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Does Maxwell’s hypothesis of air saturation near
the surface of evaporating liquid hold at all
spatial scales?
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The classical model of evaporation of liquids hinges on Maxwell’s assumption that the air
near the liquid’s surface is saturated. It allows one to find the evaporative flux without
considering the interface separating liquid and air. Maxwell’s hypothesis is based on
an implicit assumption that the vapour-emission capacity of the interface exceeds the
throughput of air (i.e. its ability to pass the vapour on to infinity). If this is indeed so, then
the air adjacent to the liquid would get quickly saturated, justifying Maxwell’s hypothesis.
In the present paper, the so-called diffuse-interface model is used to account for the
interfacial physics and thus derive a generalised version of Maxwell’s boundary condition
for the near-interface vapour density. It is then applied to a spherical drop floating in air. It
turns out that the vapour-emission capacity of the interface exceeds the throughput of air
only if the drop’s radius is ry 2 10 wm, but for r4 ~ 2 pm, the two are comparable. For
rqg < 1 m, evaporation is interface-driven, and the resulting evaporation rate is noticeably
smaller than that predicted by the classical model.

Key words: condensation/evaporation, drops

1. Introduction

Consider a liquid drop floating in the air and evaporating. In its simplest formulation,
this problem was examined more than 140 years ago by Maxwell (1877, 1890), and its
more elaborate versions are still explored now. Several of these are relevant to the present
study: Sobac et al. (2015), Cossali & Tonini (2019) and Finneran (2021) argued that the
dependence of the fluid’s properties on the temperature can affect the evaporation rate
strongly; Talbot et al. (2016) examined transient deviations of drop evaporation from the
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quasi-steady regime; Finneran, Garner & Nadal (2021) showed that the transient effects
can cause a noticeable departure from the so-called ‘d? law’ (stating that the time of a
drop’s evaporation is proportional to its diameter squared); Long, Micci & Wong (1996),
Landry et al. (2007), Jakubczyk et al. (2012), Hotyst ef al. (2013), Hotyst, Litniewski &
Jakubczyk (2017), Rana, Lockerby & Sprittles (2018, 2019) and Zhao & Nadal (2023)
showed that the ‘d?> law’ can be violated by out-of-equilibrium gas kinetics. A more
detailed review of the recent literature on evaporating drops can be found in Sazhin (2017).

Most work on evaporation has been based on Maxwell’s hypothesis that the air near the
drop’s surface — or, more generally, near any liquid/air interface — is close to saturation.
This allows one to solve the problem without knowing anything about the interfacial
dynamics. The only exceptions are models accounting for the so-called Knudsen layer —
a layer where the out-of-equilibrium kinetics plays a part (e.g. Rana et al. 2018, 2019; Zhao
& Nadal 2023).

The physics behind Maxwell’s hypothesis becomes clear if evaporation is viewed as a
two-tier process: first, the interface emits molecules of the liquid into the air; second, the
air passes them on to infinity. If the former emits more vapour than the latter can pass
on, then the vapour accumulates near the drop — bringing the adjacent air layer close to
saturation and the interface close to thermodynamic equilibrium. As a result, the interface
reduces vapour emission in line with the air throughput. In terms of this mechanism,
Maxwell’s hypothesis amounts to an assumption that the vapour-emission capacity of the
interface exceeds the throughput of air.

Maxwell could not have tested this assumption, as there were no quantitative models of
interfaces at the time. Two such models exist now: the Enskog—Vlasov kinetic equation
(de Sobrino 1967; Grmela 1971; Grmela & Garcia-Colin 1980a,b; Frezzotti, Gibelli &
Lorenzani 2005; Barbante, Frezzotti & Gibelli 2015; Frezzotti & Barbante 2017; Frezzotti
et al. 2018; Benilov & Benilov 2018, 2019a,b; Struchtrup & Frezzotti 2022) and the
diffuse-interface model (see a review by Anderson, McFadden & Wheeler 1998). The
latter is much simpler, thus it makes a better starting point.

The diffuse-interface model (DIM) is based on two assumptions regarding the van der
Waals force.

(1) Van der Waals interactions are pairwise — hence the net force affecting a molecule is
an algebraic sum of the forces exerted by the other molecules.

(i1) The thickness of the interface is much greater than the spatial scale of van der Waals
interactions.

Admittedly, assumption (ii) does not hold well at room temperature, in which case the
interfacial thickness rarely exceeds the molecular size by an order of magnitude (e.g.
Liu, Harder & Berne 2005; Verde, Bolhuis & Campen 2012; Pezzotti, Galimberti &
Gaigeot 2017; Pezzotti, Serva & Gaigeot 2018; Dodia et al. 2019; and references therein).
Thus the DIM should be viewed as a means to estimate qualitatively the importance of
interfacial dynamics for evaporation, whereas quantitative predictions should be left to the
Enskog—Vlasov kinetic equation (which can handle thin interfaces). These two models are
to each other what the first term of a Taylor series is to the exact value of the function.

The DIM has been used many times before — for phase transitions in ferroelectrics
(Ginzburg 1960), spinodal decomposition (e.g. Cahn 1961; Lowengrub & Truskinovsky
1998), crystal growth (e.g. Collins & Levine 1985; Tang, Carter & Cannon 2006; Heinonen
et al. 2016; Philippe, Henry & Plapp 2020), solidification (e.g. Stinner, Nestler & Garcke
2004; Nestler, Garcke & Stinner 2005), polymers (e.g. Thiele, Madruga & Frastia 2007,

971 A20-2


https://doi.org/10.1017/jfm.2023.667

https://doi.org/10.1017/jfm.2023.667 Published online by Cambridge University Press

Maxwell’s hypothesis of saturation near liquid/air interface

Madruga & Thiele 2009), electrowetting (e.g. Lu et al. 2007), contact lines in liquids
(e.g. Pismen & Pomeau 2000; Ding & Spelt 2007; Yue, Zhou & Feng 2010; Yue & Feng
2011; Sibley et al. 2014; Ding et al. 2017; Borcia et al. 2019; Zhu et al. 2019, 2020),
Faraday instability (e.g. Borcia & Bestehorn 2014; Bestehorn et al. 2021), Rayleigh—Taylor
instability (e.g. Zanella et al. 2020, 2021), cavitation (e.g. Petitpas et al. 2009), nucleation
(e.g. Magaletti, Marino & Casciola 2015; Magaletti et al. 2016; Gallo, Magaletti &
Casciola 2018; Gallo et al. 2020), liquid films (e.g. Benilov 2020, 2022a), tumour
growth (e.g. Frigeri, Grasselli & Rocca 2015; Rocca & Scala 2016; Dai et al. 2017),
classification of data (e.g. Bertozzi & Flenner 2012, 2016), and so on. The DIM has also
been applied to evaporation and condensation (e.g. Pomeau 1986; Barbante, Frezzotti &
Gibelli 2014; Benilov 2022a,b, 2023b), but only in application to liquids evaporating into,
or condensating from, their own vapour, not air.

In the present paper, the DIM is used to examine evaporation of liquids into air under
‘normal conditions’, i.e. when the temperature is between 15°C and 35°C, and the
air pressure is at 1 atm. A generalised Maxwell boundary condition is derived for this
case; to facilitate its use without going into the detail of the derivation, this condition is
summarised here.

The following notation will be used: p; is the density of the liquid or its vapour, p; is

that of air. Outside the drop, the air is almost homogeneous, i.e. pp & ,oéa). Let pi”‘”) (7

be the saturated vapour density at a temperature 7', and let ,ofl'm) (T') be the matching liquid
density. Introduce also the vapour-in-the-air diffusivity D, the shear and bulk viscosities
of air, ug and pup, respectively, and the specific gas constant R; of the liquid or its vapour
(i = 1), or the air (i = 2). The interface as a whole is characterised by its curvature C and
surface tension o.

All these parameters are macroscopic, i.e. they characterise the fluid as a continuum,
whereas the Korteweg matrix Kj is a microscopic characteristic. It describes the
intermolecular (van der Waals) force due to the liquid-liquid (Kj;1), air—air (Kp2)
and liquid—air (Kj2 = K>31) interactions. Macroscopically, K; determine the capillary
properties of the fluid and thus can be deduced from measurements of its surface tension
(see Appendix B). The numerical values of K;; determined this way for water and air are
presented later, in (3.12).

Let pl(+) be the macroscopic vapour density immediately outside the interface, and

let (n - V,ol)(+) be its normal derivative (where n is directed towards the air). Then the
generalised Maxwell boundary condition has the form

R oC

(+) (v.sat) 2

P = p exp | 2 pey 4 — 2| (L1)
1 1 |: R p](l.sat)R]T

where & is the relative vapour flux,
_ D@ Vo)

; 1.2
§ Eq (1.2)
and the parameter
1/2 (a)5/2 1/2
Ky p (R2T)
Ey = —22 42 (1.3)
s + Wb

will be referred to as the ‘vapour-emission capacity’ of the interface. Physically, Ey is
determined by a narrow zone at the outskirts of the interface, driven by the van der Waals
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force, pressure gradient and viscosity. The location of this zone suggests that it is a DIM
analogue of the Knudsen layer, i.e. the Knudsen layer plus the van der Waals force — which
is an order-one effect in the DIM, but is neglected by the standard Hertz—Knudsen kinetic
model.

The universal non-dimensional function A (&) that appears in (1.1) is also a characteristic
of the above-mentioned zone at the outskirts of the interface. It can be approximated by
the expression

ZIn(& + 3.2867) — 0.81571 1.3074

, 1.4
£ +3.2867 T E T30 (14

A§) =

obtained through a combination of asymptotics, numerics and curve fitting (see
Appendix C).

The term involving the curvature C in condition (1.1) describes the Kelvin effect, i.e. the
shift of the saturated vapour pressure near a curved surface (e.g. Eggers & Pismen 2010;
Colinet & Rednikov 2011; Rednikov & Colinet 2013, 2017, 2019; Morris 2014; Janecek
et al. 2015; Saxton et al. 2017). If the interface is flat (C = 0) and its vapour-emission
capacity exceeds the diffusive flux,

Eo > |-D(n- Vo)™, (1.5)

then (1.1) reduces to the classical Maxwell boundary condition.

This paper has the following structure. In § 2, Maxwell’s boundary condition is reviewed
briefly in application to evaporation of floating drops. Its generalised version is derived
in §3, and applied to drops in §4. In §5, the proposed model is compared to the
Hertz—Knudsen kinetic model, and further applications of the former are outlined.

2. The classical model
2.1. Formulation

Consider a mixture of two fluids with partial densities p;, where i = 1, 2. The first fluid
will be referred to as either ‘liquid’ or ‘vapour’ (depending on the phase it is in), and the
second fluid will be referred to as ‘air’.

Under the assumption of spherical symmetry, p; generally vary with the radial
coordinate r and time 7. In the classical model, however, one assumes that inside the drop

pr=p{", p=0 ifrer, 1)

where ,ol(l) is a known constant, and the drop’s radius r; depends on t.

Outside the drop, both densities do vary. The air density is much larger than that of the
vapour, but their variations are of the same order (as, physically, the pressure should be
spatially uniform). As a result, the variations of p, are relatively weak, so one assumes

pr=py" i re (ra,00), (2.2)

where the dry-air density ,oé“) is a known parameter. Note that, physically, pfl) and ,oé“) are
inter-related by the requirement that the pressure difference between the inside and outside
of the drop equals the capillary correction due to the curvature of the interface.

The classical model of evaporation also involves the liquid’s thermal conductivity «®,

air’s thermal conductivity « 9, saturated vapour density pfv's‘”) , vaporisation heat A, and
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vapour-in-the-air diffusivity D. The dependence of these parameters on the temperature 7'
is supposed to be known.

The classical model is usually combined with the quasi-steady approximation, based on
an assumption that the diffusivity and thermal conductivity are sufficiently large (which
they are indeed for water under normal conditions). Then the term dp; /97 in the diffusion
equation and the term 07 /9t in the heat-conduction equation can both be neglected. The
simplest version of the classical model also neglects the Stefan flow (which carries the
vapour away from the surface of the liquid), the Soret effects (the mass flux due to the
temperature gradient), and the Dufour effect (the heat flux due to the density gradient).

Then, for the spherically symmetric case, one obtains

d oT
— (r2 —> =0 ifre0,r), (2.3)
ar ar
9 (29p 9 (,0T :
_ V=0 = — ) =0 if , . 2.4
ar(r 8r> ’ ar(r ar ifr € (ra, o) 2.4
At the drop’s centre, the usual boundary condition applies:
oT
— =0 atr=0. (2.5)
ar
To formulate the boundary conditions at the drop’s surface, introduce
AT\ ® T
T® = lim T, (—) = lim —, (2.6a,b)
r—>rq+0 ar r—rqg+0 0r

where (P and () mean ‘just outside’ and ‘just inside’ the drop, respectively. Then the
continuity of the temperature and heat flux imply

T = T 4t r = T, 2.7)
O (=) =@ (Z2) =ipPa atr=r, (2.8)
or ar
where
d
P—— (2.9)
dr

As discussed in the Introduction, the classical model assumes the Maxwell boundary
condition for the vapour density at the drop’s surface, i.e.

(v.sat)

P1 =P, atr = ry, (2.10)
and the following conditions should be imposed on the vapour—air mixture far away from
the drop:

p1 = p\?, T—TY asr— oo (2.11)

To ensure that the liquid is evaporating — not condensating or being in equilibrium — let
the vapour at infinity be undersaturated:

p{a) - pfl.sat) (a) ’ (2.12)

971 A20-5


https://doi.org/10.1017/jfm.2023.667

https://doi.org/10.1017/jfm.2023.667 Published online by Cambridge University Press

E.S. Benilov

7T T T T T T
L 1 J
1.5+ —
2 3 J
o
QL L ]
2
= L J
Q
o) L J
[&]
210 €
[ - 4
S
° L J
&n
g L J
S
=
S L J
o]
Z 05 .
= ]
Q
(7 L J
0 1 1 1 1 I 1 1 1 1 I 1 1 1 1 I 1 1 1 1
15 20 25 30 35
T (°C)
Figure 1. The temperature dependencies of the saturated vapour density pfv"mo , vapour-in-the-air diffusivity

D, thermal conductivity @ of the air, and vaporisation heat A (all non-dimensionalised on their reference

values): (1) pl(”“mr) (T)/pl("“mt) (25°C), (2) D(T)/D(25°C), (3) kD (T) /@ (25°C), and (4) A(T)/A(25°C).
Curves (1)—(4) correspond to the empirical formulae of Wagner & Pruss (1993), Engineering ToolBox (2018),
White (2005) and Lindstrom & Mallard (1997), respectively.

(a.sat)(a) —

where p, pl(a'sa’)(T(") ). Finally, the velocity of the drop’s (receding) surface is
related to the evaporative flux by

3
pVig =D a—p atr=ry. (2.13)
r

Boundary-value problem (2.3)—(2.13) governs p1(r, t), T(r, t) and ry(¥).

(v.sat)

2.2. The dependence of p, onT

One’s experience with raindrops sitting on ones’s skin suggests that evaporative cooling
does not exceed several degrees. This seems to enable one to neglect the dependence
of the external parameters on the temperature — say, ‘freeze’ them at 7 = T¥. Such
an approximation is indeed applicable to all parameters but one — namely, the saturated

vapour density ,o{”'sm).

This claim is illustrated for water in figure 1. One can see that the relative change of

.sat ..
p{v $41) across the room temperature range exceeds those of the remaining parameters.

In this paper, the dependence pl(v'sm)(T) is approximated by Antoine’s equation
(Antoine 1888). If written in terms of the density — as opposed to the pressure, as in the
original formulation — it takes the form

(v.sat)

T T

P _ A (——A) , (2.14)
PA T
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where, for water,
pa = 6.6326 x 10*kgm™, Ty = 5292 K. (2.15a,b)

These values have been obtained by fitting (2.14) to the high-accuracy IAPWS empirical
formula (Wagner & Pruss 1993) for the room temperature range. The relative deviation of
the two formulae is less than 0.23 %, which is much better than the accuracy of Antoine’s
equation with p4 and T4 taken from a thermodynamics handbook.

Not only does Antoine’s equation provide an accurate approximation, but it also has
physical meaning. As shown by Benilov (2020), (2.14) describes the generic van der Waals
fluid in the low-temperature limit — i.e. when 7 is much closer to the freezing point than

to the critical point. Observe also that Ty is large, which is what makes the dependence of

pl(v"mt) on T strong.

Equation (2.14) can be rearranged conveniently using a reference temperature (as done
by Sobac ef al. 2015). Choosing that to be 7¥), one obtains

(v.sat) (@)
T T, T,
P e (--A 44 ) , (2.16)

san@ T T ' T@
P1
where ,ofv'sm) @ s the saturated vapour density at infinity. One can further assume (7(¥ —
T)/T® « 1 and reduce (2.16) to
. T,
(v.sat) _ (v.sat)(a) A ()
0y =P, exp [_T(“)2 (T-T )] . (2.17)

Observe that even if T is close to T(?, the expression in the square brackets can still be
order-one (because Ty > T@).

2.3. Solution of boundary-value problem (2.3)—(2.13)
Equations (2.3)—(2.4) can be solved readily as

consty .
T = const| + ifr e (0, rg), (2.18)
consty constg .
p1 = constz + , T = consts + if r € (rg, 00), (2.19)
r

where the constants of integration can be fixed via boundary conditions (2.5)—(2.11):

PO
const; = T@ 4 rard ! @ const) =0, consty = pl(a),
K
0]
A
consty = ryg |:,o§”'sm) (T(“) + raig 'OKI @ ) — pfa):| ., consts = T9, (2.20a—f)
I
2. :0§ ‘A
constg = rqrd T
K

Recalling (2.16) for ,ol(v'sat) and (2.13) for 14, one obtains

O] 0
P . Tap, A . _
D@ " P pan, q Tare = H, (2.21)
il N e’
—
diffusion non-isothermality

971 A20-7
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where
o\

= » iv.sat)(a)

H (2.22)

is the relative humidity of air far away from the drop.

Ordinary differential equation (2.21) determines r4(7); the terms on its left-hand side are
labelled according to their physical meanings.

Equation (2.21) yields the following expression for a drop’s time of evaporation:

1
xp?

_ 2
te - rd(o) ZDp{U'Sat)(a) ’

(2.23)

where r4(0) is the drop’s initial radius, and x is the solution of the non-dimensional
algebraic equation

—x + exp(—ax) = H, (2.24)
with
TAD (v.sat)(a)A
_AYh 4 (2.25)
T(@2(a)

Formula (2.23) is often referred to as the ‘d” law’, where d is the drop’s diameter.

It is instructive to estimate « for, say, the midpoint of the room temperature range,
T@ = 25°C, and pressure 1 atm. Letting the liquid be water, one can use the NIST online
calculator (Lindstrom & Mallard 1997) to obtain

P’ =997.05kgm™3, p" @ = 0.023075 kgm™, A =2441.7kI kg,
(2.26a—c)
whereas for air, Engineering ToolBox (2003, 2009, 2018) yield

P =1.184kgm™>, k@ =00224Wm 'K, D=249x 107 m>s7"
(2.27a—c)
Substituting values (2.26)—(2.27) into (2.25), and recalling the value in (2.15) for T4, one
obtains

o ~ 3.1828. (2.28)

2.4. Discussion

It is interesting to assess the importance of non-isothermal effects by comparing the above
model with its isothermal reduction. It can be verified readily that the latter amounts to
taking in (2.24) the limit « — 0, so that x = 1 — H. Denoting the isothermal time of
evaporation by 7,, one obtains

t
fe 49 (2.29)

t, 1—-H
It turns out that the isothermal approach noticeably underpredicts the evaporation time.

The largest discrepancy is observed at high humidity, in which case (2.24) can be
971 A20-8
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Figure 2. The time of full evaporation of a water drop of radius 16 pm versus the temperature. The curves are
marked with the corresponding relative humidity (in percentage).

—_
W [TTTT
(3]
(=]

solved asymptotically. Assuming estimate (2.28) for «, one obtains

11
~ —>a+1~418 asH— 1. (2.30)
e
The smallest discrepancy, in turn, is observed at low humidity. Solving (2.24) with H = 0
numerically, one obtains

le

7 ~ 295 forH=0. (2.31)

e

Evidently, the isothermal model may yield a significant error in the whole range of H,
which agrees broadly with conclusions of Sobac et al. (2015), Cossali & Tonini (2019) and
Finneran (2021).

It is also interesting to calculate the time of evaporation of a typical ‘cough drop’
(through which COVID-19, flu, etc. are spread). The radii of such drops are typically
between 0.5 and 16.0 pm (Yang et al. 2007). The largest drops from this range survive
the longest — hence are the most dangerous when spreading the disease. The dependence
t, on T for this case is illustrated in figure 2.

3. The generalised Maxwell boundary condition as described by the diffuse-interface
model

Unlike the classical model where the drop’s boundary has zero thickness, the DIM
assumes the liquid and air to be separated by a finitely thin interface where the partial
densities p; vary smoothly. In this section, the DIM will be used to derive a model of
evaporation that takes into account interfacial physics.

Mathematically, the interface should be viewed as an inner asymptotic region separating
the outer regions of liquid and air. The DIM describes them all, but it can be simplified
depending on the region to which it is applied.

971 A20-9
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First, one can take advantage of the fact that the temperature field associated with
evaporative cooling occurs at a macroscopic scale (e.g. the drop’s radius). The interface,
on the other hand, is microscopic — hence the temperature change in it is negligible, and it
can be examined via the isothermal version of the DIM.

One should still account for the temperature dependence of the saturated vapour density
(which was found to be important in the classical model) — but there is no need to use the
full non-isothermal equations just for this. Instead, one can use the classical (macroscopic)
model to calculate the temperature field and then use it to prescribe the correct value of
p{v's“t)(T) near the drop. This workaround allows one to avoid cumbersome calculations
associated with non-isothermality, yet obtain the same result.

One can also consider first a flat interface. Once the generalised Maxwell boundary
condition has been derived for this case, the pressure difference due to the capillary effect
can be incorporated readily into it.

3.1. The governing equations

Let z be the vertical Cartesian coordinate, and let w be the vertical velocity of the mixture
as a whole. Introduce also the pressure p, and keep in mind that it is not an independent
unknown: since the DIM assumes the fluid to be compressible, p is a known function of pp,
p2 and T (the equation of state). The shear and bulk viscosities — ¢y and pp, respectively —
are also known functions of the same arguments.

Introduce the partial chemical potentials G| and G;. Their thermodynamic definition is
given in Appendix A.1 — but technically, one can simply treat them as given functions of
01, p2 and T, such that

d 0G;
L=y (3.1)
3,0j 3pj

i

In the low-density limit, p and G; tend to their ideal gas approximations:

p~ Y Ripi. Gi~RiTlnp asp— 0, (3:2)
i

where R; are the specific gas constants. For water and air, they are
Ry =461.53m*s 2K, R, =28941m?*s 2K, (3.3a,b)

with R calculated as the 70/30 weighted average of the gas constants of nitrogen and
oxygen.

The DIM comprises the standard hydrodynamic equations involving an undetermined
external force F;, which will be identified later with the van der Waals force. Under the
slow-flow (Stokes) approximation, a compressible isothermal binary fluid is governed by

a(p1 + d + ad 0 +J
(o1 +p2) o1+ p2)w] _ 0, P, (prw+J) _ 0. (3.4a.b)
ot 0z ot 0z

ap a aw
—=—\n—|)+piF1+ p2F2, (3.5)

dz 0z 0z

where the effective viscosity is
4

n= 3s + b, (3.6)

971 A20-10
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the diffusive flux is (e.g. Giovangigli 2021)

G Gy
J=D\F\———-F+—, 3.7
0z 0z
and D is the diffusion coefficient.

To understand the relationship of D with the diffusivity D from the classical model,
assume that the fluid is diluted, so that the van der Waals force is negligible (; = 0) and
the chemical potentials are given by (3.2). As a result, (3.7) reduces to

RiT 0 R,T 0
J~D ( T o1 RoT 9pa

p1 0z P2 0z

Let the vapour density be much smaller than that of the air (p; < p2), but let their
variations be comparable (dp1/dz ~ dp2/9z) — so that the above expression reduces to

) as p; — 0. (3.8)

RiT 9
J~-DZ P 0.2 o, (3.9a,b)
P10z P2
A comparison of this expression with that for the classical diffusive flux yields
D~LD asp—02 o (3.10a,b)
rRT 02

For a dense mixture of fluids with comparable densities, D cannot be deduced from D, but
its dependence on (p1, p2, T) is supposed to be known from measurements.

For a multicomponent flow, the (one-dimensional) DIM approximation of the van der
Waals force is (Benilov 2023a)

83,0]-
Fi=) Kims 3.11)
J

where the Korteweg matrix Kj; characterises the interaction of molecules of components i
and j (Newton’s third law implies K;; = Kj;). For the water—air combination, the Korteweg
matrix is (see Appendix B)

K1 Kip - 1.87810 0.84978 17 7 =2+ —1
[K21 K22] = [0.84978 1.36880] x 1077 mTs ke (3.12)
Next, the pressure term in the momentum equation (3.5) can be rewritten conveniently in
terms of the chemical potentials. Using identity (3.1), one obtains
0G| G, ad ow
pPr——+tpp——=—|\n-)+p,Fi+ p2F2. (3.13)
0z 07 0z 0z
This equation and (3.7) can be viewed as a set of algebraic equations for F; — dG1/dz and
F> — 0G>/0z. Solving these equations and recalling (3.11) for F;, one obtains

] 3% p; 1 [ d [ ow pz]j|
— Kii— -G | =—- — (=) -==1, 3.14
0z ; U522 ! o1+ p |0z (77 82) D G149
9 3%p; 1 [a < 8w> le]
— Ki—2 -G, | =— —(n—)+=1. 3.15
0z ; 52 2 p1+p2 [0z T8z D (.15

Equations (3.4) and (3.14)—(3.15) determine the unknowns pp, p2, w and J.
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3.2. Non-dimensionalisation

In what follows, the vertical coordinate z will be non-dimensionalised on the interfacial
thickness z, which implies that distances should be measured from the current height
Z(¢) of the interface. Mathematically, this corresponds to the change of variables (z, 1) —
(Znew thew), Where

Znew =2 — Z({),  lnew = 1. (3.16a,b)

Rewriting (3.4) in terms of the new variables, introducing Z = dZ/dz, and omitting the
subscript ¢, One obtains

3 .0 3
(o1 +p2) _ 002 Ollp1 + p2)wl _ 0. (3.17a)
ot 0z 0z
3 .9 3 J
dor 50 dpwt D) (3.17b)
ot 0z az

whereas (3.14)—(3.15) remain the same as before.

There are three density scales in the problem — the liquid density, the air density
and the saturated vapour density. Since they differ from each other by orders of
magnitude, no single scaling of p; would fit all the asymptotic regions. Still, a ‘generic’
non-dimensionalisation is needed, so let the density scale be that of air, p = ,oéa).

Introducing the air viscosity scale 7, define the characteristic pressure and velocity by

1_7 = T’ w= > (3'18a3b)
<

respectively. These choices for p and w correspond to an asymptotic regime where the
pressure gradient, viscous stress and van der Waals force in the momentum equation (3.5)
are of the same order.
Let 7 be the evaporation time scale, and introduce
Z
e =,/=—=. (3.19)

w

This parameter is responsible for the quasi-steady approximation — hence it is expected to
be small. Another important parameter is the advection/diffusion ratio, defined by

- _2_
SRS (3.20)
Dp
where D is the characteristic value of the diffusion coefficient D.
The following non-dimensional variables will be used:
t Z
Ind = =, Zpnd = =,
t Z
Pi w J
Pdnd ==+ Wnd=-—, Jua=-—=, Zna=¢Z, } (3.21a—j)
0 &w EPW
n Kij o
Md ==, Du==, EKpu=—=, (Gu= =G
] D p
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Rewriting (3.14)—(3.17) in terms of the non-dimensional variables, and omitting the
subscript 4, one obtains

0 92 ,oj € [8 ( 8w> szi|
— K - — — (=) —-86== 3.22
0z Z Va2 P14+ p2 L0z 7 0z D (3-22)
G] 32 ,0] € [8 ( aw) ,01J1|
— K = — —\n=)+s—]. 3.23
3z Z ¥ 92 pr+p2 Loz \ oz D (5-23)
Lot Mt p)w=2D1 0 dpr A=) +J1_
ot 9z BT} 9z '
(3.24a,b)

Evidently, the non-dimensional equations (3.22)—(3.24) can be transformed back to their
dimensional versions, (3.14)—(3.17), by setting ¢ = § = 1. This shortcut will be used for
re-dimensionalising the results obtained.
In what follows, one will need the non-dimensional versions of the low-density
expressions (3.2) for p and G;, and (3.10) for D. To obtain these, introduce
Rp =2

Toy=-LT. Dy="L_D, (3.254,b)
P

Dp

where R is the characteristic gas constant. Rewriting (3.2) and (3.10) in terms of
Tnq and D4, and omitting the subscript ,4, one can verify that the dimensional and
non-dimensional versions of these expressions look exactly the same.

3.3. Non-dimensional parameters

Let the characteristic value of the Korteweg parameter be that of dry air, K = K»,, given
by (3.12). The characteristic values of the rest of the parameters are given by (2.26)—(2.27)
and (3.3).

For common fluids, the room temperature range is much closer to the freezing point
than the critical point (e.g. for water, the former is 0 °C and the latter is 374 °C). In such
cases, the interfacial thickness 7z is comparable to the liquid’s molecular size — i.e. several
angstroms — as confirmed by both experiments (e.g. Verde et al. 2012; Pezzotti et al. 2017)
and molecular simulations (e.g. Liu et al. 2005; Pezzotti et al. 2017; Dodia et al. 2019; and
references therein).

To obtain an estimate of 7 from within the DIM, one can use the particular case of an
equilibrium interface. It is examined briefly in Appendix A.2 for the parameters specific
to the water—air combination listed in Appendix B. The resulting profiles of the water and
air densities are shown in figure 3, suggesting that the interfacial thickness is

7~ 5A. (3.26)

This value exceeds the water’s molecular size by a factor of 2-3 (depending on how it is
defined).

According to (3.19), ¢ depends on the time scale 7 — which, in turn, depends on the
evaporation rate — hence ¢ can be estimated only in application to a specific setting.
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Figure 3. A schematic illustrating the asymptotic structure of the solution. The curves pj(z) and p;(z) describe
a flat equilibrium water/air interface at 7 = 25 °C, computed using the DIM (see Appendix A.2). The scale of
the horizontal axes in both panels is logarithmic. The height of the non-shaded region is used as an estimate
for the interfacial thickness z.

Assuming that to be a drop of radius r4, one can use the continuity of the advective mass

flux to relate r; to w, we have
. 1A —
rap\) ~wpl®. (3.27)

Expressing w from this equality, substituting it into definition (3.19) of &, and
approximating 7z by r4/1, one obtains

(3.28)

Luckily, this expression no longer involves 7 (which is unknown without further
calculations). Then for r; between 1 wm and 1 nm, the above expression shows that ¢

is between 0.771 x 1073 and 2.44 x 102 —i.e. it is small.

To estimate 8, estimate the diffusion coefficient by D = Dp?/p, where D is the standard
vapour-in-the-air diffusivity. Then (3.18) and (3.20) yield

_k7
S

Estimating the viscosity of air at 25 °C using the results of Shang et al. (2019), one obtains

b (3.29)

7=420x10 kgm™!s7!, (3.30)
for which (3.29) yields § ~ 1.83 x 10~3. Thus one can assume that

IKek . (3.31)
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In addition to ¢ and 8, the problem involves two ‘hidden’ small parameters:

,O(a) p(v.sat)
@D =2 ~119x1073, WO =1 ~195x 1072 (3.32a,b)

[
pl? oY

The presence of four independent small parameters makes the analysis awkward: they arise
in various combinations, and each time, one has to check whether these are large, small or
order-one. In particular, the following estimates will be needed:

e2e@/Dew/a) g2 @a/h

. ~3.84x 1072« 1, (3.33)

oo 0.938 x 107 « 1. (3.34)

Thus all of the above parameter combinations will be assumed small.

3.4. The boundary/matching conditions

When applied to the interface (inner region), (3.22)—(3.24) need boundary conditions at
large z. These are to be obtained via matching the inner solution to those in the liquid and
air (outer regions). The former is trivial: since the liquid is homogeneous and at rest, the
interfacial solution should satisfy

pi = p? asz— —oo, (3.35)

w—0, J—>0 asz— —oo. (3.36)

Unlike the classical model where ,ol.(l) are external parameters, the DIM determines them as

functions of the pressure and humidity of air. The DIM also describes dissolution of air in
liquid — hence pg) # 0. This quantity is very small and thus unimportant both dynamically
and thermodynamically.

The matching between the interface and air is less trivial: it can be carried out only
after examining the large-distance behaviours of the inner solution and choosing the one
that matches the outer solution. The properties of the latter are easy to guess: it should be
such that p; < py (small vapour concentration in the air), and the variations of p; and p»
should be such that the total pressure is spatially uniform (e.g. Ricci & Rocca 1984; Mills
& Coimbra 2016).

To verify that (3.22)—(3.24) admit such an asymptotic solution, let

0i = pl.(+) + 85/0!-,(+)Z + 0(828, 852), w=wh 4 O(e), J= JH 4 O(e),
(3.37a—c)

) ()

, etc. depend on ¢ (but not on z) and may involve the hidden small

)
i

. P
parameters € /D and € /9 Tt turns out that only p

where pi(+
is independent in these expansions,
with the other coefficients being expressible through ,ol.(+).

To find how w(*) and J™) depend on ,ol.(+), observe that to leading order, (3.24) can
be integrated. Using boundary conditions (3.35)—(3.36) to fix the constants of integration,
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one obtains

0] O]

) 0]
) + ) _
w=—z (PP ) fow), J=-2P1P27 P L o6y, (3.38ab)
o1+ p2 p1+ p2
which entails
) ) 0 _(+) +) (D
W = 7 < P T+ P - 1) JH = _7 PL P =P P (3.39a,b)
- (+) +) ’ - +) +) ’ o
Py P Pyt 0;

To calculate pl{(ﬂ, one should substitute the expansions of w and J into (3.22)—(3.23).

Since air is a diluted fluid, the effective viscosity does not depend on the density (e.g.
Ferziger & Kaper 1972), i.e.

n~mno asp;—>0, (3.40)

where no depends only on 7. This property implies that when expressions (3.38) are
substituted into (3.22)—(3.23), the linear term in the expansion for w cancels out. The
quadratic term does not, but its contribution is much smaller than that of J© (due to
estimates (3.33)), and to leading order, one obtains the following algebraic equations for

+
pl{( ):

+ (+)
Z 3G +) ) 05 _](+) (3 41)
i Py %)
+ (+)
) (@y N e (3.42)
T\ 9pi C DB+ i)

where D) = D(pfﬂ, p§+), T) and

0p; apl.(+)
Given the smallness of the air-to-liquid and vapour-to-air density ratios (3.32),

(3.41)—(3.42) can be simplified. Using the diluted-fluid expressions (3.2) and (3.10) for
G; and D, respectively, and keeping the leading order only, one obtains

OF
P Z
=5 (3.44)
Ry

Equality (3.44) is the desired matching condition; it can also be viewed as the relationship
of the speed Z of the interface to the vapour flux Dp’ (), whereas (3.45) is the standard
condition of constant pressure for diffusion in diluted fluids. As mentioned before, both
conditions are obvious physically, but it is still important to verify that they are intrinsic to
the DIM formalism.
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3.5. The interfacial asymptotic region

Three asymptotic zones exist within the inner (interfacial) region,

Zone 1 (mostly air): 1 K ;2 K p(l),
Zone 2 (air—vapour mixture): p; ~ p3 K p(l), (3.46)
Zone 3 (mostly liquid): p2 & p1 ~ p¥.

Note that Zone 1 is not part of the air region: in the latter, the air density is nearly uniform,
P2~ ,oéa), whereas in the former, variations of p, are comparable to péa).

A schematic illustrating the asymptotic structure of the problem can be found in figure 3
(which is computed for the equilibrium interface, i.e. that where the relative humidity of
air is H = 1). Its most counter-intuitive features are the local maximum and minimum of
the air density p2(z) in Zone 2. Note that they both disappear in the limit Kj» — 0 (see
figure 11 of Benilov 2023a). One can thus assume that the maximum of p; is created by
the van der Waals force exerted by the bulk of the liquid by attracting a certain amount
of air towards the interface. The existence of the minimum of p; is harder to understand,
but it is dynamically unimportant anyway. The air density is extremely small there — even
smaller than that of the air dissolved in the liquid — and they both have a minuscule effect
on the dynamics of the rest of the fluid.

It turns out that only Zone 1 contributes significantly to the evaporation rate, whereas
the contributions of Zones 2-3 are negligible. To understand why, recall that the fluid
density in the latter two zones exceeds that of the vapour component of air by an order of
magnitude. As a result, Zones 2-3 are close to equilibrium (the fact that the ‘outside’ air
is undersaturated cannot perturb them too much). Thus Zone 1 is the only region out of
equilibrium — hence it is the only place where irreversible processes, such as evaporation,
can occur.

The calculations associated with Zones 2-3 can be avoided via a certain workaround
developed by Benilov (2022b, 2023b) for evaporation of pure fluids. The workaround
involves the following two steps.

(i) Equations (3.22)—(3.24) can be rearranged in such a way that the velocity Z of the
interface is expressed in terms of the fluid’s known parameters (relative humidity,
etc.) and a certain integral of the solution.

(i1) The contribution of Zone 1 to this integral exceeds the contributions of Zones 2-3 by
an order of magnitude. Thus to evaluate this integral asymptotically, it is sufficient
to find the solution only in Zone 1.

3.5.1. Calculation on
Recall that matching conditions (3.44)—(3.45) emerged from the governing equations at the
order of O(¢4). Finding Z does not require going that far, as the terms in (3.22)—(3.23) that
involve Z are O(¢g). The terms O(J) in these equations can also be omitted (as suggested
by the estimates in § 3.3).

Substitute expressions (3.38) for w and J into (3.22)—(3.23), and, keeping the terms up
to O(¢g), obtain

9 92p; ez ol o [(p"+pd
o Y K -Gi| = — = (2—22)]. (3.47)
Z I 9z p1+ 2 0z az\ p1+p
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9 92 ez ol 8 (0?4 ,®
Sl DY) SR Yo Ll (B | (3.48)
0z I 0z p1+p20z| 9z \ p1+

Keeping the same accuracy in boundary condition (3.37), one obtains

pi = pP asz— 4o0. (3.49)

Now, integrate (3.47) and (3.48) with respect to z from —oo to +o00. Recalling boundary
conditions (3.35) and (3.49), one obtains

GV -G = —s74, (3.50)
where
+00 1 9 0] + ) 9
A :/ 0 | (o +py 317 (p1+ p2) d. (3.51)
—co P1LHP292( (p1+ p2) 9z
Next, consider the combination
+o0
/ [p1 x (3.47) 4+ pr x (3.48)]dz. (3.52)
—00

Integrating by parts the terms involving the third derivatives, take into account boundary
conditions (3.35) and (3.49), and recall identity (3.1) to obtain

pV —p® =o. (3.53)

Thus the pressure in the liquid coincides with that in the air (as expected physically).

Equalities (3.50) and (3.53) relate the (unknown) liquid densities ,ol.(l) and the velocity

Z of the interface to the air parameters (marked with (t)). In addition, Z is also related to
the air parameters by equality (3.44). If two of these three equalities are used to eliminate
pl.(l) and Z, then the remaining one will inter-relate the air parameters and thus turn into
the generalised Maxwell boundary condition (GMBC).

To eliminate ,oia) from equalities (3.50) and (3.53), recall that equations of state of

liquids at normal conditions are typically such that even a minuscule change of the density
gives rise to a huge change of the pressure. This means effectively that pi(l) is close to its

saturated value, ,oi([) ~ ,oi(l"mt) — so that (3.50) becomes

G — G = —eZa. (3.54)

In the state of saturation, the chemical potentials of the liquid and vapour are equal (see
Appendix A.2) — hence one can change in the above equality Ggl'm’) — GEU"W). Then,
using for both G(lv"mt) and G§+) the diluted-fluid expression (3.2), one obtains

(L.sat) PEH (+)

.sa /

ey 'RiTIn CvsaD =¢eDp,; A (3.55)
1

This is, essentially, the GMBC.
With A calculated (see the next subsubsection), equality (3.55) inter-relates the

near-interface vapour density p§+) and its gradient p{(” . If ¢ =0, then (3.55) yields
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p{+) = p%”‘”), which is the classical Maxwell boundary condition. If, however, ¢ is small

but not zero, then p§+) can differ significantly from pfv'sm) — because A can actually

be large, so that eA ~ 1. This does not violate the employed asymptotic approach: it
requires only ¢ < 1, which makes the time derivatives in (3.24) small and thus justifies
the quasi-steady approximation.

3.5.2. Zone 1 of the interfacial asymptotic region

The coefficient A arises in all problems where the DIM is applied to evaporation or
condensation — but, so far, it has been calculated only for pure fluids and the case where the
relative humidity is close to unity (Benilov 2020, 2022a,b, 2023b). The calculation of A for
a binary mixture and arbitrary humidity is more complex technically, but the underlying
idea is the same.

It is based on the observation that the main contribution to (3.51) comes from the zone
where p1 + p2 is small, but its derivatives are relatively large — i.e. near the air region, but
not in it. This means effectively that (3.51) can be calculated asymptotically by considering
Zone 1 only (see its definition at the beginning of § 3.5).

Before presenting the scaling of Zone 1, it is instructive to apply the ‘obvious’
approximations — i.e. take advantage of the diluted-fluid expressions (3.2), (3.10) and

(3.40), plus neglect p; and pél) if they appear next to p, and ,01(1), respectively. As a result,
(3.47)—(3.48) and (3.51) become

0 9% p2 ) W M0 97 (1)
— | K12 —— — RiTIn =¢ep, ' Z——|— ), 3.56
8z( 2573 1T1n p; 01 2 92 \ s (3.56)
9 9%p2 ) ;M0 8 ( 1 )
— | Kyp —— — RTIn =ep, L ——=\|— 1, 3.57
8z( 275 2T In o 01 2 92 \ 3 (3.57)
+o 1 5 (1 ap
A= nopy)/ —— |5 )d (3.58)
—0o P2 0Z 05 0z

The most general asymptotic limit is when the three terms in (3.57) are of the same order,
which implies the rescaling

Kaps? 2 E
2 + J 0
=20+ ( RoT ) Znews Pi = ;0,‘( ) (Ioi)new , Z= _8_1(1) &, (3.59a—c)

)
p"RoT
Eyp

A= Anew s (360)

where zo is the ‘location’ of Zone 1, Ey is given by (1.3) of the Introduction, and the
minus in the expression for 7 is introduced to make £ positive (recall that evaporation
corresponds to Z < 0). Since the problem under consideration is translationally invariant,
the actual value of zg does not feature in, and is not needed for, any leading-order results.
One does not need (3.56) either, because now A depends only on ps.
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Figure 4. The function A(§). Note that in the right-hand half of the figure, the scale of & is logarithmic.

Substitution of (3.59)-(3.60) into (3.57), boundary condition (3.49), and (3.58) yield
(with the subscript ,,,, omitted)

d (3°p ) £ 92 < 1 )
— (=g )= — (=], 3.61
0z ( 072 P2 02 972 \ p2 (3.61)
p — 1 asz— +oo, (3.62)
to 1 9 (10
A =/ — (52 (3.63)
—o0 P2 02\ p; 0z

As shown in Appendix C, boundary condition (3.62) is sufficient to uniquely fix the
solution of (3.61), making it unnecessary to examine the other asymptotic zones of the
interfacial region.

It can be derived readily from (3.61) that

2~ 2 In(—z) asz— —oo. (3.64)

The growth of py(z) as z — —oo in Zone 1 agrees with the fact that this function has a
local maximum in Zone 2 (see figure 3). Asymptotics (3.64) also guarantees that (3.63)
converges at the lower limit.

The function A(§) was computed numerically using the algorithm described in § C.2;
the result is plotted in figure 4. For practical use, however, it is more convenient to use the
approximation formula (1.4) (for more details, see § C.3).

3.5.3. Summarising the GMBC for flat interfaces
Recall that the dimensional variables can be recovered by setting ¢ =& = 1. Then
equalities (3.44) and (3.59) yield a dimensional relationship of the near-interface air
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density pﬁ) and its gradient p;(+),
= 3.65
§ Eq (3.65)
and (3.55) yields
: Ry
it =i exp [_E SA(S)] . (3.66)

Equalities (3.65) and (3.66) inter-relate the near-surface vapour density pfﬂ and its normal

derivative ,o;(+), hence they constitute the generalised Maxwell boundary condition (for
flat interfaces), as required.

3.5.4. Curved interfaces

Interfacial curvature influences evaporation via the so-called Kelvin effect, i.e. by changing
the effective saturated vapour pressure near the liquid’s (curved) surface. This effect can
be incorporated readily into the analysis under the assumption that the curvature radius is
much larger than the interfacial thickness. This has been done, and the result has turned
out to be physically obvious: the Kelvin effect adds a new term to the pressure condition
(3.53),

p(l) —p(+) = ¢Co, (3.67)

where C is the interfacial curvature, and o is the surface tension. (The DIM expression for
o is given by (B8) of Appendix B.)

The extra term in the pressure equation entails an extra term in the GMBC: instead
of (3.60), it becomes (1.1) of the Introduction, whereas definition (3.65) of the relative

evaporation rate & coincides with (1.2) if one sets pi(+) =(n-Vp)H.

4. Evaporation of drops as described by the generalised model

To compare the generalised model to the classical one, the former will be applied to
evaporation of floating spherical drops. To do so, one needs to replace the classical
boundary condition (2.10) with its generalised version (1.1), and leave the rest of the
governing set (2.3)—(2.13) the same as before. The ensuing algebra is also the same as
before, and one eventually obtains the following differential equation for r;(¢):

(Lsat) (l.sat)
s Fara + exp —TAZ L (H)A rara— Reae) + e m)za —H,
Dp;"" T @2 Ry 28 R T@ry,
diffusion non-isothermality interfacial effects Kelvin effect
4.1
where
_p(l.sat) i’d
1
=2 4.2
§ Eq 4.2)

is the ratio of the evaporative flux to the interfacial emission capacity (the latter given by
(1.3)).
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Equations (4.1)—(4.2) generalise the corresponding classical result (2.21). The term
involving A(§) in (4.1) describes emission of vapour by the interface, and the term
involving o gives the shift of the effective saturation pressure near a curved surface. The
remaining two terms on the left-hand side of (4.1) are the same as those in its classical
counterpart (2.21).

The classical and modified models — described by (2.21) and (4.1), respectively — are
compared in figures 5(a,b). For figure 5(a), both were treated as algebraic equations for
the non-dimensional evaporation flux £ with the drop’s radius r, being a parameter — so
that the result is the dependence & versus ry. Figure 5(b), in turn, shows the dependence
of the time of full evaporation on the drop’s initial radius.

The following features of these figures should be observed.

®

(i)

(iii)

(iv)

v)

(vi)

The (classical) d? law states that 7, ~ rf,, which is why curve (M) in figure 5(b) is
a straight line with slope 2. In figure 5(a), curve (M) is also a straight line, but its
slope is —1 (which agrees with the corresponding result of the classical model).
The shaded areas in figures 5(a,b) mark the region & < 1, where the two models
are supposed to yield similar results — and indeed, they do. The value of ry
corresponding to & = 1isry & 2 pm.

For smaller r;, curves (M) and (B) begin to diverge. The difference between the
classical and generalised results peaks when the drop’s radius is close to, and slightly
less than, ry = 10 nm.

A similar effect is observed in models resolving or parametrising the Knudsen
layer (Long et al. 1996; Haut & Colinet 2005; Landry et al. 2007; Jakubczyk et al.
2012; Hotyst et al. 2013, 2017; Rana et al. 2018, 2019; Zhao & Nadal 2023).

For drops with rz < 10 nm, the Kelvin effect ‘kicks in’: it increases the effective
saturated pressure and thus accelerates the vapour emission by the interface — as a
result, curves (M) and (B) re-converge.

To verify this explanation, the four terms of (4.1) have been computed individually
and plotted in figure 5(c). Evidently, evaporation of small drops is governed by
the balance of interfacial effects and the Kelvin effect. Non-isothermality is less
important, whereas the diffusion of vapour in the air is unimportant.

A general criterion of importance of the van der Waals force relative to diffusion can
be obtained by estimating the characteristic ratio B of the second term in the square
brackets in (4.1) to the first term. Recalling (4.2), one obtains

RZAT(a)ZK (a)

- - (4.3)
RiraEoTs A

where A is a characteristic value of the function A(&). The van der Waals force is
important when B 2 1, which amounts to

RZAT(G)ZK (@)
raS
R1E)T4 A

For the parameters of water at 25 °C and with A = A(0) A 0.14219, one obtains ry <
0.4 wm, which agrees qualitatively with the fact that curves (d) and (i) in figure 5(c)
intersect at ry ~ 1 pm.
Figure 5(c) also suggests that for large drops (say, ry 2 0.1 pwm), the Kelvin effect is
negligible, which agrees broadly with the estimate of Sobac et al. (2015) .

It is worth emphasising, however, that this conclusion applies only to large floating
drops, whereas large sessile drops can be still influenced by the Kelvin effect via the

(4.4)
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Figure 5. Characteristics of an evaporating spherical drop versus its radius, for 7 = 25°C and relative
humidity H = 50 %. Curves (M) and (B) are computed using Maxwell’s classical model and its generalised
version, respectively. The numbers in the ellipses show the relative deviations of curve (M) from curve (B).
(a) The evaporative flux normalised by the emission capacity of the interface (where & is defined by (4.2)). (b)
The time of evaporation. The shaded areas of (a) and (b) correspond to £ < 1, which is where the classical
model is supposed to work. (¢) The four terms (effects) in (4.1).
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highly curved part of their surface near the contact line (e.g. Deegan et al. 2000;
Dunn et al. 2009; Eggers & Pismen 2010; Colinet & Rednikov 2011; Rednikov &
Colinet 2013, 2019; Morris 2014; Stauber et al. 2014, 2015; Janecek et al. 2015;
Sédenz et al. 2015; Saxton et al. 2016, 2017; Wray, Duffy & Wilson 2019; Williams
et al. 2020).

Overall, figures 5(a,b) should be viewed as an argument in favour of the GMBC at
scales < 1 wm, whereas figure 5(c) provides a physical explanation as to why.

5. Concluding remarks

Since the main result of this paper has been summarised in the Introduction, it only
remains to comment on further applications of the proposed model and its connections
with other models of evaporation.

®

(ii)

(iii)

(iv)

Apart from drops, the generalised Maxwell boundary condition can be applied to
menisci — and if their radii are small, then the GMBC should produce results more
accurate than those of the classical model. This should be important for diffusion of
fluids in porous media with small pores.

Note also that interfacial effects are particularly strong for concave menisci, in

which case the Kelvin effect works with the interfacial effects, not against them. This
should make the difference between the predictions of the classical and generalised
models larger than that for convex menisci and drops.
For flat and cylindrical interfaces, the results obtained via the two models converge
with time. In both cases, the diffusion equation does not have a one-dimensional
solution describing a steady flux of vapour towards infinity, which effectively means
that the throughput of air is zero. As a result, after a sufficiently long time, the air
near the interface gets almost saturated.

At finite times, however, the classical and generalised models yield different

results even for cylindrical and flat interfaces.
A sessile or pendant drop — especially that with moving contact lines — evaporates
differently from floating ones. Its surface is highly curved near the contact lines,
changing the local evaporation rate. To account for this effect is not a straightforward
task, however, as the flow inside the drop is not one-dimensional in this case.

One might hope that the generalised model might explain the problem of

abnormally small Navier slip arising for several liquids, including water (Podgorski,
Flesselles & Limat 2001; Winkels et al. 2011; Puthenveettil, Senthilkumar &
Hopfinger 2013; Benilov & Benilov 2015).
All of the problems listed above are easier to solve using the quasi-static
approximation. One should keep in mind, however, that Finneran et al. (2021)
compared that with the transient solution of the governing equations (for the
classical model) and observed that at high pressure, the quasi-steady approximation
overpredicts the droplet lifetime by up to 80 %.

One might conjecture that the difference between the transient and quasi-steady
approaches is due to the fact that the latter implies that the mass of evaporated
liquid is infinite. Indeed, the steady solution of the spherically symmetric diffusion
equation for vapour is ~1/r — hence the integral of this solution over the region
between the drop’s surface and infinity diverges.

Thus for the quasi-steady solution to establish itself around the drop, a significant
part of the drop should have evaporated already. This applies to both classical and
generalised models.
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(v) If the drop’s radius is small, but the Kelvin effect is nevertheless neglected, the
generalised model — i.e. (4.1) with ¢ =0 — predicts that the time of a drop’s
evaporation is proportional to its radius. A similar behaviour occurs due to the
temperature jump associated with the Knudsen layer (e.g. Rana et al. 2019; Zhao
& Nadal 2023), but this seems to be just a coincidence. Indeed, the DIM does not
describe temperature jumps (which are a purely kinetic effect (Bond & Struchtrup
2004; Persad & Ward 2016; Rana et al. 2018)), whereas the existing kinetic models
do not include the van der Waals force (which is vital for Zone 1 of the present
analysis).

Yet the Knudsen layer and Zone 1 are both located at the outskirts of the interface,
out of equilibrium and affected by irreversible processes: the former by collisions,
and the latter by viscosity (which is the hydrodynamic analogue of collisions). All
this suggests that Zone 1 is the DIM equivalent of the Knudsen layer. If this is indeed
the case, then the main conclusion of this paper is that the van der Waals force is one
of the driving effects in the Knudsen layer and thus should be accounted for.

This conjecture can be verified using the Enskog—Vlasov kinetic equation; it
includes the van der Waals force (just like the DIM) and can handle temperature
jumps (like the Boltzmann equation). Since both effects work the same way — to
slow evaporation down — their joint effect should be stronger than predicted by the
DIM and existing models of the Knudsen layer separately.

(vi) Despite the fact that the DIM cannot handle temperature jumps, it is still closely
related to the Enskog—Vlasov equation, with the former being the hydrodynamic
approximation of the latter (Giovangigli 2020, 2021). The asymptotic structure of
the solution of the two models should be similar, and the results obtained in the
present paper should make the analysis of the Enskog—Vlasov equation much easier.

(vii) Note that, strictly speaking, the surface tension depends on the drop’s curvature
(Tolman’s effect), which can have a profound influence on, say, cavitation (Menzl
et al. 2016; Magaletti, Gallo & Casciola 2021; Aasen et al. 2023; Lamas et al. 2023).
Since cavitating bubbles are created with zero radii, Tolman’s length — no matter
how small — may affect the whole ‘trajectory’ of their growth. Evaporation appears to
be different, however; since Tolman’s length for, say, water under normal conditions
is less than 1 A (e.g. Wilhelmsen, Bedeaux & Reguera 2015; Burian et al. 2017), it is
much smaller than typical radii of evaporating drops, and the whole effect is likely
to be negligible.

Declaration of interests. The author reports no conflict of interests.
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Appendix A. The thermodynamics incorporated into the DIM

A.1. The definition of the chemical potential G;
Consider an N-component compressible non-ideal fluid, characterised by the temperature
T and partial densities p;, where i = 1, ..., N. The fluid’s thermodynamic properties are
fully described by the internal energy e(py, ..., pn, T) and entropy s(p1, ..., pn,T) —

both specific, i.e. per unit mass. Note that e and s are not fully arbitrary, but should satisfy
the fundamental thermodynamic relation, which can be written in the form (see Appendix
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A of Benilov 2023a)
de as
— =T —. (A1)
oT oT

The dependence of the fluid pressure p on (p1, ..., pn, T), or the equation of state, is

given by (e.g. Giovangigli & Matuszewski 2013)

de as
p=p Z Pi < - 8,01) (A2)

api

where

p=> pi (A3)

is the total density. The partial chemical potentials, in turn, are given by

Gi = d(pe) T 8(ps)‘ (Ad)

api api

Using (A1)-(A4), one can verify readily identity (3.1).

A.2. The Maxwell construction (conditions of saturation)

Consider a flat interface in a multicomponent fluid in the state of equilibrium. This implies
that there should be no flow and fluxes (w = J; = 0), and no dependence on ¢, so that
(3.14)—(3.15) yield

d d?p;
@ ZK,]-?;—GZ' =0. (A5)

One should also impose the following boundary conditions:

pi — ,ol(l S0 as 7 — —00, (A6)

pi — p(” Sal) a5 7 — 400, (A7)

(L.sat) (v.sat)

where p; and p; are the densities of saturated liquid and vapour, respectively.
Integrating (A5) with respect to z, and taking into account conditions (A6)—(A7), one
obtains

Gl(l.sat) — Gl(v.sat)‘ (AS)

Then consider
+00
/ 3" o % (AS) dz. (A9)
—00

Integrating the resulting equality by parts, and keeping in mind that

dp; d? 1 d dp; d
Sk Har=- =Yk g, (A10)
¥ dz dz2 2 dz Iy dz dz
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one can use boundary conditions (A6)—(A7) to obtain

+00 do;
2 : . . } : L. L Z Y
_ :Oi(v Sat)GEU sat) + P,-( sat)Gl{ sat) +/ dzz Gi dz = 0. (All)
i i %

Observe that identity (3.1) implies that

3
Gi= > pGi—p|- (A12)
Pi F

This equality helps one to integrate the last term of (A11) and obtain
p(l.sat) — p(v.sat)‘ (A13)

Physically, equalities (A8) and (A13) reflect the famous Maxwell construction (Maxwell
1875), which inter-relates the partial densities of the components in vapour and liquid. One
should also require

p(v.sat) =pA, (A14)

where py4 is the atmospheric pressure.

An example of a numerical solution of boundary-value problem (AS)—(A7) in
application to a water/air interface (with the chemical potentials G; described in the next
appendix) is shown in figure 3.

Appendix B. The parameters of the DIM

Benilov (2023a) proposed to use the DIM with the so-called Enskog—Vlasov equation
of state. In application to a binary fluid with one diluted component, it amounts to the
following expressions for the chemical potentials:

de(p1)
G =T |RiInp; +O(p1) + (p1 + p2) o
—2(anp1 +apppe2) + TRy + 3R (1 —InT)], (BD)
Ga = T[RxIn p2 + O (p1)] = 2a12p1 + T[R2 + 3R2(1 —In )], (B2)

where aj; and ap are adjustable parameters, and & (p1) is an adjustable function. For
water and air, Benilov (2023a) proposed

ap =21121m° s 2 kg™, ap =208 m>s 2 kg !, (B3a,b)

4 n
O(p) =R | —¢®n (1 ~0.99 ﬂ) +> g <ﬂ> , (B4)
Prp I Prp

where
Pp = 999.79 kg m 3, (B5)
g9 =0.071894, ¢V =1.4139, ¢@ =38.1126, (B6a—c)
g = —8.3669, ¢¥ =4.0238. (B7a,b)

When using the DIM, one also needs the Korteweg matrix Kj;. The value of Kj; can
be deduced from the surface tension of the liquid—water/vapour—water interface, and K7
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Figure 6. The surface tension of the water/air interface versus the pressure, at 7 = 22.5 °C. The black squares
show the experimental data of Hinton & Alvarez (2021), and the solid line shows the theoretical result (B8)

computed using the parameter values described in Appendix B and K> = 0.84978 x 1077 m’ s=2 kg~!
(chosen as the best fit of the experimental results). The dashed curves marked with ‘%’ are computed for

Kir = (0.84978 £ 0.04810) x 1077 m”7 s=2 kg~ !, respectively.

from that of the liquid—air/vapour—air interface. The resulting values, computed by Benilov
(2023a), are listed in equality (3.12).

The coefficient K17 is harder to calculate. One might think that it can be determined by
comparing the liquid—water/vapour—water interface with the liquid—water/air interface —
but at normal conditions, their characteristics are almost indistinguishable. Instead, K12
was deduced from the surface tension of the liquid—water/air interface at high pressure,
measured by Hinton & Alvarez (2021). The following approach was used.

Within the framework of the DIM, the surface tension is given by

* dp; dp;
= K; — —dz, B8
? ; U,/oodz dz (B9

where p;(z) is the solution of the boundary-value problem (AS)—(A7). It was solved
numerically with different values of K1, and the rest of the parameters given by (B1)—(B7)
and (3.12). For each value of Kj;, problem (AS5)—(A7) was solved for various values of
the atmospheric pressure p4, and this computation was repeated until the best fit with the
experimental dependence o versus py is achieved. The results are shown in figure 6.
Unfortunately, Hinton & Alvarez (2021) provide data for only six values of p4, and the
resulting pairs (p4, o) do not sit on a smooth curve. Thus these measurements do not
seem to merit the use of formal curve-fitting methods; instead, a value of K1, was chosen
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‘manually’. If sought in the form
Ko = b(KiK2)'?, (BY)

the best fit appears to be for b = 0.53 — for which (B9) yields the value of K, given by
(3.12). For comparison, figure 6 shows curves with Kj» corresponding to b = 0.50 and
b = 0.56.

Note that in the pure-fluid reduction of (BS), one can replace the coordinate z with the
density p and then use the pure-fluid reduction of boundary-value problem (AS5)—(A7) to
obtain a closed-form integral involving the fluid’s thermodynamic functions (see equation
(7.12) of Benilov 2023a). As a result, o can be found without solving the equations for
the interfacial profile. In the multicomponent case, however, a similar change z — p1 does
allow one to bypass solving the equations, as (B8) would involve the dependence of p; on

P1.

Appendix C. Equation (3.61)

The ordinary differential equation (ODE) (3.61) is third order, but it can be reduced to a
first-order equation of the Chini kind. To do so, multiply (3.61) by p; and integrate with
respect to z. Fixing the constant of integration via boundary condition (3.62), one obtains

o 1 (d;\? £ dp
= (=) - == ==, Cl
P2 dz2 2(dz> P2+ p% dz 1)

Then changing (02, z) — (g, p), where

dp2
q=——, P =pP2, (C2a,b)
dz
one obtains
dg 1, §
1 1=-=g. C3
Pq i 2 qg —p+ 2 q (C3)
In terms of (g, p), boundary condition (3.62) becomes
q=0 atp=1. (C4)

C.1. Numerical results

Observe that boundary-value problem (C3)—(C4) is singular at the boundary point, hence
to solve it numerically, one needs to ‘step away’ from p = 1. This can be done using the
asymptotic expansion

o0
g~ anp—1" asp— 1. (C5)

n=1

Substituting into (C3), one can calculate recursively as many coefficients a, as one needs,

e.g.
£E—E2+4 4€a) +aj
ag=—"— ;= ... (C6)
2 2 — 6a;
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To rewrite (3.63) for A(§) in terms of (g, p), one should first integrate it by parts and use
boundary conditions (3.62) and (3.64) to obtain

1 fdp;\?
A= / — (ﬂ) dz. )
00 P dz
Rewriting this integral in terms of variables (C2), one obtains
400
a=[ TR, (©8)
1 p

where g(p) is determined by (C3).

Boundary-value problem (C3)—(C4) was solved numerically by calculating 7 terms of
series (C5) to set up a boundary condition at p = 1.1 (a smaller number of terms was
found to be insufficient for large £). Then the solution was shot towards p — +00 using
the MATLAB function ‘ode23t’ (all other MATLAB functions for ODEs were found to be
slow and inaccurate for large ). Finally, the computed solution was substituted into (C8),
which was evaluated via Simpson’s rule.

C.2. Asymptotic results

As discussed in the main body of the paper, the classical and generalised models do not
differ much for & ~ 1. Thus the asymptotic limit £ — oo is of particular importance.
If £ > 1 and p ~ 1, then the first two terms in (C3) can be omitted, and one obtains

g~ E A =p + D). (C9)
The omitted terms become important (and the above solution inapplicable) if
p2EP. (C10)
To find the solution for large p, introduce (¢’, p’) such that
g=¢&"7p", p=8"p. (Clla,b)

In terms of the new variables, (C3) becomes, to leading order,

d/ 1 q
/7 2 /
Ry s CI12
p'q 4 2 qg-—p 7 (C12)
and its solution matches (C9) only if
gd~—=p2+00p? asp—0. (C13)
The composite solution, valid for all p, is
2 3
p=(p—1) _ P
== +&'¢ &P p) — E (C14)

where the first term is the finite-p solution (C9), the second term reflects scaling (C11) for
large p, and the last term is the common part of the two solutions. Substituting the above
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expression into (C8), one obtains

1 1 o0 q/(p/) ,
A= ———— dp'. C15
ETE s o P (C15)

One might be tempted now to take the limit £ — oo, but the integral in (C15) is actually
divergent (due to asymptotics (C13)). One can still use (C13) to express this integral
through a convergent one:

o0 / / o0 /
q(’) ., 2 / ,d (q ,
—~dp'=—=1In& — | — | = ) dp'. Cl6
/5_1/5 Pz P 5 n§ - np PAVE P (Cl6)
Now take the limit £ — oo, so that (C15) becomes
~ 1 2 > / d ql /

The integral in this expression does not involve &, hence it can be evaluated ‘once and
for all’. This was done by solving boundary-value problem (C12)—(C13) numerically and
substituting the resulting solution into (C17), which yields

4 ZIng —0.81571

C18
: (C18)

C.3. Curve-fitting results

The large-£ asymptotics (C18) can be used to derive an approximation of A() for all &.
To do so, assume that

s 2 1In(€ + &) — 0.81571 N Ao
&+ o (& +&)7/5

where &) and Ag are undetermined constants; the former regularises asymptotics (C18)
at £ =0, and the latter improves the accuracy for large £. (Note that a term ~&~7/°
would appear as a correction to the leading-order solution if (C18) were extended to higher
orders.)

The coefficients &y and Ay were fixed by fitting (C19) to the corresponding numerical
result for the range £ € [0, 10°], using the MATLAB function ‘fit’. The resulting values are
those in (1.4) of the Introduction. The relative error of (1.4) within the range & € [0, 109]
is approximately 0.8 %.

(C19)

REFERENCES

AASEN, A., WILHELMSEN, @., HAMMER, M. & REGUERA, D. 2023 Free energy of critical droplets—from
the binodal to the spinodal. J. Chem. Phys. 158 (11), 114108.

ANDERSON, D.M., MCFADDEN, G.B. & WHEELER, A.A. 1998 Diffuse-interface methods in fluid
mechanics. Annu. Rev. Fluid Mech. 30, 139-165.

ANTOINE, C. 1888 Tensions des vapeurs; nouvelle relation entre les tensions et les températures. C. R. Hebd.
Seances Acad. Sci. 107, 778-780.

BARBANTE, P., FREZZOTTI, A. & GIBELLI, L. 2014 A comparison of molecular dynamics and diffuse
interface model predictions of Lennard-Jones fluid evaporation. AIP Conf. Proc. 1628, 893-900.

BARBANTE, P., FREZZOTTI, A. & GIBELLI, L. 2015 A kinetic theory description of liquid menisci at the
microscale. Kinet. Relat. Models 8, 235-254.

971 A20-31


https://doi.org/10.1017/jfm.2023.667

https://doi.org/10.1017/jfm.2023.667 Published online by Cambridge University Press

E.S. Benilov

BENILOV, E.S. 2020 Dynamics of liquid films, as described by the diffuse-interface model. Phys. Fluids 32,
112103.

BENILOV, E.S. 20224 Capillary condensation of saturated vapor in a corner formed by two intersecting walls.
Phys. Fluids 34, 062103.

BENILOV, E.S. 20225 Dynamics of a drop floating in vapor of the same fluid. Phys. Fluids 34, 042104.

BENILOV, E.S. 2023a The multicomponent diffuse-interface model and its application to water/air interfaces.
J. Fluid. Mech. 954, A41.

BENILOV, E.S. 2023b Nonisothermal evaporation. Phys. Rev. E 107, 044802.

BENILOV, E.S. & BENILOV, M.S. 2015 A thin drop sliding down an inclined plate. J. Fluid Mech. 773,
75-102.

BENILOV, E.S. & BENILOV, M.S. 2018 Energy conservation and H theorem for the Enskog—Vlasov equation.
Phys. Rev. E 97, 062115.

BENILOV, E.S. & BENILOV, M.S. 20194 The Enskog—Vlasov equation: a kinetic model describing gas, liquid,
and solid. J. Stat. Mech.: Theory Exp. 2019, 103205.

BENILOV, E.S. & BENILOV, M.S. 20195 Peculiar property of noble gases and its explanation through the
Enskog—Vlasov model. Phys. Rev. E 99, 012144.

BERTOZZI, A.L. & FLENNER, A. 2012 Diffuse interface models on graphs for classification of high
dimensional data. Multiscale Model. Simul. 10, 1090-1118.

BERTOZZI, A.L. & FLENNER, A. 2016 Diffuse interface models on graphs for classification of high
dimensional data. SIAM Rev. 58 (2), 293-328.

BESTEHORN, M., SHARMA, D., BORCIA, R. & AMIROUDINE, S. 2021 Faraday instability of binary
miscible/immiscible fluids with phase field approach. Phys. Rev. Fluids 6, 064002.

BOND, M. & STRUCHTRUP, H. 2004 Mean evaporation and condensation coefficients based on energy
dependent condensation probability. Phys. Rev. E 70, 061605.

BORCIA, R. & BESTEHORN, M. 2014 Phase field modeling of nonequilibrium patterns on the surface of a
liquid film under lateral oscillations at the substrate. Intl J. Bifurcation Chaos 24, 1450110.

BORCIA, R., BORCIA, [.D., BESTEHORN, M., VARLAMOVA, O., HOEFNER, K. & REIF, J. 2019 Drop
behavior influenced by the correlation length on noisy surfaces. Langmuir 35, 928-934.

BURIAN, S., ISAIEV, M., TERMENTZIDIS, K., SYSOEV, V. & BULAVIN, L. 2017 Size dependence of the
surface tension of a free surface of an isotropic fluid. Phys. Rev. E 95, 062801.

CAHN, J.W. 1961 On spinodal decomposition. Acta Metall. 9, 795-801.

COLINET, P. & REDNIKOV, A. 2011 On integrable singularities and apparent contact angles within a classical
paradigm. Eur. Phys. J. Spec. Top. 197, 89-113.

COLLINS, J.B. & LEVINE, H. 1985 Diffuse interface model of diffusion-limited crystal growth. Phys. Rev. B
31, 6119-6122.

CossALI, G.E. & ToNINI, S. 2019 An analytical model of heat and mass transfer from liquid drops with
temperature dependence of gas thermo-physical properties. Intl J. Heat Mass Transfer 138, 1166-1177.
DAI, M., FEIREISL, E., RoccCA, E., SCHIMPERNA, G. & SCHONBEK, M.E. 2017 Analysis of a diffuse

interface model of multispecies tumor growth. Nonlinearity 30, 1639—-1658.

DEEGAN, R.D., BAKAJIN, O., DUPONT, T.F., HUBER, G., NAGEL, S.R. & WITTEN, T.A. 2000 Contact
line deposits in an evaporating drop. Phys. Rev. E 62, 756-765.

DING, H. & SPELT, P.D.M. 2007 Wetting condition in diffuse interface simulations of contact line motion.
Phys. Rev. E 75, 046708.

DING, H., ZHU, X., GAO, P. & Lu, X.-Y. 2017 Ratchet mechanism of drops climbing a vibrated oblique
plate. J. Fluid Mech. 835, R1.

Dobia, M., OHTO, T., IMOTO, S. & NAGATA, Y. 2019 Structure and dynamics of water at the water—air
interface using first-principles molecular dynamics simulations. II. Nonlocal vs empirical van der Waals
corrections. J. Chem. Theory Comput. 15 (6), 3836-3843.

DUNN, G.J., WILSON, S.K., DUFFY, B.R., DAVID, S. & SEFIANE, K. 2009 The strong influence of substrate
conductivity on droplet evaporation. J. Fluid Mech. 623, 329-351.

EGGERS, J. & PISMEN, L.M. 2010 Nonlocal description of evaporating drops. Phys. Fluids 22, 112101.

ENGINEERING TooLBoOX 2003 Air — Density, specific weight and thermal expansion coefficient vs.
temperature and pressure. [online] Available at: https://www.engineeringtoolbox.com/air-density-specific-
weight-d_600.html.

ENGINEERING TOOLBOX 2009 Air — Thermal conductivity vs. temperature and pressure. [online] Available
at: https://www.engineeringtoolbox.com/air-properties-viscosity-conductivity-heat-capacity-d_1509.html.

ENGINEERING TooLBoOX 2018 Air — Diffusion coefficients of gases in excess of air. [online] Available at:
https://www.engineeringtoolbox.com/air-diffusion- coefficient- gas- mixture-temperature-d_2010.html.

FERZIGER, J.H. & KAPER, H.G. 1972 Mathematical Theory of Transport Processes in Gases. Elsevier.

971 A20-32


https://www.engineeringtoolbox.com/air-density-specific-weight-d_600.html
https://www.engineeringtoolbox.com/air-density-specific-weight-d_600.html
https://www.engineeringtoolbox.com/air-properties-viscosity-conductivity-heat-capacity-d_1509.html
https://www.engineeringtoolbox.com/air-diffusion-coefficient-gas-mixture-temperature-d_2010.html
https://doi.org/10.1017/jfm.2023.667

https://doi.org/10.1017/jfm.2023.667 Published online by Cambridge University Press

Maxwell’s hypothesis of saturation near liquid/air interface

FINNERAN, J. 2021 On the evaluation of transport properties for droplet evaporation problems. Intl J. Heat
Mass Transfer 181, 121858.

FINNERAN, J., GARNER, C.P. & NADAL, F. 2021 Deviations from classical droplet evaporation theory. Proc.
R. Soc. A 477, 20210078.

FREZZOTTI, A. & BARBANTE, P. 2017 Kinetic theory aspects of non-equilibrium liquid—vapor flows. Mech.
Engng Rev. 4, 16-00540.

FREZZOTTI, A., GIBELLI, L., LOCKERBY, D.A. & SPRITTLES, J.E. 2018 Mean-field kinetic theory approach
to evaporation of a binary liquid into vacuum. Phys. Rev. Fluids 3, 054001.

FREZZOTTI, A., GIBELLI, L. & LORENZANI, S. 2005 Mean field kinetic theory description of evaporation
of a fluid into vacuum. Phys. Fluids 17, 012102.

FRIGERI, S., GRASSELLI, M. & RoccCA, E. 2015 On a diffuse interface model of tumour growth. Eur. J.
Appl. Maths 26, 215-243.

GALLO, M., MAGALETTI, F. & CAscioLA, C.M. 2018 Thermally activated vapor bubble nucleation: the
Landau-Lifshitz—van der Waals approach. Phys. Rev. Fluids 3, 053604.

GALLO, M., MAGALETTI, F., Cocco, D. & CAscioLA, C.M. 2020 Nucleation and growth dynamics of
vapour bubbles. J. Fluid Mech. 883, Al4.

GINZBURG, V.L. 1960 Some remarks on phase transitions of the second kind and the microscopic theory of
ferroelectric materials. Sov. Phys. Solid State 2, 1824—1834.

GIOVANGIGLI, V. 2020 Kinetic derivation of diffuse-interface fluid models. Phys. Rev. E 102, 012110.

GIOVANGIGLI, V. 2021 Kinetic derivation of Cahn—Hilliard fluid models. Phys. Rev. E 104, 054109.

GIOVANGIGLI, V. & MATUSZEWSKI, L. 2013 Mathematical modeling of supercritical multicomponent
reactive fluids. Math. Models Meth. Appl. Sci. 23, 2193-2251.

GRMELA, M. 1971 Kinetic equation approach to phase transitions. J. Stat. Phys. 3, 347-364.

GRMELA, M. & GARCIA-COLIN, L.S. 1980a Compatibility of the Enskog kinetic theory with
thermodynamics. L. Phys. Rev. A 22, 1295-1304.

GRMELA, M. & GARCIA-COLIN, L.S. 19806 Compatibility of the Enskog-like kinetic theory with
thermodynamics. II. Chemically reacting fluids. Phys. Rev. A 22, 1305-1314.

HAUT, B. & COLINET, P. 2005 Surface-tension-driven instabilities of a pure liquid layer evaporating into an
inert gas. J. Colloid Interface Sci. 285, 296-305.

HEINONEN, V., ACHIM, C.V., KOSTERLITZ, J.M., YING, S.-C., LOWENGRUB, J. & ALA-NISSILA, T. 2016
Consistent hydrodynamics for phase field crystals. Phys. Rev. Lett. 116, 024303.

HINTON, Z.R. & ALVAREZ, N.J. 2021 Surface tensions at elevated pressure depend strongly on bulk phase
saturation. J. Colloid Interface Sci. 594, 681-689.

HorysT, R., LITNIEWSKI, M. & JAKUBCZYK, D. 2017 Evaporation of liquid droplets of nano- and
micro-meter size as a function of molecular mass and intermolecular interactions: experiments and
molecular dynamics simulations. Soft Matter 13, 5858-5864.

HOLYST, R., LITNIEWSKI, M., JAKUBCZYK, D., KOLWAS, K., KOLWAS, M., KOWALSKI, K., MIGACZ, S.,
PALESA, S. & ZIENTARA, M. 2013 Evaporation of freely suspended single droplets: experimental,
theoretical and computational simulations. Rep. Prog. Phys. 76, 034601.

JAKUBCZYK, D., KOLWAS, M., DERKACHOV, G., KOLWAS, K. & ZIENTARA, M. 2012 Evaporation of
micro-droplets: the ‘radius-square-law’ revisited. Acta Phys. Pol. A 122, 709-716.

JANECEK, V., DOUMENC, F., GUERRIER, B. & NIKOLAYEV, V.S. 2015 Can hydrodynamic contact line
paradox be solved by evaporation—condensation? J. Colloid Interface Sci. 460, 329-338.

Lamas, C.P., VEGA, C., NovA, E.G. & SAaNz, E. 2023 The water cavitation line as predicted by the
TIP4P/2005 model. J. Chem. Phys. 158 (12), 124504.

LANDRY, E.S., MIKKILINENI, S., PAHARIA, M. & MCGAUGHEY, A.J.H. 2007 Droplet evaporation: a
molecular dynamics investigation. J. Appl. Phys. 102 (12), 124301.

LINDSTROM, P.J. & MALLARD, W.G. 1997 NIST Chemistry WebBook. Available at: https://webbook.nist.
gov.

Liu, P., HARDER, E. & BERNE, B.J. 2005 Hydrogen-bond dynamics in the air—water interface. J. Phys.
Chem. B 109, 2949-2955.

LoNG, L.N., Micci, M.M. & WONG, B.C. 1996 Molecular dynamics simulations of droplet evaporation.
Comput. Phys. Commun. 96 (2-3), 167-172.

LOWENGRUB, J. & TRUSKINOVSKY, L. 1998 Quasi-incompressible Cahn-Hilliard fluids and topological
transitions. Proc. R. Soc. Lond. A 454, 2617-2654.

Lu, H.-W., GLASNER, K., BERTOZZI, A.L. & KiMm, C.-J. 2007 A diffuse-interface model for electrowetting
drops in a Hele-Shaw cell. J. Fluid Mech. 590, 411-435.

MADRUGA, S. & THIELE, U. 2009 Decomposition driven interface evolution for layers of binary mixtures. II.
Influence of convective transport on linear stability. Phys. Fluids 21, 062104.

971 A20-33


https://webbook.nist.gov
https://webbook.nist.gov
https://doi.org/10.1017/jfm.2023.667

https://doi.org/10.1017/jfm.2023.667 Published online by Cambridge University Press

E.S. Benilov

MAGALETTI, F., GALLO, M. & CAscCIOLA, C.M. 2021 Water cavitation from ambient to high temperatures.
Sci. Rep. 11, 20801.

MAGALETTI, F., GALLO, M., MARINO, L. & CAscioLA, C.M. 2016 Shock-induced collapse of a vapor
nanobubble near solid boundaries. Intl J. Multiphase Flow 84, 34—45.

MAGALETTI, F., MARINO, L. & CASCIOLA, C.M. 2015 Shock wave formation in the collapse of a vapor
nanobubble. Phys. Rev. Lett. 114, 064501.

MAXWELL, J.C. 1875 On the dynamical evidence of the molecular constitution of bodies. Nature 11, 357-359.

MAXWELL, J.C. 1877 Encyclopedia Britannica, 9th edn, vol. 7, chap. Diffusion, pp. 214-221. Encyclopdia
Britannica.

MAXWELL, J.C. 1890 The Scientific Papers of James Clerk Maxwell. Cambridge University Press.

MENZL, G., GONZALEZ, M.A., GEIGER, P., CAUPIN, F., ABASCAL, J.L., VALERIANI, C. & DELLAGO, C.
2016 Molecular mechanism for cavitation in water under tension. Proc. Natl. Acad. Sci. 113 (48),
13582-13587.

MILLS, A.F. & COIMBRA, C.F.M. 2016 Mass Transfer, 3rd edn. Temporal.

MORRIS, S.J.S. 2014 On the contact region of a diffusion-limited evaporating drop: a local analysis. J. Fluid
Mech. 739, 308-337.

NESTLER, B., GARCKE, H. & STINNER, B. 2005 Multicomponent alloy solidification: phase-field modeling
and simulations. Phys. Rev. E 71, 041609.

PERSAD, A.H. & WARD, C.A. 2016 Expressions for the evaporation and condensation coefficients in the
Hertz—Knudsen relation. Chem. Rev. 116, 7727-7767.

PETITPAS, F., MASSONI, J., SAUREL, R., LAPEBIE, E. & MUNIER, L. 2009 Diffuse interface model for
high speed cavitating underwater systems. Intl J. Multiphase Flow 35, 747-759.

PEZZzOTTI, S., GALIMBERTI, D.R. & GAIGEOT, M.-P. 2017 2D H-bond network as the topmost skin to the
air—water interface. J. Phys. Chem. Lett. 8, 3133-3141.

PEZZOTTI, S., SERVA, A. & GAIGEOT, M.-P. 2018 2D-HB-network at the air—water interface: a structural and
dynamical characterization by means of ab initio and classical molecular dynamics simulations. J. Chem.
Phys. 148, 174701.

PHILIPPE, T., HENRY, H. & PLAPP, M. 2020 A regularized phase-field model for faceting in a kinetically
controlled crystal growth. Proc. Roy. Soc. A 476, 20200227.

PISMEN, L.M. & POMEAU, Y. 2000 Disjoining potential and spreading of thin liquid layers in the
diffuse-interface model coupled to hydrodynamics. Phys. Rev. E 62, 2480-2492.

PODGORSKI, T., FLESSELLES, J.-M. & LIMAT, L. 2001 Corners, cusps, and pearls in running drops. Phys.
Rev. Lett. 87, 036102.

POMEAU, Y. 1986 Wetting in a corner and related questions. J. Colloid Interface Sci. 113, 5-11.

PUTHENVEETTIL, B.A., SENTHILKUMAR, V.K. & HOPFINGER, E.J. 2013 Motion of drops on inclined
surfaces in the inertial regime. J. Fluid Mech. 726, 26-61.

RANA, A.S., LOCKERBY, D.A. & SPRITTLES, J.E. 2018 Evaporation-driven vapour microflows: analytical
solutions from moment methods. J. Fluid Mech. 841, 962-988.

RANA, A.S., LOCKERBY, D.A. & SPRITTLES, J.E. 2019 Lifetime of a nanodroplet: kinetic effects and regime
transitions. Phys. Rev. Lett. 123, 154501.

REDNIKOV, A. & COLINET, P. 2013 Singularity-free description of moving contact lines for volatile liquids.
Phys. Rev. E 87, 010401.

REDNIKOV, A.Y. & COLINET, P. 2017 Asymptotic analysis of the contact-line microregion for a perfectly
wetting volatile liquid in a pure-vapor atmosphere. Phys. Rev. Fluids 2, 124006.

REDNIKOV, A.Y. & COLINET, P. 2019 Contact-line singularities resolved exclusively by the Kelvin effect:
volatile liquids in air. J. Fluid Mech. 858, 881-916.

Ricci, F.P. & Rocca, D. 1984 Diffusion in liquids. In Molecular Liquids (ed. A.J. Barnes,
W.J. Orville-Thomas & J. Yarwood), NATO ASI Series, vol. 135, pp. 35-58. Springer.

Rocca, E. & SCALA, R. 2016 A rigorous sharp interface limit of a diffuse interface model related to tumor
growth. J. Nonlinear Sci. 27, 847-872.

SAENzZ, P.J., SEFIANE, K., KiM, J., MATAR, O.K. & VALLURI, P. 2015 Evaporation of sessile drops: a
three-dimensional approach. J. Fluid Mech. 772, 705-739.

SAXTON, M.A., VELLA, D., WHITELEY, J.P. & OLIVER, J.M. 2017 Kinetic effects regularize the mass-flux
singularity at the contact line of a thin evaporating drop. J. Engng Maths 106 (1), 47-73.

SAXTON, M.A., WHITELEY, J.P., VELLA, D. & OLIVER, J.M. 2016 On thin evaporating drops: when is the
d?-law valid? J. Fluid Mech. 792, 134-167.

SAZHIN, S.S. 2017 Modelling of fuel droplet heating and evaporation: recent results and unsolved problems.
Fuel 196, 69-101.

971 A20-34


https://doi.org/10.1017/jfm.2023.667

https://doi.org/10.1017/jfm.2023.667 Published online by Cambridge University Press

Maxwell’s hypothesis of saturation near liquid/air interface

SHANG, J., Wu, T., WANG, H., YANG, C., YE, C., Hu, R., TAO, J. & HE, X. 2019 Measurement of
temperature-dependent bulk viscosities of nitrogen, oxygen and air from spontaneous Rayleigh—Brillouin
scattering. IEEE Access 7, 136439-136451.

SIBLEY, D.N., NOLD, A., SAVVA, N. & KALLIADASIS, S. 2014 A comparison of slip, disjoining pressure,
and interface formation models for contact line motion through asymptotic analysis of thin two-dimensional
droplet spreading. J. Engng Maths 94, 19—41.

SOBAC, B., TALBOT, P., HAUT, B., REDNIKOV, A. & COLINET, P. 2015 A comprehensive analysis of the
evaporation of a liquid spherical drop. J. Colloid Interface Sci. 438, 306-317.

DE SOBRINO, L. 1967 On the kinetic theory of a van der Waals gas. Can. J. Phys. 45, 363-385.

STAUBER, J.M., WILSON, S.K., DUFFY, B.R. & SEFIANE, K. 2014 On the lifetimes of evaporating droplets.
J. Fluid Mech. 744, R2.

STAUBER, J.M., WILSON, S.K., DUFFY, B.R. & SEFIANE, K. 2015 On the lifetimes of evaporating droplets
with related initial and receding contact angles. Phys. Fluids 27, 122101.

STINNER, B., NESTLER, B. & GARCKE, H. 2004 A diffuse interface model for alloys with multiple
components and phases. SIAM J. Appl. Maths 64, 775-799.

STRUCHTRUP, H. & FREZZOTTI, A. 2022 Twenty-six moment equations for the Enskog—Vlasov equation.
J. Fluid Mech. 940, A40.

TALBOT, P., SOBAC, B., REDNIKOV, A., COLINET, P. & HAUT, B. 2016 Thermal transients during the
evaporation of a spherical liquid drop. Intl J. Heat Mass Transfer 97, 803—817.

TANG, M., CARTER, W.C. & CANNON, R.M. 2006 Diffuse interface model for structural transitions of grain
boundaries. Phys. Rev. B 73, 024102.

THIELE, U., MADRUGA, S. & FRASTIA, L. 2007 Decomposition driven interface evolution for layers of
binary mixtures. I. Model derivation and stratified base states. Phys. Fluids 19, 122106.

VERDE, A.V., BoLHUIS, P.G. & CAMPEN, R.K. 2012 Statics and dynamics of free and hydrogen-bonded
OH groups at the air/water interface. J. Phys. Chem. B 116, 9467-9481.

WAGNER, W. & PRUSS, A. 1993 International equations for the saturation properties of ordinary water
substance. revised according to the international temperature scale of 1990. Addendum to J. Phys. Chem.
Ref. Data 16, 893 (1987). J. Phys. Chem. Ref. Data 22, 783-787.

WHITE, F. 2005 Viscous Fluid Flow. McGraw Hill.

WILHELMSEN, O., BEDEAUX, D. & REGUERA, D. 2015 Communication: Tolman length and rigidity
constants of water and their role in nucleation. J. Chem. Phys. 142, 171103.

WILLIAMS, A.G.L., KARAPETSAS, G., MAMALIS, D., SEFIANE, K., MATAR, O.K. & VALLURI, P. 2020
Spreading and retraction dynamics of sessile evaporating droplets comprising volatile binary mixtures.
J. Fluid. Mech. 907, A22.

WINKELS, K.G., PETERS, [.R., EVANGELISTA, F., RIEPEN, M., DAERR, A., LIMAT, L. & SNOEIJER, J.H.
2011 Receding contact lines: from sliding drops to immersion lithography. Eur. Phys. J. Spec. Top. 192,
195-205.

WRAY, A.W., DUFFY, B.R. & WILSON, S.K. 2019 Competitive evaporation of multiple sessile droplets.
J. Fluid Mech. 884, A45.

YANG, S., LEE, G.W.M., CHEN, C.-M., WU, C.-C. & YU, K.-P. 2007 The size and concentration of droplets
generated by coughing in human subjects. J. Aerosol Med. 20, 484—494.

YUE, P. & FENG, J.J. 2011 Can diffuse-interface models quantitatively describe moving contact lines? Eur.
Phys. J. Spec. Top. 197, 37-46.

YUE, P., ZHOU, C. & FENG, J.J. 2010 Sharp-interface limit of the Cahn—Hilliard model for moving contact
lines. J. Fluid Mech. 645, 279-294.

ZANELLA, R., LE TELLIER, R., PLAPP, M., TEGZE, G. & HENRY, H. 2021 Three-dimensional numerical
simulation of droplet formation by Rayleigh—Taylor instability in multiphase corium. Nucl. Engng Des.
379, 111177.

ZANELLA, R., TEGZE, G., TELLIER, R.L. & HENRY, H. 2020 Two- and three-dimensional simulations of
Rayleigh—Taylor instabilities using a coupled Cahn—Hilliard/Navier—Stokes model. Phys Fluids 32, 124115.

ZHAO, H. & NADAL, F. 2023 Droplet evaporation in inert gases. J. Fluid Mech. 958, A18.

ZHu, G., Kou, J., YAO, B., WU, Y.-S., YAO, J. & SUN, S. 2019 Thermodynamically consistent modelling
of two-phase flows with moving contact line and soluble surfactants. J. Fluid Mech. 879, 327-359.

ZHu, G., Kou, J., YA0, J., L1, A. & SUN, S. 2020 A phase-field moving contact line model with soluble
surfactants. J. Comput. Phys. 405, 109170.

971 A20-35


https://doi.org/10.1017/jfm.2023.667

	1 Introduction
	2 The classical model
	2.1 Formulation
	2.2 The dependence of 1(v.sat) on T
	2.3 Solution of boundary-value problem ([eqn8]2.3)--([eqn18]2.13)
	2.4 Discussion

	3 The generalised Maxwell boundary condition as described by the diffuse-interface model
	3.1 The governing equations
	3.2 Non-dimensionalisation
	3.3 Non-dimensional parameters
	3.4 The boundary/matching conditions
	3.5 The interfacial asymptotic region
	3.5.1 Calculation of 
	3.5.2 Zone 1 of the interfacial asymptotic region
	3.5.3 Summarising the GMBC for flat interfaces
	3.5.4 Curved interfaces


	4 Evaporation of drops as described by the generalised model
	5 Concluding remarks
	Appendix A. The thermodynamics incorporated into the DIM
	A.1 The definition of the chemical potential Gi
	A.2 The Maxwell construction (conditions of saturation)

	Appendix B. The parameters of the DIM
	Appendix C. Equation ([eqn97]3.61)
	C.1 Numerical results
	C.2 Asymptotic results
	C.3 Curve-fitting results

	References

