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1. Introduction. The theory of the Laplace integral of abstractly-valued 
functions of a real or complex variable has been developed, in the last few years, 
to an extent that it is almost approaching the degree of completeness enjoyed 
by the classical theory of the Laplace integral of numerically-valued functions. 
In certain respects, however, there are still large gaps. One of the gaps occurs in 
representation theory. 

In particular, there are no theorems giving conditions that an abstractedly-
valued function be represented as the Laplace integral (4) of a function in 
Bp([0f <»);£), the Banach space equivalent of Lp(0, «•). It is our purpose here 
to fill this gap. 

Since, as in the numerically-valued case, this representation theory is devel­
oped in terms of a particular inversion operator for the Laplace integral, the 
opportunity was offered further to study some inversion operator for the trans­
form. We have grasped this opportunity, and have developed the theory in 
terms of a certain "real" inversion operator given by the formula 

I LK,rlf(\)] = (Ke2K/wr) J Q V cos (2KV
h)f(K(V + l ) / r ) drj 

or by the alternative formula, which we shall use occasionally, 

la LK,T[fM] = (2Keu/*r) f °°cos (2**)/(*(**+ l ) / r ) dv, 
Jo 

where the integrals are Bochner integrals. 
The theory of this operator for numerically-valued functions has already 

appeared in print; see Rooney (7). 
The fact that the representation theory is stated in terms of a particular 

operator is no restriction, since the method is quite general, and will work quite 
well with any operator for which similar theorems hold in the numerically-valued 
case. 

In §2 of this paper we define a slight generalization of the one-dimensional 
Bochner integral and prove one or two theorems concerning this generalization. 
In §3 we prove a lemma concerning the Lebesgue sets of abstractly-valued 
functions, while §4 is given over to a theorem enabling us to evaluate a singular 
integral that appears repeatedly in the theory. 
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In §5 we prove an inversion theorem for the operator I. 
§6 is devoted to certain lemmas preliminary to the representation theory, 

while in §7 we prove the "Fundamental Theorem" which gives sufficient con­
ditions that the Laplace integral of LKjT[f(\)] should tend to/(X) as K tends to 
infinity. 

In §8, we give necessary and sufficient conditions that a function / (X) be the 
Laplace integral of a function in Bp([0, <») ; Ï ) , 1 < p < oo, where ï is a reflex­
ive Banach space. In §9 we prove a similar theorem for ^ ( [ 0 , °°); ï ) , X now 
uniformly convex. 

Lastly, in §10, we give sufficient conditions that a function in Hi(a; Ï ) be a 
Laplace integral, and we also have a theorem concerning Hp(a\ X), p ^ 1. 

Throughout this paper we use the notation of Hille (4). Also, whenever we 
speak of limits, we mean limits in the strong topology, unless otherwise specified. 

2. Improper Bochner integrals. For the inversion theory of the operator 
LKtT[f(\)] we shall use a slightly generalized form of a one dimensional Bochner 
integral which we shall call the improper Bochner integral. 

DEFINITION 2.1. Let x(a) be in J5([X, w]; X) for a fixed X and all a> > X. If 

x(a) da J«CO 

X 

converges to a limit y as œ —* oo, then we say that y is the improper Bochner 
integral of x(a) over [X, oo), and we write 

/*->oo 

y = I x(a) da. 

We shall prove two theorems; the first giving sufficient conditions for the inter­
change of the order of integrations when one of the integrals involved is an 
improper Bochner integral and the other is a Bochner integral, and the second 
giving sufficient conditions for Bochner and improper Bochner integrals to be 
equivalent. 

Let £w,r = { ( a , / 3 ) | 0 < < * < a > ; 0 < / 3 < f } . 

THEOREM 2.1. If 

(1) x(a, ft) is inB(EUft; ï ) for a fixed f and all co > 0, 

(2) I x(a, /3) da converges uniformly with respect to 0, 0 < ft < f, then 

I x(a, @) dp da converges, 
o «/o 

x(atp)daisinB([0,Ç]; 3£), 

J» -»oo /» t /» r f* ->c» 

x(a, P) dp da = x(a, 0) da d/3. 
o «/o */o «/o 
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Proof. 
(i) It is sufficient to show that for every e > 0, co(e) exists such that 

x(a, 0) dp da 
II c/cox *) 0 

By (2), for every e > 0, 003(e) exists such that 

x(a, 13) 

< «, 

da < 6, 

co2 > coi > co(e). 

co2 > coi > 003(e). 

Let co(e) = co3(e/f). Then if co2 > coi > co(e), 

•»«» /»? || || / » f /»wa J»«a /»S /» f /»Wa 

*(a, /3)d/3da \\ = \\ x(a,P)da 
Wx • / 0 II II J 0 Jwj 

/ » f | | /»WJ II 

< I *(o, |8) da dj9 < (e/f) • f = « 
*/ 0 II t/coi II 

d/3 

the interchange of integrations being justified by (1) and (4; Theorem 3.6.7). 
(ii) By (4; Theorem 3.2.3(3)), 

y(P) = Jo x(a,0)da 

is a strongly measurable function of (3. Thus by (4; theorem 3.5.2.), it is sufficient 
to show that ||;y(/3)|| is in L(0, f). Since y(ff) is strongly measurable, ||y(j8)|| is 
measurable (Lebesgue). Further, 

\\x(a,l3)\\da + \\ x(a,p)da 
0 l| J <a 

| | * (a ,0 ) | | da + € 
t /0 

< 

for sufficiently large co. 
Thus 

(\\y(P)\\dp< f f \\x(a,P)\\dadp + et 
Jo Jo Jo 

and the statement is proved. 
(iii) By (i), for each e > 0, co(e) exists such that for coi > co(e) 

»r 
" < h. J» ->oo /» S 

x(a,/3) d/3 da\ 
(!>! J 0 I 

Thus 

r = 

< 

Jif /»->oo /»->oo /»r 

a (a , (3) dad/3 - x(a, 0) d/3 de* 
0 «/o t/o */o 

J Jo * (a, /3) dad/3 - I J x(a , 0) d/3 da 
/» f /» ->oo I 

x(a, /3)dad/3\\ + 
Jo Juj. II 

+ h 

h 
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by (1) and (4, theorem 3.6.7). But by (2), for each e > 0, co2(e) exists such that 
for a>3 > «2M, 

x(a, ft) da 

Choose coi > max {«(e), co2(e/2f)}. Then 

II n f /» ->œ 

r < I x(a, 13) da 
II Jo •/«» 

J»f || /»-*» 
I x(a, ($) da 

0 II • /«! 
Letting e —» 0, the conclusion is reached. 

THEOREM 2.2. / / 

(1) x(a) is in B([0, co]; 9Q /or aacA co > 0, 
(2) ||x(a)|| isinL(0, co), 

(i) x(a) is in B([0, » ) ; X), 

< €. 

d/3 + i* 
d|8 + h = €. 

(ii) 

(Hi) 

converges y J»-»oo 
x(a) da 

0 

J» 00 / » - * » 

x(a) da = 1 x(a) da. 
0 «/o Proof. 

(i) By (4; theorem 3.5.2), it is sufficient to show that x(a) is strongly measur­
able over [0, 00). 

By (1), x(a) is strongly measurable over [0, co] for each co > 0. Let 

i* (a) = {J; 0 < a: ^ co, 
a > co. 

Obviously 1„ is Lebesgue measurable for each positive co. Then xa(a) = l(a(a)x(a) 
is strongly measurable over [0, co] by (4; theorem 3.2.3(2)), and since xa(a) = 6 
for a > co, xa(a) is strongly measurable over [0, 00). 

Obviously 
x(a) = lim xw(a)t 

W->oo 

and thus, by (4; theorem 3.2.3(3)), x(a) is strongly measurable over [0, °°). 
(ii) Since ||x(a)|| is in L(0, °o), we have, 

(iii) 

/ I d ) , / » « , 

I x(a)da\\ < ||x(a)||da-*0, 
Il */0>x H I/O)! 

I x(a)da: — I x(a) da: = I x(a) da — I x(a) 
t /0 «/0 H II •/&>! •/&)! 

J» -»oo / • 00 

x(a) da + I | |x(a) | | da —•> 0, 
a>i II i / u ! 

COi, C02 —» ° ° . 

da 

COi 
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3. Lebesgue sets. Let x(a) be in B{E\\ 36) where E\ is the one-dimensional 
Euclidian space. Then by (4; page 48, formula (3.6.1)), 

l im± | | * ( a ) - * t t ) | | < f a - 0 

almost everywhere. 

DEFINITION 3.1. We shall call the set where the above formula holds the 
Lebesgue set of x(a). 

THEOREM 3.1. If x(a) is in B{EX] 36), and r is in the Lebesgue set of x{a), then 
the Lebesgue set of \\x(a) — X(T)\\ contains the Lebesgue set of x(a). 

Proof. Let £ be in the Lebesgue set of x(a). Then 

\ ^ 7 | | | * ( « ) - * ( r ) | | - | | * t t ) - * ( T ) | | | < f a 

< 7 sr,|(x(a) " X(T)) " { x { ® - *(r))i| ** 
i r^y 

«z ll*(«)-*tt)ll<fc->o, 7-of 
7 */$ 

and £ is in the Lebesgue set of \\x(a) — x(r) | | . 

4. A theorem on a certain singular integral. The following theorem will be 
needed both in the inversion and representation theories. 

THEOREM 4.1. 7/ 

(1) x(a) is in 5([0, o>]; 36) for each œ > 0, 
/*-»oo 

(2) J e~Xax(a) da 

converges for X = Xo > 0, then 
(i) for each r > 0 and for all K > Xo r, 

IK = 6U(K/ICT)* J e-"<"-1+"-'> a~* *( a ) 

converges, 

(ii) lim IK = x(r) 
K-Xx> 

/or each T > 0 in the Lebesgue set of x (a). 

Proof. 
(i) Let K > X0T, let a>2 > coi, and let 

^a 

I e~ °a x(a) da 
. I « /o 
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By (2), i f < co. Thus 

I l ru* II 

I £ a x\a) aa\\ 
I •/&>! II 

< 2Af|e-,cCc*,*T~1+TW>""1)4-XoW* «7* + f d(e-K(aT~^Ta'l)+Kaa~l)\ 

195 

(ii) It should be noted that 

2 K 

«1> W2 ~ > ° ° . 

e a * da = 1. 
o 

Let r > 0 be in the Lebesgue set of x(a)9 and let w > T. Then, 

I /•-*» I 
| |J , _ * ( r ) | | = J « U ( « / T T ) * J «-"("T",+T"",> <r*(*(a) - * ( T ) ) da 

< e2"(K/,rr)} J J % - « ( - - + r « - o a - j | | < ( a ) _ a.(T)|| <fo 

e-<"T" , + T"" , )a-**(a)da + | | * ( r ) | | I «-'<"T~,+™~,)a-»d«> 

= rx + r2 + r3. 
Let KO > Xo and K > ico- Then 

r3= ||*(T)11«"(«/«•)* r e - " " - ^ - ' ' ^ ^ 

= ||*(r)||«U(«/*r)» f"«-«.<«-+«-) 

< I F W I I « {K/TTTy e I 

—> 0 , K—» <»• 

since ar~l + Ta-1 — 2 attains its minimum value of 0 at a = r, and œ > r. 

X -»0 0 II 

e a 2 x(a) da\\ 
) II 

tf-«.(«r-t+m-*) ^ 

r Ja 

r 2 = 

e2K(K/TT)h P | £ ( c - « ( — + « - > + X . a a-*| J™ ^ x(j8) ^ ^ 

< 2 M ( J C / T T ) * « 
£ — « ( W T - ' + T W - 1 - 2)+X0w — $ 

co-4 - » 0 , K — > 0 0 , 
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where we have used Theorem 2.2 after the integration by parts. By Widder 
(8, p. 278, theorem 2b, corollary 2b. 1), Ti —> 0 as K —> oo if T is in the Lebesgue 
set of \\x(a) — x(r) ||. However, since r is in the Lebesgue set of x(a), we have, by 
Theorem 3.1 that r is in the Lebesgue set of \\x(a) — x(r) ||, and thus the 
theorem is proved. 

COROLLARY. If e~XoOC x (a) is in B ( [0, <» ) ; 36), then 
(i) for each r > 0 and all K > X0r, 

e a * x{a) 

is in B([0, œ); £), 
(ii) lim IK = X(T) for each r > 0 in the Lebesgue set of x(a) where 

K—KO 

IK = e2\K/irrf p e-^r-^ra-^ a - | %M ^ 

Proof. 
(i) This follows from the fact that for K > X0r, 

« T ' ^ - H - " - 1 ) a~
h < N e~x°a. 

(ii) This now follows from Theorem 2.2 and the preceding theorem. 

5. Inversion of the Laplace Transformation. We define 

LKlT [/(X)] = (ice2*/") J o if* cos (2ici|*)/(icfo + l ) / r ) ^ . 

The following theorem provides sufficient conditions for the inversion of a 
Laplace transformation which involves improper Bochner integrals by 

Kr Lf(X)]-
THEOREM 5.1. If x(a) is in B([0, œ]; T) for each co > 0, and if 

/»->oo 

/(X) = e-Xax(a)da 
Jo 

converges uniformly in X for X > y > 0, ^ew /or eac& r > 0 and a// K > yr, 
LKtT [/(X)] a t o , and 

limLl,T[f(X)] = x(r) 
K-»0O 

a/ eac/z /wiw/ T > 0 of the Lebesgue set of x (a). 

Proof. We shall show that 

LK,T [/(X)] = « " ( K / T T ) * J 6-«<«*-1+««-1> a~* *( a ) ^ a , 

and the conclusion will follow from Lemma 4.1. 
Let K and r be fixed and K > yr. Choose X0, y < Xo < K/T. Let 

I (*w 

M= sup I e~x°a x(a) da 
0<w<oo 11 «/ 0 
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By hypothesis, M < œ. Consider 

L = (K e2K/wr) £ 7fh cos ( 2 ^ ) / ( K ( T ; + l ) / r ) dV 

,-* cos (2«j*) dij c-"( ,+1)" / rx(a)rfa. 
o Jo 

Since/(X) converges uniformly for X > 7 and K > yr, we may, by Theorem 2.1, 
interchange the order of integrations. Thus 

JI -*X> /«CO 

e-""r x(a) da e"*"T if* cos (2«|*) ^ 
0 «/o 

= («/«•)* e2" J""*" «-«("-+«•-') a~i *(«) d J x-* J*° e-<" Mj , 

by an obvious change of variable, where a = (a/cw/r)^ + z ( K r / a )^ Then 

rw = 
/•-Ho I 

( « / « • ) * C2 ' e - « ( « r - + « - ) a - i x ( a ) ^ _ J \ 
Jo I 

< (/C/TTT)1 e2"| J o e-«<--+™-'> a - i | | x ( a ) | | . J1 _ v~i j° e-<" de 

+ II J " " e-"<aT",+Ta_,) oT* x ( a ) [ l - x"* J ' e~9° d»] da||} 

- r (1) a. r(2) 

rfa 

(5 > 0). 

Now 

lim i1-'"4/^"'*}-0 

almost everywhere for a in [0, 5]. Thus by (4; theorem 3.2.1) the limit equals 
zero almost uniformly in [0, 8], Further, since 

£ e-e'dd = {(KT/CL) + (aKœ/r)}-1 e(KT,a)-(aK(a,T){-(KT/a)* sin (2KJ) 

- (oucœ/r)* cos (2/cco*)} - i f O'2 e~" d$, 

and 

I « / — cr I 

where Af is independent of a and co for a in [0, 5], we have then 

—«(«T-Hra-1) —$ «-*!!*(«) I X 1 — -n--i 1 e~6' d$ <Ne -KCt/T 

and this bound is an integrable function of a. Thus by (4; theorem 3.3.6), 

lim rj1 } = 0. 
co_>co 
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Ji3) = ( K / T T ) * « U J'*De- , ,(ar- ,+T«"1) a -** (« ) | 1 - x è f e-"de}da 

converges uniformly in « for « > 0. For, for every w2 > coi > 8, 

Il / f e~"(ar~'+Ta"} «~* *(«){l " T_ i f e~6' do} da\ 

= 2(«/,rr)* r r " " * ( a ) < i a f"e~"a*' / rcos (2«0) <2^| 

- 2 ( « / x r ) * « a ' - / T ) - f"«-"•* ' / r cos (2K*) d0 f « - U ï ( a ) d « 
Il «/Vw «/a»! 

+ f" ' e»'-"T )« { - (X„ - K/T) f " e-"*,/T cos (2K<?>) <f <*> 

+ (K/T) f " « - " * , / T <*>2 cos (2K0) d<t>\ f <rx,s *(/3) d/9 rfa 

< 4(«/xr)* ikf|e(X°-"/T)u' f" e-m'*'/rd<t> 

+ f" e(X"-"/r)a [ - (Xo - K/T) J°° e*"*',Td* + (K/T) J V " * " V<*4>J da J 

= 4 ( « / T T ) * Afl^*-""*- f" e — • , / T d * + P" <ZU(X°-"/r)a f" e-"* ,/ ,<**j > 

= 4(K/TT)* Me*'-"**" f °° «-•"••" <ty -> 0, 
Jo 

Thus we may choose 5 so large that 

ri" = | | X 3 , ! l < e 

OJi, 0>2 —* °° . 

for any e > 0 and thus 

and the theorem is proved. 

lim rw = 0 
W-»CO 

6. Some Lemmas. We now prove two lemmas which are preliminary to 
the representation theory. 

LEMMA 6.1 If 

(1) X-y(X) is in B([8, « ) ; ï ) for each Ô > 0, 

(2) Xco 

: x-1 H/MUdx = o(r*), 
with m > J, as £ —> » , awd ^(f) = 0(e7/*) rarc% 7 > 0 as £ —» 0 + , /fow /or each 
K > 0, awd almost all r > 0, 
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L..T [f(X)] = (KJ'/ITT) £ if* cos (2*,*)/(<(i| + 1 ) / T ) di, 

exists. In particular, LKtT[f(\)] exists when K and r are positive, and K/T is in the 
Lebesgue set offÇk). 

Proof. The proof is the same as in (7; §3, lemma 2, page 440) if \f(s)\ is 
replaced by ||/(X) || wherever it appears, and certain minor notational changes 
are made. 

LEMMA 6.2. / / 

(1) X"V(X) is in B([ô, œ) ; X) for each Ô > 0, 

(2) *«) = Jj°° A"1 |[/(X)11 iX « 0(rm) 

w#A w > 0, as £ —> » , and ^(£) = 0(e1'/f) wrctt y > 0 as £ —• 0 + , then for each 
« > 0, 

f" X-1 e~'x | |/(X) 11 dX = 0 ( f*) for every ra > 0, as £-• » 

= 0{é"i) a s £ - » 0 + . 

Proof. 

J " X-1 e-x | |/(X) 11 dX < e-( J"" X-1 | |/(X) 11 d\ 

= 0(D, £-><*> 

= 0 (6^) , * - » 0 + . 

7. A fundamental theorem. The following theorem is fundamental in the 
representation theory. 

THEOREM 7.1. If 

(1) X"V(X) is in B([Ô, » ) ; X) for all Ô > 0, 

(2) Hi) = J^v-'wmwdv-oar"1) 
with m > \, as £ —> oo, awJ \p{£) = 0(e7/ç), wi/A 7 > 0, as £ —-> 0 + , 

(3) *-*'£«. r|/(X)] w m B([0, 00) ; £) for f > 7 l , arcd a// /c > *c0, 

lim (œe-tTLK,T[f(\)]dT=f(Ç) 

at every point f > 71, of the Lebesgue set off(X). 

Proof. L«,T[/(X)] exists by Lemma 6.1 and has a Laplace transform when 
f > 71, by (3). To prove the assertion we shall use (4; theorem 3.6.7) and the 
corollary to Theorem 4.1. 
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Operating formally we have 

fV f T i : , ,T[f(X)]^r = (/ce2*/*) Ce-t^dr f V 4 cos (2/«7*)/(K(TJ + l ) / r ) dr, 
•Jo Jo */o 

/*co /»oo 

= (2Ke2V7r) e ^ V ^ r cos (2K£)/(K(£2 + l ) / r ) df 
«/o Jo 

= (2Ke27x) P c o s (2«Ç) dt {" e~ir T-1 f{K(? + l ) / r ) ^ 
Jo Jo 

/»co /»co 

= (2Ke2 'A) cos (2«{) <Z£ ,-«»«•+» / r ' / G T 1 ) «tf 
* / 0 t / 0 

J'oo /»oo 

«""W /3~V(/3_1) <# e-"Wf' cos (2<c{) # 
o «/o 

= (K/rf )» e2' P «-'^(f»-"> (r'^fUT1) dp 
Jo 

->/(r), *->». 
These formal calculations will be justified if the two interchanges of inte­

grations are justified, and the conditions of Lemma 4.1 are met. 
For the first interchange of integrations it is sufficient to show that 

/»co /»co 

I cos (24) | di e-mt,+n /T1 11 fir1) I \dff < » . 
J o «/o 

But by (2) and (7; §3, lemma 1, page 438), if /cf > 7, the inner integral is 
0 ( f 2 m ) as £ -> « , and m > §. 

For the second interchange it is sufficient to show that 

J»oo /»oo 

e-"M /T1 ll/GT1) II ^ I e ^ * ' cos (2«{) | # < » . 
0 J 0 

But this is so since the inner integral is less than 3 (?r/(*$"£) )a and 

r«-w/r , / ,ll/(i»-1)ll^< -
«/o 

by (1), (2), and (7; §3, lemma 1, page 438). 
8. Representation of abstractly-valued functions by Laplace transforma­

tions of functions in Bp([0, 00); 36), 1 < p < °°. In this section we find 
necessary and sufficient conditions that a function f(\) on (0, 00 ) to a Banach 
space 36 be represented as the Laplace integral of a function in -Bp([0, °°);X) 
where 1 < £ < 00. 

In order to obtain such conditions for these general classes of functions, we 
find it necessary to postulate some sort of compactness condition on Bp([0, <» ) ; 36). 
We have chosen the weakest condition possible, namely weak compactness of 
the unit sphere in Bp([0, °°); 36). By Bochner and Taylor (1), Pettis (6), and 
Eberlein (3), a necessary and sufficient condition for this compactness is that ï 
be reflexive. 
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There is one other complication that must be dealt with. That is that a 
function/(X) may be the Laplace transform of a function x(a) in Bp([0, °°); ï ) , 
1 < p < 2, and yet LKtT\f(\)] may not exist.For example, let/(X) = (X + 1)~~1/3. 
To overcome this difficulty we resort to what is essentially Cauchy's method of 
summation. 

We define 

Llr\fW] = L..T[e-An\)]. 
The following theorem gives the necessary and sufficient conditions in question. 

THEOREM 8. If His a reflexive Banach space, then the following conditions are 
necessary and sufficient for /(X) to be equal almost everywhere for X > 0 to the 
Laplace integral of a function in Bp([0, °°); 3Ê), p fixed, 1 < p < °°. 

(1) X-'/OO is in B([ô, oo ); ï ) for allô > 0, 

(2) r X'1 | | /(X) || dX = 0(rm) withm> Oas£-* » 

= 0(eyn) with y > 0 as £ -> 0 + , 

(3) ||Z,*t. [/(X)]||p < Afp, wfere ikfp w independent of e and K, p fixed, 
K > Ko, € > 0. 

Proof of necessity. Suppose 
/•oo 

/(X) = I e~~Xaa;(a) da 
Jo 

a.e. for X > 0, and x(a) is in ^( [O, °°); ï ) . Then using Holder's inequality we 
have 

/•co ( /»oo ^ l/q( /»oo ^ 1/p 

X -1 | |/(X)|| < X"1 J o e-Xa\\x(a)\\da < X ^ j J o « f ^ f e j j J o | |*(«)| | , ,<kj' 

so that (1) is necessary. Thus 
D 

-1/ff 

dX < B £ " 
/•oo 

J { x-1 !|y(x) 
so that (2) is necessary. Now 

Llr [/(X)] = L..T [e-Af(\)] 

J»co /»co 

cos (2/n,) e-"(r+1)/T dr, e-'('°+1)a/r x(a) da 
0 */0 

= (2,ceu/icT) C" e~K(a+t)"x(a)da f V ' ^ ' ^ c o s (2mj) ^ 
«/o «/o 

the interchange of integration being justified by the fact that 
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J " e-'
(a+t)/T || x(a) Wdap e-*+,)v/T | cos (2M,) | dr, 

<BJ\-""T\\x(a)\\da. 

Thus 

\\Ll.r [/(A)] 11 < (K/XT)* eu r e-«(°+<>r-.+K«+<>-.> {a + 0 - » 11 x{a) i! ^ 
•/o 

Uco ) 1/P 

" { lo <f " ( < a + ' ) T - ' + T ( a + e ) - ' ) (a + « r è ^ a } 1 " 

< (K/TT)» e2 '{ J*" e -« ( (^«) r - . + ^ . ) - ) ( a + 6 ) - i 11 x(a) i r r f a | 1 / P 

Uco ) 1/(7 

e_, ( a+e ) r-1+r ( a+e )-,, ( a + e ) - i 11 x ( a ) I |»da| . 

Hence, 
l | £ U / ( A ) ] | | „ 

< | ( K / T ) * « S " J J e-^a+')T'i+^a+f)")(r(a + e))-i\\x(a)\\
Pdrda^ 

U«co ) 1/P 

o \\x(a)\\'da] = | | * ( - ) | | „ 
and (3) is necessary. 

Proof of sufficiency. By (1), (2), (3), lemma 6.2, and theorem 7.1, 

<rc r /(f) = Hm r e-tTLlT[f(\)}dr 
K->CO V 0 

a.e. for f > 0. 
By (1) and (6), if 3£ is a reflexive Banach space, Bp([0, œ) ; 36), 1 < p < oo is 

reflexive, and by (3) a reflexive Banach space has a weakly compact unit sphere. 
Thus BP([0, oo) ; 36) has a weakly compact unit sphere, and thus, since 

\\ LlAfW] \\P < Mpy 

for each e > 0 there exists an element xe(-) of Bp([0, a>); 36) and an increasing 
unbounded sequence {6/Ci} such that for every ;y* in Bp*([0, °°); 36), 

Hm/(Z e
6

K i , . [ / (X)])=:y*(x e(-)) . 
2->co 

Further, since 

we have, by (4; theorem 2.12.3), ||xe(-)||P < Mv. 

y*(L*Kit.\f(\)]) | < | | / | | . \\Lt
€Ki9.\f(\)] 
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Let x* be an arbitrary element of ï*. Then if g(-) is an arbitrary element of 
BP([0, » ) ; * ) , 

* 
X ( J." '"'" g(a) **) = X " '"'" X*(f (a)) ** = * (g()) 

defines an element 

y?ofB,*([0, » ) ; X ) 

for each f > 0. For, y$- is obviously linear, and using Holder's inequality we have, 

b*ii(-))\ = | £e-lax*(g(a))da\ < { J V ^ } 1 " ! J V G K a ) ) ^ } 1 * 

< (sf ) _ 1 / ? II ** II { J , " II «(«) 11'A*}1* = (<tf)~1/? II ** II II « O UP 
so that y*ç is bounded for each f > 0. 

Thus we have, for almost every f > 0, each e > 0, and every x* in 3£*, 

* V € r / ( f ) ) = **(lim r«" r r i«K*. r lf(X)] d r ) , 

limy* (£««,, . [/(X)]) = y* (*«(•)) = x*[ e~tTx€(r) dr) . 
l->co \ «/ 0 / 

Thus for each e > 0, and all f > 0 not in a set 2€ of measure zero, 

e-e*7(r)= fV f T* €(r)dT. 
«/o 

Now since ||#«(-)lli> < ^f? f° r each e > 0, and since -Bp([0, °° ) ; ï ) has a 
weakly compact unit sphere, there exists an element x(-) of Bp([0, °°); Ï ) and 
a sequence {e*} with 

lim€i = 0 

such that for every y* in £p*([0, °°) î ï ) , 

limy (*««(•)) = y (*(•))• 
î->00 

Let 
S = U 2.4. 

Then S has measure zero. Further, let f be in (0, <» ) — 2. Then for each x* in 36* 

/ ( / ( f ) ) = l i m * V € ' r / ( r ) ) = lim**( f V ^ O O d r ) 

= limy* (*«,(•)) = y* (*(0) = **( ^~rrx(r) dr ) . 

Thus 

/GO = J"""" *(*•)*• 

a.e. for f > 0, and x(-) is in 5P([0, °°);£). 
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9. Representation of Abstractly-valued functions by Laplace Transforma­
tions of functions in 5œ([0, » ) ; £ ) . The following two theorems give neces­
sary and sufficient conditions that a function on (0, °o ) to a uniformly convex 
Banach space ï be equal almost everywhere to a Laplace integral of a function 
inBJIO, ») ;X) . 

It will be noted that the representation theorem is stated in terms of 
•£*,T[/(X)]. The theorem could equally well be stated in terms of L6

K)T[/(X)], but 
we have chosen this form for simplicity. 

THEOREM 9.1. If {Tff}, 0 < <r < <*>, is a set of linear transformations on a 
separable Banach space 36 to a reflexive Banach space §), and if 117"o-11 < M inde­
pendent of ay for all a > 0, then there exists an increasing unbounded sequence {ai} 
and a linear transformation T on TU to ty with ||!T|| < M, such that 

limy (Tai(x)) = y (T(x)) 
î->oo 

for every x in ï and every y* in §)*. 

Proof. Let D = {xn} be a countable set dense in #. Since g) is reflexive, it has, 
by (3), a weakly compact unit sphere, so that there exists an increasing unbound­
ed sequence aiti and an element yi of §) such that for every y* in §j)*, 

limy (Tai>1(xi)) = y (yi). 
i->oo 

Further, there exists an increasing unbounded sequence {0 ,̂2} Q {^i,i} a n d 
an element y2 of §) such that for every y* in §)*, 

limy (Tffiia(x2)) = y (y2). 
£->co 

Inductively, there exists an increasing unbounded sequence {(Ti<n) Ç {aitTl_i} 
and an element yn of g) such that for every y* in §)* 

limy (ZV«.„(*„)) = y (yn). 

Thus, using the diagonal sequence, we have for every y* in §)*, 

limy (7^ , «(*,)) = y (y,). 
î->oo 

Further 
|y*(y,) I = lim \y*(T9iti(xj)) \ < || y* || • M • | | * , ||, . 

î-»00 

so that, by (4; theorem 2.12.3), ||yn|| < ikf||*n||. 
We define <rt = aitU T(xn) = yn, T(axm + $xn) = aym + pyn. The last part 

of the definition of T is consistent with the first part, since, if x? = axm + fa™ 
then for every y* in §)*, 

y (yt) = limy (TVi(xi)) = limy (T9i(axm + p xn)) 

= lim {«/(r< r i(xm)) + py*(TCi(xn))} = ay*(y») + fty*(y«) 
l->oo 
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so that yi — aym + Pyn, or T(xt) = aT{x-m) + j3T(xn). Obviously we have on 
this linear manifold, | | r | | < M. 

Now let x be an arbitrary element of ï . Then there is a sequence {xni ) C D 
such that 

lim xni = x. 

Further, if yni = T(xnj), 
lim yni 

exists; for, 

11 Jm - ynk 11 = 11 T{xni - Xn J 11 < M 11 Xni - Xnk I I -> 0, J , &, - > oo . 

Further if £rez is any other sequence whose limit is x, and if ynl — T(xnl), then 

11 Jm - Vm 11 = 11 T(xnj - xni) 11 < M 11 xni - xni 11 -> 0, j , / -» oo 

since the sequences have the same limit. We define 

T{x) = limyni. 

It is evident that T is bounded and linear on X, and, in fact | | r | | < M. 
Also we have 

limy (ra<(^)) = y (r(*)) 
X-»oo 

for every y* in §)*. For, 

\y*(Tti(x))-y*(T(x))\ 

= I y*(r.f(* - xni)) + (/(r„.(xn,)) - y*(T(xni))) + y*{T{x - x,,)) \ 

< 2 | | / 1 | -M• ||x - xni || + |/(r,< (*.,)) - /(r(*„,)) |-»o, *,i-» ». 
Thus, the theorem is proved. 

THEOREM 9.2. If H is a uniformly convex Banach space, then the following 
conditions are necessary and sufficient that /(X) be equal almost everywhere, for 
X > 0, to a Laplace integral of a function in -Sœ([0, oo ) ; J) . 

(1) X~700 is in Bœ([Ô, oo); X) /or a//5 > 0, 

(2) f °° X"1 | |/(X) | MX = CKr*1) with m > J, f -> » 

= 0(e7/*) withy>0, É-»0+, 

(3) l | i . . . | / (X) ] |U<J l f 0 ) > * > * o . 

Proo/ 0/ necessity. Suppose 

/(X) = Jo°°e-XTx(r)^r, 

where x(r) is in -Bœ([0, °°) ; £). Then for X > 0, 

J»oo /»oo 

e - X r | | x ( r ) | U r < X - 1 | | x ( - ) | | a , e - X ^ r = \ - 2 | | x ( - ) | U 
0 «/ 0 
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so that (1) is necessary. Further then, 

J œ x- 1 i l / (x ) l l^x<r 1 n*(- ) 
so that (2) is necessary. Finally, we have 

£«.r[f(X)]= (2^27(7TT)) ^ COS (2KV) drj f " «-«<!"+l>«" *(«) <£* 
«/o «/o 

- (2Ke27^rr) f " e-'° /Tx(a) <fa f" *-"•"" cos (2«j) ^ 
«70 «/0 

the interchange of integrations being justified by the fact that 

f " | cos (2«j) | dv r e- ( , I + 1 ) a / r 11 «(a) 11 da 
Jo Jo 

< (r | | *(•) IUA) J f Ol* + l ) " 1 ^ = *r | | *(•) IU/2JC < 

Thus 

II i..r L/(X)] || < (K/*T)} e2' J*" c - ( - -+—) a-i || x{a) || ^ 

< ||*0) ILOC/TT)1*2" J%-<"r-,+"",)«-»da 

= 11*0) IL 
Hence 

l | i . . . l f ( X ) ] | U = sup | | Z . . T l / ( X ) ] | | < | | * 0 ) l l ~ 

Proof of sufficiency. By (1), (2), (3) and Theorem 7.1, we have, for almost 
all f > 0, 

/ ( f ) = l im f V r , Z . . r [ / ( X ) ] d T . 

By (5), a uniformly convex Banach space is reflexive, so that X is reflexive. 
Let <f> be in Li(0, <»). Define 

Then 

TK(<t>) « JJ%(r)L,,T[/(X)]dT. 

I l ^ ( * ) | | < r | * ( r ) | - | | L « . T | / ( X ) ] | | d r 

< II i . . . I/(X)] IL J"" I * ( T ) I dr < Mœ || <*> ||x. 

Thus TK(<t>) is a set of linear transformations on a separable space, Li(0, <»), 
to a reflexive space 36, and so, by Theorem 9.1, there is an increasing unbounded 
sequence {/ct}, and a linear transformation T on L\ to 36, such that for every x* in 
Ï*, and every </> in Lu 
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iim/(r,j(*)) = /(r(*)). 

But by (2), every bounded linear transformation T on L\ to a uniformly 
convex Banach space H is of the form 

T(4>) = ^ <f>(r) x(r) dr, 

where X(T) is in 5œ([0, o°); X). Thus x(r) in ^«,([0, °°); ï ) exists so that T has 
the above form, and then we must have for every x* in 3E*, 

lim x*( r <f>(r) LKiiT (/(X)] dr) « lim **(r«« (*)) 

= **(2T(*)) = x*( J " " *(r) *(r) i r ) . 

Let 4>{T) = e~fr. Then, for almost all f > 0, 

/ ( / ( f ) ) = Iim**( f"e- { TL. t ,r[f{\)]dr) 

= lim**(7*.f (e'tr)) = x*iT(e-{T)) 
i-xx) 

«**( J"Vfrx(r)drj. 

so that for almost all f > 0, 

/(f) = PVT*(r)dr. 
«/o 

10. Representation Theorems for /(X) in iJp(a; 3E). The class flp(a; ï ) is 
defined in (4; definition 10.4). The following two theorems give the conditions 
under which a function in Hp(a; 36) can be represented as a Laplace integral. 

THEOREM 10.1. Iff(\) is in Hi(a\ V) where a > 0, then 

HmZ,,T[/(X)] 
* ->oo 

&m/s a#J equals 

g(r) = (2«)_1 f*"V/G0 <*/. 

/(X)= f e -^Wfc 

Proof. By (4; theorem 10.4.1) we have, for 9ÎX > a, 

J»a+ioo 
/OxXX-/*)-1^. 

«—loo 
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Thus 

J»oo 

COs(2K7])f(K(rj2 + l)/r)dr1 
o 

/»co /»oo 

*/o J-m 
f*co /»oo 

= (e2K/T2) f(a+irj) dV cos (2K£){? + (1 - r(a + iri)/K))~1 d$ 
«/-co « /0 

the interchange of integrations being valid for K > ar since 

J co /»oo 

11/(a + **) | | dr, \ | cos (24 ){^ 2 + (1 - r ( a + ii/) A ) } " 1 | ^ 
/ •oo /»oo 

< \\f(a + iv)\\dv \ (|2 + (1 - r a A ) ) - 1 dÇ 
• / -oo «/0 

< jir(i - ™Ar* i i / i i i < °°-

T h u s if K > ar , 

i . . r [/"(A)] = (e 2"/^) f" < f - î ' < 1 - ^ « " > ' / - (1 - r ( a + *i»)/«)"*/(« + «») *»• 
«/-oo 

I t is evident t ha t for each rj and each r > 0, 
lim^«(l-(l-r(cH-i,)/K)^) ( 1 _ T ( a + i l ? ) A ) - * = c r ( f «,)B 

*->0O 

Further , a lengthy bu t straightforward calculation shows t h a t the maximum 
value of 

| e*«l-U-<°+«>/'W> ( 1 _ T ( a + in)/K)-t _ e ^ + * » | 

occurs a t rj = 0. T h u s 

l | £ « , r [ / ( A ) ] - g ( r ) | | 

= | | ( 2 T ) - 1 P ( e 2 , ( 1 - ( W ( a + i ' ) / ' ) ' / * ) ( l - r ( a + ^ ) / K ) - i - e T ( < " + i ' ) ) / ( a + *„) <*9 | | 
«/-oo 

< ( 2 7 r r 1 | e 2 " ( 1 - < 1 - r a / K ) ' / ' > ( l - T a A r è - e T " | P | | / ( « + «,) | |<fi,-»0, K ^ ° ° -
• / -oo 

T h u s 

l i m L , r [ / ( X ) ] = (2irir1 f " V / G O ^ M = g{r), 
K->co «^ a— ico 

Hence we have, for 9?X > a 

J»oo / »co /»oo 

e~Xr g ( r ) rfr = (27T)-1 e~XT dr e r ( a + i , ) / ( a + «») dr, 
0 • / 0 */ -oo 

= (27T)-1 f " / ( a + **) di; P ^ - « H " " » * ^ r 
t / -oo « /0 

J GO 

/(« + « , ) ( * - (a + ii,))"1^ 
-oo 

= (2«T1 f+to/(M)(X - M ) " 1 ^ =/(X). 
«/a—ioo 
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The interchange of integrations is valid for 9îX > a since 

f || eT(a+<"/(« + in) \\dv = C" r \\f(a + ir,) \\dn. 
• J — oo t / —oo 

THEOREM 10.2. If 

(1) f{\) is in Hp(a; Ï), p > 1, a > 0, 
(2) p-1 + q-1 = 1, 
(3) 0q > 1, 
then 

/(X) = X* PVT&,(r)</T, 
«/o 

where 

& ( r ) = limL..T[X-*/(X)] = (2«) _ 1 f ^ ' V ^ / G O <k. 

Proof. X~ /̂(X) is in iiZ"i(a; ï ) ; for using Holder's inequality we have 

fœ \\(a + iv)^f(a + irj)\\dV 
*J—oo 

||/(« + iu)||*^J' \j \a + iv)\-^dvj < ». 
Thus applying the previous theorem to X~*/(X), we have 

HmL,,T[X-"/(X)] - ( 2 « r 1
 P ^ M - V G » ) * » = &(r), 

/ ( X ) - X ' f V r g „ ( r ) J r . 
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