. This paper originated with the question of when a 
graded UFD (every homogeneous element is a product of principal 
primes) is a UFD. If R is Z + or Z-graded, it is known that a graded UFD 
is actually a UFD, while in general this is not the case. In Section 3 we 
consider graded GCD-domains, in Section 4 graded UFD's, in Section 5 
graded Krull domains, and in Section 6 graded 7r-domains. In each case 
we show that R satisfies that divisibility property if and only if R satisfies 
the corresponding graded divisibility property and Rs, the homogeneous 
quotient field of R, satisfies that divisibility property. In particular, if R 
is Z + or Z-graded, each divisibility property is equivalent to its cor­
responding graded divisibility property. As an application, these results 
are used to determine when the semigroup ring R[X\ Y] is a GCD-
domain, a UFD, a Krull domain, or a 7r-domain. 

2. Graded integral domains. In this section we include basic results 
about graded integral domains and homogeneous fractional ideals. All 
rings will be commutative integral domains, and all groups will be torsion-
free abelian groups. General references for any undefined terminology are 
[8] and [7]. 

By a graded integral domain R = 0 a ç r Ra, we mean an integral domain 
graded by an arbitrary torsionless grading monoid Y. That is, T is a 
commutative cancellative monoid, written additively, and the quotient 
group (T) generated by Y is a torsion-free abelian group. A cancellative 
monoid Y is torsionless if and only if Y can be given a total order com­
patible with the monoid operation [21, p. 123], and this will be used 
throughout the paper. In this paper we will assume that all semigroups 
are torsionless grading monoids. We shall also often make the harmless 
assumption that each Ra is nonzero. A general reference on torsionless 
grading monoids and T-graded rings is [21]. 

One of the most important examples of a T-graded integral domain is 
the semigroup ring R[X; Y]. Here R[X; Y] = R[{Xg\g £ Y}] with 
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XgXh = Xg+h. Note that the semigroup ring R[X; T] is an integral 
domain if and only if R is an integral domain and T is a torsionless 
grading monoid. R[X; T] is T-graded in the natural way with deg X9 — g. 
For our next example, let T be a subset of a torsionless grading monoid r 
which generates T as a monoid. Then the polynomial ring 

A = R[[X,\g e T}] 

is T-graded with 

deg X„*i . . . Xffr
n' = rngi + . . . + nrgr. 

Note that A = R[X\ V], where V is the free monoid on T. 
Let R = 0«çr Ra be a F-graded integral domain. Then S = {nonzero 

homogeneous elements of R] is a multiplicatively closed set. Thus Rs is a 
G = (T)-graded quotient ring of JR, where Rs = 0«<EG (-Rs)a with each 
(Rs)a = {&/&|a G Rp, 0 ^ H ^7, and 0 — y = a ] . In particular, (Rs)o 
is a field, and each nonzero homogeneous element of R s is a unit. We will 
often call Rs the homogeneous quotient field of R. For future reference 
we include the following result. 

PROPOSITION 2.1. Let R = 0«cr R<* be a graded integral domain and 
S = {nonzero homogeneous elements of R}. Then R sis a completely integrally 
closed GCD-domain. 

Proof. We have already noted that each nonzero homogeneous element 
of R s is a unit. The proposition thus follows from [3, Proposition 3.2 and 
Proposition 3.3]. 

If R is Z or Z+-graded, it is well known that 

Rs « (Rs)o[t, r 1 ] « (i?s)o[X; Z]. 

Also, if 2£ is an integral domain with quotient field K, then the homo­
geneous quotient field of R[X; V] is just K[X; (T)]. More generally, for 
an arbitrary graded integral domain R = 0a (Er Ra, Rs is isomorphic to 
a twisted group ring (Rs)o

y[X; (t)]. For more details, see [4]. 
Although Rs is always a GCD-domain, it need not be a UFD. For 

example, let R = K[X\ Q]. Then Rs = R. ButRs is not a UFD because 
(1 - X) C (1 - ^ 1 / 2 ) C (1 - X1") C • . . is a strictly increasing chain 
of principal ideals. However, Rs is a UFD if and only if Rs is a Krull 
domain, if and only if Rs satisfies the ascending chain condition on 
principal ideals [3, Corollary 3.4]. 

In [9, Theorem 7.13], Gilmer and Parker determined necessary and 
sufficient conditions for the group ring R[X; G] to be a UFD. Matsuda 
[14, Proposition 3.3] used their result to determine when R[X\ G] is a 
Krull domain. We record these results for future reference. 
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PROPOSITION 2.2. (1) The group ring R[X ; G] is a UFD if and only if 
Ris a UFD and G satisfies the ascending chain condition on cyclic subgroups. 

(2) R[X ; G] is a Krull domain if and only if Ris a Krull domain and G 
satisfies the ascending chain condition on cyclic subgroups. 

We remark that G satisfies the ascending chain condition on cyclic 
subgroups if and only if all rank one subgroups of G are free [3, Lemma 
2.5]. Gilmer and Parker, and Matsuda used the equivalent condition that 
every element of G is of type (0, 0, 0, . . .). 

Even if (T) does not satisfy the ascending chain condition on cyclic 
subgroups, one can easily construct T-graded integral domains R such 
that Rs is a UFD [3, p. 88]. However, as we have already seen, K[X\ (T)] 
will not be a UFD. On the positive side, we have the following result. 

PROPOSITION 2.3. ([3, Corollary 3.6]). Let R = 0 a ^ r Ra be a graded 
integral domain and S = {nonzero homogeneous elements of R\. If (T) 
satisfies the ascending chain condition on cyclic subgroups, then Rs is a 
UFD. 

Let R = ©a€r Ra be a graded integral domain and 5 = {nonzero homo­
geneous elements of R}. An overring T, with R Ç T Ç RSy will be called 
a homogeneous overring if 

T = ®az(r)(Tn(Rs)a). 

Thus T is a graded integral domain with Ta — T C\ (Rs)a> We also define 
a fractional ideal / of R to be a homogeneous fractional ideal if there is a 
nonzero homogeneous element r of R such that ri Ç R is homogeneous. 
In particular, a homogeneous fractional ideal is an i?-submodule of the 
homogeneous quotient field Rs-

PROPOSITION 2.4. Let I be a fractional ideal of the graded ring R. The 
following statements are equivalent. 

(1) I is a homogeneous fractional ideal. 
(2) I = (1 /s) J, where s 6 S and J Ç Ris a homogeneous ideal. 

(3)/ = a,(r)( /ni?i 
Proof. (1) <=» (2) and (2) => (3) are trivial. (3) =» (1). Since / is a 

fractional ideal, there is a nonzero r in R so that ri Ç R. Let r = ral + . . . 
+ ran with «i < . . . < an, and each rai 9e 0. Let i G i" be homogeneous. 
Since ri Ç R} by comparing degrees it is clear that raii G R. But / is 
generated by its homogeneous elements, so raiI C R. Thus / is a homo­
geneous fractional ideal. 

Let R be an integral domain with quotient field K. Given fractional 
ideals / and / , and an overring T of R, we define 

/ : TJ = {x Ç T\ xJ Ç J } , 
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which is also a fractional ideal. If T = K, the subscript K will usually be 
omitted. We will also denote R : J by J-1 and R : (R : J) = (J"1)-1 by Iv. 
We will say that 7 is a divisorial or v-ideal if I = 7^. If Ĵ  is a graded 
integral domain and I is a fractional ideal of R, then 7* will denote the 
(homogeneous) fractional ideal generated by the homogeneous elements 
of I. Thus I is homogeneous if and only if I = I*. It is well known that 
if P is a prime ideal, then P* is also a prime ideal [21, p. 124]. Thus a 
minimal prime ideal is homogeneous if and only if P C\ S ^ 0, where S = 
{nonzero homogeneous elements of R}. 

PROPOSITION 2.5. Let Rbe a graded integral domain and S = {nonzero 
homogeneous elements of R\. If I and J are homogeneous fractional ideals, 
then I : J is also a homogeneous fractional ideal and I : J = I : B J. Thus 
if I is a homogeneous fractional ideal, Iv is also homogeneous. Also, if I is a 
v-ideal, then 7* = 0, or 7* is a v-ideal. 

Proof. Let x 6 I : J, so x = a/b where a, 0 9e b G R. Choose a nonzero 
homogeneous element j of / , so j = c/d where c,d Ç S. Then (a/b) (c/d) Ç 
I QRs. But then x = a/b £ (d/c)Rs QRs, thus I : J = I : RsJ. Since 
7 and / are homogeneous i?-submodules of i? s, so is I : RsJ. 

If / is a homogeneous fractional ideal, then so is Iv = R : RS(R : RSI)-
Finally, suppose that I is a «/-ideal. If I* j£ 0, then (/*)„ is homogeneous. 
B u t / * C (J*), C / , = J, so J* = (/*),. 

3. Graded GCD-domains . In this section we prove that if each pair of 
nonzero homogeneous elements of a graded integral domain R has a GCD, 
then R is actually a GCD-domain. Formally, we make the following 
definition. 

Definition 3.1. A graded integral domain R = ©açr Ra is a graded 
GCD-domain if each pair of nonzero homogeneous elements has a 
(necessarily homogeneous) GCD. 

LEMMA 3.2. Let R = ©«er Ra be a graded integral domain. Then Ris a 
graded GCD-domain if and only if each pair of nonzero homogeneous elements 
of R has a (necessarily homogeneous) LCM. 

Proof. Let a and b be nonzero homogeneous elements of R with d = 
GCD [a, b] (necessarily homogeneous). We show that aR C\ bR = 
(ab/d)R. Let x be a homogeneous element of aR C\ bR. Then x = as = bt 
for some homogeneous s, t Ç R. Thus x/d = (a/d)s = (b/d)t. But 

GCD \a/d,b/d} = d/d = 1; 

so (6/rf)|5, and thus 5 = (b/d)v. Hence 

x/d = (a/d)s = (a/d)(b/d)v, 
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so x = (ab/d)v. Thus x 6 (ab/d)R. But aR P\ bR is a homogeneous ideal, 
so aR Hi bR = (ab/d)R. Thus LCM {a, b} = a6/^« Conversely, it is well 
known that if two elements have a LCM, then they also have a GCD, 
namely GCD {a, b} = afc/LCM {a, 6} [8, p. 76]. 

Let R be a graded GCD-domain a n d / = aai + . . . + aan £ i?, with 
each 0 5̂  aa • Ç Rai. We say t h a t / is primitive if 

GCD {flail . . . ,aan} = 1. 

Note that this definition differs from the usual definition used for a 
polynomial ring. For example, by our definition a primitive polynomial 
would necessarily have a nonzero constant term. 

PROPOSITION 3.3. (Gauss's Lemma). Let R = 0«er R<* be a graded 
GCD-domain. Iff, g Ç R are primitive, then f g is also primitive. 

Proof. Our proof is modeled after [9, Proposition 4.6]. Le t / = aai + . . . 
+ aan and g = b^ + . . . + bpm, where all the homogeneous terms are 
nonzero, and <x\ < . . . < an and 0i < . . . < (3m. We show that each 
nonzero, nonunit homogeneous element d of R fails to divide some homo­
geneous component of fg. We may assume that GCD {aai, d) 7e 1; for if 

GCD {aaud\ = GCD {bfil,d\ = 1, 

then GCD {aaibp1}d} = 1. Let 

dj = GCD {aai, . . . , aa., d). 

Then there is a smallest i ^ 2 such that <î  = 1 because/ is primitive. 
Thus di-i is a nonunit homogeneous divisor of d. It suffices to prove that 
di-i fails to divide some homogeneous component of fg. So we may assume 
that d = df-i. Similarly, choose k minimal so that 

GCD{b01,...,bfik9d) = 1, 

and then replace d by 

df = GCD{i f l l 6 ^ , ^ . 

Thus we may assume that d is a nonzero, nonunit divisor of attl, . . . , 
Vai-u bfil9 . . . , bfik_lt and 

GCD{a a i ,d} = GCD{fc^fd} = 1. 

We show that d does not divide the at + f$k component of fg. For the 
at + (3k component has the form aaibpk + . . . + aab$ + . . . , where 
a < ai or 0 < pk. Now d divides each aabfil and hence if d divides the 
<*i + &k component, it divides aaib&k. But this is a contradiction because 

GCD {aai,d\ = GCD {b0k,d} = 1, 

and hence GCD {aaibpk, d) = 1. 
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THEOREM 3.4. If R = 0 « € r Ra is a graded GCD-domain, then R is a 
GCD-domain. 

Proof. We will use [9, Theorem 3.1] to show that R is a GCD-domain. 
We will follow their notation. Let N = S be the set of nonzero homo­
geneous elements of R. By Proposition 3.3, it is clear that T, the set of 
elements of R LCM prime to N, is precisely the set of primitive elements 
of R, Lemma 3.2 shows that (1) of [9, Theorem 3.1] holds, while it is 
clear that (2) holds since R is a graded GCD-domain. By Proposition 2.1, 
RN is a GCD-domain, and hence by [9, Theorem 3.1], R is a GCD-domain. 

An alternate proof of Theorem 3.4 would be to use Northcott's Theorem 
[20] as in [9, Theorem 4.4]. 

If R = 0«<=r Ra is a graded GCD-domain, and hence a GCD-domain, 
then Ro need not be a GCD-domain. As in [3, p. 96] or [13], let R = 
K[X, Y, Z, W] with deg X = deg Y = 1 and deg Z = deg W = - 1 . 
Then R is a Z-graded UFD and RQ = K[XZ, XW, YZ, YW]. However 
Ro is not a GCD-domain (for example, XZYZ and XZYW are both 
homogeneous of deg 0, but GCD {XZYZ, XZYW} = XYZ is homo­
geneous of deg 1, and hence not in R0). 

Following [6], we define an extension of rings R C T to be inert if 
whenever xy £ R for some nonzero x, y € T, then x = ru and y = su-1 

for some r,s G R and u a unit of T. 
Let R = 0«çr Ra be a graded integral domain. It is easily proved that 

if R is a GCD-domain and R0 C Ris an inert extension, then R0 is also a 
GCD-domain. Two important cases when Ro C ^ is an inert extension 
are when R = Ro[X; T] is a semigroup ring, or when R = 0 « € r -R« is 
T-graded with T C\ —T = 0 (that is, no nonzero element of T has an 
inverse). 

As an application of Theorem 3.4, we obtain the Gilmer and Parker 
[9, Theorem 6.1 and Theorem 6.4] characterization of when the semigroup 
ring R[X; T] is a GCD-domain. A semigroup T is a GCD-semigroup if 
for all a , K T, there is a c £ T so that 

(a + T) C\ (b + T) = c + T. 

PROPOSITION 3.5. The semigroup ring R[X; T] is a GCD-domain if and 
only if R is a GCD-domain and T is a torsionless GCD-semigroup. 

Proof. (=»). If R[X; V] is a GCD-domain, then R is also a GCD-
domain by our earlier remarks on inert extensions. Let a, b Ç T and 
Xe = LCM {Xa

fX
b}. Then clearly 

c+ r = (a+ r)r\ (b+ r), 

so T is a GCD-semigroup. 
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(<=). By Theorem 3.4 we need only show that R[X; T] is a graded 
GCD-domain. By Lemma 3.2 we need only show that (aX°) H\ (bXn) is 
a principal ideal. Let 

c = LCM {a, b} and (g + V) Pi (ft + r ) = e + T. 

Then (aX°) H (bXh) = (cXe). Thus £[X; T] is a graded GCD-domain, 
and hence a GCD-domain. 

Let i£ be an integral domain with quotient field K. Let U = U(R) be 
the group of units of R and K* = i£\{0}. The group of divisibility of R, 
G(R)> is K*/U. G(R) becomes a partially ordered abelian group with 
xll ^ yU <=> 3WT-1 Ç i£. It is well known that R is a GCD-domain if and 
only if G(R) is a lattice ordered abelian group. If R = 0«<Er Ra is a 
graded integral domain, in a similar manner, we may define the homo­
geneous group of divisibility of R, HG(R), to be A/B, where A is the set of 
nonzero homogeneous elements of Rs, the homogeneous quotient field of 
R, and B = S C\ U(R), the homogeneous units of R. In the natural way, 
HG(R) is a partially ordered subgroup of G(R). 

It is clear that R is a graded GCD-domain if and only if HG(R) is a 
lattice ordered abelian group. 

4. Graded unique factorization domains. In this section we study 
unique factorization in terms of homogeneous elements. Thus we are led 
to the following definition. 

Definition 4.1. A graded integral domain R = 0 « € r Ra is a graded UFD 
if each nonzero, nonunit homogeneous element of R is a product of 
(necessarily homogeneous) principal primes. 

Unlike the case for graded GCD-domains, a graded UFD need not be 
a UFD. For example, as mentioned in Section 2, the group ring K[X; Q] 
is trivially a graded UFD since all of its nonzero homogeneous elements 
are units, but it is not a UFD. Our next result gives several other char­
acterizations of a graded UFD. Each is just the graded analogue of a well-
known equivalent condition for a UFD. 

PROPOSITION 4.2. The following statements are equivalent for a graded 
integral domain R = 0 a e r ^ a . 

(1) Ris a graded UFD. 
(2) Ris a graded GCD-domain and R satisfies the ascending chain condi-

dion on homogeneous principal ideals. 
(3) HG(R) j the homogeneous group of divisibility of Ry is order isomorphic 

to a direct sum of copies of Z with the usual product order. 
(4) Each nonzero homogeneous prime ideal of R contains a nonzero homo­

geneous principal prime ideal. 
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Proof. (1) =» (4) is clear. The proof of (1) <=* (2) is similar to that of 
the ungraded case [8, Proposition 16.4], while the proof of (1) <=$• (3) is 
similar to [19, Theorem 4.3]. (4) => (1). Let N = {nonzero homogeneous 
elements of R that are products of prime elements, or are units}. Thus N 
is a saturated multiplicative set with N Q S = {nonzero homogeneous 
elements of R}, and RN has no nonzero homogeneous prime ideals. Thus 
each nonzero homogeneous element x of R is a unit. For if x is not a 
unit, then it is contained in a nonzero prime ideal P. But then P* is a 
nonzero homogeneous prime ideal, a contradiction. Thus RN = Rs> so 
N = S. 

LEMMA 4.3. Let R — 0 a e r Ra be a graded UFD and p a nonzero homo­
geneous prime element of R. Then C\pnR = 0 and R(p) is a DVR. Also, 
for any infinite family {pa} of nonassociate homogeneous prime elements of 
R, C\paR = 0. 

Proof. I = C\pnR is a homogeneous prime ideal [8, Theorem 7.6]. If I is 
nonzero, it contains a homogeneous prime q by Proposition 4.2. But then 
0 5̂  (<?) £ (p), a contradiction. 

Clearly R(P) is thus a DVR. If / = C\paR is nonzero, then it contains a 
nonzero homogeneous element which is divisible by infinitely many non-
associate homogeneous primes, a contradiction. 

THEOREM 4.4. Let R = ® aer Ra be a graded integral domain and S = 
[nonzero homogeneous elements of R}. Then Ris a UFD if and only if R is 
a graded UFD and Rsis a UFD. 

Proof. If R is a UFD, then certainly R is a graded UFD and Rs is a 
UFD. Conversely, assume that R is a graded UFD and Rs is a UFD. Let 
P be a nonzero prime ideal of R. If P C\ S ^ 0, then P contains a nonzero 
homogeneous principal prime ideal. If P P\ S = 0, then P s is a proper 
prime ideal of the UFD Rs- Thus there is a nonzero £ G P so that (p) s is 
prime in P&. By Lemma 4.3, we may assume that no homogeneous prime 
of R divides p. But then (p) is a prime ideal of R. For if p\ab, then we may 
assume a £ (£) s, and hence sa = r£ for some s £ S and r £ R. But 5 is 
a product of homogeneous primes, none of which divide p, so s\r. Thus 
p\a, so a £ (£). Thus each nonzero prime ideal of R contains a principal 
prime ideal, so R is a UFD [11, Theorem 5]. 

COROLLARY 4.5. Let R = 0 a € r Ra be a graded UFD. If (T) satisfies the 
ascending chain condition on cyclic subgroups, then Ris a UFD. 

Proof. By Proposition 2.3, if (T) satisfies the ascending chain condition 
on cyclic subgroups, then Rs is a UFD. 

As a special case we obtain the following theorem of Anderson and 
Matijevic [2, Theorem 5]. 

COROLLARY 4.6. Let R be a Z + or Z-graded UFD. Then R is a UFD. 
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There are several alternate proofs of Theorem 4.4. If R is a graded 
UFD, it may be shown that R = Rs^ (f^R(pa))i where {pa} is the set of 
nonassociate homogeneous primes of R, and this intersection is locally 
finite. By Lemma 4.3, each R(Pa) is a DVR. Thus, if Rs is a UFD, then 
R is a Krull domain. But R is also a graded GCD-domain, and hence a 
GCD-domain by Theorem 3.4. Hence R is a UFD. This approach will be 
used in the next section in our study of graded Krull domains. Another 
proof would be to use [9, Theorem 3.2]. (Note that property (A) of 
[9, Theorem 3.4] is just our Lemma 4.3.) 

As with graded GCD-domains, the same example of Section 3 shows 
that R = ©a<Er Ra may be a graded UFD, yet Ro need not be a UFD. 
Again, it is also easy to show that if Ro C R is an inert extension, then 
Ro is a UFD whenever R is a graded UFD. 

Finally, we will use Theorem 4.4 to give another proof of the Gilmer 
and Parker characterization [9, Theorem 7.17] of when the semigroup 
ring is a UFD. A monoid T is a unique factorization semigroup (UFS) if 
each nonzero, nonunit element of T is a sum of prime elements (in additive 
notation, p is prime if and only if a + b Ç p + T implies a £ p + T or 
b £ p + T). As expected, p Ç T is prime if and only if Xv is prime in 
R[X; T] ([9, Lemma 7.16]). 

PROPOSITION 4.7. The semigroup ring R[X ; r ] is a UFD if and only if 
Ris a UFD, r is a UFS, and the maximal subgroup of T, H = r H - T, 
satisfies the ascending chain condition on cyclic subgroups. 

Proof. (=>). Suppose that R[X; T] is a UFD. By earlier remarks about 
inert extensions, R is a UFD. Now R[X\ (T)] is a localization of R[X; T] 
and hence a UFD. Thus (T), and hence its subgroup H, satisfies the 
ascending chain condition on cyclic subgroups by Proposition 2.2. Clearly 
r is a UFS, with primes {pa}, such that {XPa} are primes in R[X; T], 

(«=). By Theorem 4.4 we need only show that R[X; V] is a graded UFD 
andi£[X; <r>] is a UFD, here K is the quotient field of R. But K[X; (T)] 
is a UFD by Proposition 2.2 since (T) œ H © (© Z«) satisfies the 
ascending chain condition on cyclic subgroups whenever H does [9, 
Lemma 7.15]. To show that R[X; T] is a graded UFD we need only show 
that each nonzero, nonunit homogeneous element aX° is a product of 
primes. But this is clear because a is a product of primes in R and g = 
u + n\p\ + . . . + nrpr for some u G H and primes p\y . . . , pr Ç T. 
So a X ' = aZ M (Z p 0 n • • • (Xp')n' is a product of primes in R[X; T]. 

Let T be a UFS with {pa} a set of nonassociate primes and let H = 
T P\ — T be the set of invertible elements of T, that is, the maximal 
subgroup of T. Then r « H © (© Za+) [9, Proof of Lemma 7.15]. Thus 

R[X;T]&R[X;H][{Xa}]. 

For emphasis we restate this as a corollary. 
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COROLLARY 4.8. The semigroup ring R[X ; T] is a UFD if and only if it 
has the form R[X ; G][{Za} ], where Ris a UFD and G satisfies the ascending 
chain condition on cyclic subgroups. 

5. Graded Krull domains. Since an integral domain R is a Krull 
domain if and only if R is completely integrally closed and satisfies the 
ascending chain condition on integral z;-ideals, we are led to make the 
following definition. 

Definition 5.1. A graded integral domain R = 0«er Ra is a graded Krull 
domain if it is completely integrally closed with respect to homogeneous 
elements (if a/6, with a, 6 £ S, is almost integral over R, then a/b £ R) 
and satisfies the ascending chain condition on homogeneous integral 
z/-ideals. 

We first show that if R is completely integrally closed with respect to 
homogeneous elements, then R is actually completely integrally closed. 

PROPOSITION 5.2. Let R = 0 a ç r Ra be a graded integral domain and S = 
{nonzero homogeneous elements of R). Then the following statements are 
equivalent. 

(1) R is completely integrally closed. 
(2) R is completely integrally closed with respect to homogeneous elements. 
(3) I : I = Rfor each nonzero homogeneous fractional ideal I. 
(4) R is completely integrally closed inRs-

Proof. (1) => (2) is obvious. (2) => (3). Let / be a nonzero homogeneous 
fractional ideal. By Proposition 2.5, J — I : I is also a homogeneous 
fractional ideal. Let x £ / be homogeneous. Then x is almost integral over 
R, and hence by hypothesis in R. Thus I : I = R. (3) => (2). Let x be 
homogeneous and almost integral over R. Then R[x] is a homogeneous 
fractional ideal. Thus* <G R[x] : R[x] = R. (2) =» (4). Letx = r'/s G Rs 

be almost integral over R. Then 

R[r/s] C (a1/s1)R + ...+ (an/sn)R QRS, 

where at Ç R and st 6 5. Thus i?[r/5] ^ (l/t)R, where J = $i . . . sn Ç 5. 
Let r = rai + . . . + r«n, where each rai is homogeneous and «i < . . . 
< an. Since {\/i)R is homogeneous, (rai/s)n G (\/t)R for w ^ 1, and hence 
JRDOIA] Q (l/t)R. Hence r/s — ral/s = (ra2 + . . . + ran)/s is almost 
integral over R. Similarly, each raJs is almost integral over R and hence 
each rai/s 6 R. Thus r/s 6 R. (4) => (2). Let x = a/6, with a, 6 G 5, 
be almost integral over JR. Then R[x] is a homogeneous fractional ideal, 
so R[x] C (l/r)i£ Q Rs, for some homogeneous r £ R. Thus x Ç i^s is 
almost integral over i£ as an element of Rs. Hence x 6 R. (2) => (1). 
Let x = a/6, with a, 6 G R, be almost integral over R. Since i?s is com­
pletely integrally closed, x G Rs- Thus we may assume that 6 £ 5. Let 
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0 ï t 6 R such that t(a/b)n Ç R for all n ^ 1. Let a = aal + . . . + a«m 
and £ = fa + . . . + tfa, where each term is nonzero and homogeneous and 
ai < . . . < am and 0i < . . . < f}k. Then t&l{aai/b)n is the term of least 
degree in t(a/b)n. Thus 

hMay/b)n 6 R f o r w ^ l , 

so by hypothesis aaJb Ç R. In a similar manner each a«t./6 £ i?, and 
hence a/b 6 JR. 

In [3, p. 103], a torsionless grading monoid T was said to satisfy 
property (*) if whenever g Ç I\ h £ (T), and g + nh £ T for all w ^ 1, 
then fe G T. As a corollary of Proposition 5.2, we obtain the following 
result of Anderson [3, Proposition 7.9] and Matsuda [17, Proposition 4.16]. 

COROLLARY 5.3. The semigroup ring R[X; V] is completely integrally 
closed if and only if R is completely integrally closed and T satisfies (*). 

While we will make no use of our next result, we state it because it, 
and its proof, are very similar to Proposition 5.2. 

PROPOSITION 5.4. For a graded integral domain R = ©a^r Ray the follow­
ing statements are equivalent. 

(1) Ris integrally closed. 
(2) Ris integrally closed with respect to homogeneous elements. 
(3) I : I = Rfor each finitely generated nonzero homogeneous fractional 

ideal I. 
(4) Ris integrally closed inRs> 

We have seen that a graded Krull domain is completely integrally 
closed. The next several propositions show that the homogeneous rank 
one prime ideals of a graded Krull domain behave very much like the 
rank one prime ideals of a Krull domain. 

PROPOSITION 5.5. Let R = ©«er Ra be a graded Krull domain. The set of 
maximal proper homogeneous v-ideals of R coincides with the set XH(R) = 
XH of homogeneous rank one prime ideals. If P G XH, then RP is a DVR. 
Hence maximal homogeneous v-ideals are maximal prime v-ideals. Also, if 
P 6 XHy then P ( n ) is homogeneous. 

Proof. The proof of [7, Proposition 3.5] adapted to the homogeneous 
case shows that a maximal homogeneous z;-ideal P is prime. Then [7, 
Theorem 3.10] shows that RP is a DVR. Thus a maximal homogeneous 
z/-ideal is a rank one prime ideal. Conversely, let P be a homogeneous rank 
one prime ideal. L e t / be a nonzero homogeneous element of P. Enlarge 
(/) to a maximal homogeneous p-ideal Q contained in P. It suffices to 
show that Q is prime. For then P = Q, and then P is a v-ideal, and hence 
necessarily a maximal homogeneous tf-ideal. (For if P is not maximal, it 
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can be enlarged to a maximal z/-ideal which is a rank one prime ideal.) 
So suppose that ab G Q, where a and b are homogeneous and b (£ Q. Then 
Q : ie(a) 2 (? is a homogeneous p-ideal, thus Q : (a) ÇL P (we will now 
omit the subscript P ) . Choose a homogeneous h £ Q : (a)\P. Now 
Q • (h) 2 Ç is a homogeneous z;-ideal and (Q : W ) ^ ^ (? Q P- Thus 
Ç : (ft) C P because h £ P.SoQ = Q: (ft), and hence a Ç Q : (ft) = Q, 
so Q is prime. 

Let P be a homogeneous rank one prime ideal. Then P ( n ) is P-primary. 
Since Pn C P<»>, P<»>* is a nonzero P-primary ideal [21, p. 125]. Thus 
P<n>* = p("+*> for some k è 0. But then Pw C P<»>* = P<*+*), so 

p(n) _ pw _ p(n+Jc) __ pn+k 

Thus k = 0, so P ( n ) is a P-primary homogeneous ideal. 

PROPOSITION 5.6. Let R = 0«cr <̂* &e a graded Krull domain and let b 
be a nonzero homogeneous element of R. Then b is contained in only a finite 
number of rank one (necessarily homogeneous) prime ideals P i , . . . , P „ and 
(b) = Px

( n i ) P\ . . . r\ P5
(Ws) for some positive integers n\, . . . , ns. 

Proof. Let P be a prime ideal minimal over (b). Then (b) Ç P* C P , 
so P is homogeneous. As in Proposition 5.5, (b) may be enlarged to a 
prime homogeneous w-ideal contained in P . Thus P is a a-ideal of rank one. 
It follows, as in [7, Theorem 3.12], that the number of such primes is 
finite. Let these primes be Pu . . . Ps. Let (b)pi = P%., so (b) C P ,<*»">, 
and hence 

(b) C P ^ i ) H . . . H P / ^ ) . 

Suppose that (6) £ Pi ( n i ) H . . . P\ Ps
(Hs\ so we may choose a homo­

geneous 

x e P i ( n i ) n . . . n p / n « ) \ ( è ) . 
Now (x)P l C P%.. Since x Q (b), (b) : B(x) is a proper homogeneous 
^-ideal. Hence (fr) : R(x) Ç Q, where Q is a homogeneous rank one prime 
z/-ideal. Since (b) Ç (b) : R(x), we may assume that P i = (X Thus 
(6) • R(X) Q PU SO that 

(6)PI : B P I W P I = ((6) : * ( * ) ) P I £ P l p i . 

But (b)Pl = PÏP 1 and (x)P l Q Pn
1P11 so 

( & ) P I ^ RPI(PC)P1 = ^ P n 

a contradiction. Thus we must have (£) : R(x) = P , orx £ (&)• 

PROPOSITION 5.7. Let b be a homogeneous element of a graded Krull 
domain R. If a is a nonzero (not necessarily homogeneous) element of P , 
then (b) : R(a) is a homogeneous v-ideal. 
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Proof. By Proposition 5.6, (b) = P x
( n i ) P . . . C\ ?,(»•>, where P i , . . . , 

Ps are the homogeneous rank one prime ideals that contain (b). Again, 
we will omit the subscript R from / : RJ. Now 

(b) : (a) = ( P ^ P . . . P P,<n«>) : (a) 

= (PX<WD : ( a ) ) H . . . P (P,<»-> : (a)). 

Each P / * 0 : (a) is either R or P r pr imary. In the second case 

P ,<"••> : (a) = P <(»<+*> for some fe ^ 0. 

In either case, each Pt
{ni) : (a) is homogeneous, and thus so is their 

intersection. 

We can now prove the main theorem of this section. Recall that XH = 
XH(R) is the set of homogeneous rank one prime ideals of R. 

THEOREM 5.8. Let R = ©açr Ra be a graded Krull domain and S = {non­
zero homogeneous elements of R). Then R = Rs C^\pexH ( P Rp)> and the 
intersection is locally finite. Thus R is a Krull domain if and only if R is 
a graded Krull domain and Rs is a Krull domain. 

Proof. Clearly the second statement follows from the first. It is clear 
that R C Rsr\ ( P RP). Let x ^ s H ( n RP), with x = a/b, where 
a £ R and b £ S. Suppose that x (L R. Then (b) : R(a) Q P for some 
homogeneous rank one prime z;-ideal P . But a/b £ RP, so a/b = r/t, 
where t $ P . Thus t(a/b) Ç R, so t G (b) : «(a) C P . This contradiction 
shows that x £ P , so that R = Rs (^ ( P Pp) . Let x be a nonzero element 
of P . Then x is a unit in RP unless x £ P (here P 6 X#). If x is contained 
in infinitely many Pt £ X#, then P P* is a nonzero homogeneous ideal. 
But then P Pt contains a nonzero homogeneous element x which is con­
tained in infinitely many rank one prime ideals, which contradicts Propo­
sition 5.6. 

Unlike the earlier cases, if R = ©«er Ra is a graded Krull domain, then 
P 0 is actually a Krull domain. 

COROLLARY 5.9. Let R = © açr Ra be a graded Krull domain. Then Ro is 
a Krull domain. 

Proof. Let K be the quotient field of P0 . Then by Theorem 5.8, P 0 = 
P Pi K = K P ( P RP) is a Krull domain. 

COROLLARY 5.10. Let R = ©a(Er Ra be a graded Krull domain. If (T) 
satisfies the ascending chain condition on cyclic subgroups, then Ris a Krull 
domain. In particular, if R is Z + or Z-graded, then R is a Krull domain. 

Proof. Apply Theorem 5.8 and Proposition 2.3. 
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We next use Theorem 5.8 to dérive necessary and sufficient conditions 
for the semigroup ring R[X\ T] to be a Krull domain, thus giving another 
proof of a recent result of Chouinard [5, Theorem 1]. Let T be a semigroup 
with G = (T). For X C G, we define 

r : X = {g £ G\ x + g 6 r for all x £ X}. 

An ideal / o f T is az;-ideal if r : (T : I) = I. Let K be the quotient field 
of R. It is clear that there is a one-to-one correspondence between the 
^-ideals of T and the homogeneous ^-ideals of K[X; T] given by 

Thus K[X\ T] satisfies the ascending chain condition on homogeneous 
y-ideals if and only if T satisfies the ascending chain condition on y-ideals. 
Following Chouinard [5, Proposition 2], we define T to be a Krull semi­
group if T satisfies 

(*) (g € T,h £ (T), and g + nh G r for all n è 1 implies h £ T) 

and r satisfies the ascending chain condition on y-ideals. 

PROPOSITION 5.11. The semigroup ring R[X ; T] is a Krull domain if 
and only if Ris a Krull domain, T is a torsionless Krull semigroup, and (V) 
satisfies the ascending chain condition on cyclic subgroups. 

Proof. (=>) Suppose that R[X; T] is a Krull domain. By Corollary 5.9, 
R is a Krull domain (with quotient field K). Also, the localization 
K[X\ r ] is a Krull domain, so by our earlier remarks, Y satisfies the 
ascending chain condition on fl-ideals. By Corollary 5.3, Y satisfies (*), 
so r is a Krull semigroup. Since the localization R[X\ (V)] is also a Krull 
domain, by Proposition 2.2, (V) satisfies the ascending chain condition 
on cyclic subgroups. 

(<=). By Proposition 2.2, R[X; (V)] is a Krull domain. Since 

R[X;T] = R[X;(T)]nK[X;n 

we need only show that K[X; V] is a Krull domain. And by Theorem 5.8 
we need only show that K[X\ T] is a graded Krull domain. Since T is a 
Krull semigroup, V satisfies (*), and thus K[X\ T] is completely integral­
ly closed by Corollary 5.3. Earlier remarks show that K[X; T] also satis­
fies the ascending chain condition on homogeneous y-ideals. Thus K[X; T] 
is a graded Krull domain, and hence a Krull domain. 

In Corollary 4.8 we saw that a semigroup ring is a UFD if and only if 
it has the form R[X] G] [{Xa}], where R is a UFD and G satisfies the 
ascending chain condition on cyclic subgroups. Chouinard [5, Proposition 
1] has shown that the semigroup ring R[X; T] is a Krull domain if and 
only if it has the form R[X; G][Y; S], where G satisfies the ascending 
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chain condition on cyclic subgroups and 5 is a submonoid of a free group 
F = ®Za such t h a t 5 = ( S ) H ^ Thus R[X\G][Y;S] may be regarded 
as a subring of R[X; G] [{Xa}] generated by monomials over R[X\ G]. 

THEOREM 5.12. Let R = 0«cr Ra be a graded integral domain and S = 
{nonzero homogeneous element of R). The following statements are equivalent. 

(1 ) Ris a graded Krull domain. 
(2) R = Rs H (nP € X f l . RP), the intersection is locally finite, and each 

Rpis a DVR. 
(3) R = Rs ^ (Ha Va) y the intersection is locally finite, and each Va is 

a DVR. 

Proof. (1) => (2) follows from Theorem 5.8, while (2) => (3) is obvious. 
(3) => (1) is a modification of [7, Theorem 3.6]. Since Rs and each Fa 

is completely integrally closed, so is their intersection R. We may assume 
that each R Q Va Q K, where K is the quotient field of R. If J is a 
homogeneous fractional ideal of R, then 

R:I = Rsr\ (H (Va:IVa)). 

Thus for a homogeneous fl-ideal / , 

I = Rs^(C\ (Va: (R:I)Va)). 

Let 0 ¥" I\ Q It Q Iz Q . . . be an ascending chain of integral homo­
geneous ^-ideals. Then for each a, Va : (R : Ii) Va Q Va : (R : 12) Va C . . . 
is an ascending chain of ideals of Va. Since the intersection is locally 
finite, 

Va : (R : h) Va = Va for almost all a. 

Since each Va is noetherian, there is an n such that 

Va: (R: In)Va = Va : (R : In+l)Va = ... for all a. 

Thus 

Jm = i ? s n (H (7« : ( i ? : / m )7 t t ) ) 

= 2îfl r\ (Pi (F a : (i? : IH))Va) = In for all m ^ n. 

Thus i£ satisfies the ascending chain condition on homogeneous fl-ideals 
and hence is a graded Krull domain. 

We will define a graded integral domain R to be a graded DVR if R is 
a graded UFD with a single homogeneous principal prime. Note that a 
graded DVR is a graded Krull domain. More generally, one can define R 
to be a graded valuation ring if for each homogeneous x in Rs, the homo­
geneous quotient field of R, either x or x~l Ç i?. Thus R is a graded valua­
tion ring if and only if HG(R), its homogeneous group of divisibility, is 
totally ordered. Graded valuation rings were introduced by Johnson [10]. 
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LEMMA 5.13. Let R — 0 a ^ r R<* be a graded Krull domain, P a homoge­
neous rank one prime ideal and S = {nonzero homogeneous elements of R). 
Then Rs r\ RP is a homogeneous over ring of R which is a graded DVR. 

Proof. By Theorem 5.8, R = Rs H ( O P ^ Rp). Let T = S\P. (If 
T = 0, then R = Rs C\ RP and we are trivially finished.) Since the 
intersection is locally finite, 

RT = (Rs)Tr\ (H (RP)T) = Rs^Rp. 

But clearly RT is a homogeneous overring of R. By Theorem 5.12, RT is 
a graded Krull domain with PT as its unique homogeneous rank one 
prime ideal. Since every homogeneous element is contained in a homo­
geneous rank one prime ideal, PT is the unique nonzero homogeneous 
prime ideal of RT- By Proposition 5.6, every homogeneous ideal has the 
form P r } for some n. Thus PT must be principal, and it easily follows 
that RT is a graded UFD with a single homogeneous principal prime PT. 

COROLLARY 5.14. Let R = Rs H (C]pexH Rp) be a graded Krull do­
main. Then for Y C XHj the subintersection RY = Rs H ( H P ^ F ^ P ) ^ # 
graded Krull domain. 

Proof. RY = Rs(^ (DPCY RP) = PlP€F (-Rs H i?P), so RY is a homo­
geneous overring of R. It follows from Theorem 5.12 that R is a graded 
Krull domain. 

In particular, if T C 5 is a multiplicatively closed set, then RT = RY, 
where Y = {P Ç XH\ P C\ T = 0}. We say that the intersection R = H Ra 

is homogeneously locally finite if each homogeneous element of R is a unit 
in almost all a. 

THEOREM 5.15. Let R = ©«er R<* be a graded integral domain. Then R is 
a graded Krull domain if and only if R = C\ Ra, where the intersection is 
homogeneously locally finite and each Va is a homogeneous overring of R 
which is a graded DVR. 

Proof. If R is a graded Krull domain, this follows from Theorem 5.12 
and Lemma 5.13. Conversely, if R = H Va is a homogeneously locally 
finite intersection of graded DVR homogeneous overrings, then as in the 
proof of Theorem 5.12, we see that R is actually a graded Krull domain. 

Let R = 0«çr <̂* be a graded Krull domain. Since R is completely 
integrally closed, D(R), the set of nonzero fractional ^-ideals of R with 
the usual ^-operation is an abelian group [7, Proposition 3.4]. We can also 
form the subgroup HD(R) of homogeneous p-ideals. It is not hard to 
show that HD{R) is a free abelian group generated by the maximal 
homogeneous integral z/-ideals. We can then define the homogeneous divisor 
class group of R to be HC1 (R) = HD (P)/HPrin (R), where HPrin (R) is 
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the subgroup of homogeneous principal ideals. There is a natural embed­
ding HC1 (P) —> CI (P), which is an isomorphism whenever R is a Krull 
domain [3, Theorem 4.2]. 

6. Graded 7r-domains. An integral domain R is a ir-domain if every 
principal ideal is a product of prime ideals. Several other equivalent 
conditions for R to be a 7r-domain may be found in [1] and [2]. For 
example, R is a 7r-domain if and only if R is a Krull domain and every 
tt-ideal of R is invertible. 

Definition 6.1. A graded integral domain R = 0a<=r Ra is a graded 
ir-domain if each principal homogeneous ideal is a product of (necessarily 
homogeneous invertible) prime ideals. 

The example R = K[X, F, Z, W] with deg X = deg Y = 1 and 
deg Z = deg W = — 1 of Section 3 shows that if P is a graded 7r-domain, 
Po need not be a 7r-domain. However, if P 0 Q R is an inert extension, 
then R0 is a 7r-domain wherever R is a graded 7r-domain. For if x is a 
homogeneous element of P0 , then xR = Px . . . Pn for some prime ideals 
of R. But then xRo = Qi. . . Qn, where each Qt = P* Pi P0 . For 7r-domains, 
we have the analogue of Theorem 5.8 on Krull domains. 

THEOREM 6.2. Let R = ©a^r Ra be a graded integral domain and S = 
{nonzero homogeneous elements of R}. Then R is a ir-domain if and only if 
R is a graded ir-domain and Rsis a ir-domain. 

Proof. (=») is clear. So conversely suppose that R is a graded 7r-domain 
and Rs is a 7r-domain, or equivalently a UFD [3, Corollary 3.4]. We first 
show that R is a graded Krull domain, and hence a Krull domain by 
Theorem 5.8. It is clear that each homogeneous rank one prime ideal P of 
R is invertible, and thus each RP is a DVR. Also, the intersection Rs r\ 
(r\pexH Rp) is locally finite. Thus by Theorem 5.12, to show that R is 
a graded Krull domain we need only show that R = Rs H (C\ RP). 
Let x = r/s 6 Rs ^ (H RP), where r 6 R and s £ S. Then as in Proposi­
tion 5.7, (5) : R(r) is a homogeneous fl-ideal. Thus we may assume that r 
is actually homogeneous. If sR = P i . . . Pn and rR = Ci . . . Cm, then 
each Pi is equal to some Qj. For r /s 6 P P i implies r/s = x/£ for some 
x £ R and / g P t . Thus rt = xs £ Pi} and hence r G P*. So Qi. . . Qm C Pi 
and hence P* is equal to some Qj. Thus 

(s) : B(r ) = ( (P x . . . Pn) : * ( & . . . Q J ) r\R=(R:KI)r\R = R, 

where 

/ = ( C l . . . ^ ) ^ ! . - . ^ ) - 1 . 

Thus 1 G (5) : «(r), so x = r /s 6 P . Thus P is a graded Krull domain, 
and hence a Krull domain. As mentioned earlier, the natural embedding 
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of the homogeneous divisor class group HC1 (R) into Cl (R), the divisor 
class group, is an isomorphism [3, Theorem 4.2]. Thus Cl (R) is generated 
by the homogeneous rank one prime ideals of R, which are invertible. 
Hence every divisorial ideal of R is invertible, so R is a 7r-domain. 

COROLLARY 6.3. Let R = © a ç r Ra be a graded ir-domain. If (Y) satisfies 
the ascending chain condition on cyclic subgroups, then R is a ir-domain. 

As a special case of Corollary 6.3, we have the following theorem of 
Anderson and Matijevic [2, Theorem 6]. 

COROLLARY 6.4. A Z + or Z-graded ir-domain is a ir-domain. 

Finally, we obtain a characterization of when the semigroup ring 
R[X\ T] is a 7r-domain. Special cases of this have been considered by 
Anderson [1] and Matsuda [16, § 12]. 

PROPOSITION 6.5. The semigroup ring R[X ; r ] is a ir-domain if and only 
if Ris a ir-domain, Y is a UFS, and (Y) satisfies the ascending chain condi­
tion on cyclic subgroups. 

Proof. Suppose that R[X; Y] is a 7r-domain. Since R C R[X; Y] is an 
inert extension, R is a 7r-domain (with quotient field K). The localization 
K[X\ T] is a Krull domain, so by Proposition 5.11 ( r ) satisfies the 
ascending chain condition on cyclic subgroups. By the remarks after 
Proposition 5.11, r « G X S, where G = r H - r , so K[X\ Y) œ 
A[Y; S]y which is a subring of some ^4[{X«}] generated by monomials 
over A = K[X\ G]. By [12, p. 57] each homogeneous invertible ideal of 
K[X\ T] is extended from the UFD K[X; G], and hence is principal. But 
thus K[X\ r ] is a graded UFD, and hence a UFD. So Y is a UFS by 
Proposition 4.7. Conversely, we need only show that R[X\ Y] is a graded 
7r-domain. By the remarks before Corollary 4.8, 

R[X; T]ttR[X;G][[Xa}], 

where G = Y C\ -Y. Thus R[X; T] is a 7r-domain if and only if R[X\ G] 
is a 7r-domain [1, p. 200]. If aXg G R[X; G], then 

aX'R[X\ G] = Pi . . . PnR[X; G], 

where aR = P\ . . . Pn. But each PiR[X; G] is an invertible prime ideal 
of R[X\ G]. Thus R[X; G] is a 7r-domain, and hence so is R[X; Y]. 

Thus a semigroup ring R[X; Y] is a 7r-domain if and only if it has the 
form R[X; G][{Xa}]} where R is a 7r-domain and G satisfies the ascending 
chain condition on cyclic subgroups. So by Corollary 4.8, the only differ­
ence between whether R[X; Y] is a UFD or a x-domain is whether R is 
a UFD or a 7r-domain. 
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Let R = 0 a Ç r Ra be a graded integral domain and 5 = {nonzero homo­
geneous elements of R}. We have defined graded GCD-domain, graded 
UFD, graded completely integrally closed, graded Krull domain, and 
graded 7r-domain. We showed that R satisfies each particular property if 
and only if R satisfies the corresponding graded property and the homo­
geneous quotient field Rs satisfies that property. Since R s is a completely 
integrally closed GCD-domain, in each of these two cases, the graded and 
non-graded properties are equivalent. 

Let R be an integral domain with quotient field K. For the semigroup 
ring R[X\ V] and S = i^\{0}, we have seen that R[X; T] satisfies any of 
these five properties if and only if R and R[X\ T]s = K[X; T] satisfy 
that property. Thus one is led to ask if R = 0 a ç r Ra satisfies one of the 
divisibility properties if and only if R0 and Rs satisfies that property, 
where here 5 = i?0\{0}. The answer is no. For let R = Z + XQ[X], 
where deg X = 1. Then R is Z+-graded with R0 = Z and Rs = Q[X]. 
Thus Ro and Rs both satisfy any of the five divisibility properties, but 
it is easy to see that R satisfies none of them. 
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