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We investigate experimentally and theoretically the interactions between a cavitation
bubble and a hemispherical pendant oil droplet immersed in water. In experiments, the
cavitation bubble is generated by a focused laser pulse right below the pendant droplet
with well-controlled bubble–wall distances and bubble–droplet size ratios. By high-speed
imaging, four typical interactions are observed, namely: oil droplet rupture; water droplet
entrapment; oil droplet large deformation; and oil droplet mild deformation. The bubble
jetting at the end of collapse and the migration of the bubble centroid are particularly
different in each bubble–droplet interaction. We propose theoretical models based on the
method of images for calculating the Kelvin impulse and the anisotropy parameter which
quantitatively reflects the migration of the bubble centroid at the end of the collapse.
Finally, we explain that a combination of the Weber number and the anisotropy parameter
determines the regimes of the bubble–droplet interactions.
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1. Introduction

Cavitation is the process of explosive formation and implosive collapse of vaporous
bubbles in a liquid. It is a complex phenomenon caused by pressure reduction or energy
deposit (Brennen 2014). Cavitation in a liquid containing particles, droplets and cells is of
great importance in various technological fields. For example, uncontrolled cavitation can
cause severe cavitation erosion in hydraulic machinery, especially in a particle-laden liquid
(Karimi & Martin 1986). The enhancement of cavitation erosion in particle-laden liquids
is believed to be related to the interactions between cavitation bubbles and particles, about
which much of profound importance has been discovered in the last two decades (Arora,
Ohl & Mørch 2004; Borkent et al. 2008; Poulain et al. 2015; Wu et al. 2017, 2021; Ren
et al. 2022). On the other hand, the interactions between well-controlled cavitation and
droplets are of particular interest in the fields of ultrasonic cleaning and emulsification.
In ultrasonic cleaning, cavitation has been employed to remove dirt, grease and other
contaminants (Maisonhaute et al. 2002). In emulsification, ultrasonic cavitation has been
applied to break down large droplets into finer fragments (Califano, Calabria & Massoli
2014; Mura et al. 2014; Siva et al. 2019). Cavitation has also been employed to provide
new ways to deliver a drug into cells or damage the living cells (Kuznetsova et al. 2005;
Le Gac et al. 2007; Coussios & Roy 2008; Quinto-Su et al. 2011; Iino et al. 2014; Li et al.
2017). The underlying mechanisms for ultrasonic cleaning and emulsification have been
attributed to the complex interactions between droplets (or liquid–liquid interfaces) and
cavitation bubbles near boundaries, including the high-speed microjetting of collapsing
cavitation bubbles, subsequent strong shear flows, shockwave emission, high temperature
or chemical effects (Li & Fogler 1978; Meroni et al. 2022). To identify each effect, past
decades have witnessed the study of the interactions between liquid–liquid interfaces and
single cavitation bubbles generated by laser pulses (Lauterborn & Bolle 1975) or sparks.

Research on the dynamics of bubbles near liquid–liquid interfaces began in the 1980s
with experiments on flat interfaces, rather than curved ones (droplets), and interest in
this topic has increased in recent years (Chahine & Bovis 1980; Liu et al. 2019; Han
et al. 2022). For example, Han et al. (2022) investigated the cavitation bubble behaviours
near a flat oil–water interface and the subsequent interface jet dynamics with systematic
experiments and simulations. They reported that the flow induced by the bubble jetting
deformed the liquid–liquid interface and produced the interface jet, which could pinch off
and generate daughter droplets. This proves that the microjet at the bubble collapse and the
subsequent flows contribute to the formation of emulsified droplets. Although the direction
of bubble migration after collapse near a flat liquid–liquid interface can be predicted well
by the theory of Kelvin impulse (Blake & Cerone 1982; Supponen et al. 2016), the bubble
behaviours near a curved interface are still not fully investigated.

Research on the interactions of cavitation bubbles with droplets emerged in the early
2020s. Yamamoto & Komarov (2020) performed a three-phase simulation using the
volume of fluid method in two comparative systems: a gallium droplet with an air bubble
and a silicone oil droplet with an air bubble. Both systems are exposed to ultrasonic waves
in a water bath. Their simulation results suggest that the physical properties of the droplets,
especially the density difference between the phases, are decisive for the direction of the
microjetting of the cavitation bubble and the subsequent deformation of the droplet. For
experiments, Orthaber et al. (2020) generated a single laser-induced cavitation bubble
near the interface of a sunflower oil droplet in water and observed from the high-speed
photography that the cavitation bubble generates a microjet away from the oil droplet.
Yamamoto, Matsutaka & Komarov (2021) induced cavitation bubbles with ultrasonics
near a gallium droplet immersed in water and observed from high-speed photography that
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Cavitation bubble interactions with a pendant droplet
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Figure 1. Experimental set-up and notation. (a) Schematic of the experimental configuration and notation for
pendant droplet–cavitation bubble interactions. (b) Definition of the initial equivalent radius of the droplet Rd,0.

the cavitation bubbles collapse and migrate towards the droplet. The bubble jet impacts
and ruptures the gallium droplet.

In previous studies, the droplet was typically more than 10 times larger than the
maximum bubble size in radius, minimising the effect of the curved interface on bubble
behaviour. Raman et al. (2022) generated single cavitation bubbles in silicone oil near
a free-settling water droplet of comparable radius and observed the interactions between
the cavitation bubble and the water droplet, including deformation, external emulsification
and internal emulsification. However, current studies have not considered the interactions
between single cavitation bubbles in water and oil droplets of comparable sizes. This is
significant because the dispersed phase can be oil droplets in emulsification and ultrasonic
cleaning, and their presence may significantly influence cavitation bubble dynamics due to
the density difference between the phases and the curvature of the liquid–liquid interface
(or bubble–droplet size ratio).

This study experimentally and theoretically investigates the interactions between a
collapsing cavitation bubble and a hemispherical oil droplet attached to a rigid boundary,
immersed in water. The ratio of the maximum bubble radius to the droplet size is adjusted.
Single cavitation bubbles are generated by focused laser pulses, as detailed in § 2. Typical
bubble–droplet interactions are described in § 3. A theoretical model is established to
predict the displacement of the collapsing bubble in § 4. Finally, the divisions of different
regimes concerning droplet dynamics are proposed in a phase diagram in § 5.

2. Experimental set-up

A polymethylmethacrylate (PMMA) plate (size 100 mm × 50 mm × 10 mm) is fixed
horizontally in a quartz chamber filled with degassed and deionised water, see
figure 1(a). A pendant oil droplet is drawn with a disposable syringe and attached
to the bottom of the PMMA plate with a long stainless-steel needle from outside
the chamber (Wang et al. 2020, 2021). To investigate the influences of the density
ratio between water (density ρw = 9.97 × 102 kg m−3) and oil, we select two kinds of
immiscible oil, namely silicone oil and kerosene. The silicone oil has a density of
ρo = (9.60 ± 0.01) × 102 kg m−3 and a viscosity of μo = 50 mPa s, while the kerosene
has a density of ρo = (7.99 ± 0.02) × 102 kg m−3 and a viscosity of μo = (1.36 ±
0.01) mPa s. The densities of both liquids are measured by an electronic densimeter
(JHY-120G, Jinheyuan). The viscosity of the kerosene is measured by an Ubbelohde
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viscometer at 25 ◦C. With the pendant drop method as performed by Zeng et al. (2022a),
the surface tension is measured as (42 ± 4) mN m−1 at the water–silicone oil interface
and (39 ± 4) mN m−1 at the water–kerosene interface. The static shapes of the pendant oil
droplets of two kinds are both spontaneously formed as approximate hemispheres (static
contact angles ≈90◦), with contact radii a and thicknesses h, as is shown in figure 1(a).
The distribution of the sphericity of the oil droplets is detailed in Appendix A. The size
of the approximate hemispherical oil droplet can be characterised by the initial effective
radius Rd,0 with the same volume as a hemisphere, as shown in figure 1(b). We generate
pendant silicone oil droplets with Rd,0 = 1.4–9.0 mm and pendant kerosene droplets with
Rd,0 = 2.5–4.2 mm.

Single cavitation bubbles with maximum radii Rb,max = 0.4–3.0 mm are generated by
a Q-switched pulsed ruby laser (QSR9, Innolas, with wavelength 694.3 nm, maximum
pulse energy 1.5 J, pulse duration 20–30 ns), or by a Q-switched pulsed Nd-YAG laser
(LPS-532-L, Changchun New Industries Optoelectronics Technology, wavelength 532 nm,
maximum pulse energy 450 mJ, pulse duration 10 ns). The two lasers are used for their
different maximum output energy and jitter to produce cavitation bubbles with a wide
range of maximum radii. The sphericity of the laser plasma is crucial to the shape of the
cavitation bubble (Tagawa et al. 2016; Xu et al. 2023). To generate a spherical plasma, the
laser beam is expanded 7.5 times before being focused by a convex lens with a focal length
of 50 mm, thus forming a convergence angle of approximately 40◦, as performed by Wu
et al. (2017, 2021).

The distance from the cavitation bubble to the PMMA plate L is controlled by
positioning the plate with a three-dimensional translation platform. Because of the
existence of the boundaries, the bubble is not perfectly spherical, and thus the bubble
radius Rb is defined as the effective radius with the same volume as a sphere. We monitor
the alignment of the centre of the cavitation bubble on the symmetric axis of the oil droplet
with a high-speed camera (FASTCAM Mini UX50, Photron) from the top view and a
high-speed camera (v711, Phantom) from the side view. The jitter in the distance from the
position of the seeded bubble to the symmetric axis of the oil droplet is controlled within
0.2 a, for details see Appendix A. Then a signal generator (9524, Quantum Composers)
triggers both the laser and high-speed cameras. The behaviours of the bubble and the
droplet are recorded by the high-speed camera from the side view at over 7.9 × 104 frames
per second with an exposure time of 1 μs. The lens attached to the camera is the same as
the ones used in the previous studies (Wu et al. 2017, 2021; Ren et al. 2022).

3. Overview of the experimental observations

3.1. Bubble interactions with a pendant silicone oil droplet in water (ρo/ρw = 0.96)
Figure 2 displays experimental observations of four typical responses of the pendant
silicone oil droplets induced by bubble behaviours, namely, oil droplet rupture (figure 2a),
water droplet entrapment (figure 2b), large deformation of the droplet (figure 2c,d)
and mild deformation of the droplet (figure 2e). For droplets with the same initial
effective radius, Rd,0, different types of interactions are realised by adjusting L and
Rb,max. Therefore, two dimensionless numbers are proposed, namely, the non-dimensional
distance from the bubble centre to the plate L/Rd,0, and the ratio of the bubble maximum
radius to the effective droplet radius Rb,max/Rd,0.

Bubble behaviours are controlled by the compositions of L/Rd,0 and Rb,max/Rd,0. For
oil droplets with L/Rd,0 = 2.74 ± 0.08 and Rb,max/Rd,0 = 1.04 ± 0.04 (see figure 2a),
the cavitation bubble grows to its maximum radius at 0.203 ms and generates an upward
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Cavitation bubble interactions with a pendant droplet

0 0.165 0.367 0.506 1.70 8.77 13.0 85.5

0 0.203 0.570 0.620 0.873 1.29 8.65 88.9
2 mm

0 0.215 0.443 0.646 1.08 3.28 12.4 40.7

Water

Silicone oil

2 mm 2 mm
0.253 0.658 2.61 7.96 0.177 0.380 0.734

(e)

(b)

(a)

(c)

(d )

Figure 2. Snapshots of bubble interactions with pendant silicone oil droplets with density ratio ρo/ρw = 0.96.
Cavitation bubbles at collapse migrate towards the droplet (a) with rupture of the oil droplet at L/Rd,0 =
2.74 ± 0.08, Rb,max/Rd,0 = 1.04 ± 0.04, (b) with an emulsified water droplet entrapped inside the oil droplet
at L/Rd,0 = 2.8 ± 0.2, Rb,max/Rd,0 = 0.87 ± 0.07, (c) with large deformation of the droplet at L/Rd,0 =
2.8 ± 0.2, Rb,max/Rd,0 = 0.70 ± 0.05 and (d) with large deformation of the droplet at L/Rd,0 = 1.2 ± 0.1,
Rb,max/Rd,0 = 0.29 ± 0.02. In (e), the bubble migrates away from the droplet with mild deformation at
L/Rd,0 = 1.2 ± 0.1, Rb,max/Rd,0 = 0.19 ± 0.02. Photographs in (a–c) share the same scale bar length of 2 mm,
while photographs in (d,e) are zoomed out for better visualisation with their own scale bars. The times are in
the units of milliseconds with 0 ms for the laser-plasma generation. The movies are integrated and provided
online as supplementary movie 1, available at https://doi.org/10.1017/jfm.2023.895.

jet at collapse, which becomes more pronounced at 0.570 ms during the first rebound
of the bubble. Then the bubble jet penetrates the upper interface, forming a vortex ring
bubble (0.620 ms). The vortex ring bubble migrates upwards in the water due to its initial
inertia and buoyancy and then collides with the bottom of the oil droplet (0.873 ms). The
entrained water flows enter the oil droplet, impact the plate and spread radially. Because of
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the strength of the vortex ring, the oil droplet is stretched and ruptured (88.9 ms), with
dispersive water droplets with a maximum radius of ≈200 μm entrapped in the oil droplet.

With similar L/Rd,0 and smaller Rb,max/Rd,0, the bubble jetting behaviours are
reasonably weakened, see figure 2(b). With L/Rd,0 = 2.8 ± 0.2 and Rb,max/Rd,0 = 0.87 ±
0.07, the jet direction of the bubble after the collapse is still upward (0.443 ms), but the
initial inertia of the vortex ring bubble decreases, thus leading to a longer time interval
for the vortex ring to migrate towards the droplet (1.08 ms). Compared with the case in
figure 2(a), this time the kinetic energy of the vortex ring is not high enough to overcome
the increase in the surface energy of the droplet. As the kinetic energy dissipates, the
entrained water jet pinches off, thus leaving a water droplet with a radius of approximately
1.7 mm entrapped in the oil droplet. Furthermore, inside the water droplet, multiple oil
droplets are distributed with a maximum radius of approximately 200 μm, indicating that
‘oil in water in oil’ (O/W/O) structures are generated.

After a period of several minutes, the internal water droplet in figure 2(b) falls onto the
bottom of the oil droplet and merges with the bulk water through the water–oil interface,
which is beyond the scope of this work and not discussed in the following sections.

By further decreasing Rb,max/Rd,0 while maintaining L/Rd,0 (figure 2c), the bubble still
generates an upward jet at collapse which is more pronounced during bubble rebound
(0.367 ms). This time due to the impact of the lifting vortex ring bubble on the droplet,
a large and thick inward water column develops from the bottom of the oil droplet
(8.77 ms) and induces violent oscillations (13.0 ms) until the droplet recovers to its original
state.

The experimental observations above show that the cavitation bubble generates an
upward jet at collapse, which is consistent with the well-known bubble dynamics near a
rigid boundary without attached droplets (Lauterborn & Bolle 1975). Near a flat oil–water
interface, a collapsing bubble in water generates a jet away from the interface (Han et al.
2022), which is not seen in the snapshots shown above.

To illustrate the effect of the oil–water interface of the droplet on the bubble dynamics,
we show two cases in figure 2(d,e) where the non-dimensional distances are the same
(L/Rd,0 ≈ 1.2) with different Rb,max/Rd,0. In figure 2(d), with Rb,max/Rd,0 ≈ 0.3, the
bubble contacts the oil droplet during growth, inducing a local deformation of the droplet
(0.253 ms). In this case, the cavitation bubble still migrates upwards after the collapse and
evolves into a vortex ring bubble (as marked by the arrow at 0.658 ms). The vortex ring
enters the droplet (2.61 ms) and induces only small oscillations of the interface (7.96 ms)
until recovery. In figure 2(e), with Rb,max/Rd,0 ≈ 0.2, by contrast, the cavitation bubble
migrates away from the oil–water interface, as marked by the arrow at 0.734 ms. This time
the subsequent flows induced by the collapsing cavitation bubble are not strong enough to
cause the droplet deformation.

By comparing the observations in figure 2(d,e), with L/Rd,0 ≈ 1.2, it is seen that the
moving direction of the cavitation bubble is sensitive to Rb,max/Rd,0. It will be shown how
the composition of (L/Rd,0, Rb,max/Rd,0) determines the bubble centroid migration during
the collapse. In the meantime, the small density difference between the silicone oil and
the water leads to the bubble jet and motion away from the oil droplet only when L/Rd,0 is
very close to 1.0 and Rb,max/Rd,0 is smaller than 0.3. This limits our investigation into the
repelling phase of the bubble motion, which therefore requires a larger density difference
between oil and water. To this end, in the next section, we show experimental observations
of bubble interactions with a pendant kerosene droplet.
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Cavitation bubble interactions with a pendant droplet
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–0.006 0.117 0.3830.244 5.04 8.16 111

Water

Kerosene
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Figure 3. Snapshots of bubble interactions with pendant kerosene droplets with density ratio ρo/ρw = 0.80.
(a) The bubble at collapse migrates towards the droplet with a water droplet entrapped inside the oil droplet
at L/Rd,0 = 1.3 ± 0.1, Rb,max/Rd,0 = 0.31 ± 0.03. (b) The bubble at collapse migrates away from the droplet
inducing an upward focused flow and the entrapment of a water droplet at L/Rd,0 = 1.14 ± 0.03, Rb,max/Rd,0 =
0.30 ± 0.01. (c) The bubble at collapse migrates towards the droplet leading to the entrapment of emulsified
water droplets at L/Rd,0 = 1.16 ± 0.03, Rb,max/Rd,0 = 0.47 ± 0.02. Cases in (a–c) share the same scale bar
length of 2 mm. The times are in the units of milliseconds with 0 ms for the laser-plasma generation. The
arrows in (b) indicate the flow directions. The movies are integrated and provided online as supplementary
movie 2.

3.2. Bubble interactions with a pendant kerosene droplet in water (ρo/ρw = 0.80)
To better look into the criteria for the migrating direction of the cavitation bubble at
collapse, we lower the density ratio of the liquids by replacing silicone oil with kerosene,
with the density ratio changing from ρo/ρw = 0.96 to ρo/ρw = 0.80, see figure 3.

Figure 3(a) displays bubble interactions with a pendant kerosene droplet with L/Rd,0 =
1.3 ± 0.1 and Rb,max/Rd,0 = 0.31 ± 0.03 when the bubble migrates towards the oil droplet
after the collapse (0.244 ms and 0.383 ms). The bubble does not evolve into a vortex ring
bubble, but the bubble migration induces a jetting flow of water which enters the oil droplet
(5.04 ms). The water column pinches off (8.16 ms) and a single water droplet is entrapped
inside the oil droplet.

In figure 3(b), with similar Rb,max/Rd,0 to figure 3(a) and smaller L/Rd,0, the bubble
migrates downwards at collapse (0.250 ms and 0.383 ms). Then the migrating bubble
induces a focused radial flow between the bubble and the droplet, which collides (arrows
at 0.383 ms) and evolves into axial flows in opposite directions (arrows at 4.95 ms). The
upper water flow enters the droplet and pinches off (7.64 ms), leaving a single water droplet
entrapped inside the oil droplet. With similar bubble behaviours at collapse, compared
with the case for bubble behaviours near a silicone oil droplet (figure 2e), the focused flow
induced by bubble behaviours near a kerosene droplet is much stronger.

Figure 3(c) displays observations of bubble–droplet interactions with L/Rd,0 similar
to figure 3(b) and larger Rb,max/Rd,0. The cavitation bubble migrates towards the oil
droplet after the collapse and evolves into a vortex ring bubble (0.388 ms) with relatively
high kinetic energy, finally leading to O/W/O structures in a similar manner to the case
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shown in figure 2(b). Comparing figures 3(b) and 3(c), for pendant kerosene droplets, with
L/Rd,0 ≈ 1.2, the direction of bubble migration at collapse is also sensitive to Rb,max/Rd,0.
To predict the bubble centroid displacements at collapse, we establish a quantitative model
with details and comparisons with experimental results in § 4.

4. Bubble dynamics analysis

4.1. Theoretical model based on the method of images
Based on experimental observations, theoretical modelling for predicting the displacement
of the collapsing bubble is shown by adopting the idea of the method of images in the
potential flow (Cole 1948; Best & Blake 1994) and the Kelvin impulse (Blake & Cerone
1982; Blake & Gibson 1987; Supponen et al. 2016). The method of images reasonably
predicts the behaviour of a collapsing bubble near a rigid plane wall as well as complex
walls, such as slot or corner geometries with solid walls (Tagawa & Peters 2018; Molefe
& Peters 2019; Andrews & Peters 2022), an air–water interface (Blake & Gibson 1987;
Kiyama et al. 2021) and an oil–water interface (Blake & Cerone 1982; Han et al. 2022).
However, in our problem, the hemispherical shape of an oil droplet attached to the solid
wall does not allow us to merely apply the idea of the method of images using a point
source or sink. Here we refer to the theory proposed by Weiss (1944) and expand the
application of the method of images described as follows.

As shown in figure 4, the plate is regarded as a rigid boundary with its lower surface
set at the plane of z = 0 in the cylindrical coordinates (r, z). Here, because the system
is cylindrically symmetric, the circumferential coordinate is omitted. The whole system
is immersed in water with density ρw. A pendant oil droplet with density ρo is assumed
to be in a hemispherical shape with radius Rd,0. The origin O of the coordinate system
is placed at the centre of the circular contact line of the droplet. A spherical cavitation
bubble is generated on the z axis with radius Rb(t) varying with time t. The coordinate
of the bubble centre is set at zb = −L. The solid–water interface is denoted by Σb1,
the droplet–water interface by Σb2 and the droplet–bubble interface by Σb3 when the
bubble and the oil droplet contact. The solid–water interface Σb1 does not include the
region where the droplet is attached to the solid boundary. In correspondence with our
experimental observations shown in figures 2 and 3, the droplet–water interface Σb2
maintains the hemispherical shape as the initial state during the first growth and collapse
of the cavitation bubble. We should note that when the bubble and the droplet contact both
boundaries (Σb2 and Σb3) are varying with time.

On the time scale of the lifetime of the cavitation bubble, both the oil droplet and the
water can be seen as incompressible liquids (Han et al. 2022). The Reynolds number
related to cavitation bubble dynamics is defined as Reb = Rb,max

√
�p/ρw/νw = 4 ×

103–3 × 104 � 1, with Rb,max = 0.4–3.0 mm, the pressure difference driving bubble
collapse �p = p∞ − pv , the pressure in static water p∞ = 1.01 × 105 Pa, the vapour
pressure in the bubble pv = 2.3 × 103 Pa, ρw ≈ 1 × 103 kg m−3, and the kinetic viscosity
of water νw = 1 × 10−6 m2 s−1. Therefore, the viscosity can be neglected during this
stage. Under the assumptions of incompressible, inviscid and irrotational fluids, we
formulate a potential flow model to calculate the velocity field v with the method of
images, as illustrated in figure 4.

The cavitation bubble is simulated by a point source (no. 1) with strength Q(t) =
4πRb

2Ṙb, and thus its velocity potential at any point (r, z) in the flow field reads

φ1 = − Q
4π‖(r, z) − (0, zb)‖ . (4.1)
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Bubble

Water, ρw

Figure 4. Theoretical model based on the method of images. The velocity potentials are detailed in table 1.
Here, φ1 and φ1′ represent a point source and its image (red circle plus ⊕); φ21 and φ21′ represent a point sink
and its image (blue circle minus 
); φ22 and φ22′ represent uniformly distributed line sources and images (red
plus +).

With the method of images, the boundary conditions for the system must be fulfilled
at the same time. Referring to the model for bubble dynamics near a flat liquid–liquid
interface (Blake & Cerone 1982), the boundary condition at the droplet–water interface
Σb2 reads

ρwΦ1 = ρoΦ2, (4.2)

with Φ1 being the superposed velocity potential in water and Φ2 in the droplet. This
condition is called a linearised dynamic boundary condition, considering the force balance
across the interface and ignoring the nonlinear effects on the interface (e.g. viscous forces,
capillary waves, etc.).

Meanwhile, the fluid velocity normal to the droplet–water interface Σb2 should be
continuous, leading to

∇Φ1 · n2 = ∇Φ2 · n2, (4.3)

with n2 the unit normal vector directing from the water to the droplet.
The boundary condition at the rigid boundary Σb1 with zero normal velocity reads

∇Φ1 · n1 = ∇Φ2 · n1 = 0, (4.4)

where n1 is the unit normal vector directing from the water to the rigid boundary.
To fulfil all the boundary conditions (4.2)–(4.4) at the same time, we adapt the Weiss

sphere model (Weiss 1944) which was proposed for hydrodynamic images in a rigid sphere
immersed in arbitrary potential flows. In our model for the flow outside an oil droplet, we
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No. i Basic solution Location Strength Velocity potential φi

1 Point source (0, zb) Q − Q
4π‖(r, z) − (0, zb)‖

1′ Point source (0, −zb) Q − Q
4π‖(r, z) − (0, −zb)‖

21 Point sink (0, z2) −QRd,0/L
QRd,0/L

4π‖(r, z) − (0, z2)‖

21′ Point sink (0, −z2) −QRd,0/L
QRd,0/L

4π‖(r, z) − (0, −z2)‖

22
Uniformly distributed

line sources
From (0, 0)

to (0, z2) Q/Rd,0 − Q
4πRd,0

ˆ R2
d,0/L

0

dl
‖(r, z) − (0, −l)‖

22′
Uniformly distributed

line sources
From (0, 0)
to (0, −z2) Q/Rd,0 − Q

4πRd,0

ˆ R2
d,0/L

0

dl
‖(r, z) − (0, l)‖

Table 1. Velocity potentials of the basic solutions in the theoretical model, with zb = −L and z2 = −Rd,0
2/L.

convert the signs of the hydrodynamic images in the Weiss sphere model, as shown in
figure 4. A point sink (no. 21) and a set of uniformly distributed line sources (no. 22) are
placed inside the oil droplet. The coordinate of the point sink (no. 21) is (0, −Rd,0

2/L)
with strength −QRd,0/L and velocity potential φ21. The detailed formula is referred to in
table 1. The uniformly distributed line sources (no. 22) extend from the origin (0,0) to the
point sink (no. 21), with line density Q/Rd,0 and velocity potential φ22. Then a mirror point
source (no. 1′), a mirror point sink (no. 21′) and a set of mirror line sources (no. 22′) are
placed symmetrically about the rigid boundary, with their locations, strengths and velocity
potentials shown in table 1.

Next, the superposed velocity potential in water at (r, z) reads

Φ1 = φ1 + φ1′ + ρw − ρo

ρw + ρo
[φ21 + φ21′ + φ22 + φ22′ + F(r, z)] , (4.5)

while in oil the superposed velocity potential reads

Φ2 = 2ρw

ρw + ρo
(φ1 + φ1′) , (4.6)

by referring to Blake & Cerone (1982). In (4.5), F(r, z) is an additional function to be
determined for the fulfilment of the boundary conditions, which has the same units as the
velocity potential. Substituting (4.5) and (4.6) into (4.2)–(4.4), we get three equations as
follows.

On the solid–water interface Σb1, we obtain

∂F(r, z)
∂z

∣∣∣∣
Σb1

= 0. (4.7)

On the droplet–water interface Σb2, we obtain

[φ1 + φ1′ + φ21 + φ21′ + φ22 + φ22′ + F(r, z)]|Σb2 = 0, (4.8)
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Cavitation bubble interactions with a pendant droplet

and

∇ (φ1 + φ1′)|Σb2 · n2 = ∇ [φ21 + φ21′ + φ22 + φ22′ + F(r, z)]|Σb2 · n2. (4.9)

With the design of the hydrodynamic images, the velocity potentials are known to
satisfy

(φ1 + φ21)|Σb2 = (φ1′ + φ21′)|Σb2 = 0, (4.10)

and
∇ (φ1 + φ1′)|Σb2 · n2 = ∇ [φ21 + φ21′ + φ22 + φ22′]|Σb2 · n2. (4.11)

Thus, besides (4.7), the additional function F(r, z) satisfies

[φ22 + φ22′ + F(r, z)]|Σb2 = 0, (4.12)

and
∇F(r, z)|Σb2 · n2 = 0. (4.13)

The derivation of the additional function F(r, z) is detailed as follows. The relation
(4.13) indicates the condition of zero component velocity normal to the droplet–water
interface Σb2. When we convert the cylindrical coordinates (r, z) to polar coordinates
(R, ϕ) in the same plane, as shown in Appendix B, the relation (4.13) can be rewritten
as (

∂F
∂R

)∣∣∣∣
Σb2

= 0. (4.14)

This indicates that F(R, ϕ) is only a function of ϕ. Thus, we select one of the forms as

F(ϕ) = a0 + a2 cos2 ϕ + a4 cos4 ϕ + a6 cos6 ϕ + a8 cos8 ϕ, (4.15)

where the coefficients a0, a2, a4, a6 and a8 are determined by the least square fitting with
(4.12).

When the bubble and the droplet contact, on the boundary of Σb3, the boundary
condition is simplified as the velocity equal to ∇Φ2 because of the inward deformation
of the droplet. When the bubble does not contact with the droplet, only Σb1 and Σb2 exist.
Our method is verified in detail in Appendix B.

4.2. Calculation of the Kelvin impulse
The Kelvin impulse IS is often used for the quantitative judgement of the centroid
migration of a cavitation bubble (Supponen et al. 2016). Near a single boundary (e.g. rigid
boundary, free surface, liquid–liquid interface, etc.), the Kelvin impulse IS is defined
as the closed-loop integral of the velocity potential at the bubble interface S, i.e. IS =
ρw
!

S Φns dA, with Φ the velocity potential and ns the unit normal vector directing from
the water to the interior of the bubble. According to Blake & Cerone (1982), the Kelvin
impulse can be written as

IS = ρw

ˆ t

0

ˆ
Σ

[
1
2
‖∇Φ‖2n − ∂Φ

∂n
∇Φ

]
dA dt, (4.16)

where ∂Φ/∂n = ∇Φ · n denotes the normal velocity to the boundary Σ with n the unit
normal vector directing from the liquid to the boundary.
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In our problem, the system contains three boundaries, which indicates that the Kelvin
impulse consists of three parts, namely, the contributions: from the solid–water interface
Ib1; from the droplet–water interface Ib2; and from the droplet–bubble interface Ib3 when
the bubble and the droplet contact.

For boundaries Σb1 and Σb2, the velocity potential is Φ1 and the fluid density is ρw,
while for boundary Σb3 the velocity potential is Φ2 and the fluid density is ρo. Therefore,
the three contributions of the Kelvin impulse read⎧⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

Ib1 = ρw

ˆ t

0

ˆ
Σb1

[
1
2
‖∇Φ1‖2n1 − ∂Φ1

∂n1
∇Φ1

]
dA dt,

Ib2 = ρw

ˆ t

0

ˆ
Σb2(t)

[
1
2
‖∇Φ1‖2n2 − ∂Φ1

∂n2
∇Φ1

]
dA dt,

Ib3 = ρo

ˆ t

0

ˆ
Σb3(t)

[
1
2
‖∇Φ2‖2n3 − ∂Φ2

∂n3
∇Φ2

]
dA dt.

(4.17)

Please note that when the cavitation bubble contacts with the droplet, the boundaries Σb2
and Σb3 vary with time. Then the total Kelvin impulse reads IS = Ib1 + Ib2 + Ib3.

Referring to Supponen et al. (2016), the Kelvin impulse is non-dimensionalised as

ζ = IS

4.789 R3
b,max

√
�pρw

, (4.18)

where ζ is also called the anisotropy parameter. In the following sections, we mainly use
the anisotropy parameter ζ to describe the bubble centroid migration.

4.3. Bubble motion during growth and collapse
To verify the theoretical model for bubble dynamics, we compare the calculated
anisotropy parameter with our experimental results. Figure 5(a) shows the evolution of the
dimensionless bubble radius Rb/Rb,max with dimensionless time t/(Rb,max

√
ρw/�p) for

cavitation bubbles generated near kerosene droplets. The bubble dynamics are assumed
to follow the modified Rayleigh equation near a rigid boundary (Best & Blake 1994), as
follows:

Rb R̈b + 3
2

Ṙ2
b + Rb

2 L

(
Rb R̈b + 2Ṙ2

b

)
= −�p

ρw
, (4.19)

with Ṙb and R̈b being the velocity and the acceleration of the bubble interface, respectively.
Although (4.19) does not include influences from the pendant droplets, the theoretical

predictions show good agreement with the experimental results, see figure 5(a). The
consistency between solutions to equation (4.19) and experimental results indicates that the
pendant droplets are not necessarily included in the bubble dynamics equations, probably
because of the leading contribution of the infinitely large rigid boundary compared with
the pendant droplet. Meanwhile, the solution to the Rayleigh equation (Rayleigh 1917) is
displayed by the grey line, which is theoretically valid for spherical bubble dynamics in an
infinite liquid and underestimates the lifetimes of the bubbles in our cases. Here we should
also note that (4.19) is valid for relatively large Rb,max/Rd,0 and large ρo/ρw for the cases
shown in our experiments.

The bubble centroid migration can be quantified with the dimensionless displacement of
the bubble centre during growth and collapse, i.e. �z/Rb,max, as shown with respect to the
ordinate on the left-hand side in figure 5(b). The two experimental cases displayed show
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Figure 5. Migration of the bubble centroid near the pendant kerosene droplet with density ratio ρo/ρw = 0.80.
(a) Evolution of the dimensionless equivalent radius of the cavitation bubble Rb/Rb,max with dimensionless
time t/(Rb,max

√
ρw/�p). (b) Evolution of the dimensionless displacement of the bubble centroid in the z

direction �z/Rb,max (ordinate on the left-hand side) and evolution of the anisotropy parameter ζ (ordinate on
the right-hand side). Case 1 (expt): L/Rd,0 = 1.3 ± 0.1, Rb,max/Rd,0 = 0.31 ± 0.03. Case 2 (expt): L/Rd,0 =
1.14 ± 0.03, Rb,max/Rd,0 = 0.30 ± 0.01. Case 1 (theory): L/Rd,0 = 1.40, Rb,max/Rd,0 = 0.31. Case 2 (theory):
L/Rd,0 = 1.14, Rb,max/Rd,0 = 0.30. In (b), the data points are corresponding to the ordinate on the left-hand
side, while the theoretical lines are corresponding to the ordinate on the right-hand side. The grey stripes in
(a,b) denote the instants of the end of bubble collapses, when the dimensionless displacement of the cavitation
bubble is defined as �zc/Rb,max as denoted by the black arrows in (b).

different directions of bubble migration at the end of bubble collapse. In experimental
case 1 (upper triangular markers), with L/Rd,0 = 1.3 ± 0.1 and Rb,max/Rd,0 = 0.31 ±
0.03, the bubble centre suddenly migrates towards the solid boundary and the oil droplet
at the end of collapse (grey stripe), which is consistent with previous observations
(Supponen et al. 2016). In experimental case 2 (lower triangular markers), with L/Rd,0 =
1.14 ± 0.03 and Rb,max/Rd,0 = 0.30 ± 0.01, the motion of the bubble centre is transient
with time, i.e. the bubble migrates away from the droplet during the growth, approaches
the droplet during the collapse and suddenly moves away from the droplet at the end of
bubble collapse. The dimensionless displacements of the bubble at the end of the collapse
are marked with the black arrows in figure 5(b), as defined by �zc/Rb,max.

The evolution of the anisotropy parameter ζ is shown corresponding to the ordinate on
the right-hand side in figure 5(b), with two theoretical cases displayed. In theoretical case 1
(black dashed line), with L/Rd,0 = 1.40 and Rb,max/Rd,0 = 0.31, the anisotropy parameter
is always positive and increases with time. In theoretical case 2 (orange solid line),
with L/Rd,0 = 1.14 and Rb,max/Rd,0 = 0.30, the anisotropy parameter is always negative
and shows similar trends to the evolution of the bubble centre in experimental case 2.
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Figure 6. Dimensionless displacement of the bubble centroid at the end of collapse �zc/Rb,max as a function
of L/Rd,0 (ordinate on the left-hand side, data points), and the anisotropy parameter at bubble collapse ζc as
a function of L/Rd,0 (ordinate on the right-hand side, solid lines) for interactions of cavitation bubbles with
(a) silicone oil droplets (ρo/ρw = 0.96) and (b) kerosene droplets (ρo/ρw = 0.80) with different size ratios
Rb,max/Rd,0. The shaded areas denote the interior of the droplet.

The complex evolution may be related to the contact between the bubble and the droplet.
In case 1 (both the experimental and the theoretical results), the bubble does not contact the
droplet during its first growth and collapse, and the attractive force from the rigid boundary
plays a leading role, thus causing a relatively smooth evolution of the displacement and
the anisotropy parameter. By contrast, in case 2 (both the experimental and the theoretical
results), the bubble contacts with the oil droplet during its growth, leading to an increasing
repulsive force from the oil droplet on the bubble due to the component Kelvin impulse
Ib2 from the droplet–water interface Σb2 and thus the bubble motion away from the oil
droplet. During the bubble collapse, after the bubble detaches from the droplet interface,
the attractive force from the rigid boundary causes the upward motion of the bubble again.
At the end of the bubble collapse, the impulse of the repulsive force dominates over the
impulse of the attractive force, thus leading to a negative displacement of the bubble.

4.4. Bubble centroid displacement at the end of collapse
The variations of �zc/Rb,max with L/Rd,0 and Rb,max/Rd,0 are shown near silicone oil
droplets in figure 6(a) and near kerosene droplets in figure 6(b). The ordinate on the
left-hand side denotes �zc/Rb,max, while the ordinate on the right-hand side denotes ζc,
which is defined as the anisotropy parameter at the end of the bubble collapse.
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For silicone oil droplets, as shown in figure 6(a), four different size ratios Rb,max/Rd,0
are selected, i.e. Rb,max/Rd,0 = 0.2, 0.4, 0.7 and 0.9, with the dimensionless distance
L/Rd,0 = 1.1–4.0. The experimental data indicate that with Rb,max/Rd,0 = 0.2 the critical
dimensionless distance L/Rd,0 is around 1.1 for the conversion of the bubble migration
direction, which is consistent with the theoretical prediction at ζc = 0. Besides, our
theoretical model predicts that with Rb,max/Rd,0 = 0.4, the bubble migrates towards the
rigid boundary at the end of the collapse for all L/Rd,0 > 1. With large Rb,max/Rd,0, the
invariability of the bubble migration direction is attributed to the component contribution
of Ib3 from the bubble–droplet interface Σb3, which is discussed in more detail in
Appendix C.

For kerosene droplets, as shown in figure 6(b), four different size ratios Rb,max/Rd,0
are selected, i.e. Rb,max/Rd,0 = 0.2, 0.3, 0.4 and 0.5, with the dimensionless distance
L/Rd,0 = 0.9–5.1. The experimental data show that with Rb,max/Rd,0 = 0.2–0.4 the
critical L/Rd,0 for the conversion of the bubble motion direction is around 1.2–1.3. Within
the same range of Rb,max/Rd,0, the theoretical curves of ζc predict the same critical
L/Rd,0 ≈ 1.33. With Rb,max/Rd,0 = 0.5, the bubble migrates towards the rigid boundary at
the end of the collapse for all L/Rd,0 > 1. The reason for the critical L/Rd,0 in the theory
slightly larger than in the experiment could be related to the sphericity of the kerosene
droplet, see the discussions in Appendix A.

In short, the discussions above have verified that the anisotropy parameter calculated
from our theory can be applied to quantifying the bubble centroid migration at the end
of the collapse, which is used to explain the different interactions of the bubble and the
droplet in § 5.

5. Regimes of bubble–droplet interactions

In § 3, we have already shown the overview of the four regimes of bubble–droplet
interactions, namely, the oil droplet rupture, the water droplet entrapment, the oil droplet
large deformation, and the oil droplet mild deformation. In this section, we show more
details on the flow induced by the cavitation bubble after the collapse and the responses of
the droplet to the flow. Finally, we propose a phase diagram for the regimes by analysing
the droplet dynamics.

5.1. Regime 1: oil droplet rupture
Two typical ways are observed in our experiments to realise the oil droplet rupture, namely,
by bubble jet impact and by bubble vortex ring impact, see figure 7.

In figure 7(a), near a silicone oil droplet with L/Rd,0 = 2.7 ± 0.3 and Rb,max/Rd,0 =
1.6 ± 0.2, the cavitation bubble generates a pronounced jet after collapse (0.493 ms)
which directly impacts the droplet during the first rebound of the bubble (0.557 ms).
The rebounding bubble enters and penetrates the oil droplet before it impacts the rigid
boundary (0.835 ms). Then the bubble evolves into a bubble vortex ring (as denoted by the
arrows at 0.898 ms) and induces strong shear flows along the rigid boundary (Zeng, An &
Ohl 2022b). The expansion and circulation of the bubble vortex ring exert strong tensile
and shear stresses on the oil droplet, which can be visualised by the oil ligament as outlined
in the red dashed lines at 9.70 ms. In this way, the oil droplet is ruptured into multiple
daughter droplets, with radii �120 μm, which is close to emulsification. The daughter
droplet denoted by the arrow at 23.8 ms contains entrained water droplets and gaseous
bubble remnants, indicating the formation of ‘water in oil in water’ (W/O/W) structures.
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–0.013
2 mm

0.278 0.493 0.557 0.708

0.835 0.898 1.13 23.8

9.70

–0.013 0.708 1.06 1.28 1.38

1.57 3.58 6.10 10.7 61.9

(b)

(a)

Figure 7. Details of oil droplet rupture. Silicone oil droplets are ruptured due to (a) bubble jet impact
at L/Rd,0 = 2.7 ± 0.3, Rb,max/Rd,0 = 1.6 ± 0.2, and (b) bubble vortex ring impact at L/Rd,0 = 3.3 ± 0.1,
Rb,max/Rd,0 = 1.30 ± 0.05. Photographs in (a,b) share the same scale bar length of 2 mm. The times are in
the units of milliseconds with 0 ms for the laser-plasma generation. The red arrows indicate the flow directions,
the white arrow at 1.06 ms in (b) denotes the interface, and the black arrows denote the pinched-off oil droplets.
The movies are integrated and provided online as supplementary movie 3.

Moreover, in this case, the oil droplet is detached from the rigid boundary, thus realising
the removal of the pendant oil droplet by the jetting of the cavitation bubble.

The rupture of the silicone oil droplet by bubble vortex ring impact is shown in
figure 7(b), with L/Rd,0 = 3.3 ± 0.1 and Rb,max/Rd,0 = 1.30 ± 0.05. The bubble vortex
ring is generated after the bubble collapse as denoted by the arrows at 0.708 ms and then it
translates upwards due to initial impulse and buoyancy. Before the collision of the bubble
vortex ring and the oil droplet, a dimple is already seen through the droplet, indicating
that a water column is driven by the motion of the vortex ring, as denoted by the arrow at
1.06 ms. The vortex ring enters the droplet and circulates (1.28 ms) before it impacts the
rigid boundary (1.57 ms) and expands radially, see the arrows at 3.58 ms. The stretching
and shearing are similar to the case in figure 7(a), although the strength is much weaker
due to the smaller impulse of the jetting bubble. The circulation of the vortex ring causes
the formation and rupture of oil ligaments, and multiple daughter oil droplets with radii
�600 μm are pinched off (e.g. see arrows at 6.10 ms and 10.7 ms). The pendant oil droplet
is not totally removed, but it loses approximately one-third of the weight in the rupture
process.

In experiments, the contact line of the droplet is observed to be pinned at the PMMA
substrate during the impact of the water jet, see figure 7. When the bubble vortex ring
collides with the substrate and expands to the rim of the droplet, it drives the slippage of
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the droplet contact line, see frames at 1.13 ms in figure 7(a) and at 3.58 ms in figure 7(b).
Finally, the droplet is either detached from the substrate (figure 7a) or contracts to a smaller
one but with a similar contact angle to the original one (figure 7b), depending on the
strength of the bubble jet.

5.2. Regime 2: water droplet entrapment
Water droplet entrapment occurs when an upward jetting flow of water enters the oil
droplet and pinches off, as already shown in figures 2(b) and 3. Here we summarise two
main ways to realise the water droplet entrapment, as follows.

The first way is characterised by the pinch-off of an upward water column during the
contract in the oil droplet, as shown in figure 8(a). After the bubble collapses and generates
a microjet during rebound (0.443 ms), the bubble jet penetrates the silicone oil droplet
(arrow at 0.582 ms) and makes the bubble evolve into a bubble vortex ring, which drives
an upward water column as a dimple at the bottom of the oil droplet (arrow at 0.721 ms).
Then the water column moves upwards while circulating (arrows at 1.37 ms) before it
reaches the rigid boundary (2.09 ms) and spreads radially (3.33 ms). As the kinetic energy
dissipates, gravity dominates again and drives the contract of the water column (arrows at
4.55 ms) which pinches off and leaves a large water droplet at the top (arrow at 6.06 ms).
Interestingly, the contract of the water column drives a second pinch-off (arrow at 10.1 ms),
thus entrapping multiple water droplets inside the oil droplet.

The second way is characterised by the pinch-off of an upward water column during
ascension, which can be realised by the bubble motion either upwards (figure 8b) or
downwards (figure 8c). The pinch-off of the water column induced by a downward bubble
jet has already been reported by Han et al. (2022), where a cavitation bubble is initiated
near a flat oil–water interface. Here the pinch-off of the water column may be explained by
the oscillation in the surface energy of a cylindrical column which tends to be magnified
and generates daughter droplets, known as Rayleigh–Plateau instability (Chandrasekhar
1961). The criteria of the instability will be applied to the analysis of the pinch-off in
§ 5.5.

5.3. Regime 3: oil droplet large deformation
The oil droplet’s large deformation refers to the visibility of an upward water column at
the bottom of the oil droplet which does not pinch off. Two main ways are observed for
silicone oil and kerosene droplets, as summarised in figure 9.

The first way to realise large deformation of the oil droplet has already been shown in
figure 2(c). The details are shown here in figure 9(a). The water column ascends in the
silicone oil droplet and reaches a maximum height without touching the rigid boundary
(8.43 ms). The behaviours of the water column during ascension are similar to the cases
through a flat oil–water interface (Han et al. 2022). Different from previous studies, while
descending, the water column evolves into a conical shape while keeping the bottom of
the oil droplet flat (11.1 ms to 14.1 ms). Then the droplet oscillates until it recovers to its
original state.

The second way to realise large deformation of the oil droplet is illustrated in figure 9(b),
where the water column ascends inside the kerosene droplet, touches the rigid boundary
(5.10 ms) and spreads radially (8.95 ms). Then the oil droplet oscillates with its bottom
lifted to enhance the contraction of the water column (10.9 ms). The shape of the water
column evolves from a thick cylinder (13.4 ms) to a cone (15.4 ms), and finally to a thin
cylinder (17.3 ms). Especially, the thin cylinder pinches off a small water droplet (arrow at
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0.488 18.67.763.600.272
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(b)

(a)

(c)

Figure 8. Details of water droplet entrapment in the oil droplet after bubble collapse. With a silicone oil
droplet, cases are displayed at (a) L/Rd,0 = 2.1 ± 0.1, Rb,max/Rd,0 = 0.69 ± 0.04 and (b) L/Rd,0 = 1.4 ± 0.1,
Rb,max/Rd,0 = 0.27 ± 0.03. (c) With a kerosene droplet, one case is displayed at L/Rd,0 = 1.14 ± 0.03,
Rb,max/Rd,0 = 0.30 ± 0.01. The times are in the units of milliseconds with 0 ms for the laser-plasma
generation. The arrows indicate the flows at 1.37 ms and 4.55 ms in (a) and the interfaces in the other frames.
The movies are integrated and provided online as supplementary movie 4.

21.6 ms). With a very thin oil gap, the small water droplet merges with the bulk water only
within 3 ms, followed by oil droplet oscillations until recovery.

5.4. Regime 4: oil droplet mild deformation
The oil droplet’s mild deformation refers to the phenomenon that no water column is
visible inside the oil droplet. Two examples are shown in figure 10 for a silicone oil droplet
and a kerosene droplet.

In figure 10(a), the silicone oil droplet induces an upward motion of the collapsing
cavitation bubble with L/Rd,0 = 2.9 ± 0.2 and Rb,max/Rd,0 = 0.57 ± 0.04. The flow can
be visualised by the bubble remnants as marked by the arrow at 1.28 ms. The upward
flow is not strong enough to generate a water column, but only slightly deforms the
droplet (7.17 ms). Therefore, the bubble remnants move around the droplet towards the
rigid boundary (26.3 ms).

In figure 10(b), the kerosene droplet induces a downward motion of the collapsing
cavitation bubble with L/Rd,0 = 1.11 ± 0.07 and Rb,max/Rd,0 = 0.24 ± 0.02. The focused
water flow between the bubble remnants and the oil droplet collides with the oil droplet and
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2 mm
1.76 10.98.955.10

15.4 24.621.617.3

0.344

13.4

2 mm
0 0.519 1.73 4.82 8.43

11.1 12.9 14.1 16.4 20.8

(b)

(a)

Figure 9. Details of oil droplet large deformation after bubble collapse. With a silicone oil droplet, one case is
displayed at (a) L/Rd,0 = 2.8 ± 0.2, Rb,max/Rd,0 = 0.70 ± 0.05. With a kerosene droplet, one case is displayed
at (b) L/Rd,0 = 1.23 ± 0.04, Rb,max/Rd,0 = 0.46 ± 0.02. The times are in the units of milliseconds with 0 ms
for the laser-plasma generation. The arrows indicate the capillary wave at 1.76 ms in (b) and the interface at
21.6 ms in (b). The movies are integrated and provided online as supplementary movie 5.

2 mm
4.51 13.69.960.194

2 mm
1.28 4.52 7.17 26.3

(b)

(a)

Figure 10. Details of oil droplet mild deformation after bubble collapse. With a silicone oil droplet, one case is
displayed at (a) L/Rd,0 = 2.9 ± 0.2, Rb,max/Rd,0 = 0.57 ± 0.04. With a kerosene droplet, one case is displayed
at (b) L/Rd,0 = 1.11 ± 0.07, Rb,max/Rd,0 = 0.24 ± 0.02. The times are in the units of milliseconds with 0 ms
for the laser-plasma generation. The arrows indicate the bubble remnants at 1.28 ms in (a) and the flow direction
at 9.96 ms in (b). The movies are integrated and provided online as supplementary movie 6.
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generates surface waves propagating along the oil–water interface (arrows at 9.96 ms). The
surface waves have also been observed in previous regimes (arrow at 1.76 ms in figure 9b).

5.5. Phase diagram
Section 4 shows that the anisotropy parameter at bubble collapse ζc can quantitatively
reflect the bubble centroid migration, including the direction and the strength. Although
the physics is complex during the interaction of the water jet with the oil droplet, in this
section, we tend to extract the main mechanisms that control the dynamics of the water jet
and ignore the other minor effects to obtain a general picture of the phase diagram.

The detailed investigations of the different bubble–droplet interactions in §§ 5.1 to 5.4
suggest that (i) the phenomena of oil droplet’s deformation and water droplet’s entrapment
are classified by the pinch-off of the water column penetrating the oil droplet, and (ii) the
determination of water droplet’s entrapment and oil droplet’s rupture is probably related
to the size (surface area) of the inward water column.

First, we explain the critical condition for the oil droplet’s deformation and the water
droplet’s entrapment. Similar to the theoretical model proposed by Han et al. (2022),
an upward water column is assumed to ascend from the bottom of the oil droplet with
an initial linear momentum Iw. The surface tension dominates over the gravitational
effects, with a Bond number Bo1 = (ρw − ρo)gR2

b,max/σ � 0.05 � 1, with ρw = 1 ×
103 kg m−3, ρo � 8 × 102 kg m−3, g = 9.81m s−2, Rb,max ≈ 1 × 10−3 m and σ ≈
4 × 10−2 N m−1. To assess the effect of the viscosity, we estimate the Reynolds number
Re = umRb,max/νo, with the characteristic velocity of the water column um � 0.1 m s−1,
the length scale Rb,max ≈ 10−3 m and the kinematic viscosity νo ≈ 5 × 10−5 m2 s−1

for silicone oil droplets and νo ≈ 2 × 10−6 m2 s−1 for kerosene droplets. Therefore, for
silicone oil droplets, the Reynolds number is larger than 2, while for kerosene droplets the
Reynolds number is larger than 50, indicating that the viscosity plays a limited role during
the evolution of the water jet. From a view of energy balance, the viscous force leads
to dissipation, and the surface force leads to an increase in surface energy. Therefore,
the maximum height hm of the water column should be determined by the balance of
the surface energy of the water column Es1 and the kinetic energy of the water jet Ek,
with Es1 ≈ σ2πRb,maxhm and Ek ≈ 1

2 Mwu2
w. The mass of the water jet is estimated as

Mw ≈ ρwπR2
b,maxhm and the velocity uw should be on a scale of Iw/Mw. The linear

momentum Iw is on the same magnitude of the Kelvin impulse at the bubble collapse IS,c
which is transferred by the bubble jet or by the bubble vortex ring, i.e. Iw ∼ IS,c. Using
(4.18) and introducing ζc, we obtain

hm ∝
√

ρwu2
0R3

b,max

σ
ζ 2

c , (5.1)

where u0 is the velocity scale defined as u0 = √
�p/ρw.

From the criteria of Rayleigh–Plateau instability (Charru 2011), the water column may
pinch off when its length reaches the wavelength of the interfacial perturbation and
becomes larger than the perimeter of the cross-section, leading to the comparison between
the longitudinal length hm and the transversal length Rb,max. Then we obtain hm/Rb,max ∝√

We1ζ 2
c , with the Weber number being We1 = ρwu2

0Rb,max/σ . The pinch-off cases, i.e. the
water droplet entrapment, require We1ζ

2
c larger than a constant, which is guided by the

vertical dashed line for silicone oil droplets (filled markers) in figure 11. For kerosene
droplets (empty markers), the critical We1ζ

2
c slightly decreases probably because the
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Rupture Droplet entrapment
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entrapment 

Deformation

We1 ζc
2

W
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Figure 11. Phase diagram of cavitation bubble interactions with silicone oil droplets (filled markers)
and kerosene droplets (empty markers) determined by the Weber number We2 = (ρwu2

0R3
b,max)/(σR2

d,0)

versus We1ζ
2
c with the Weber number We1 = (ρwu2

0Rb,max)/σ and the velocity scale u0 = √
�p/ρw. The

dashed lines guide the divisions for bubble interactions with silicone oil droplets, leading to three coloured
regions for oil droplet responses, namely, rupture, (water) droplet entrapment and deformation.

viscous dissipation of the ascending water column is less important both in kerosene and
in silicone oil with a low viscosity.

Finally, we clarify the critical condition for oil droplet rupture and water droplet
entrapment. The total energy of a laser-induced cavitation bubble E0 can be characterised
by the potential energy of the bubble at its maximum size (Tinguely et al. 2012), as follows:

E0 = 4π

3
�pR3

b,max. (5.2)

After the pinch-off of a single daughter water droplet with radius Rd,p inside the oil droplet,
the increase of the surface energy Es2 reads

Es2 = 4πσR2
d,p, (5.3)

with σ the surface tension coefficient between water and oil. Here the increase of the
potential energy is ignored because the water droplet (e.g. figure 3b,c), at the quasisteady
state, can rest just above the bottom of the oil droplet, with a Bond number Bo2 = (ρw −
ρo)gR2

d,p/σ � 0.05 � 1, with Rd,p ∼ 1 × 10−3 m.
Since the total energy E0 can dissipate as shock waves (Tinguely et al. 2012) and

work done by viscous forces, the surface energy Es2 would be part of E0, and reasonably
increases with increasing E0, i.e. Es2 ∝ E0. The oil droplet would rupture when the size of
the daughter water droplet is comparable to the oil droplet, thus leading to Rd,p/Rd,0,
which can be simplified as the Weber number being We2 = (ρwu2

0R3
b,max)/(σR2

d,0).
A larger Weber number We2 corresponds to daughter droplets with larger sizes, as shown
by the horizontal dashed line dividing the regimes of oil droplet rupture and water droplet
entrapment for silicone oil droplets in figure 11.

The phase diagram in figure 11 clearly shows that the different responses of the oil
droplets can be classified by two dominating non-dimensional parameters, We1ζ

2
c and We2.
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For silicone oil droplets, the regime of droplet deformation (including large and mild
deformation) can be observed at We1ζ

2
c � 0.35 and We2 � 5 × 103. By adjusting L/Rd,0

and Rb,max/Rd,0, the anisotropy parameter at bubble collapse ζc can be adjusted, according
to figure 6. Thus, by controlling We2 � 5 × 103 while increasing We1ζ

2
c to over 0.35,

the regime transitions from oil droplet deformation to water droplet entrapment. Further
increasing We2 to over 5 × 103, the regime of oil droplet rupture can be observed. In
summary, the proposed phase diagram provides a simple way to identify the parameter
space for desired regimes of droplet responses, as required in ultrasonic cleaning or
emulsification.

6. Conclusions

In conclusion, we study experimentally and theoretically the interactions of a collapsing
laser-induced cavitation bubble with a hemispherical droplet attached to a rigid boundary.
In experiments, an approximately hemispherical droplet of silicone oil or kerosene is
attached to the bottom surface of a fixed PMMA plate immersed in water. A laser-induced
cavitation bubble is generated below the pendant oil droplet and the bubble–droplet
interactions are recorded with high-speed imaging. By controlling the dimensionless
distance from the centre of the cavitation bubble to the rigid boundary L/Rd,0 and the
radius ratio Rb,max/Rd,0, we observe four typical interactions between cavitation bubbles
and pendant oil droplets, namely, the oil droplet rupture, the water droplet entrapment, the
oil droplet large deformation, and the oil droplet mild deformation. In the first two regimes
of interactions, emulsification of the oil and water droplets is observed.

The bubble dynamics are vital for the understanding of bubble–droplet interactions.
Since previous models have not considered the influences of a curved liquid–liquid
interface on bubble dynamics, we propose a new model with the method of images
to quantitatively describe the bubble centroid migration at the end of bubble collapse.
By calculating the anisotropy parameter, our model successfully predicts the critical
dimensionless bubble–wall distances for the conversion of bubble migration direction with
small bubble–droplet size ratios. We also prove theoretically that for large bubble–droplet
size ratios, the bubble only migrates towards the rigid boundary at collapse, which agrees
well with experiments.

Finally, we investigate in detail the different ways to realise each regime of
bubble–droplet interactions. We propose the critical conditions for the divisions of oil
droplet deformation, water droplet entrapment, and oil droplet rupture, by illustrating the
different regimes in a phase diagram with the combination of the Weber number and the
anisotropy parameter.

Future work may focus on two aspects. First, the contact angles of the pendant droplet
can be adjusted to find the influences of droplet shapes on the bubble–droplet interactions.
Second, the physicochemical properties of the droplet and the bulk liquid (viscosity,
surface tension, solubility, etc.) may also be varied to broaden the conclusions of the
current research. Our findings may inspire the removal of sessile or pendant oil droplets,
emulsification, cell rupture and drug delivery by needle-free jet injections.

Supplementary movies. Supplementary movies are available at https://doi.org/10.1017/jfm.2023.895.
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Appendix A. Sphericity of the oil droplets and eccentricity of the bubble–droplet
pairs in experiments

Figure 12(a) shows the distribution of the sphericity of the oil droplets used in experiments,
as illustrated by the ratio of the droplet thickness h and the droplet contact radius a. For
silicone oil droplets, more cases lie in h/a > 1, indicating that the droplet is longer in the
vertical direction than in the horizontal direction. By contrast, for kerosene droplets, more
cases lie in h/a < 1, for which the effective radius Rd,0 is larger than the droplet thickness
h, leading to the possibility of the bubble–wall distance L ≤ Rd,0 in experiments. However,
in theory, L must be larger than Rd,0. This may explain the bias between experimental and
theoretical results shown in figure 6(b).

Figure 12(b) shows the distribution of the eccentricity of the oil droplets used in
experiments, which is quantified with �x/a, with �x being the distance from the centre of
the bubble to the symmetric axis of the oil droplet and a being the contact radius. For both
types of droplets, |�x/a| mainly ranges within 10 %. Therefore, we reckon this condition
as the location of the cavitation bubble right below the pendant oil droplet.

Appendix B. Verification of the theoretical model based on the method of images

Here we verify the effect of the additional function F(ϕ) using relations (4.12) and (4.3).
For relation (4.12), according to table 1, with given L/Rd,0, the ratio −(φ22 + φ22′)/(φ21 +
φ21′) is independent of time. Figure 13(a) displays the variation of the ratio with angle
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Figure 13. Verification of the theoretical model. (a) Ratio between −(φ22 + φ22′ ) and (φ21 + φ21′ ) at the
liquid–liquid interface Σb2 as shown in figure 4 varying with angle ϕ defined in the inset. (b) Effect of the
additional function F(ϕ) with the same legend as in (a). Examples are provided for increasing non-dimensional
distances L/Rd,0 = 1.01, 1.10, 1.20, 1.40 as marked with the black arrows in (a,b). (c) Non-dimensional radial
velocity vRR2

d,0/Q for ρo/ρw = 0.80 and L/Rd,0 = 1.40 varying with the non-dimensional radial distance
R/Rd,0 for increasing angles ϕ = 0◦, 30◦, 60◦, 90◦ as marked with the black arrow. (d) Non-dimensional
tangential velocity vϕR2

d,0/Q for ρo/ρw = 0.80 and L/Rd,0 = 1.40 with the same legend as in (c). The shaded
areas in (c,d) denote the interior of the droplet (R/Rd,0 ≤ 1). The calculations are valid for cases when the
bubble does not contact the droplet.

ϕ = 0◦–90◦ for L/Rd,0 = 1.01, 1.10, 1.20 and 1.40 on the interface Σb2. For ϕ = 0◦,
the ratio increases with increasing L/Rd,0, indicating that when the cavitation bubble is
generated at a longer distance from the oil droplet, the line sources in the droplet play a
more important role than the point sink. As the angle ϕ increases from 0◦ to 90◦ (at the
rigid boundary), the ratio increases monotonically to around 1, which indicates that the
line sources have almost the same strength as the point sink at the rigid boundary. With
the addition of F(ϕ), as shown in figure 13(b), the ratio |(φ22 + φ22′ + F)/(φ21 + φ21′)| is
approximately one to two magnitudes smaller than the ratio |(φ22 + φ22′)/(φ21 + φ21′)|.
With increasing L/Rd,0, the ratio |(φ22 + φ22′ + F)/(φ21 + φ21′)| decreases quickly to
zero, e.g. within 1 % for L/Rd,0 > 1.20.

On the other hand, for relation (4.3), we calculate the variations of the radial velocity
vR and the tangential velocity vϕ with R/Rd,0 = 0–1.1, here with both velocities in the
non-dimensional forms. Examples are given for the kerosene droplet (ρo/ρw = 0.80)
at selected angles ϕ = 0◦, 30◦, 60◦ and 90◦, when a cavitation bubble is generated at
L/Rd,0 = 1.40, as shown in figures 13(c) and 13(d). The calculated normal velocity is
continuous at the droplet–water interface (figure 13c), which agrees with the relation (4.3).
By contrast, discontinuities occur to the tangential velocities at the interface (figure 13d),
indicating reasonable interfacial slippage.
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Figure 14. Comparison of the theory of the anisotropy parameter at the end of the bubble collapse ζc as a
function of L/Rd,0 for ρo/ρw = 0.96 and Rb,max/Rd,0 = 0.9. The solid line represents the calculation with the
contact term Ib3, while the dash–dotted line represents the calculation without Ib3. The shaded area denotes
the interior of the droplet.

Appendix C. Contribution of the bubble–droplet interface to the anisotropy
parameter at bubble collapse

As has been mentioned in § 4.4, with large Rb,max/Rd,0, the bubble migrates at collapse
towards the rigid boundary regardless of the dimensionless distance L/Rd,0. We provide in
figure 14 the variation of ζc with L/Rd,0 when Rb,max/Rd,0 is 0.9 for a silicone oil droplet.
The solid line is the calculated curve with the component contribution of Ib3 arising
from the bubble–droplet interface Σb3, which agrees with the invariability of the bubble
migration direction. By contrast, the dash–dotted line shows the calculation result without
Ib3, which coincides with the solid line for L/Rd,0 � 1.5 while it becomes negative at
L/Rd,0 � 1.2. This indicates that the effect of bubble–droplet contact can be neglected
for L/Rd,0 � 1.5, although the bubble contacts the droplet at its maximum size within
L/Rd,0 = 1 + Rb,max/Rd,0 = 1.9. On the other hand, Ib3 is positive, indicating that the
bubble–droplet contact induces an attractive force on the bubble, which could arise from
the rigid boundary immersed in the oil droplet.
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