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A martingale central limit theorem
without negligibility conditions

Robert J. Adler

We obtain sufficient conditions for the convergence of martingale
triangular arrays to infinitely divisible laws with finite
variances, without making the usual assumptions of uniform
asymptotic negligibility. Our results generalise known results
for both the martingale case under a negligibility assumption and

the classical (independence) case without such assumptions.

1. Introduction

The theory of convergence in law of sums of independent random
variables has recently been enlarged to include the situation when the
summands do not satisfy asymptotic negligibility conditions. In [4]
Dvoretzky raised the problem of how these results carry over to the
situation when the summands are no longer independent. In [7] this problem
was solved for the case when the summands form a martingale difference
sequence and the limit law is gaussian, and we now consider the same
problem when the limit law is infinitely divisible with finite variance.
Our result generalises the martingale results of Brown and Eagleson [3] and
Dvoretzky [4] (Theorem 2), as well as the sufficiency part of a result of

Machis [6] for the independence case without negligibility assumptions.

2. The limit theorem

Following [3], consider a double array of random variables, which we
take without loss of generality to be a triangular array, whose rows are

martingale difference sequences, that is to say, for each n =1, 2, ... ,
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we have random variables X

nl? .5 X on a probability space

nm
(2, I, P) , with sub o-fields =I=nOC‘—I‘-n1C RPN et —I-—nn of I such that

Xnk is __I=nk—measurable and E’(Xnk | =I=n,k—l] = 0 almost surely for

k=1,2, ..., n . Such arrays are called martingale triangular arrays.

Let
k
2 fz)
5. = X ., o, =EBlx° ]| ,
nk j§1 ng nk lnk
X2
Onk = E[Xﬁk ‘ in,k.lJ

Let X(x) be a bounded nondecreasing function, which we take as fixed for

the remainder of the paper, and let 02 = K(») . Denote by G(x) the

distribution function of the infinitely divisible distribution with
variance 02 whose characteristic function ¢(t) is given by

(1) log ¢(t) = er (eitx-l-itx]x-gdk(x)

-0
For each »n we shall denote by {G k=1,2, ..., n} a

decomposition of & into #»n components, each infinitely divisible with
finite variance c:k , and we shall denote the spectral function of Gnk

by Knk . (See [5] for further definitions, and the proof of the

existence of such a decomposition for any »n .) For such a decomposition,

put
By(e) = P s 2 | L y) - 6@
THEOREM. Let Y,, be a bounded sequence of positive real numbers. If
there exist a decomposition {Gnk} of G of the above form and a sequence

of positive numbers An for which
-1
(2) Y, [Ancr.n + ks;).ﬁp {2- [Gnk(An]-Gnk (-An)] 1] >0 as n+>=,

where
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(3) @ = suf s:p E'|Ank(ac)]
kEUn
and Un 18 the set of values of the index k for which oik < Y, then

in order that S,, converge in law as n > to a random variable with

distribution function G it is sufficient that the following conditions

hold:
(%) max 2. Lo as n > o ;
key ™
n
(5) there exists a finite constant C for which

1imP[ Y 62.>c] =0;
e keUn

6 Y EIXskI(a <X, s b) l;n,k_l) + ) (Knk(b)-z(nk(a))

n kGUn
L k) - K(a) as no>w
for all continuity points a, b of K.
REMARKS 1. (a) When the martingale differences Xnk are actually

independent,it is easy to see that the above result contains the

sufficiency part of Theorem 1 of [6],by choosing

3 .
Y. = sup L(P(X = :L‘) , G (m)) .
n k< nk nk

wvhere L 1is the Levy metric.

(b) If the martingale triangular array satisfies the conditions of

n
Theorem 1 of [3],then clearly 3 orfj < C for all 7n , so that taking
k=1

Yn = 2 ensures that the array also satisfies the conditions of our
theorem.

Proof of the theorem. We commence by introducing a new sequence of

random variables, 'Ynk . For every k € ﬁn let Ynk have distribution

function Gnk , where the Gnk are given in the statement of the theorem,
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and let these be distributed independently of each other and the ¢-field

n
generated by klil ink . For k€ Un simply set 'Ynk = Xnk . Now define
the sum Rnk by
; 7

R = Y .+ X

= A S
We shall first show that, as n » ®
(1) |E(exp(itR, )] E(exp(its ))| + 0 ,

so that to prove the theorem we can replace the Xnk's by the .Ynk's

without any loss of generality. As in equation (15) of [1] it is easy to
show that the left hand side of (7) is not greater than

(8) Z ElE(exp[’l:tYnk)—exp(itXnk) I;n,k—l)l
keU.
n

Bach term of (8) can be written as

(9) E J exp(it:c)dAnk(x)i
-An An
< EU ezmdAnk(x) +E J ’“t”dAnk(x) +E r e”dink(x)
-0 A
n n
=Il +I2 +I3 , say.

Consider now each of these terms separately:

1A

n
(10) I <E |dan, (x) |
k

1 -0

Efp(x, =4, | __I_n’k:l) +6.(-4))
Sa + 2Gnk(-/ln)
from (3). Furthermore, from an integration by parts we have

( . An
EttxAnk(x):l
A
n

(11) I, E’l

A

+

A
n .
1hr
ite A (x)dx
L o

A

2tA o + 20 .
nn n
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= . 2 . 2 2
> <
But k ¢ U, entails O > Yy 0 and since 2;. o x =0 > there are at
keu
n
21 . .. . i o s . -
most oy = indices in U, . Combining this fact, (9)-(11), and a similar

bound for I, gives that (8) is not greater than
2 -1
LA [1un+2tAnan+h kseg[f {1—[:Gnk(An) -Gnk(-An]]}] ,
n

which, under the conditions of the theorem, tends to zero as n > « . This

establishes (7).
Thus we now need only consider the convergence of Rnn . By Theorem

2.3 of [2] we need only show that for any subsequence {n'} +there exists a
further subsequence {7"} along which convergence occurs. Thus, without

any loss of generality, -we may assume that

(1) (1)
(12) Z_ K (b) - K (a) > K7(b) - K7 (a) ,
keu
n
where K(l) is a nondecreasing function dominated by K . (The existence

of such a function follows from Helly's first theorem.) This condition is
of course equivalent to the condition that E: Ynk converge in a law to
k€U,
n

(l)(

a random variable with characteristic function ¢ t) , given by

(13) 108 61 (2) =r ("% 1itn) 2k (z) .
We now define functions K(2) and ¢(2) by
(1) K@) + k@) = k@), s M@t =0ty

Then it follows from (6) and (12) that, as n > o ,

Y E|x21(a<x

<b) | I ] 2 @y - kD)
kwn nk nk ] | 1

=n,k-

If we now apply the same type of argument as on pages 52-53 of [7] [that

is, we form a new array from the Y , k€ Un ) it follows from Theorem 1
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of [3] that Z th = Z Xﬁk converges in law to the random variable

keu keu
n n

with characteristic function ¢(2)(t) . Combining this with (12)-(1h)

completes the proof of the theorem.

REMARKS 2. (a) We note that as in [3] the assumption that the rows
of the triangular array form a martingale difference sequence is not
essential., It is a trivial matter to relax this condition as in Theorem 2

of [1] so that in effect our result also generalises Theorem 2 of [4].

(b) It is of interest to obtain sharper forms of (2) when the limit
distribution has a simple form. For example, if the limit law is that of a

zero mean, unit variance, gaussian random variable, then (2) becomes
%
_¥u -1
o > - oo
Yn n[log " ] O as n
ki
This follows simply from (2) by choosing A, = [2 log a;l ) , and then

noting that since each Gnk can be taken as the distribution function of a

gaussian random variable with zero mean and variance Uik =1, we can use
the well known inequality (for large x )
2
$(-x) =1 -d(x) = (xe'%w )'l .

where ¢ 1is the standard gaussian distribution function, to bound the

terms in (2).

Similarly, when the limit law is Poisson, each th can be taken as

Poisson with parameter Gik = 02 .  Thus, using the upper tail bound for
this distribution given by
A
PR
- = 0 !
1 Gnk(An) [ nk] /(An] i

where {An} is now taken to be a sequence of positive numbers increasing

to infinity, we can apply Stirling's approximation to see that
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A +%

{21 -

N
1-6 (Ah) = constantlo e’A, ] R

nk

which will tend to zero as n + = . Hence, in the Poisson case, (2) can be

very simply written as
y_%u A +0 as n >
n nn i

for any integer sequence {An} for which An +® ag n >o® ,
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