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On the Number of Divisors
of the Quadratic Form m? + n?

Gang Yu

Abstract. For an integer n, let d(n) denote the ordinary divisor function. This paper studies the asymptotic
behavior of the sum

S@) = dm®+n?).

m<x,n<x

It is proved in the paper that, as x — oo,
S(x) := A1x* logx + Apx® + Of(x%“),

where A; and A, are certain constants and e is any fixed positive real number.
The result corrects a false formula given in a paper of Gafurov concerning the same problem, and improves

the error O(x% (logx)?) claimed by Gafurov.

1 Introduction

For an integer n, let d(n) denote value of the ordinary divisor function, i.e. the number of
positive divisors of n. It is our interest here to study the asymptotic behavior, as x — oo, of
the sum

Sx)= Y dim’+n).

m<x,n<x

Gafurov is the first person who studied this problem, and he claimed in [4] that
S(x) := Ax? logx + Ax® + O(xg (logX)9),

where A; and A, are certain constants.

Unfortunately, Gafurov’s paper contains a critical mistake in its initial decomposition,
and thus his computation for A, is not correct. The purpose of this paper is to give the cor-
rect asymptotic main term for S(x) and an error term sharper than what Gafurov claimed
for his estimation.

Since there is a certain regularity in the distribution of the roots of the congruence

»+1=0 (mod k)

for variable k, an exponential sum involving the ratio v/k can be well estimated. We shall
combine some results of Gafurov [4] with estimates of exponential sums to give the correct
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asymptotic formula with an error term O(x7*), for any positive €. Exactly, we shall prove
the following theorem.

Theorem 1 For x > 1, we have
S(x) = A1x? logx + A + Oe(x3/2+e)’

where € is any positive number and A, and A, are the constants given by
™
A=,
2L(2, x)

and

> E(t * — 47 + 2mlog 2
pom [ E g 7y
1 t 8L(27 X)
where x is the nontrivial character modulo 4 and function E(t) is given in Lemma 3.

Remark 1 It should be noted that, because the sum S, in formula (4) of [4] is larger than
the correct one, the value of A, Gafurov got is 7;27(’; )?)) smaller than ours.

We shall decompose S(x) into three sums in Section 4, and give different treatments
for the sums in the following three sections. We shall relate one of the three sums to the
classic circle problem and make use of existing results about the circle problem to give
an asymptotic formula for this sum with an error term O(x'***¢), where @ < 1/3 is any
exponent for the error term involved in the circle problem. For example, by appealing to
the work of Iwaniec and Mozzochi [6], we have an error O(x%“) in this case.

One may naturally ask for the asymptotic formula of the sum

W)= > dim®+n).

m2+n2<x

Wi =3 d) (o) = 3 dod),

n<x n<+/x

Note that

where r,(n) is the usual representation function of # as a sum of two integral squares,
namely the number of lattice points (u, v) satisfying u> +v* = n, we are concerned with two
sums of multiplicative functions. Thus the sum W (x) is much nicer than S(x). Without
proof, we state the asymptotic formula for W (x) with an error O(x2*¢) as follows. This
theorem, which can be easily proved via Perron’s formula, is hardly the best that can be
obtained for W (x).

Theorem 2 For sufficiently large x, we have
W (x) = Bixlogx + Byx + O(x%“),

where

7T2

B=——
YTI6L(2, )’
and

L/
B, (2fy7r—7r+8L’(1,X) 7277(2,;()),

B v
~16L(2,x)
wherey = 0.577 - - - is the Euler constant.
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2 Notation and Conventions

Throughout the paper, [¢] denotes the integral part of the real number ¢ and {¢} denotes
its fractional part. As usual, () = {¢t} — 1/2 and ||t|| = min{{t}, 1 — {¢}}. We use e(¥)
as an abbreviation for exp(2it). For integers m and n, we shall use (m, n) to denote the
great common factor of m and n. Landau’s symbol O and Vinogradov’s symbol < are often
used.

For a complex valued function f and a real, positive valued function g, f = O(g) or
f < g means there exists a positive constant ¢ such that |f| < cg. With n ~ N we mean
there are positive constants ci, ¢; such that (N < n < ;N, and the notation is only used
at where the values of ¢; and ¢, are not important.

By € we shall always mean a small fixed constant, not necessarily the same on each oc-
currence. A simple notation u (mod d) means u runs over the residue classes modulo d,
and u (mod d)* means u runs over the reduced residue classes modulo d With p;(d) we
define the arithmetic function

pri(d) = Z e(vk/d).
v (mod d)
v*+2 =0 (mod d)

Thus pi(d) := po,(d) defines the number of solutions of the congruence v*+1* = 0 (mod d)
for fixed I. We use another notation p(d) to define the number of solutions of the congru-
ence u? + v?> = 0 (mod d) subject to 0 < u, v < d. We have ¢(m) the Euler function; u(m)
the Mobius function; and x(m) the non-trivial character mod 4. By r(n) we denote the
number of representations of n as the sum of two squares, with the order being important.
For example, r(3) = 0, 7(2) = 1 and r(5) = 2. One should be notified that r(n) here differs
from r,(n) defined in the introduction.

3 Lemmas
In this section, we list some lemmas which are needed in the proof of the theorem.

Lemma 1 Suppose o is a real number, a and q > 0 are two coprime integers such that

‘a _e 1
al = q
Then
(3.1) Zm < t|> < (Nqg~ '+ T+ q)log(2qT).

t<T

Proof This estimate is most classic. One may refer to [1, pp. 143—144], for example.

Lemma 2 Let

soHN=Y Y YIS (’”’”)}

d~D v (mod d) h<H n<N
1*+1 =0 (mod d)
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Then for D sufficiently large, H, N > 3, we have
(3.2) S(D,H,N) <. (DNH)(D + N)V/D.

forany e > 0.

Proof First by summing the geometric progression, we have

(3.3) SID,H,N) <Y Y thl ( |hu1/d||>

d~D v (mod d) h<H
12 +1 =0 (mod d)

Note for each d which makes a positive contribution, there exist some primitive represen-
tation of d as the sum of two squares,

d=7r*+s with (5s)=1 and —s<r<s.

There is a one-to-one correspondence between solutions v (mod d) to v2+1 = 0 (mod d)
and representations of d as r* + s*, where (r,s) = 1 and —s < r < s. Given r, s, we can take
for the corresponding ¥ (mod d) the residue class r§ (mod d), where 0 < § < d is the only
solution of the congruence sx = 1 (mod d). Thus we may write s, and r,, instead of s and r
respectively to indicate the corresponding v. From the relation above, Iwaniec found that

v Ty
2751/77; (modl),

where r,7, = 1 (mods,) and 0 < 7, < s,. Note now we have

_ |7y < 1 ’
s,d — 25,2

v 7t+a(v,ds,
— + L —
d Sy

where a(v, d) is —1, 0 or 1. Thus after (3.3), by appealing to Lemma 1, we have

S(D,H,N) < logHmax] 'y )" me(m ||hul/d||>

d~D v (modd) h~]
241 = (mod d)

<(ONH)fmaxJ~'D 0 3 (NJs ™'+ +s)
d~D v (modd)
*+1 = (mod d)

<ONH)FY > (N +1+d77)
d~D v (mod d)
v?+1 =0 (mod d)

< (DNH)(D + N)V/D,

by noting s, =< v/d. This is what we wanted.
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Remark 2 Lemma 2 will be used in estimating errors of R(x) and T'(x). From the context,
it turns out to be the dominant factor for the exponent “3/2”. Some similar sums have
been discussed in [2], [3]. With the large sieve, essentially the same bounds as Lemma 2 are
proved there. However, because of the problem arising from the coefficients, their results
can not be directly applied in our case. The two formally different methods give the same
result because both of them basically rely on the spacing property of ratios 7.

Lemma 3 Suppose y > 3. We have

> pd) = Ay* + O(y*?(log y));

a<y
d
S 2D 2ay 4 0(y log %)
d<y
% =2Alogy + 2/ i;) dt + A+ O(y*2/3(logy)2);
<y ot
where
E(t) =Y pld) — A* < t*/*(logt)?,
a<t
and .
A= ——
8L(2, x)
with

L2 =3 X,
1

n

Proof This comes from Lemmas 4, 6 and 7 of Gafurov [4].
Lemma 4 (Kusmin-Landau) If f is continuously differentiable, f' is monotonic, and || || >

A > 0onlthen
> oe(fm) <A

nel
where the implied constant is absolute.
Fourier expansion of function 1 (¢) will be needed. A truncated form given by Vaaler [7]

has proved to be useful in applications. For each positive integer H, there is a trigonometric
polynomial ¢*; of degree H which satisfies

[(8) = (1)) <

! |
P el

|h|<H

where

)= Y ghe(ht)

1<[h|<H

with the complex coefficients g(h) satisfying g(h) < || ™"
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4 Transformation of the Sum

Note we have

S(x) = Z 1.

m<x,n<x

m>+n’=kl
For such a sum, with the classic method as used to the Dirichlet divisor problem, we first
sum over the one of k and [ which is < v/2x and then subtract the repeated part that raises
from both k and [ being < v/2x. Thus we can split S(x) into three sums as follows.

SERED SN SENED YD DRI SD SR SR

k<+/2x m<x,n<x kgx/\/i mn*<kxv/2 x/V2<k<xv/2 m<x,n<x
m?+1? = 0 (mod k) m?+n* =0 (mod k) m’+n? <kxv/2
m*+n>= 0 (mod k)

(4.1) =2R(x) — Q(x) — T(x), say,

where we have written the subtracting part as the sum of Q(x) and T'(x). And one should
be noted that, for Q(x), the conditions m < x, n < x have naturally been satisfied.
In [4], Gafurov decomposed S(x) into two sums in the similar way. He got

S(x) = 251(x) — S»2(x)

where S (x) is exactly the R(x) in (4.1), and

S =Y > 1.

k<v/2x m*+n> =0 (mod k)

1<mn</v2kx—1

The ranges for m and n involved in S,(x) are obviously not correct. S,(x) is over counted
and thus is greater than Q(x) + T'(x).

Among all of the three sums, Q(x) is especially easy. We shall transform it into a sum
involving the numbers of lattice points in circles and take advantage of the existing results
of the circle problem to give the asymptotic formula with an error better than those we get
for R(x) and T'(x). For R(x) and T'(x), we shall directly divide them into main terms and
error terms, and estimate certain exponential sums to give upper bounds for the errors.

5 Treatment of R(x)

Suppose m? + n* = 0(mod k) and (n?,k) = ab?, where a is squarefree. Then we have
ab | (m, n). Thus we can rewrite R(x) as

(5.1) Rx)= > pa) > > 1.

ab?d<+/2x m<x/ab n<x/ab
(d,a)=1 (m,d)=1 y?+n* = 0 (mod d)
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Therefore,
2 - Y 0y Y X
ab*d<+/2x m<x/ab v (mod d) n<x/ab
(d,a)=1 (m,d)=1 m*+v* =0 (mod d) n = v (mod d)
DN ACID DD DD
a,b,d m<x/ab v (mod d) n<x/ab
(m,d)=1 1*+1 =0 (mod d) y Fn::()énd)
Z 2(a) Z Z <{x/ab—mu} [—mz/D
-z d d
a,b,d m<x/ab v (mod d)

(m,d)=1 1*+1 =0 (mod d)

:xz Pl(ﬂi)b/j;(ﬂ) Z 1

a,b,d m<x/ab

(m,d)=1
S Y (o(FE) e
a,b,d m<x/ab v (mod d)

(m,d)=1 1*+1 =0 (mod d)

= Ro(x) + Er(x), say.

where

From the Fourier approximation of ¢(¢) given in Section 3, for any integer H =
H(a,b,x) > 1, we have
—mv x/ab — mv

SY X (o7 e
(m,d)=1 *+1 =0 (mod d)

ey =YY Y (v

d m<x/ab v (modd)

SJ( 3D SED S S (R Lo [

g d Hab? )’
d m<x/ab v (mod d) 1<|h|<H
(m,d)=11*+1= 0 (mod d)

Thus, from the series representation of ¢*;(¢) given in Section 3, we are concerned with
the sum
—hmv
XXX Y dhde(—),
d m<x/ab v (mod d) 1<|h|<H

d m<x/ab v (mod d)
x/ab — my
“) v H(d>>
(m,d)=1 ”+1 =0 (mod d)
1 |k hx
(m,d)=117+1 =0 (mod d)
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where ¢'(h,d) = g(h,d) or g(h)(l - e(hx/abd)) with g(h) given in Section 3. Since
lg’(h,d)| < 2|h|™", from Lemma 2, such a sum is

(Dpa(rl) h
O YD VR S e |

r1<+/2x/ab® n<x/abl v (modr) 1<|h|<H
7(rl,a):l v +1 =0 (mod 7)
—hnv
50 w0 XS TS Y ()
I<x/ab* r<x/ab’l Vv n<x/abl
3/2+€

. x x x x
L x ;(@*—ﬁ) @<<W

Thus, by choosing H = 1 + [a—ﬁ] , we have

3/2+€

+ a7t xite

(5.5) Er(x) < Y

ab?<+/2x

Note from the simple formula

S 1= 2% o,

m<x/ab abd
(m,d)=1
we have
d)p(d)p*(a)
5.6 Ry(x) = &2 pl(—%—Ox“f.
(5.6) 0(x) ubz;ﬁx (abd)? (")
(d,a)=1

By considering the great common factor of u? and k in the equation p? + v = 0 (mod k),
one can easily deduce that

pk) = Y @@ pi(d)(d),

ab*d=k
(a,d)=1
p(k) pi(d)(d)p?(a)
k<+v/2x ab(zddag);{x

Thus, combining this with Lemma 3 and (5.6), and from (5.2) and (5.5), we get
(5.8) R(x) = x* (ZA log x + 2/ Q dt + A(log2 + 1)) +0(x3*),
1

where the constant A and function E(¢) are given in Lemma 3.
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6 Treatment of Q(x)

It’s well known that if # is not a perfect square, then
r(n) = x(d).
dn

Thus we have

Q(x)

S>> k)

k<x/V2n<v/2x

D> D x@+ 0

kgx/\/i n<+v/2x d|nk

=) x@d > > 1+0G").

d<x? k<x/v2 = n<v/2x
nk =0 (mod d)

Let (n,d) = d,, and write d = d,d,, n = d,l, then we have

(6.2) QW = > xd) D> x(d) DY Y 1+0x")

(6.1)

dlﬁ\/zx d, SJC/\/z ZS \/zx/dl ka/\/Z
Ld)=1 dlk
= X b5 XX xa+oe.
dzgx/\/_ ll<d\/§x d1<\/§x/l
(Ld>)

We eliminate the restriction (I, d,) = 1 and, letting d, = ms, | = mt, we get
(6.3)

Q) = > plmxm) > <s>[ ] Y X x@row.

m<x/v2 s<x/\/2m t<V2x/m dy <N/ 2x/mt

For the inner double sum we have

G XY x= Y Yxd=; Y nm

tgﬁx/mdlgx/fx/mt ngx/fx/m d|n ngx/ix/m
1 \/wa X\ ate
= - 1= +0 (—)
4 Z 4m < m >’
2+72 <V 2x/m
(i,j)€r*?

where o < 1/3. The same argument shows that

1
(65) 3 x()[ﬂ 1= X x0 ¥ 1=7 X nm

s<x/v/2m s<x/v/2m r<x//2ms n<x/v/2m
1 > x| ate
== 1=~ +o( (= .
P> (G)7)
2472 <x/\/2m 4\/57)’1 "
(i,j)€r*?
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Therefore, from (6.3)—(6.5) we have

2 2
(6.6) Qw =" %" “(’”)X(’”) + O(x!re)
m<x//2

m2x2

— +O 1+a+e .
oLz TOeT)

7 Treatment of T(x)
First we have

71 T = > > > - > > 1

S<k<vaxmsx o nsx 25 <k<V2x \/aka— 2 <m<x /v 2kx—m? <n<x
m”+n~ =0 (mod k) 2, 2
m“+n~ =0 (mod k)

= Ti(x) — Tr(x), say.

Since Tj(x) is in the same shape of R(x), we can deal with it in the same way as that for
R(x); we will just give the result in the end of this section.
By writing (m?*, k) = ab® with a squarefree, we can rewrite T (x) as

(7.2)

L= Y g > > 1

\% <ab?d<+v/2x vV V2ab? dx—x2 Jab<m< fub V2 dx/a—m?<n<xab
(d,a)=1 (m,d)=1 (n,d)=1
m*+n* =0 (mod d)

SN0 VD S i

it o Zotmodd)

Jab — \/V2dx/a—m? —v
fzfuZZ([ Ea
‘%“2;“);(;\/\6@/61%)

+Zu<a>ZZ¢<\/m_V>
Y
quw)ZZw(’“/“” /)

a,b,d

= T21(x) + Tzz(x) - T23 (x)7 say.
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We shall show that T5;(x) gives the main term of T,(x) and the others turn out to be
remainders. We are going to give detailed estimation for T5,(x). Estimation for T>3(x) is
easier, and is similar to that for Eg(x), thus we shall just point out how it goes after we finish
estimating T, (x). Note the main contribution for T5,(x) comes from the terms when ab?
is small: we suppose ab®> < x'/2~¢ and the discarded terms contribute O(x2*%). We write

(7.3) To(x) =Y Tnla,b,x).

Similar to the detailed discussion concerning the Fourier approximation of Eg(x) given in
Section 5, for some parameter H; = Hj(a, b) which satisfies x* < H; < x2 ¢ and will be

fixed later, we have
h/V2dx/a —m? — hv
g(h1)€< ) ‘

T22(a b x) < d

m v |h|<H

(7.4 DOBI = S
2+e

X
= |T2/2(a,h,H1,x)|+O(m), say,

where g(h;) is certain complex number satisfying |g(h;)| < 1/|h;|. We further have

(7.5)

Tzlz(aa ba H17x)

YN ¥ )y ()

d
1,v (mod d)* m = p (mod d)
d|(;¢2+1/2)
1 i hz,u hv hiA/vV2dx/a — m? — hym
“Y Y Y X o)V )
d —d/2<h,<d/2 h 1,v (mod d)* m
d|(u2+1/2)
. ) hiy/V2dsx/a— m? — hym
=Zdj;%j%jg(hl> V%;d) R(hz—hlu;anzmje( y )

241 =0 (mod d)

where R(w; d) is the Ramanujan sum

(7.6) Rovd)i= Y o(5F) = D suld)s).
i1 A0
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Note we may shorten the range for d to (x + v/x)/v/2 < ab’d < v/2x, and this gives us
an error O(x%*f/(ab)z). We use (7.6) for the Ramanujan sum R(h, — hyv; d), and thus the
contribution from those h,’s satisfying |h,| < H;x¢ is

<<—Z > ZWZW’% hv;d)|

d \h2|<H1x‘ h
S P IO D DD DI
v os|(dhy—hv)

d \h2|<H1xf I | 1|

Since 2 + 1 = 0 (mod s), from s|(h, — h;v) we have s | (h* + hy?), thus this is

Iyly ybow

d |hy|<Hx¢ I 5|(d hi2+hy?)

GYm T Yoy

\hz|<H1X( 8|y +hy?) I
5< \/EX
= ab?

xlb

x1+eHl

<
ab

Hence we have

(7.7) 2(abH1,x)<<xzd:d max Z S D IR — hpsd)

Hy h~H{ Hy<|hy|<2H, v

Hyx© <<H2<d
hiy/V2dx/a—m?> — hym\ | xltepy,
5o (M )
” d ab

Note for fixed H{, H, and d, we can divide the range of m into two parts, say {2, and (2,,
such that
H, .
< ? ifm € .Ql,
and otherwise if m € (2,. It’s clear that {2, and {2, are respectively consist of at most
O(1 + H/x'/*/d) continuous segments, by noting that when d > (x + /x)/v/2ab* we

H \/\/_dx/a m2

have \/v/2dx/a — m?> > x**/ab. For the subsum over each segment contained in (2,
Lemma 4 provides the estimate O(d/H; ), and thus the summation over (2, is bounded by
O(xi +d/Hy).

Since Hyx® < 2|hy| < d and h, is positive, we have

o= U

1
0<j<H/x4
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where (2, are pairwise disjoint segments such that m € (2;; if and only if

- hm + I’lz
V2 dx/a—m? . H,

It can be seen that (7.8) is equivalent to

V2dx hy? U V2dx hy? !
. 1 — 1t
(7.9) p < + — H1)2> <m- < p ( +(jd—h2+H1)2>

(jd — hy —

Note d > 2|h,| > H,x", thus from (7.9), the length of {2, is
dx 1 1
h?y ] — -
<my g <(jd—h2—H1)2 (jd—h2+H1)2)
/dx H1h1
<< - - -
|jd — h2|

So the total length of £2, is O(y/ % Hl

a

contribution. Combining this with the estimate over {2,, we get

(7.10)

d a Hy

m

Now from (7.6), (7.7) and (7.10) we have

(7.11)

T2l2(a7 b7 Hlax)

< Ti (VT am) SEE 8 el
d

v h hy s|(dh—hv)

H/ <H,
H1X(<<H2§%

1
. xHH{ x* xT¢H,
<L x max zd:d(abH3 + — szlH’)ZZ Z s+ o

by hy s|(d k2 +hy?)

H/<H;
Hlx(<<Hz<<ﬁ

xHH]  xi
< Hr;rﬁle (abH2 H’ aszlH)ZlZ Z Zl

2
H1x5<<H2<<ﬁ by s|(hy2+hy?) I~

ﬂbz

2
< x* max (leHl/ + x%Hz + Xt ) + xHy
H! H, \ abH,? ab’H, ab
< X2 +e x2+€ x1+eH1
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Let H, = x3 /b, then we have, from (7.4) and (7.11), that

3

E+E
(7.12) To(a, b, x) < .
ab
So from (7.3) we have proved that
(7.13) Th(x) < x3*

For T»3(x), we are concerned with a sum of form

Z Z Z“(h)z (hx/ab hmu)

a,b,d v2+1=0 (mod d)

This is of the same shape as the sum involved in Eg(x). By using Lemma 3, as what we have
done for Eg(x), one can prove that

(7.14) Tys(x) < x3*¢

Now we turn to the main term of T>(x), namely T5; (x). For brevity, we write

fla,b,d,m) = a%z —\/V2dx/a — m?.

Then we have

(7.15)
2
TZI(x) - Z K ;a) Z Z f(ay b7 d) m)
\Lﬁ<ub2d§\/§x Hv”e (z/dz)* \/m/ub<m<x/ub
(da)=1 12 +4=0 (mod d m= p (mod d)
p (a) —hy hm
YIS S o) > fbdme("
a,b,d Hv —d/2<h<d/2 V V2ab? dx—x? Jab<m<x/ab
p (a)ﬂl(d)¢(d) Z
=y P DPD N fa b, dym)
a,b,d
+ZN(0)P1(d)ZR( hd)Zf(abdm)e( >
a,b,d h#£0

= Tzl(l)(x) + T21(2)(x), say.
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Since for 0 < |h| < d/2,

() <

m<t

using the Abel summation formula, we get

Zf(a, b,d, m)e(%n) < azr;'.

Hence with (7.6) we have

T21(2)(x) <<x1+62ﬁ Z % Z s

a,b,d h<d/2  s|(d,h)
1+e
(7.16) Z T Z >
s< - ﬁ h <i/2
< X1+€.

Therefore, from (7.2), (7.13)—(7.16), we have

(7.17)
2 d)p(d 3
Tr(x) = Z M Z fla,b,d,m)+ O(x2*€)
%<ab2d§ Vax v/ V/2ab? dx—x2 Jab<m<x/ab

(da)=1

Zﬂ(a)pl(d)¢(d) {m x X, o, \2dx
a

<—n§—b:m +n° >

}+ou%q

a,b,d

With the same method as we used to deal with R(x), we have

2(1 d d 3
%<abzd§\/§x
(dya)=1

Thus, (7.1), (7.17) and (7.18) imply that

(7.19)
T(x) = X %{Lﬁ RPN (a)p;id)qb(d) {m < ﬁ,n < % cm?+n? < \/Eadx} +0(x7+)
\72<“ SV2x
(d,a)=1
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-y 1 (@)p1(d)¢(d)

(abd)? #{m<x,n<x:m*+n*< V2ab? dx}

%<ub2d§\/§x

(da)=1

R O( S (a)m(d>¢<d>> . 06

2
vy abd

= Z plik)#{m<xn<x m? +n* < V2kx} + O(x3*),
x\/§<k§\/x

where the last equality holds because of (5.7).
By counting the number of lattice points, we get

(7.20) #Hm<xn<x:m+n< \[ka}

= % arccos 4/ 2% (\/5 - %) +x\/V2kx — x2 + O(x).

And from Lemma 3 we have

(7.21) Z %f) . k_x arccos xx (\/5— f)

xV/2<k<v/2x \/E k k
\/ix 2
- arccos —x<\[— f>d<2 %)
\/5 X/\ﬁ 4 t k<t
x p(k) 2x x\ |V
= — - R 2 - —
NG (; p ) arccos . (\[ t) IV
x [VE ( p(k)) —V2xt72 4+ 2x%t 73
dt
V2. = V1= 2v/2xt =1 + 2x2t=2/24/2xt 1 — 2x2t2
V2x -1
Z p(k) +/2Ax / V2t dt + O(x37)
k< s VI A 272t — 2522
_Amx? 2 2u~! ihe
== +V2Ax - \f mdmou )

A 2 1 4
=— +Ax2/ du+ O(x3%¢
> Vil (x37°)
= A(2 — g)xz +O(x3).
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Also from Lemma 3 we have
(7.22)

ORI

x\/§<k§\/§x
p(k) x —1 p(k)
V2 Z }M 5 (\/_tx 2~ ;kz dt
t
fx 1 1
= (2Alog V2x + B)x — 7 (\/Etx —x*)"2(2Alogt + B) dt + O(x37°)
2 Alog + B/2
\f Lie
= (2AlogV2x + B)x — x du+ O(x37°)
8 1 Vu
! log(1 + u) i
= (2Alog2)x — Ax | —=—du+O(x3*%)
§ 0o Vu
= (4 — m)Ax + O(x3*)
where

B:A+2/ E(t)d
1

as in Lemma 3.
Now from (7.19)—(7.22) we conclude that

(7.23) T(x) = (6 _ %)sz + 0.

8 Completion of Proof of Theorem 1
From (4.1), (5.8), (6.6) and (7.23), we have proved that

e} 3A 2
S(x) = 4Ax* log x + 4/ (—)dt+2A+2Alog2—6A+ T T\
1 2 16L(2, x)
+O(x27)
0 ) * E(t) w2 —47r+27rlog2
= 1 4 —=d O(x>
22N Og“( /1 R TP R + 06,

which proves the theorem.

9 A Further Remark

For any given primitive binary quadratic form f(u,v) = au® + buv + cv* of discriminant D,
an interesting problem is to study the asymptotic behavior of the sum

Sp(2) =Y d(f(m,n),

(m,n)€ L2
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where (2, is a bounded area of dimension 2 with a linear parameter x. (A typical case is a
square with side length x). When D is not a perfect square, it is reasonable to guess that an
asymptotic formula of form

(9.1) S(£2,) = A(D)|£2,|logx + B(D)|82| + o(]£2])

holds (uniformly if {2 is regular). A possible proof for such a result could essentially depend
on the study of the uniform distribution of the ratios v/k in the variable k, where v runs
over the primitive roots of the quadratic polynomial f(x, 1) modulo k. In [5], Hooley deals
with such a problem and he has gotten the “uniformity” with certain error term. Thus,
except for some minor technical problems, including the computation of the main terms,
one could expect a complete proof for (9.1) with a good error estimate.
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