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EXPONENTIALITY OF CERTAIN REAL SOLVABLE LIE GROUPS

MARTIN MOSKOWITZ AND MICHAEL WUSTNER

ABSTRACT. In this article, making use of the second author’s criterion for expo-
nentiality of a connected solvable Lie group, we give a rather simple necessary and
sufficient condition for the semidirect product of a torus acting on certain connected
solvable Lie groups to be exponential.

In [13], the second author established a criterion for a connected solvable real Lie
group to be exponential. Thiswas ageneralization of the standard result of Dixmier and
of Saito in the classical case of a simply connected solvable group (see [4] or [12)]).
One important virtue of this criterion is that it does not require the solvable group to be
faithfully represented (whichisautomatically sointhesimply connected case). Therefore
oneis not tied to the power seriesform of the exponential function. In contradistinction,
using power series, it was observed by the first author [9] (in the course of his proof that
the group, SOp(n. 1), of hyperbolic motions is exponential) that in an important case,
namely the connected component of the Euclidean motion group, non-simply connected
groups can be exponential even if the criterion of Dixmier-Saito fails.

Actually, in [9] the first author developed a method for showing that all centerless,
non-compact, rank 1, real simple Liegroupsare exponential and subsequently discovered
that a part of the argument broke down except for the groups SOp(n, 1), the other cases
remaining unresolved. The present results have been developed, among other reasons,
because they are what is needed to complete the argument for the other rank 1 groups
in[9]. Thisis donein [10] whereit is proven that al rank 1, centerless, non-compact
simple groups are exponential, save the exceptional group (which is not, this latter fact
being due to Djokovic and Nguyen [5]). It is also expected that the present results will
be useful in deciding whether the connected isometry groups of certain other Hadamard
manifolds are exponential, or not.

Finally, theauthorswould liketo take this opportunity to thank the refereefor anumber
of useful comments, both in improving the exposition and in somewhat generalizing the
results.

In our situation, Cartan subgroups play an important role. Whereas Cartan sub-
algebras are well understood and their definition will cause no difficulty—a Cartan
subalgebraof aLiealgebrag isanilpotent subalgebrawhichisequal to its normalizer—
the definition of a Cartan subgroup is more complicated. Indeed, there are two different
conceptsfor a Cartan subgroup. Thefirst isdueto C. Chevalley ([3, Definition V1.4.1]):
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DerINITION 1. A subgroup H of G is called a Cartan subgroup if the following
conditions are satisfied:
1. Hisamaximal nilpotent subgroup of G.
2. Every normal subgroup U of finite index in H is of finite index in its normalizer
Ng(U).

We notethat thisdefinition makes sensefor any group, notjust aLiegroup. Theotheris
duetoK. H. Hofmannand K.-H. Neeb: Let G beaLiegroup, g itsLiealgebra, f) aCartan
subalgebra of g and Ng(§) the normalizer of §) in G under the adjoint representation. If
Ay C b, denotesthe set of roots belonging to ) and g3 is the root space with respect to
A, we define

C(6) = {g € Na(h) : A o Ad(g)]s, = Aforall A € Ag}.

Here a subgroup H of G is called Cartan subgroup if and only if its Lie algebra, L (H),
is a Cartan subalgebraof g and H = C(L (H)). Moreover, since Ad(g™?) - g2 = o9
we have

C(h) = {g € G: Ad() - g¢ = g¢ forall A € Ay U{0}}.

In[11, Theorem A.4], K.-H. Neeb proved that for connected Lie groups the two defini-
tions are actually eguivalent. As aresult the criterion of Chevalley can be simplified in
certain cases.

PROPOSITION 2. Let G beaconnected Liegroup and suppose Hisamaximal nilpotent
subgroup satisfying:

1. [H : Ho] isfinite where Hy is the identity component of H.

2. Theindex, [Nc(Ho) : Ho], isfinite.
Then H is a Cartan subgroup of G.

ProoF. If U C H be anormal subgroup with finite index, then Hy = Up. Because
Ho is characteristic in U, we get Ng(U) C Ng(Ho). Since Ng(Ho) /Ho is afinite group,
Ng(U)/Ho is aso finite. As a subgroup of the finite group H /Ho we see U /Ho is also
finite. Hence the quotient group Ng(U) /U isfinite and so H is a Cartan subgroup of G.

|
An immediate consequenceis:

ProPOSITION 3. Let G be a connected Lie group and H be a maximal nilpotent
subgroup which is connected and whoseindex, [Ng(H) : H], isfinite. ThenH isa Cartan
subgroup.

In studying exponential Lie groups, afirst stepisto investigate weakly exponential Lie
groups, i.e., Lie groupswhere the range of the exponential map is dense. K. H. Hofmann
and K.-H. Neeb observed the following ([11, Theorem |.2] and [6, Corollary 18]):
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THEOREM. A connectedLiegroup G isweakly exponential if andonlyif all itsCartan
subgroupsare connected.

Thus a necessary condition for exponentiality is that the Cartan subgroups are con-
nected. K.H. Hofmann and A. Mukherjea showed in [8, Proposition 3.4] that if a con-
nected Lie group is solvablethen it isweakly exponential. Hencein the solvable case all
Cartan subgroups are connected and since the Cartan subgroups are nilpotent, they are
themselves exponential. This means the Cartan subgroups of a connected solvable Lie
group are exactly the exponential images of the Cartan subalgebras of the Lie algebra
and it is this fact which we will use several times in the sequel.

Recall also that by Section 3, n°® 4, Théoreme 3 of [2] the Cartan subalgebras of a
solvable Lie algebra are conjugate. Hence the Cartan subgroups of a connected solvable
Lie group are also conjugate.

An element x € g for which adxis nilpotent we will call, briefly, anilpotent element.
One for which adx is semisimple we will call a semisimple element. We can now
formulate the following criterion ([13]):

CRITERION. A connected solvable Lie group, G, is exponential if and only if for
some Cartan subgroup H of G, Zy(x) := {h € H : Ad(h)(x) = x}, the centralizer of xin
H, is connected for each nilpotent element x € g, the Lie algebra of G.

In order to apply this criterion we must first identify a Cartan subgroup of the group
we want to establish is exponential. We shall consider the semidirect product of atorus
acting on a connected nilpotent Lie group. Later we will pass to the situation where the
group being acted upon is a simply connected solvable group of type E.

ProOPOSITION 4. Let N be a connected nilpotent Lie group, T be a torus acting on
N via n: T — Aut(N), where Aut(N) is the automorphism group of N and G be the
semidirect product. ThenH = T - N, is a Cartan subgroup of G, where N, is the group
of T-fixed pointsin N.

PrOOF. We look at the Lie algebra t of T. This is abelian and consists only of
semisimple elements. So, by Proposition V11.2.10 of [2] there is a Cartan subalgebra
containing t. In particular, T is contained in a Cartan subgroup H. By the modular law,
wegetH=HN(T-N)=T- (HNN). Moreover, sinceT - (HN N) is even a semidirect
product and H and T are connected, H N N is also connected. Since it is nilpotent, it is
equal to exp(h N n). Onthe other hand, eacht € t acts semisimply and nilpotently on b,
hencet isin the center of . It followsthat (HNN) C N, andH =~ T x (HNN). On the
other hand, TN, isnilpotent because T and N, commute elementwise and N, is nilpotent.
Because of the maximality of H with respect to nilpotency, H = TN, and N, = (HNN).

Having identified a Cartan subgroup we can now give a sharper criterion for the
exponentiality for certain semidirect products. If x € n, T(X) will denote the subgroup
of T fixing X.

https://doi.org/10.4153/CMB-1998-049-5 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1998-049-5

EXPONENTIALITY OF CERTAIN REAL SOLVABLE LIE GROUPS 371

THEOREM 5. Let N bea connectednilpotent Liegroupand G = T x,N bea semidirect
product of N with atorus. Then G is exponential if and only if T(X) is connected for each
XE .

PrROOF. By the proposition above, H = T - N, is a Cartan subgroup of G, where N, is
the T-fixed pointsin N. We apply the criterion of [13], which, in this context, states that
G isexponential if and only if Zy(X) is connected for eachx € n. Letx € n befixed. As
above, n: T — Aut(N) C Aut(n) and 5: t — Der(n).

Making use of the fact that the nilpotent group, N, is exponential, adirect calculation
in the semidirect product and then taking differentials yields:

Z4(¥) = {(t.expn.) : EXpDy(X) = Adgypn1(X)}.

wheren, € n,, t € T and n(t) = ExpDy, where D; € Der(n). Since n, = (1 KerDy,
we see that for each Dy, [Dy, ady,] = adp,(n,) = 0, so that D; and ad,, commute for every
n. € n, andt € T. Hence ExpD; and Expadn, = Adegn, aso commute for every
n, € n, andt € T. Consider the pairs, (t,expn,), wheret € T and n, € n,, for which
EXpDi(X) = Adeypn-1(X)

Now an easy argument shows if U and S are commuting operators on a vector
space with U unipotent and S semisimple, then the set of elements on which they are
equal forms a subspace on which each restricts to the identity. Since T is compact and
acts continuously on 1, it acts orthogonally with respect to some inner product so T
acts semisimply. On the other hand, each Adg, -+ is unipotent and Exp Dt and Adg,p -1
commuteso theremark abovetellsusthat Exp Dy and Ad,,,, , -+ areeachtheidentity onthe
vectorswhere they agree. In particular, sincethisisso at X, EXp Di(X) = X = Adgpn-1(X).
But, if expn, centralizes x, the whole 1-parameter subgroup of N, through expn, also
centralizes x. This means Zy, (X) is connected and Z(X) = T(X) - Zy, (X). It follows that
Z1(X) is connected if and only if T(X) is. ]

In the case when the normal subgroup Sis solvable, but not nilpotent we can extend
Theorem 5 in certain cases. We denote the nil-radical of Sby N and the Lie algebra of
N by n. We observe that if T is a maximal torus in a connected Lie group G, there is
alwaysa Cartan subgroup of G containing it. ThisisbecauseT isexponential anditsLie
algebra, t, is abelian and consists of semisimple elements. By Section 2, n® 3, Prop. 10
of [2], there is a Cartan subalgebra ) of g, the Lie algebraof G, containing t. Let H be
the Lie subgroup of G with Lie algebra §). Since Hy contains T, H is a Cartan subgroup
of G containing T.

To prove our final result we require Lemma 5 of [7] which we state below. As
usual we shall call a point x € g, exp-regular if expisalocal diffeomorphism in some
neighborhood of x. Thisis equivalent to the differential being invertable and in the case
of exp that the roots are not non-zero integer multiples of 2xi.

LEMMA. Supposethat for two elementsx, yinthe Liealgebra g of a Lie group G we
have expx = expy and that exp isregular at x. Then[x,y] = 0and x — yisin the kernel
of the restriction of exp to the space spanned by x and y.
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THEOREM 6. Let G be the semidirect product of a torus T acting on a connected
solvable group S. Let be H a Cartan subgroup containing T. Assume that for each
s € exp(h M 3) there is a exp-regular x € 3 N H with s = exp(s N §). Then G is
exponential if and only if T(X) is connected for eachx € n.

PrOOF. Let H be a Cartan subgroup of G containing T. ThenH =T-(HN 9, a
direct product of spaces. Since G is solvable, H is connected, and hencesoisH N S,
But the latter is also nilpotent so is exponential. Clearly the same is true of T. Now, by
the criterion of [13], as a connected solvable Lie group, G is exponential if and only
if Zy(X) is connected for al nilpotent elements x € g. Since g is solvable, it follows
from Section 2, n°® 3, Cor. 5 of [1] that every nilpotent element of g isin n. Express
each h € Z4(x) ash = exptexps, witht € t and an exp-regular s € 3 N ). Hence the
following fixes x:

Adepteps = Alept Adeps = Exp(adt) Exp(ad s),

so that Exp(ad s)x = Exp(— ad t)x.

We now write x as sum of x, € g*, where g* is the weight space for the weight )
(including A = 0). Let A(X) be the set of all weights with x, # 0. For each A € A(X)
we have e'® = 0 so that A(S) + A\() € 2miZ. But A(t) € iR. Hence, the same
is true of \(S) and since s is exp-regular A\(S) must be zero for each A € A(X). Now
because A(t) € 27iZ and adt is semisimple, it follows that Exp(adt)x = Adegpt X = X
and hence also AdggpsX = X. Thus expt € Zr(X) = T(X) and expr € Zyns(X) and so
Zy(X) = T(X) - Znns(X). As these subgroupsintersect trivially we have a direct product.
Since sis exp-regular, by the abovelemmaweget [s, X] = 0. Thus Zy~s(X) is exponential
and in particular it is connected. Hence, the direct product, Zy(X), is connected if and
only if the T(x) factor is. ]

If we assume Sas a solvable Lie group whose universal covering group is of type E,
we see that the condition of Theorem 6 is satisfied.

COROLLARY 7. Let G bethe semidirect product of a torus and a solvable Lie group
whose universal covering group is of type E. Then G is exponential if and only if T(X) is
connected for each x € n.
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