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DIVISIBILITY PROPERTIES OF GRADED DOMAINS
D. D. ANDERSON AND DAVID F. ANDERSON

1. Introduction. Let R = @,cr R, be an integral domain graded by
an arbitrary torsionless grading monoid T. In this paper we consider to
what extent conditions on the homogeneous elements or ideals of R carry
over to all elements or ideals of R. For example, in Section 3 we show that
if each pair of nonzero homogeneous elements of R has a GCD, then R is
a GCD-domain. This paper originated with the question of when a
graded UFD (every homogeneous element is a product of principal
primes) is a UFD. If R is Z+ or Z-graded, it is known that a graded UFD
is actually a UFD, while in general this is not the case. In Section 3 we
consider graded GCD-domains, in Section 4 graded UFD'’s, in Section 5
graded Krull domains, and in Section 6 graded w-domains. In each case
we show that R satisfies that divisibility property if and only if R satisfies
the corresponding graded divisibility property and R s, the homogeneous
quotient field of R, satisfies that divisibility property. In particular, if R
is Z* or Z-graded, each divisibility property is equivalent to its cor-
responding graded divisibility property. As an application, these results
are used to determine when the semigroup ring R[X; T'] is a GCD-
domain, a UFD, a Krull domain, or a m-domain.

2. Graded integral domains. In this section we include basic results
about graded integral domains and homogeneous fractional ideals. All
rings will be commutative integral domains, and all groups will be torsion-
free abelian groups. General references for any undefined terminology are
[8] and ([7].

By a graded integral domain R = @.cr R., we mean an integral domain
graded by an arbitrary torsionless grading monoid T'. That is, T' is a
commutative cancellative monoid, written additively, and the quotient
group (TI') generated by T is a torsion-free abelian group. A cancellative
monoid T is torsionless if and only if T can be given a total order com-
patible with the monoid operation [21, p. 123], and this will be used
throughout the paper. In this paper we will assume that all semigroups
are torsionless grading monoids. We shall also often make the harmless
assumption that each R, is nonzero. A general reference on torsionless
grading monoids and T-graded rings is [21].

One of the most important examples of a I'-graded integral domain is
the semigroup ring R[X; T]. Here R[X; T] = R[{X*g € T}] with
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X’X" = X7+" Note that the semigroup ring R[X; T] is an integral
domain if and only if R is an integral domain and T is a torsionless
grading monoid. R[X ; T'] is I'-graded in the natural way with deg X? = g.
For our next example, let 7" be a subset of a torsionless grading monoid T
which generates T' as a monoid. Then the polynomial ring

A = R[{X,|g € T}]
is T'-graded with
deg X, ... X, =mgi+ ...+ ng,

Note that 4 = R[X; I'"], where I is the free monoid on T.

Let R = @qcr R, be a T-graded integral domain. Then S = {nonzero
homogeneous elements of R} is a multiplicatively closed set. Thus Rsis a
G = (T')-graded quotient ring of R, where Rs = @ace (Rs)a With each
(Rs)e = {a/bla € Rs,0 # b € R,,and 8 — v = «}. In particular, (Rs)o
is a field, and each nonzero homogeneous element of R s is a unit. We will
often call R s the homogeneous quotient field of R. For future reference
we include the following result.

PrOPOSITION 2.1. Let R = @ocr Ra be a graded integral domain and
S = {nonzero homogeneous elements of R}. Then R s1s a completely integrally

closed GCD-domain.

Proof. We have already noted that each nonzero homogeneous element
of R is a unit. The proposition thus follows from [3, Proposition 3.2 and
Proposition 3.3].

If Ris Z or Z+*-graded, it is well known that
Rs =~ (Rs)o[t, ) & (Rs)o[X; VAR

Also, if R is an integral domain with quotient field K, then the homo-
geneous quotient field of R[X; I'] is just K[X; (T')]. More generally, for
an arbitrary graded integral domain R = @ecr R,, Rs is isomorphic to
a twisted group ring (Rs)¢?[X; (I')]. For more details, see [4].

Although Rg is always a GCD-domain, it need not be a UFD. For
example, let R = K[X; Q]. Then Rs = R. But Rsis not a UFD because
1-X)C(1—-—XY)C (1 —X')C...isastrictly increasing chain
of principal ideals. However, Rs is a UFD if and only if Rg is a Krull
domain, if and only if Rgs satisfies the ascending chain condition on
principal ideals [3, Corollary 3.4].

In [9, Theorem 7.13], Gilmer and Parker determined necessary and
sufficient conditions for the group ring R[X; G] to be a UFD. Matsuda
[14, Proposition 3.3] used their result to determine when R[X; G] is a
Krull domain. We record these results for future reference.
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ProrosiTiON 2.2. (1) The group ring R[(X ; G] is a UFD if and only if
Risa UFD and G satisfies the ascending chain condition on cyclic subgroups.

(2) R[X ; G] 2s a Krull domain if and only if R is a Krull domain and G
satisfies the ascending chain condition on cyclic subgroups.

We remark that G satisfies the ascending chain condition on cyclic
subgroups if and only if all rank one subgroups of G are free (3, Lemma
2.5]. Gilmer and Parker, and Matsuda used the equivalent condition that
every element of G is of type (0, 0,0, ...).

Even if (T') does not satisfy the ascending chain condition on cyclic
subgroups, one can easily construct I'-graded integral domains R such
that Rgisa UFD [3, p. 88]. However, as we have already seen, K[X; (T')]
will not be a UFD. On the positive side, we have the following result.

ProrpositioN 2.3. ([3, Corollary 3.6]). Let R = @Dacr Ra be a graded

integral domain and S = {nonzero homogeneous elements of R}. If (T')
satisfies the ascending chain condition on cyclic subgroups, then Rgs is a
UFD.

Let R = @.cr R. be a graded integral domain and S = {nonzero homo-
geneous elements of R}. An overring T, with R € T € R, will be called
a homogeneous overring if

T = @aer) (TN (Rs)a).

Thus T is a graded integral domain with 7, = 7'M\ (R s).. We also define
a fractional ideal 7 of R to be a homogeneous fractional ideal if there is a
nonzero homogeneous element 7 of R such that I C R is homogeneous.
In particular, a homogeneous fractional ideal is an R-submodule of the
homogeneous quotient field R .

ProposITION 2.4. Let I be a fractional ideal of the graded ring R. The
following statements are equivalent.

(1) I4sa homogeneous fractional ideal.

2) I = (1/s)J,wheres € SandJ < R isa homogeneous ideal.

(3) I = Bacry I N Rg)a.

Proof. (1) & (2) and (2) = (3) are trivial. (3) = (1). Since [ is a
fractional ideal, there isa nonzero» in Rso thatrl C R.Letr =7, + ...
+ 74, witha; < ... < a,, and each 7,; # 0. Let 2 € I be homogeneous.
Since 72 € R, by comparing degrees it is clear that 7,2 € R. But I is
generated by its homogeneous elements, so 7.,/ € R. Thus I is a homo-
geneous fractional ideal.

Let R be an integral domain with quotient field K. Given fractional
ideals I and J, and an overring T of R, we define

I:TJ={xET| ngI}v
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which is also a fractional ideal. If T = K, the subscript K will usually be
omitted. We will also denote R: Iby I"'and R : (R: I) = (I"!)~! by I,.
We will say that I is a divisorial or v-ideal if I = I,. If R is a graded
integral domain and I is a fractional ideal of R, then I* will denote the
(homogeneous) fractional ideal generated by the homogeneous elements
of I. Thus I is homogeneous if and only if I = I*. It is well known that
if P is a prime ideal, then P* is also a prime ideal [21, p. 124]. Thus a
minimal prime ideal is homogeneous if and only if P M S = @, where S =
{nonzero homogeneous elements of R}.

ProPoOSITION 2.5. Let R be a graded integral domain and S = {nonzero
homogeneous elements of R}. If I and J are homogeneous fractional ideals,
then I : J is also a homogeneous fractional ideal and I : J = I : g J. Thus
if I is a homogeneous fractional ideal, I, 1s also homogeneous. Also, if I is a
v-ideal, then I* = 0, or I* is a v-ideal.

Proof. Letx € I:J,sox = a/bwherea,0 % b € R. Choose a nonzero
homogeneous element jof J,soj = ¢/d where¢,d € S. Then (a/b)(c/d) €
I C Rs.Butthenx =a/b € (d/c)Rs C Rg,thusI:J =1 rgJ- Since
I and J are homogeneous R-submodules of Rg,sois [ : rgJ-

If I is a homogeneous fractional ideal, then so is I, = R : zo(R: ggl).
Finally, suppose that I is a v-ideal. If I* 3 0, then (I*), is homogeneous.
ButI* C (I*), CI,=1,s0I*= (I*),.

3. Graded GCD-domains. In this section we prove that if each pair of
nonzero homogeneous elements of a graded integral domain R has a GCD,
then R is actually a GCD-domain. Formally, we make the following
definition.

Definition 3.1. A graded integral domain R = @.cr R. is a graded
GCD-domain if each pair of nonzero homogeneous elements has a
(necessarily homogeneous) GCD.

LEMMA 3.2. Let R = @ucr R, be a graded integral domain. Then R is a
graded GCD-domain if and only if each pair of nonzero homogeneous elements
of R has a (necessarily homogeneous) LCM.

Proof. Let a and b be nonzero homogeneous elements of R with d =
GCD {a, b} (necessarily homogeneous). We show that aR M bR =
(ab/d)R. Let x be a homogeneous element of aR M bR. Thenx = as = bt
for some homogeneous s, t € R. Thus x/d = (a/d)s = (b/d)t. But

GCD {a/d, b/d} = d/d = 1;
so (b/d)|s, and thus s = (b/d)v. Hence

x/d = (a/d)s = (a/d)(b/d)v,
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sox = (ab/d)v. Thusx € (ab/d)R. But aR M bR is a homogeneous ideal,
so aR N bR = (ab/d)R. Thus LCM {a, b} = ab/d. Conversely, it is well
known that if two elements have a LCM, then they also have a GCD,
namely GCD {a, b} = ab/LCM {a, b} [8, p. 76].

Let R be a graded GCD-domain and f = ae, + ... 4+ @a, € R, with
each 0 5 a.; € R,,;. We say that f is primative if

GCD {@ay, . . ., Qan} = 1.

Note that this definition differs from the usual definition used for a
polynomial ring. For example, by our definition a primitive polynomial
would necessarily have a nonzero constant term.

ProPposiTION 3.3. (Gauss's Lemma). Let R = @qcr Re be a graded
GCD-domain. If f, g € R are primitive, then fg is also primitive.

Proof. Our proof is modeled after [9, Proposition 4.6]. Let f = aq, + . . .
+ @, and g = bg, + ... + b, where all the homogeneous terms are
nonzero, and a; < ... < o, and #; < ... < Bn. We show that each
nonzero, nonunit homogeneous element d of R fails to divide some homo-
geneous component of fg. We may assume that GCD {a,,, d} # 1; for if

GCD {aa,, d} = GCD {bg,,d} =1,
then GCD {a,,bs,,d} = 1. Let
d; = GCD {aay, . . ., aq;, d}.

Then there is a smallest 2 = 2 such that d; = 1 because f is primitive.

Thus d;—, is a nonunit homogeneous divisor of d. It suffices to prove that
d ;- fails to divide some homogeneous component of fg. So we may assume
that d = d,_;. Similarly, choose & minimal so that

GCD {bﬁh R ] bﬂkv d} = 19
and then replace d by
d' = GCD {bg,, ..., bg_,, d}.

Thus we may assume that d is a nonzero, nonunit divisor of ag, . ..,
@iy, bpyy - . ., bg_y, and

GCD {aq;, d} = GCD {bg,, d} = 1.
We show that d does not divide the a; + B; component of fg. For the
a; + B component has the form au;bs + ... + aibsg + ..., where

a < a;or B < B Now d divides each a.bs, and hence if d divides the
a; + B component, it divides a,,bg,. But this is a contradiction because

GCD {a;, d} = GCD {bg,, d} = 1,
and hence GCD {aq,bg,, d} = 1.
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THEOREM 3.4. If R = @acr Ra ts a graded GCD-domain, then R is a
GCD-domain.

Proof. We will use [9, Theorem 3.1] to show that R is a GCD-domain.
We will follow their notation. Let N = S be the set of nonzero homo-
geneous elements of R. By Proposition 3.3, it is clear that 7, the set of
elements of R LCM prime to N, is precisely the set of primitive elements
of R. Lemma 3.2 shows that (1) of [9, Theorem 3.1] holds, while it is
clear that (2) holds since R is a graded GCD-domain. By Proposition 2.1,
Ry is a GCD-domain, and hence by [9, Theorem 3.1], R is a GCD-domain.

An alternate proof of Theorem 3.4 would be to use Northcott’s Theorem
[20] as in {9, Theorem 4.4].

If R = @ucr R, is a graded GCD-domain, and hence a GCD-domain,
then R, need not be a GCD-domain. As in [3, p. 96] or [13], let R =
KX, Y, Z Wlwithdeg X = deg YV = landdeg Z = deg W = —1.
Then R is a Z-graded UFD and Ry = K[XZ, XW, YZ, YW]. However
Ry is not a GCD-domain (for example, XZVZ and XZYW are both
homogeneous of deg 0, but GCD {XZYZ, XZYW} = XYZ is homo-
geneous of deg 1, and hence not in Ry).

Following [6], we define an extension of rings R C T to be inert if
whenever xy € R for some nonzero x,y € T, thenx = ru and y = su™!
for some 7,s € Rand # aunitof 7.

Let R = @ucr R be a graded integral domain. It is easily proved that
if Ris a GCD-domain and Ry C R is an inert extension, then Ry is also a
GCD-domain. Two important cases when Ry C R is an inert extension
are when R = Ry[X; T] is a semigroup ring, or when R = @cr R. is
I-graded with T "\ — T = 0 (that is, no nonzero element of T has an
inverse).

As an application of Theorem 3.4, we obtain the Gilmer and Parker
[9, Theorem 6.1 and Theorem 6.4] characterization of when the semigroup
ring R[X; T]is a GCD-domain. A semigroup T is a GCD-semigroup if
foralla,b € T, thereisac € I so that

@+ T)N G+ T)=c+ T

ProposiTioN 3.5. The semigroup ring R[X ; T'] s a GCD-domain if and
only if R is a GCD-domain and T is a torsionless GCD-semigroup.

Proof. (=). If R[X; T] is a GCD-domain, then R is also a GCD-
domain by our earlier remarks on inert extensions. Let a, b € T and
X°=LCM {X° X*}. Then clearly

c+T=@+T)NOG+T),
so T is a GCD-semigroup.
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(). By Theorem 3.4 we need only show that R[X; T] is a graded
GCD-domain. By Lemma 3.2 we need only show that (aX?) N (bX?) is
a principal ideal. Let

¢c=LCM{a,b} and (g+ T)N(HL+T)=e+ T.

Then (aX?) N (bX?) = (c¢X*). Thus R[X; I'] is a graded GCD-domain,
and hence a GCD-domain.

Let R be an integral domain with quotient field K. Let U = U(R) be
the group of units of R and K* = K\{0}. The group of divisibility of R,
G(R), is K*/U. G(R) becomes a partially ordered abelian group with
xU £ yU & yx~! € R. It is well known that R is a GCD-domain if and
only if G(R) is a lattice ordered abelian group. If R = @eucr R. is a
graded integral domain, in a similar manner, we may define the homo-
geneous group of divisibility of R, HG(R), to be A/B, where A is the set of
nonzero homogeneous elements of R s, the homogeneous quotient field of
R,and B = SN U(R), the homogeneous units of R. In the natural way,
HG(R) is a partially ordered subgroup of G(R).

It is clear that R is a graded GCD-domain if and only if HG(R) is a
lattice ordered abelian group.

4. Graded unique factorization domains. In this section we study
unique factorization in terms of homogeneous elements. Thus we are led
to the following definition.

Definition 4.1. A graded integral domain R = @qcr R, is a graded UFD
if each nonzero, nonunit homogeneous element of R is a product of
(necessarily homogeneous) principal primes.

Unlike the case for graded GCD-domains, a graded UFD need not be
a UFD. For example, as mentioned in Section 2, the group ring K[X; Q]
is trivially a graded UFD since all of its nonzero homogeneous elements
are units, but it is not a UFD. Our next result gives several other char-
acterizations of a graded UFD. Each is just the graded analogue of a well-
known equivalent condition for a UFD.

ProrosiTION 4.2. The following statements are equivalent for a graded
integral domain R = @acr R,.

(1) Risa graded UFD.

(2) R 1s a graded GCD-domain and R satisfies the ascending chain condi-
dion on homogeneous principal ideals.

(3) HG(R), the homogeneous group of divisibility of R, is order isomorphic
to a direct sum of copies of Z with the usual product order.

(4) Each nonzero homogeneous prime ideal of R contains a nonzero homo-
geneous principal prime ideal.
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Proof. (1) = (4) is clear. The proof of (1) & (2) is similar to that of
the ungraded case [8, Proposition 16.4], while the proof of (1) & (3) is
similar to [19, Theorem 4.3]. (4) = (1). Let N = {nonzero homogeneous
elements of R that are products of prime elements, or are units}. Thus N
is a saturated multiplicative set with N C S = {nonzero homogeneous
elements of R}, and Ry has no nonzero homogeneous prime ideals. Thus
each nonzero homogeneous element x of R is a unit. For if x is not a
unit, then it is contained in a nonzero prime ideal P. But then P* is a
nonzero homogeneous prime ideal, a contradiction. Thus Ry = Rg, so
N =S

LEMMA 4.3. Let R = @er R. be a graded UFD and p a nonzero homo-
geneous prime element of R. Then Mp"R = 0 and Ry s a DVR. Also,
for any infinite family {p.} of nonassociate homogeneous prime elements of
R, Np,R = 0.

Proof. I = Mp"R is a homogeneous prime ideal [8, Theorem 7.6). If I is
nonzero, it contains a homogeneous prime ¢ by Proposition 4.2. But then
0 (¢) & (p), a contradiction.

Clearly R, is thus a DVR. If / = Mp,R is nonzero, then it contains a
nonzero homogeneous element which is divisible by infinitely many non-
associate homogeneous primes, a contradiction.

THEOREM 4.4. Let R = @acr Ra be a graded integral domain and S =
{nonzero homogeneous elements of R}. Then R is a UFD if and only if R is
a graded UFD and R s1s a UFD.

Proof. If R is a UFD, then certainly R is a graded UFD and Rgis a
UFD. Conversely, assume that R is a graded UFD and Rsis a UFD. Let
P be a nonzero prime ideal of R. If P M .S 5 @, then P contains a nonzero
homogeneous principal prime ideal. If P M S = @, then Pg is a proper
prime ideal of the UFD Rg. Thus there is a nonzero p € P so that (p) s is
prime in R 5. By Lemma 4.3, we may assume that no homogeneous prime
of R divides p. But then (p) is a prime ideal of R. For if p|ab, then we may
assume a¢ € (p)s, and hence sa = rp for some s € Sandr € R. Butsis
a product of homogeneous primes, none of which divide p, so s|r. Thus
pla, so a € (p). Thus each nonzero prime ideal of R contains a principal
prime ideal, so R is a UFD [11, Theorem 5].

COROLLARY 4.5. Let R = @ucr Ra be a graded UFD. If (T') satisfies the
ascending chain condition on cyclic subgroups, then R s a UFD.

Proof. By Proposition 2.3, if (T') satisfies the ascending chain condition
on cyclic subgroups, then R is a UFD.

As a special case we obtain the following theorem of Anderson and
Matijevic [2, Theorem 5].

CoRroLLARY 4.6. Let R be a Z+ or Z-graded UFD. Then R is a UFD.
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There are several alternate proofs of Theorem 4.4. If R is a graded
UFD, it may be shown that R = Rs M (MNR,,), where {p.} is the set of
nonassociate homogeneous primes of R, and this intersection is locally
finite. By Lemma 4.3, each R, is a DVR. Thus, if Rsis a UFD, then
R is a Krull domain. But R is also a graded GCD-domain, and hence a
GCD-domain by Theorem 3.4. Hence R is a UFD. This approach will be
used in the next section in our study of graded Krull domains. Another
proof would be to use [9, Theorem 3.2]. (Note that property (A) of
[9, Theorem 3.4] is just our Lemma 4.3.)

As with graded GCD-domains, the same example of Section 3 shows
that R = @acr R, may be a graded UFD, yet Ry need not be a UFD.
Again, it is also easy to show that if Ry C R is an inert extension, then
Ryisa UFD whenever R is a graded UFD.

Finally, we will use Theorem 4.4 to give another proof of the Gilmer
and Parker characterization [9, Theorem 7.17] of when the semigroup
ring is a UFD. A monoid T is a unique factorization semigroup (UFS) if
each nonzero, nonunit element of T is a sum of prime elements (in additive
notation, p is prime if and only if a + b € p + T impliesa € p + T or
b € p + T). As expected, p € T is prime if and only if X? is prime in
R[X; T] (|9, Lemma 7.16]).

ProrposiTiON 4.7. The semigroup ring R[X ; T] is a UFD if and only if
R s a UFD, T is a UFS, and the maximal subgroup of T, H = T' N\ —T,
satisfies the ascending chain condition on cyclic subgroups.

Proof. (=). Suppose that R[X; T'] is a UFD. By earlier remarks about
inert extensions, R is a UFD. Now R[X; (T')] is a localization of R[X; T']
and hence a UFD. Thus (TI'), and hence its subgroup H, satisfies the
ascending chain condition on cyclic subgroups by Proposition 2.2. Clearly
T is a UFS, with primes {p.}, such that {X?«} are primes in R[X; T].

(«). By Theorem 4.4 we need only show that R[X; T'] is a graded UFD
and K[X; (I')]isa UFD, here K is the quotient field of R. But K[X; (T')]
is a UFD by Proposition 2.2 since (T') =~ H ® (® Z,) satisfies the
ascending chain condition on cyclic subgroups whenever H does [9,
Lemma 7.15]. To show that R[X; T'] is a graded UFD we need only show
that each nonzero, nonunit homogeneous element a¢X’ is a product of
primes. But this is clear because ¢ is a product of primes in R and g =
u 4+ mpr + ... + np, for some u € H and primes py, ..., p, € T.
So aX? = aX*(X?1)" ... (X?r)*ris a product of primes in R[X; T].

Let T be a UFS with {p.} a set of nonassociate primes and let H =
I' N —T be the set of invertible elements of T, that is, the maximal
subgroupof I'' Then T * H ® (® Z.*) [9, Proof of Lemma 7.15]. Thus

R[X; T] = R[X; H][{X.}].

For emphasis we restate this as a corollary.
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COROLLARY 4.8. The semigroup ring R[X ; T]4s a UFD 1f and only if it
has the form R[X ; G][{X.}], where R is a UFD and G satisfies the ascending
chain condition on cyclic subgroups.

5. Graded Krull domains. Since an integral domain R is a Krull
domain if and only if R is completely integrally closed and satisfies the
ascending chain condition on integral v-ideals, we are led to make the
following definition.

Definition 5.1. A graded integral domain R = @acr R. is a graded Krull
domain if it is completely integrally closed with respect to homogeneous
elements (if a/b, with a, b € S, is almost integral over R, then a/b € R)
and satisfies the ascending chain condition on homogeneous integral
v-ideals.

We first show that if R is completely integrally closed with respect to
homogeneous elements, then R is actually completely integrally closed.

PROPOSITION 5.2. Let R = @ucr Ra be a graded integral domain and S =
{nonzero homogeneous elements of R}. Then the following statements are
equivalent.

(1) Ris completely integrally closed.

(2) R is completely integrally closed with respect to homogeneous elements.

(8) I: I = R for each nonzero homogeneous fractional ideal I.

(4) R s completely integrally closed in R s.

Proof. (1) = (2) is obvious. (2) = (3). Let I be a nonzero homogeneous
fractional ideal. By Proposition 2.5, J = I: I is also a homogeneous
fractional ideal. Let x € J be homogeneous. Then x is almost integral over
R, and hence by hypothesis in R. Thus I : I = R. (3) = (2). Let x be
homogeneous and almost integral over R. Then R|[x] is a homogeneous
fractional ideal. Thusx € R[x]: R[x] = R. (2) = (4). Letx = 7/s € Ry
be almost integral over R. Then

Rlr/s] € (a1/s1))R + ... + (a./sn)R C Ry,

wherea; € Rand s; € S. Thus R[r/s] C (1/t)R, wheret = s5,...5, € S.
Let 7 = 74y + ... + 7a,, where each 7,; is homogeneous and a; < ...
< ay,. Since (1/t) R is homogeneous, (74,/5)" € (1/t)Rfor n = 1, and hence
Rlre;/s] € (1/t)R. Hence 7/s — 7a;/s = (tay + ... + 14,)/s is almost
integral over R. Similarly, each 7,,/s is almost integral over R and hence
each 7,;/s € R. Thusr/s € R. (4) = (2). Let x = a/b, with a, b € S,
be almost integral over R. Then R[x] is a homogeneous fractional ideal,
so R[x] € (1/r)R C R, for some homogeneous 7 € R. Thusx € Ryis
almost integral over R as an element of Rs. Hence x € R. (2) = (1).
Let x = a/b, with a, b € R, be almost integral over R. Since R 5 is com-
pletely integrally closed, x € Rgs. Thus we may assume that b € S. Let
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0 # ¢t € Rsuch thatt(a/b)" € Rforalln 2 1.Leta = aoy + ... + ta,,
andt = tg, + ... + tg, where each term is nonzero and homogeneous and
a; < ... < apand B; < ... < Bi Then t5,(aa; /)" is the term of least
degree in t(a/b)". Thus

tg;(@ay/D)* € R formn = 1,

so by hypothesis aq.,;/0 € R. In a similar manner each a.,/b € R, and
hence a/b € R.

In [3, p. 103], a torsionless grading monoid I' was said to satisfy
property (*) if whenever g € T, h € (T'),and g + nh € Tforalln = 1,
then & € T. As a corollary of Proposition 5.2, we obtain the following
result of Anderson [3, Proposition 7.9] and Matsuda [17, Proposition 4.16].

COROLLARY 5.3. The semigroup ring R[X ; T] is completely integrally
closed if and only if R is completely integrally closed and T satisfies (*).

While we will make no use of our next result, we state it because it,
and its proof, are very similar to Proposition 5.2.

PROPOSITION 5.4. For a graded integral domain R = @acr R, the follow-
ing statements are equivalent.

(1) R s integrally closed.

(2) Risintegrally closed with respect to homogeneous elements.

(3) I: I = R for each finitely generated nonzero homogeneous fractional
ideal I.

(4) R s integrally closed in R s.

We have seen that a graded Krull domain is completely integrally
closed. The next several propositions show that the homogeneous rank
one prime ideals of a graded Krull domain behave very much like the
rank one prime ideals of a Krull domain.

PROPOSITION 5.5. Let R = @acr Ra be a graded Krull domain. The set of
maximal proper homogeneous v-ideals of R coincides with the set X y(R) =
Xy of homogeneous rank one prime ideals. If P € Xy, then Rp is a DVR.
Hence maximal homogeneous v-ideals are maximal prime v-ideals. Also, if
P € Xy, then P™ 1s homogeneous.

Proof. The proof of [7, Proposition 3.5] adapted to the homogeneous
case shows that a maximal homogeneous v-ideal P is prime. Then [7,
Theorem 3.10] shows that Rp is a DVR. Thus a maximal homogeneous
v-ideal is a rank one prime ideal. Conversely, let P be a homogeneous rank
one prime ideal. Let f be a nonzero homogeneous element of P. Enlarge
(f) to a maximal homogeneous v-ideal Q contained in P. It suffices to
show that Q is prime. For then P = Q, and then P is a v-ideal, and hence
necessarily a maximal homogeneous v-ideal. (For if P is not maximal, it
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can be enlarged to a maximal v-ideal which is a rank one prime ideal.)
So suppose that ab € (, where a and b are homogeneous and b ¢ Q. Then
Q: z(a) 2 Q is a homogeneous v-ideal, thus Q : (a) Z P (we will now
omit the subscript R). Choose a homogeneous & € Q: (a)\P. Now
Q: (h) 2 Q is a homogeneous v-ideal and (Q: (k))h € Q C P. Thus
Q: (k) S Pbecauseh ¢ P.SoQ = Q: (h),and hencea € Q: (k) = Q,
so Q is prime.

Let P be a homogeneous rank one prime ideal. Then P™ is P-primary.
Since P* C P™, P™* is a nonzero P-primary ideal {21, p. 125]. Thus
PM* = P0+E for some k& = 0. But then P* C P™* = Ptk oo

PP = P} = P = P,
Thus & = 0, so P™ is a P-primary homogeneous ideal.
PROPOSITION 5.6. Let R = @qcr Ra be a graded Krull domain and let b
be a nonzero homogeneous element of R. Then b is contained in only a finite

number of rank one (necessarily homogeneous) prime ideals P, . . ., Py, and
®) = Py M\ ... P for some positive integers ny, . . . , .

Proof. Let P be a prime ideal minimal over (b). Then () C P* C P,
so P is homogeneous. As in Proposition 5.5, (b) may be enlarged to a
prime homogeneous v-ideal contained in P. Thus P is a v-ideal of rank one.
It follows, as in [7, Theorem 3.12], that the number of such primes is
finite. Let these primes be Py, ... P,. Let (b),;, = P, so (b) & P9,
and hence

() S PN ... NP,

Suppose that (b) & P,®Y N ... N P9 so we may choose a homo-
geneous

x € Py N\ .. N P\ (b).

Now (x)p; © P, Since x ¢ (b), (b) : g(x) is a proper homogeneous
v-ideal. Hence (0) : z(x) € Q, where Q is a homogeneous rank one prime
v-ideal. Since (b) C (b) : r(x), we may assume that P, = Q. Thus
() : gr(x) € Py, so that

®)p, Rpl(x)Pl = ((0) : r(®))p S Plpl'
But (b)Px = P?Il’l and (x) P - P’;}l’n SO
®) P : RPl(x)Pl = Rp,,
a contradiction. Thus we must have (b) : z(x) = R,orx € (b).

PROPOSITION 5.7. Let b be a homogeneous element of a graded Krull
domain R. If a is a nonzero (not necessarily homogeneous) element of R,
then (b) : g(a) is a homogeneous v-ideal.
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Proof. By Proposition 5.6, (b) = P10 N ... N P "9 where Py, ...,
P, are the homogeneous rank one prime ideals that contain (b). Again,
we will omit the subscript R from I : zJ. Now

®): @) = PN ...O\ P : (a)
= @, (@) N . ..N (P (a)).

Each P9 : (a) iseither R or P;-primary. In the second case
Pmd o (a) = P,®+%  for some k = 0.

In either case, each P9 : (a) is homogeneous, and thus so is their
intersection.

We can now prove the main theorem of this section. Recall that X =
Xz (R) is the set of homogeneous rank one prime ideals of R.

THEOREM 5.8. Let R = @acr R be a graded Krull domain and S = {non-
zero homogeneous elements of R}. Then R = Rs MNpex, (M Rp), and the
intersection is locally finite. Thus R is a Krull domain if and only if R s
a graded Krull domain and R s is a Krull domain.

Proof. Clearly the second statement follows from the first. It is clear
that R C RsM (M Rp). Letx € Rs M (M Rp), with x = a/b, where
a € Rand b € S. Suppose that x ¢ R. Then (b) : g(a) C P for some
homogeneous rank one prime v-ideal P. But a/b € Rp, so a/b = r/t,
where t ¢ P. Thust(a/b) € R,sot € (b) : g(a) € P. This contradiction
shows thatx € R,sothat R = Rs/M (M Rp). Let x be a nonzero element
of R. Then x is a unit in Rp unless x € P (here P € Xy). If x is contained
in infinitely many P; € Xy, then M P, is a nonzero homogeneous ideal.
But then M P, contains a nonzero homogeneous element x which is con-
tained in infinitely many rank one prime ideals, which contradicts Propo-
sition 5.6.

Unlike the earlier cases, if R = @acr R, is a graded Krull domain, then
R, is actually a Krull domain.

COROLLARY 5.9. Let R = @acr R., be a graded Krull domain. Then Ry is
a Krull domain.

Proof. Let K be the quotient field of Ry. Then by Theorem 5.8, R, =
RN K = KN (N Rp) isa Krull domain.

COROLLARY 5.10. Let R = @ucr Ra be a graded Krull domain. If (T)
satisfies the ascending chain condition on cyclic subgroups, then R is a Krull
domain. In particular, if R is Z+ or Z-graded, then R is a Krull domain.

Proof. Apply Theorem 5.8 and Proposition 2.3.
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We next use Theorem 5.8 to deérive necessary and sufficient conditions
for the semigroup ring R[X; T] to be a Krull domain, thus giving another
proof of a recent result of Chouinard [5, Theorem 1]. Let T be a semigroup
with G = (T'). For X C G, we define

T: X={geGlx+gecT forallx € X}.

Anideal I of T'isav-idealif T : (I': I) = I. Let K be the quotient field
of R. It is clear that there is a one-to-one correspondence between the
v-ideals of T and the homogeneous v-ideals of K[X; T'] given by

I o ({«f g € I}).

Thus K[X; T] satisfies the ascending chain condition on homogeneous
v-ideals if and only if T satisfies the ascending chain condition on z-ideals.
Following Chouinard [5, Proposition 2], we define ' to be a Krull sem-
group if T satisfies

*) (g€ T,he(T)y,and g+ nh € Tforalln = 1 impliesh € T)
and T satisfies the ascending chain condition on v-ideals.

ProposiTION 5.11. The semigroup ring R[X ; T] is a Krull domain if
and only if R is a Krull domain, T is a torsionless Krull semigroup, and (T')
satisfies the ascending chain condition on cyclic subgroups.

Proof. (=) Suppose that R[X; T'] is a Krull domain. By Corollary 5.9,
R is a Krull domain (with quotient field K). Also, the localization
K[X; T'] is a Krull domain, so by our earlier remarks, I' satisfies the
ascending chain condition on v-ideals. By Corollary 5.3, T satisfies (*),
so I' is a Krull semigroup. Since the localization R[X ; (I')] is also a Krull
domain, by Proposition 2.2, (T') satisfies the ascending chain condition
on cyclic subgroups.

(<). By Proposition 2.2, R[X; (T')] is a Krull domain. Since

R[X; T] = RIX; ()N K[X; T],

we need only show that K[X; I'] is a Krull domain. And by Theorem 5.8
we need only show that K[X; T'] is a graded Krull domain. Since T is a
Krull semigroup, T satisfies (*), and thus K[X; T'] is completely integral-
ly closed by Corollary 5.3. Earlier remarks show that K[X; T] also satis-
fies the ascending chain condition on homogeneous v-ideals. Thus K[X; T']
is a graded Krull domain, and hence a Krull domain.

In Corollary 4.8 we saw that a semigroup ring is a UFD if and only if
it has the form R[X; G] [{X.}], where R is a UFD and G satisfies the
ascending chain condition on cyclic subgroups. Chouinard [5, Proposition
1] has shown that the semigroup ring R[X; T'] is a Krull domain if and
only if it has the form R[X; G][Y; S], where G satisfies the ascending
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chain condition on cyclic subgroups and S is a submonoid of a free group
F = ® Z,such thatS = (S) N F,. Thus R[X; G] [V;S] may be regarded
as a subring of R[X; G] [{X.}] generated by monomials over R[X; G].

THEOREM 5.12. Let R = @acr Ra be a graded integral domain and S =
{nonzero homogeneous element of R}. The following statements are equivalent.

(1) R1s a graded Krull domain.

(2) R = Rs M (M pexy Rp), the intersection 1s locally finite, and each

Rpisa DVR.
B) R = RsM (Na Va), the intersection is locally finite, and each Vy is
a DVR.

Proof. (1) = (2) follows from Theorem 5.8, while (2) = (3) is obvious.
(3) = (1) is a modification of [7, Theorem 3.6]. Since Rs and each V,
is completely integrally closed, so is their intersection R. We may assume
that each R C V, C K, where K is the quotient field of R. If I is a
homogeneous fractional ideal of R, then

R:I=RsN\ (N (Vo:1IVs)).
Thus for a homogeneous v-ideal I,

I=RsN\N (N (Va: (R:1)Va)).
Let0 % I, € I, C I; C ... be an ascending chain of integral homo-
geneous v-ideals. Then foreacha, Vo: (R: 1) Ve C Vo: (R: 1)V, C ...
is an ascending chain of ideals of V,. Since the intersection is locally
finite,

Va: (R: 1) Ve =V, for almost all a.
Since each V, is noetherian, there is an 7 such that

Ve: (R:L)Voe=Vo: (R: L41)Voa=... foralla.
Thus

I, =RsN\ (N (Va: (R:1,)Va))
=RsN (N (Va: (R:1,))Ve) =1, forallm = n.

Thus R satisfies the ascending chain condition on homogeneous v-ideals
and hence is a graded Krull domain.

We will define a graded integral domain R to be a graded DVR if R is
a graded UFD with a single homogeneous principal prime. Note that a
graded DVR is a graded Krull domain. More generally, one can define R
to be a graded valuation ring if for each homogeneous x in R s, the homo-
geneous quotient field of R, either x or x~! € R. Thus R is a graded valua-
tion ring if and only if HG(R), its homogeneous group of divisibility, is
totally ordered. Graded valuation rings were introduced by Johnson [10].
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LEMMA 5.13. Let R = @ucr R. be a graded Krull domain, P a homoge-
neous rank one prime ideal and S = {nonzero homogeneous elements of R}.
Then Rs M Rp is a homogeneous overring of R which is a graded DVR.

Proof. By Theorem 5.8, R = Rs M (MNpex, Rp). Let T = S\P. (If
T = @, then R = Rs M Rp and we are trivially finished.) Since the
intersection is locally finite,

Ry = (Rs)r N (N (Rp)r) = RsM Rp.

But clearly R is a homogeneous overring of R. By Theorem 5.12, Ry is
a graded Krull domain with P, as its unique homogeneous rank one
prime ideal. Since every homogeneous element is contained in a homo-
geneous rank one prime ideal, P, is the unique nonzero homogeneous
prime ideal of R;. By Proposition 5.6, every homogeneous ideal has the
form P(T") for some n. Thus P, must be principal, and it easily follows
that Ry is a graded UFD with a single homogeneous principal prime P 7.

COROLLARY 5.14. Let R = Rs M (Mpexy Rp) be a graded Krull do-
main. Then for Y C© Xy, the subintersection Ry = Rs M (Npey Rp) isa
graded Krull domain.

Proof. Ry = Rs M (Npey Rp) = Npey (RsM Rp), so Ry is a homo-
geneous overring of R. It follows from Theorem 5.12 that R is a graded
Krull domain.

In particular, if 77 C S is a multiplicatively closed set, then Rz = Ry,
where Y = {P € Xy| PN T = @}. We say that the intersection R = N\ R,
is homogeneously locally finite if each homogeneous element of R is a unit
in almost all a.

THEOREM 5.15. Let R = @.cr R, be a graded integral domain. Then R 1s
a graded Krull domain if and only if R = (\ R,, where the intersection 1s
homogeneously locally finite and each V, is a homogeneous overring of R
which is a graded DVR.

Proof. If R is a graded Krull domain, this follows from Theorem 5.12
and Lemma 5.13. Conversely, if R = M V, is a homogeneously locally
finite intersection of graded DVR homogeneous overrings, then as in the
proof of Theorem 5.12, we see that R is actually a graded Krull domain.

Let R = @ucr R, be a graded Krull domain. Since R is completely
integrally closed, D(R), the set of nonzero fractional v-ideals of R with
the usual v-operation is an abelian group [7, Proposition 3.4]. We can also
form the subgroup HD(R) of homogeneous v-ideals. It is not hard to
show that HD(R) is a free abelian group generated by the maximal
homogeneous integral v-ideals. We can then define the homogeneous divisor
class group of R to be HC1 (R) = HD (R)/HPrin (R), where HPrin (R) is
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the subgroup of homogeneous principal ideals. There is a natural embed-
ding HCI (R) — CI (R), which is an isomorphism whenever R is a Krull
domain [3, Theorem 4.2].

6. Graded r-domains. An integral domain R is a m-domain if every
principal ideal is a product of prime ideals. Several other equivalent
conditions for R to be a m-domain may be found in [1] and [2]. For
example, R is a w-domain if and only if R is a Krull domain and every
v-ideal of R is invertible.

Definition 6.1. A graded integral domain R = @ucr R. is a graded
w-domain if each principal homogeneous ideal is a product of (necessarily
homogeneous invertible) prime ideals.

The example R = K[X, V, Z, W] with deg X = deg ¥ = 1 and
deg Z = deg W = —1 of Section 3 shows that if R is a graded w-domain,
R, need not be a m-domain. However, if Ry, € R is an inert extension,
then R, is a m-domain wherever R is a graded m-domain. For if x is a
homogeneous element of Ry, then xR = P, ... P, for some prime ideals
of R. ButthenxRy = Qs...Q,, whereeach Q; = P;/N\ R,. For m-domains,
we have the analogue of Theorem 5.8 on Krull domains.

THEOREM 6.2. Let R = @ucr R, be a graded integral domain and S =
{nonzero homogeneous elements of R}. Then R is a w-domain if and only if
R s a graded w-domain and R s is a m-domain.

Proof. (=) is clear. So conversely suppose that R is a graded r-domain
and Ry is a v-domain, or equivalently a UFD [3, Corollary 3.4]. We first
show that R is a graded Krull domain, and hence a Krull domain by
Theorem 5.8. It is clear that each homogeneous rank one prime ideal P of
R is invertible, and thus each Rp is a DVR. Also, the intersection Rs M
(N pexy Rp) is locally finite. Thus by Theorem 5.12, to show that R is
a graded Krull domain we need only show that R = Rg M ("N Rp).
Letx =7/s € RsM (M Rp), wherer € Rand s € S. Then as in Proposi-
tion 5.7, (s) : g(7) is a homogeneous z-ideal. Thus we may assume that »
is actually homogeneous. If sR = P, ... P,and 7R = Q; ... Qp, then
each P, is equal to some Q,. For /s € Rp, implies /s = x/t for some
x € Randt ¢ P,. Thusrt = xs € P;,and hencer € P.SoQ;... Qn C P
and hence P; is equal to some Q;. Thus

) r() =(LP1...P):x(Q1...0n)) "YR=(R:xkI)\R =R,
where
I=(Q1...00)(P:1...P,) L.

Thus 1 € (s) : g(r),sox = r/s € R. Thus R is a graded Krull domain,
and hence a Krull domain. As mentioned earlier, the natural embedding
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of the homogeneous divisor class group HCl (R) into Cl (R), the divisor
class group, is an isomorphism [3, Theorem 4.2]. Thus Cl (R) is generated
by the homogeneous rank one prime ideals of R, which are invertible.
Hence every divisorial ideal of R is invertible, so R is a r-domain.

COROLLARY 6.3. Let R = @ucr Ry be a graded w-domain. If (T') satisfies
the ascending chain condition on cyclic subgroups, then R is a w-domain.

As a special case of Corollary 6.3, we have the following theorem of
Anderson and Matijevic [2, Theorem 6].

COROLLARY 6.4. 4 Z+ or Z-graded w-domain is a w-domain.

Finally, we obtain a characterization of when the semigroup ring
R[X; T] is a m-domain. Special cases of this have been considered by
Anderson [1] and Matsuda (16, § 12].

PROPOSITION 6.5. The semigroup ring R(X ; T]is a w-domain if and only
if R is a w-domain, T is a UFS, and (') satisfies the ascending chain condi-
tion on cyclic subgroups.

Proof. Suppose that R[X; I'] is a w-domain. Since R C R[X; T'] is an
inert extension, R is a 7-domain (with quotient field K). The localization
K[X; T] is a Krull domain, so by Proposition 5.11 (T') satisfies the
ascending chain condition on cyclic subgroups. By the remarks after
Proposition 5.11, T = G X S, where G = T "N\ —T, s0 K[X; T'] ~
A[Y; S], which is a subring of some A[{X,}] generated by monomials
over A = K[X; G]. By [12, p. 57] each homogeneous invertible ideal of
K[X; I'] is extended from the UFD K[X; G], and hence is principal. But
thus K[X; T] is a graded UFD, and hence a UFD. So T is a UFS by
Proposition 4.7. Conversely, we need only show that R[X; T'] is a graded
m-domain. By the remarks before Corollary 4.8,

R[X; T] = R[X; G][{Xa}],

where G = T\ —T. Thus R[X; T] is a m-domain if and only if R[X; G]
isa m-domain [1, p. 200]. If aX? € R[X; G], then

aX°R[X;G] = P,...P,R[X;G],

where aR = P, ... P, But each P;R[X; G] is an invertible prime ideal
of R[X; G]. Thus R[X; G] is a w-domain, and hence so is R[X; T'].

Thus a semigroup ring R[X; T'] is a m-domain if and only if it has the
form R[X; G][{X.}], where R is a m-domain and G satisfies the ascending
chain condition on cyclic subgroups. So by Corollary 4.8, the only differ-
ence between whether R[X; T'] is a UFD or a #-domain is whether R is
a UFD or a w-domain.
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Let R = @ecr R, be a graded integral domain and S = {nonzero homo-
geneous elements of R}. We have defined graded GCD-domain, graded
UFD, graded completely integrally closed, graded Krull domain, and
graded r-domain. We showed that R satisfies each particular property if
and only if R satisfies the corresponding graded property and the homo-
geneous quotient field R g satisfies that property. Since R g is a completely
integrally closed GCD-domain, in each of these two cases, the graded and
non-graded properties are equivalent.

Let R be an integral domain with quotient field K. For the semigroup
ring R[X; T']and S = R\{0}, we have seen that R[X; I'] satisfies any of
these five properties if and only if R and R[X; T]s = K[X; T'] satisfy
that property. Thus one is led to ask if R = @.cr R, satisfies one of the
divisibility properties if and only if R, and Ry satisfies that property,
where here S = R(\{0}. The answer is no. For let R = Z + XQ[X],
where deg X = 1. Then R is Z+-graded with Ry = Z and Rs = Q[X].
Thus Ry and R both satisfy any of the five divisibility properties, but
it is easy to see that R satisfies none of them.
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