AN INVERSION AND REPRESENTATION THEORY
FOR THE LAPLACE INTEGRAL OF
ABSTRACTLY-VALUED FUNCTIONS

P. G. ROONEY

1. Introduction. The theory of the Laplace integral of abstractly-valued
functions of a real or complex variable has been developed, in the last few years,
to an extent that it is almost approaching the degree of completeness enjoyed
by the classical theory of the Laplace integral of numerically-valued functions.
In certain respects, however, there are still large gaps. One of the gaps occurs in
representation theory.

In particular, there are no theorems giving conditions that an abstractedly-
valued function be represented as the Laplace integral (4) of a function in
B,([0, =); X), the Banach space equivalent of L,(0, «). It is our purpose here
to fill this gap.

Since, as in the numerically-valued case, this representation theory is devel-
oped in terms of a particular inversion operator for the Laplace integral, the
opportunity was offered further to study some inversion operator for the trans-
form. We have grasped this opportunity, and have developed the theory in
terms of a certain ‘‘real’”’ inversion operator given by the formula

I LedfOV] = G/ x) |07 cos @en!) f(en + 1) /) dn

or by the alternative formula, which we shall use occasionally,

I, L li0] = @ue®/x) [ cos @en) flela™+ 1)/7) d,

where the integrals are Bochner integrals.

The theory of this operator for numerically-valued functions has already
appeared in print; see Rooney (7).

The fact that the representation theory is stated in terms of a particular
operator is no restriction, since the method is quite general, and will work quite
well with any operator for which similar theorems hold in the numerically-valued
case.

In §2 of this paper we define a slight generalization of the one-dimensional
Bochner integral and prove one or two theorems concerning this generalization.
In §3 we prove a lemma concerning the Lebesgue sets of abstractly-valued
functions, while §4 is given over to a theorem enabling us to evaluate a singular
integral that appears repeatedly in the theory.

Received January 5, 1953. This is the substance of the author’s doctoral dissertation at the
California Institute of Technology in 1952.

190

https://doi.org/10.4153/CJM-1954-021-2 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1954-021-2

INVERSION AND REPRESENTATION OF LAPLACE INTEGRALS 191

In §5 we prove an inversion theorem for the operator I.

§6 is devoted to certain lemmas preliminary to the representation theory,
while in §7 we prove the ‘‘Fundamental Theorem’ which gives sufficient con-
ditions that the Laplace integral of L, .[f(A)] should tend to f(\) as « tends to
infinity.

In §8, we give necessary and sufficient conditions that a function f(A) be the
Laplace integral of a function in B,([0, «); %), 1 < p < «, where ¥ is a reflex-
ive Banach space. In §9 we prove a similar theorem for B, ([0, »); ¥), ¥ now
uniformly convex.

Lastly, in §10, we give sufficient conditions that a function in H;(a; X) be a
Laplace integral, and we also have a theorem concerning H,(«a; X), p # 1.

Throughout this paper we use the notation of Hille (4). Also, whenever we
speak of limits, we mean limits in the strong topology, unless otherwise specified.

2. Improper Bochner integrals. For the inversion theory of the operator
L. .[f(\)] we shall use a slightly generalized form of a one dimensional Bochner
integral which we shall call the improper Bochner integral.

DErINITION 2.1. Let x(a) be in B([\, w]; %) for a fixed A and all w > A. If

f:x(a)da

converges to a limit y as w — o, then we say that y is the improper Bochner
integral of x(a) over [\, »), and we write

y = J;—)mx(a) da.

We shall prove two theorems; the first giving sufficient conditions for the inter-
change of the order of integrations when one of the integrals involved is an
improper Bochner integral and the other is a Bochner integral, and the second
giving sufficient conditions for Bochner and improper Bochner integrals to be
equivalent.

Let Euy = {(0,8)]0<a<w;0<8<).

THEOREM 2.1. If
(1)  x(a, B) isin B(E,; X) for a fixed { and all v > 0,
2) x(e, B) da converges uniformly with respect to 8,0 < B < ¢, then
0
-0 ¢
@) J‘ f x(a, B) dB da converges,
0 0

@) [ 7wt 0) dais in B0, ; %),

(iif) fwfx(a,a)dﬁda= J:f:mx(a,ﬁ)dadﬂ.
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Proof.
(1) It is sufficient to show that for every ¢ > 0, w(e) exists such that

W@z ¢
l f J:) x(a, B) dﬂda” < ¢, wy > w1 > w(e).

By (2), for every € > 0, ws(e) exists such that

[ e

Let w(e) = ws(e/¢). Then if wy > w1 > w(e),

S e ]
<[ S v ) e d8 < (el 5 =

the interchange of integrations being justified by (1) and (4; Theorem 3.6.7).
(it) By (4; Theorem 3.2.3(3)),

y®) = [ (e, 8) da

is a strongly measurable function of 8. Thus by (4; theorem 3.5.2.), it is sufficient
to show that ||y(8)]| is in L(0, ¢). Since y(B) is strongly measurable, ||y(8)] is
measurable (Lebesgue). Further,

@1 < [l ol dat | [ st 8)da

< ¢, w2 > wr > wi(e).

<l )11 da - ¢

for sufficiently large w.
Thus

(iv@ias < [ [ s ol dads +«

and the statement is proved.
(iii) By (i), for each € > 0, w(e) exists such that for w; > w(e)

[ [l

r= J:f f:‘” x(a, B) de dB — f:m J: x(e, B) dB da“
< J: J“)—”" x(a, B) dadB — J‘:‘ J: x(a, B) dB da

s dadﬁu .y

< %e

Thus

+ 3e
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by (1) and (4, theorem 3.6.7). But by (2), for each € > 0, wz(e) exists such that

for ws > wa(e),
’ J;_mx(a, ,3) da” <e

Choose w; > max {w(e), w2(e/2¢)}. Then

N S vl ) det H + 3e

r<

0
¢
< 17 5 p)da|ds + 1e =
0 wy
Letting ¢ — 0, the conclusion is reached.
THEOREM 2.2. If
(1) x(a) s in B([0, w]; X) for each » > 0,
@) lx(@]l is in L(0, =),
then
(i) x(a) s 2n B([0, =); %),
(i1) f x(a) da converges,
0
(el -0
(iii) f x(a) da = J‘ x(a) da.
0 0
Proof.

(1) By (4; theorem 3.5.2), it is sufficient to show that x(«) is strongly measur-
able over [0, ).
By (1), x(a) is strongly measurable over [0, w] for each w > 0. Let

lw(a)={é’ O<a<wv

a > w.

Obviously 1, is Lebesgue measurable for each positive w. Then x, () = 1, (@)x ()
is strongly measurable over [0, w] by (4; theorem 3.2.3(2)), and since x,(a) = 6
for @ > w, x,(a) is strongly measurable over [0, =).
Obviously
x(a) = lim x,(a),
and thus, by (4; theorem 3.2.3(3)), x(a) is strongly measurable over [0, «).
(i) Since ||x(@)] is in L(0, =), we have,

o
(iif)
|7 swrta= [Mswan] < | [T aa - [Tr ]

<||J‘_mx(a)da + wax(a)Hda—%O, w; —> @,

< f (@) || da— 0, w1, w3 — .
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3. Lebesgue sets. Let x(a) be in B(E,; X¥) where E; is the one-dimensional
Euclidian space. Then by (4; page 48, formula (3.6.1)),

. 1 y
hm; . llx(a) — x(¢)|| da = 0

7-0

almost everywhere.

DEeFiNITION 3.1. We shall call the set where the above formula holds the
Lebesgue set of x(a).

THEOREM 3.1. If x(a) is in B(E1; X), and 7 is in the Lebesgue set of x (), then
the Lebesgue set of ||x(a) — x(7)|| contains the Lebesgue set of x(a).

Proof. Let £ be in the Lebesgue set of x(a). Then
1 (¥
LT e = 5@l = ll5©) = )1 da
1 (&
<3 76 = 56D = 6O - =)l do

£y
= [Vl - =@l a0, =0,

and £ is in the Lebesgue set of ||x(a) — x(7)]|.

4. A theorem on a certain singular integral. The following theorem will be
needed both in the inversion and representation theories.

THEOREM 4.1. If
(1) x(a) s in B([0, w]; X) for each v > 0,

2) J; gy (@) da

converges for X\ = Ao > 0, then
(i) for each v > 0 and for all k > \o 7,

-0
I, = & (x/ 1)} f R (0 o
0
converges,
(i) lim I, = x(r)

for each 7 > 0 in the Lebesgue set of x(a).

Proof.
(1) Let « > )\oT, let we > wi, and let

f e x(a) da

0

M = sup

0<w<o
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By (2), M < . Thus

W,

Ws
e"‘(“:‘f—‘+ﬂh—‘)+)o“u w;if e-—)‘oﬁ x(ﬂ) dﬁ

_ f » {% (e_x(ar—l+1a“X)+X.,a a—}} f e—)‘oﬁ x(B) dﬂda”

< 2M{e—x(w.r-l+m."‘)+kow. w;} + f”x d(e—-x(ar"+fa—‘)+)‘ga a—-§)}
W

= QM T T h 0, w1, Wy — @,

(ii) It should be noted that
82‘(K/1I'T)*Jv e-—-n(ar~x+ra~n) a._*da = 1.
0

Let 7 > 0 be in the Lebesgue set of x(), and let w > 7. Then,

12, = 2@l = |[e(e/mn? [ e+ g o) x(r))da“
0
< e*(x/mr)} { f: e 07 [k (@) — x(r)]| dax
+ J‘—»m e.._.(ay—x+m—-) a-—} x(a) dat “ + le(r) ” ‘I'm e_.(ar—l+ra—:) a_; da}

=TI+ T+ Ts
Let ko > Ao and k > ko. Then

Py = @] /)t [ e o
= ”x(,r)” e2'(x/1r‘r)} rn e—xo(u‘r“+‘ra") a—} e~(x_x,)(m—:+m-‘)da
.
< |l & (x/wr)t e:x_x,)<wr-:+1m—x> J‘“’ ek
= ()| (e/mr)t g xe @ e—-!(wr“-}-‘:w"‘—ﬂ J'“’ b g
-0, ¢ .

since ar~! 4+ ra~! — 2 attains its minimum value of 0 ata@ = 7, and w > 7.

vy
T, = 62‘(K/1I'T)% f g x(a) da
@ d —k(ar—14ra—1 o — “ Ao
= ||e*(k/xr)} f {zi—o-l(e (ar=rbraDtho ) 5} f e ™ x(B) dB da
< 2M(K/‘II'T)% e P SN 0, Kk— ®,
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where we have used Theorem 2.2 after the integration by parts. By Widder
(8, p. 278, theorem 2b, corollary 2b.1), T'; — 0 as x — = if 7 is in the Lebesgue
set of ||x(a) — x(7)||. However, since 7 is in the Lebesgue set of x («), we have, by
Theorem 3.1 that 7 is in the Lebesgue set of |[x(a) — x(7)]|, and thus the
theorem is proved.

CoRrOLLARY. If e x(a) 7s in B([0, =); %), then
(i) for each v > 0 and all k > Ao,

e—x(a‘r"l+ra‘!) a—-§ x(a)
is in B([0, »); %),
(ii) lim I, = x(7) for each v > 0 in the Lebesgue set of x(c) where
I, = e“(x/'zrr)i f g e (o x(a) da.
0

Proof.
(i) This follows from the fact that for k > Aor,

e—x(a-r“-}-mz“) a—§ < N e—)\oa'

(ii) This now follows from Theorem 2.2 and the preceding theorem.

5. Inversion of the Laplace Transformation. We define

L 0] = Gee/n) [ o7 cos @ent) f(sn + 1) /1) din.

The following theorem provides sufficient conditions for the inversion of a
Laplace transformation which involves improper Bochner integrals by

-ﬂ
Ly [fN)]
THEOREM 5.1. If x(a) is in B([0, w]; X) for each w > 0, and if

) = f:m e x(a) der

converges uniformly in X for X > v > 0, then for each v > 0 and all « > ~r,
L, . [f(\)] extsts, and

lim L, . [f(\)] = ()
at each point v > 0 of the Leb;_s);ue set of x(c).
Proof. We shall show that
L O] = /et [ e o a(e) deg

and the conclusion will follow from Lemma 4.1.
Let « and 7 be fixed and « > 7. Choose Ao, ¥ < Ny < k/7. Let

f e x(a) do

0

M = sup

0<w<e
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By hypothesis, M < «. Consider

L= (ee/xr) [ 7 cos @er®) flela + 1)/5) dn

= (ke /77) f 7t cos (2kn*) dy f e x(a) da.
0

Since f(\) converges uniformly for A > v and « > yr, we may, by Theorem 2.1,
interchange the order of integrations. Thus

-0 @
I, = (ke /wr) f e x(a) daf e ™" 7 cos (2xn*) dn
0 0

o I3
= (K/WT)} e f g rerTHeT x(a) da{ x J' e dO} )
0

-0

by an obvious change of variable, where ¢ = (akw/r)* 4 i(kr/a)}. Then

T, =

-0
0

(k/wr)t e f T V(@) da — I,
) v

< (x/mr)} ez‘{ f g T e o [ ()] - ‘ 1— 7} J' e do
0 —a

R e

=TI{ 4+ 1 (6> 0).

lim{l - w‘*f e do} =0

almost everywhere for « in [0, §]. Thus by (4; theorem 3.2.1) the limit equals
zero almost uniformly in [0, 8]. Further, since

da

Now

7 e o = (er/e) + (o) I () sin (20

— (axw /) cos (2kat)} — %f 62 6 dp,
and
’ J‘ 0__2 8—0’ dO' < Ma} exr/a,

where M is independent of « and w for « in [0, 8], we have then

g e e [lx ()] - ‘ 1-— w_*f e do| < Ne ™,

and this bound is an integrable function of a. Thus by (4; theorem 3.3.6),

lim TP = 0.

W-y0
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Also,
1]

TP = (K/TT)} e f g HerTrreT x(a){l — xt f e dﬂ} da

converges uniformly in w for w > 0. For, for every w, > wi > §,

f g KT e a_%x(a){l - W_%J‘ e dﬂ} da

- H 20e/mr)! | " x(a) da [ " cos (269) d¢H

= 2(x/7r‘r)*

gQemx/mes L e """ cos (2x¢) do J‘ 6™ x(a) da

" f .em_‘mm{_ (o = &/7) J:n """ cos (2x¢) do
+ (x/7) fv"" 1 42 cos (2k4) dd’}f ™ 2(8) dBda“
< 4(x/wr)} M{e(x"”“/”“’- fm O d g
0

+ J " genia [ — (Ao — &/7) f T e g 4+ (k/1) fme“"“‘"”’¢2d¢:\ da}
wy 0 0

= 4(’(/7‘_1_)} M{e()‘.—xl‘r)w, f e—m,du’/r d¢ + f d(e()\o—x/f)af e——zxxdn/r d¢)}
0 w, 0

[ee)
= 4(k/mr)} Ml /7 f e dg — 0, w1, Wa — ©,
0

Thus we may choose § so large that

P = || 79| < ¢
for any € > 0 and thus
ImI, =0

W-yco

and the theorem is proved.

6. Some Lemmas. We now prove two lemmas which are preliminary to
the representation theory.

LemMa 6.1 If
(1) XY () s in B([8, =); %) for each 6 > 0,

) V) = L IO = 0™,

withm > %, as £ — o, and Y (&) = O(e"'¥) with v > 0 as £ — 0+, then for each
k > 0, and almost all + > 0,
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Lar O] = (ee*/a7) | 57 cos Qi) f(xn + 1)/) dn

exists. In particular, L, .[f(\)] exists when « and T are positive, and /1 is in the
Lebesgue set of f(N).

Proof. The proof is the same as in (7; §3, lemma 2, page 440) if ] f(s)l is
replaced by |f(\)| wherever it appears, and certain minor notational changes

are made.
Lemma 6.2. If
) AN dsin B([5, »); %) for each & > 0,
@) v = [T ol = o™
withm > 0, as ¢ — ®, and Y(§) = O(e"'?) with v > 0 as £ — 04, then for each
e > 0,
f: A F) || AN = O(E™) for every n>0,as t—>
= 0(") ast—0 +.
Proof.

et e < e [Tt roolan

13 13
=0(™), §—o
= 0("), E—>0+.

7. A fundamental theorem. The following theorem is fundamental in the
representation theory.

TrEOREM 7.1. If

1) ATHFQN) dsin B([5, «); %) for all 8 > 0,
) v = [Tt lllan = 0™

withm > %, as £ — o, and y(§) = 0(e?¥), withy > 0, as § — 0+,

3) e37L, . [f(N)] is in B([0, ©); X) for § > v1, and all k > ko,

then

lim f e L. [fN)]dr = f¢)
K500 0
at every point ¢ > 1, of the Lebesgue set of f(N).

Proof. L. -[f(\)] exists by Lemma 6.1 and has a Laplace transform when
¢ > v1, by (3). To prove the assertion we shall use (4; theorem 3.6.7) and the
corollary to Theorem 4.1.
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Operating formally we have
f CeL )] dr = (ke /) f PRI TR fm,r* cos (2xnt) F(k(n + 1)/7) dn
0 (1] 0
= (2xke™ /) J:oe-hf_ldr J:,m cos (2«€) f(k(£® + 1) /7) dt
= (2™ /) f: cos (2«E) dt f: e f(k(E + 1) /1) dE
_ 2% “ F kB o1 o1
= @e/m) [ cos )z [T g5 ag
_ 2 ® B o1 py a1 gy
= @u/m) [T g g [ e cos (2xk) de

= (k/75)} & J:” BRI 372 g1y g
- f(©), K— @,

These formal calculations will be justified if the two interchanges of inte-
grations are justified, and the conditions of Lemma 4.1 are met.
For the first interchange of integrations it is sufficient to show that

f:o | cos (2«&) | dg fom e PED T £(B7Y) [ dB < .

But by (2) and (7; §3, lemma 1, page 438), if ¢ > v, the inner integral is
O( ™) as ¢t — o,and m > 1.
For the second interchange it is sufficient to show that

fom e F(87Y) || dB f: | ¥ cos (2«¢) | dE < o.

But this is so since the inner integral is less than % («/(k¢8))* and

S e e 1as < =
by (1), (2), and (7; §3, lemma 1, page 438).

8. Representation of abstractly-valued functions by Laplace transforma-
tions of functions in B,([0, »); %), 1 <p < . In this section we find
necessary and sufficient conditions that a function f(A) on (0, ) to a Banach
space X be represented as the Laplace integral of a function in B,([0, «); %)
where 1 < p < .

In order to obtain such conditions for these general classes of functions, we
find it necessary to postulate some sort of compactness condition on B, ([0, «);X).
We have chosen the weakest condition possible, namely weak compactness of
the unit sphere in B,([0, «); ¥). By Bochner and Taylor (1), Pettis (6), and
Eberlein (3), a necessary and sufficient condition for this compactness is that X
be reflexive.

https://doi.org/10.4153/CJM-1954-021-2 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1954-021-2

INVERSION AND REPRESENTATION OF LAPLACE INTEGRALS 201

There is one other complication that must be dealt with. That is that a
function f(\) may be the Laplace transform of a function x(e) in B, ([0, «); X),
1 < p <2, and yet L, ,[f(\)] may not exist.For example, let f(\) = (A + 1)~%/2,
To overcome this difficulty we resort to what is essentially Cauchy’s method of
summation.

We define
L;. [f(M)] = L., [e_e)\f()‘)]-
The following theorem gives the necessary and sufficient conditions in question.
THEOREM 8. If X s a reflexive Banach space, then the following conditions are

necessary and sufficient for f(\) to be equal almost everywhere for X > 0 to the
Laplace integral of a function in B,([0, «); X), p fixed, 1 < p < .

1) AN dsin B([5, ©); %) forall 5 > 0,
@) f: NSO [ dh = 0™ withm > 0.as £ — o
= 0("% withy > 0ast— 0+,
3) ILs. [FOO, < M,, where M, is independent of € and «, p fixed,
Kk > ko, € > 0.

Proof of necessity. Suppose
f) = f e x(a) da
0

a.e. for A > 0, and x(e) is in B,([0, «); ¥). Then using Holder’s inequality we
have

ol < [ @l < [T [lslr il

= A\
so that (1) is necessary. Thus

[ 11500 1ax < Be
£
so that (2) is necessary. Now

Li [fN] = Lar [ )]
= 2k’ /1) f cos (2kn) € <D gy f e DT 1 (0) da
0 0
= (2xe™/7w7) f et 5 () daJ‘ e @O 005 (2km) diy
0 0

[ee]
= (x/wr)* e2‘f g MatorTidrato™) (a + ) x(a) de,
0

the interchange of integration being justified by the fact that
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J; T | 5(a) || da fom eI [ cos (2km) [ dn

<Bfe-‘“” 1| () || dex
Thus

LGOI < Ge/mnt et 7o ssneto™ (@ i o7 |l [ d
(K/TT)% {f -x((a+e>r‘*+r(a+e)“') (a + e)—% “ x(a)”pda}l/p

1/e
et (et o) (a + e)~§ da}

©

0

1
R i N SRR AT o
g

© 1/¢q
— -1 -1 -
‘I‘ e k(ar—14r1a—1) o 3 l
0

o 1/
(K/‘II'T)%’) {f e—x(a+e)r~1+r(a+e)“)(a+6)—§ || x(a) dea} .

0
Hence,

[NLe. [FOO1
< {(K/w)* e J;w f:’ g (eH Tt O™ (1 €))7 || x(a) | P dr da}

- { J:’ 1] x(a) H”da}llp = 11x() I,

and (3) is necessary.

Proof of sufficiency. By (1), (2), (3), lemma 6.2, and theorem 7.1,

e f(¢) = lim f e*TLi, [f(N)]dr

K—>c0

1/p

a.e. for ¢ > 0.

By (1) and (6), if X is a reflexive Banach space, B,([0, ©);¥),1 < p < = is
reflexive, and by (3) a reflexive Banach space has a weakly compact unit sphere.
Thus B,([0, «); ¥) has a weakly compact unit sphere, and thus, since

[ L. [FOT o < My,

for each e > 0 there exists an element x.(-) of B,([0, »); ¥) and an increasing
unbounded sequence {.;} such that for every y* in B,*([0, «); %),

lim 3" (L&, FO)D) = 94 0)).
Further, since

|3 Lk, - FOOD | < Y 1 Lk, - POV
we have, by (4; theorem 2.12.3), [lx.() [, < M,.
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Let x* be an arbitrary element of ¥*. Then if g() is an arbitrary element of

BP([Oy w); x)’
* ® _ta ® e * *
x (fo e’ g(a)da> = fo e x (g()) da = y; (g(-))
defines an element
* *
yr of B, ([0, =); %)

for each ¢ > 0. For, y{ is obviously linear, and using Holder's inequality we have,

(4

ot ol = | [T e | < [T [ e paa)
<@ 11 [ 1o 1P aaf

so that y*; is bounded for each { > 0.
Thus we have, for almost every { > 0, each ¢ > 0, and every x* in X¥,

S = (1m [ LS, v )
37 (Lo GO =57 ) = ([T oy ar).

Thus for each ¢ > 0, and all { > 0 not in a set =, of measure zero,

@ e Tl

®©

) = [T

Now since ||x¢(-)|l, < M, for each ¢ > 0, and since B,([0, »);%) has a
weakly compact unit sphere, there exists an element x(-) of B,([0, «); ¥) and
a sequence {e¢;} with

lim €; =
i3

such that for every y* in B,*([0, «); %),
lim 5" (x4, () = 5" (()):
Let
z=Uz..

Then X has measure zero. Further, let { be in (0, ©») — Z. Then for each x* in X*
G0 = tim " 5@ = tims"( [ w0 ar)
i3 300
—timy! (a0 = 57 60 == [ ar)
Thus
16 = [ e e ar
0

a.e. for { > 0, and x(-) is in B,([0, «=); %).
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9. Representation of Abstractly-valued functions by Laplace Transforma-
tions of functions in B_([0, »);X%). The following two theorems give neces-
sary and sufficient conditions that a function on (0, ©) to a uniformly convex
Banach space X be equal almost everywhere to a Laplace integral of a function
in B, ([0, »=); X).

It will be noted that the representation theorem is stated in terms of
L. .[f(\)]. The theorem could equally well be stated in terms of L, .[f(\)], but
we have chosen this form for simplicity.

TaEOREM 9.1. If {T,}, 0 < ¢ < =, is a set of linear transformations on a
separable Banach space ¥ to a reflexive Banach space §), and if ||T,|| < M inde-
pendent of o, for all ¢ > 0, then there exists an increasing unbounded sequence {o;}
and a linear transformation T on X to Y with || T|| < M, such that

. * *
limy (To,(x)) =y (T(x))

100

for every x in X and every y* in P*.

Proof. LetD = {x,} be a countable set dense in X. Since ) is reflexive, it has,
by (3), a weakly compact unit sphere, so that there exists an increasing unbound-
ed sequence ¢;; and an element y; of 9 such that for every y* in P*,

liim Y (Toi, (x1)) = y*(yl).

Further, there exists an increasing unbounded sequence {o;.} € {o;1} and
an element y, of 9 such that for every y* in 9*,

lim v (Tae, (02)) = 3" (y2).

300
Inductively, there exists an increasing unbounded sequence {o;,} C {41}
and an element v, of ) such that for every y* in 9*

lim 3" (Toc.. () = 3" On)-
Thus, using the diagonal sequence, we have for every y* in 9%,
lim " (T, (2)) = 5" ().
Further
|57 @) | = lim | 5" (Toe ) | < 157 1122 [y

so that, by (4; theorem 2.12.3), [|y.|| < M|x.||.

We define o; = o414 T(x,) = Yy, T (aXm + Bxy) = aym + By.. The last part
of the definition of T is consistent with the first part, since, if x; = ax, + Bx,,
then for every y* in 9*,

() = limy" (To,(x) = lim y" (T, (etn + B 22))

= lim {ay" (Te, () + B (Teu(@))} = ay” () + By ()
= 3" (@n + Bya),
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so that v, = ay,, + By, or T(x,) = oT (xn) + BT (x,). Obviously we have on
this linear manifold, ||T] < M.

Now let x be an arbitrary element of ¥. Then there is a sequence {x,;} € D

such that
lim x,, = x.
Jo
Further, if y,;, = T(x,,),
lim y,,
. Joo
exists; for,
”yn:‘_ynk”= [| T(%a; — xm)“ M || %0, — % || =0, Ik, — .
Further if &,, is any other sequence whose limit is x, and if §,, = T(Z,,), then
Hym_gm”z HT(xn. x,“)H MHxn: l‘_,“H—>0, hi—> e
since the sequences have the same limit. We define
T(x) = lim y,,.

It is evident that T is bounded and linear on %, and, in fact ||T|| < M.
Also we have

lim y* (T, (x)) = v (T())

00

for every »* in 9*. For,

19" (Te. () — ¥ (T@))]

= 3 (Tl = ) + O (Tes(@))) = 3 (T00)) + 3 (T = 2,)) |
<2y Mo = s, ||+ |9 Tos@)) = 3 (T) | =0, 4, — .
Thus, the theorem is proved.

TaEOREM 9.2. If X is a uniformly convex Banach space, then the following
conditions are necessary and sufficient that f(\) be equal almost everywhere, for
N > 0, to a Laplace integral of a function in B, ([0, »); X).

1) AU dsin Bo([s, ©); %) forall 5 > 0,

@) ot o winm>y g
= 0('% with v > 0, £— 0+,

3) [ La - [FI)] | < Mo, K> Ko.

Proof of necessity. Suppose

fQ) = f e x(7) dr,
0
where x(7) is in B_ ([0, «); ¥). Then for A > 0,

WO < X [TV @l dr <X 2Ol e de = O,
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so that (1) is necessary. Further then,

SOt e <t 1=0 1,
so that (2) is necessary. Finally, we have

©

L. [fN)] = ©2xe®™/(x1)) J;m cos (2«n) dn fo e T 4 (4) da
= (2ke**/77) J;w e x(a) da j;w e "' cos (2xn) dn

= (x/mr)} 82“1‘ e T 0 (@) da,
0

the interchange of integrations being justified by the fact that
7 1cos @ 1an [ e | 2(a) ) da
[}] 0

<EIO /o [T 6+ D = e 120 flo/26 < .
Thus

[ Ler O] < (e/mr € [ e || 2(a) || da

< “ x() “oo (K/WT)% e2x ‘I‘:’ e—x(ar—l-}-m—l)a—;da
= [[2() |lw-

Hence
[l Lu, . )] || = Sup L LT < [[2C) o

Proof of sufficiency. By (1), (2), (3) and Theorem 7.1, we have, for almost
all¢ > 0,

7@ =tim | e Lo, )] dr.

K300 0
By (5), a uniformly convex Banach space is reflexive, so that ¥ is reflexive.
Let ¢ be in L;(0, «). Define

Ti(¢) = f: ¢(7) Ler [f(N)] dr.
Then
1Tl < [T 190 111 Les GOV 11 dr

<L 0O [ 166 1ar < 11 6 1L

Thus T, (¢) is a set of linear transformations on a separable space, L,(0, «),
to a reflexive space %, and so, by Theorem 9.1, there is an increasing unbounded
sequence {k;}, and a linear transformation T on L, to ¥, such that for every x* in
¥* and every ¢ in L,
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lim 2 (Te () = & (T(9)).

But by (2), every bounded linear transformation T on L; to a uniformly
convex Banach space ¥ is of the form

T(¢) = J;w 6(r) x(r) dr,

where x(7) is in B, ([0, «); ¥). Thus x(7) in B,([0, »); %) exists so that T has
the above form, and then we must have for every x* in X*,

1::2 x*( f: ¢(7) Lu..- [f(N)] dr) = 132 % (Tu (4))

= x*(T(¢)) = x*<J; () x(7) dr) .
Let ¢(r) = e7¥7. Then, for almost all { > 0,

% (f(§)) = lim x*( S L o0 d,-)
= limx" (T, (€37)) = " (T())

- x*( fo "t x(r) dr).

so that for almost all { > 0,

1© = [Tt an

10. Representation Theorems for f(\) in H,(«a; ¥). The class H,(a; %) is
defined in (4; definition 10.4). The following two theorems give the conditions
under which a function in H,(a; X) can be represented as a Laplace integral.

TuaEOREM 10.1. If f(N) is in Hy(a; X) where a > 0, then
lim L, , [f(\)]

K00

exists and equals

a+ ico
86) = @m)™ [ e i) da

and

fo) = f e—)‘rg(r) dr.
0
Proof. By (4; theorem 10.4.1) we have, for R\ > «,

a+ ico
500 = @eiy™ w0 - 0 a

https://doi.org/10.4153/CJM-1954-021-2 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1954-021-2

208 P. G. ROONEY

Thus

Lar GOV] = @ee™/77) [ cos (uen) f(sta® + 1) /) d
= et/ wn) [ Teos(2et)dk [ Sleckin) (<6 1) 1) = Gaotim)}
= (@) [ fartiny dn [ "cos @) €+ (1 rlatin) /) " dk

the interchange of integrations being valid for k > ar since
S st i [ cos @e) 8+ (1 = et in) )7
< Tt lan [T @+ 0 -zt

<3 —1a/0)7H|f | < .
Thus if k > ar,

Lo O] = /) [ D9 (1= 1(a e in) /)7 fla 4 in)
It is evident that for each 5 and each r > 0,

lim e2x(1—(1—r(a+in)/x)'/=) 1= r(a+ iﬂ)/K)_% = gletin

K->c0

Further, a lengthy but straightforward calculation shows that the maximum
value of

le2x(1—(1—-1(a+1ﬂ)/x)'/’) (1 _ r(a + 1-7’)/'()—% _ er(a+iﬂ)l
occurs at 7 = 0. Thus

| Le FO] = ¢ () |1
=l [ (@O I (i) 1)) fa i) d |

< (2a)7| OO () g /)T — € jf [|f(a+n) ||dn—0, x— w.
Thus ”

K500

a+ico
tim Lo, [FO))] = e [ e 1) du = 8.

Hence we have, for R\ > «

f e g(r) dr = m)“f e‘“drf et fa + in) dn
0 0

—®

= @m~ fm fla+ in) dy f: g Ot g
= @m)7 f_m fle+ i)\ — (a4 dn)) " dn
a+ i

= @m)~ SN =) du = FOV).

a—1i
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The interchange of integrations is valid for ®\ > « since

S e sty lan = e [ 1+ i) llan

—c0 —

TrEOREM 10.2. If

€)) JA) isin Hy(a; %), p > 1,a> 0,
) P gt =1,

3) Bg > 1,

then

0 =¥ [T g ar,

where

: a+ i
g(r) = lim Lo, WP FN)] = @mi) ™ | €™ T () du.

Proof. NFf(\) is in Hi(a; X); for using Holder’s inequality we have

STt iy st in) N

<A S s pang [T aim ) < o

Thus applying the previous theorem to A% f(\), we have

a+ 1o
lim Lo, P FO0] = @)™ [ 67 ) d = o),

f\) = x"f e gs(r) dr.
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