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Abstract

The existence of strictly feasible points is shown to be equivalent to the boundedness of solution sets of
generalized complementarity problems with stably pseudomonotone mappings. This generalizes some
known results in the literature established for complementarity problems with monotone mappings.
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1. Introduction and preliminaries

Throughout this note (unless explicitly stated otherwise), let K denote a nonempty
closed convex subset of R" and F denote a set-valued mapping from K into R". We
make the blanket assumption that the mapping F is upper hemicontinuous on K with
nonempty compact convex values. The generalized variational inequality problem,
denoted by GVIP(F, K), is to find vectors x € K and x* € F(x) such that

(1) x*,y—x)=>0 forall yeK,

where (-, -} denotes the usual inner product in R". If K is a nonempty closed convex
cone in R”, then the GVIP(F, K) is the same as the generalized complementarity
problem GCP(F, K) (see [8]): to find x € K and x* € F(x) such that x* € K* and
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(x*, x) = 0, where K is the positive polar cone of K. Assume that the interior of
K™ is nonempty, that is, int(K+) # @. We say that the problem GCP(F, K) is strictly
feasible if F(K)Nint(K*) # @.

A mapping F is said to be upper semicontinuous on K if for any open set V,
{y € K| F(y) C V}is open relative to K; F is said to be upper hemicontinuous on
K if the restriction of F to each line segment of K is upper semicontinuous. Recall
also that F is said to be pseudomonotone on K if for all x,,x, € K, xf € F(x))
and x} € F(xy), (x{,x; — x;) > 0 implies (x;,x; — x;) > 0. A pseudomonotone
mapping F is said to be stably pseudomonotone on K with respecttoaset U C R”
if the mapping F(-) — u is pseudomonotone on K for every u € U. For a non-
empty convex set K, barr(K) denotes its barrier cone [6] and K+ denotes the set
{x* € R" | (x*,x) > 0forall x € K}. A function s : R" — R U {+o00} is said to be
proper if dom(h) defined as the set {x € R" | h(x) < 400} is nonempty; and it is said
to be level-bounded on K if the set {x € K | h(x) < r} is bounded for every r € R.

In Section 2, we prove the following theorem.

THEOREM 2.3. Let K be a nonempty closed convex cone with int(K*) nonempty.
Assume that there exists a sequence {u,,} C int(K™) such that (a)lim,,_, o u,, = 0 and
{un} is decreasing with respect to K*; (b) the mapping F(-) — u,, is pseudomonotone
on K for each m € N. Then GCP(F, K) is strictly feasible if and only if its solution
set is nonempty and bounded.

Theorem 2.3 generalizes [5, Theorem 4] and [1, Corollary 1]. The former as-
sumed F is maximal monotone while the latter assumed F' is monotone and single-
valued mapping, and K = R’,. Example 2 in [4] shows that Theorem 2.3 genuinely
generalizes the aforementioned results.

LEMMA 1.1. Let K be a nonempty closed convex subset of R" and let
int(barr(K)) # @.
Then e € int(— barr(K)) if and only if the set E(r) ;= {x € K | {e.x) < r}is
bounded for every r € R.

PROOF. Define a function f (x) := (e, x)+ ¢ (x), where I (x) denotes the indicator
function of K. Then f is proper convex lower semicontinuous and E(r) is the level
set of f. The conclusion now follows from [6, Corollaries 8.7.1 and 14.2.2]. O

We need to introduce an additional function. For x € K and u € R",

Y —u,x—y)
max{|ly*|l, 1} max{|[y|l, 1}

fo,u) = sup[ Y eF(y),yekt,

The function f (-, 0) is considered in [2].
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2. Main results

PROPOSITION 2.1. Let K be a nonempty closed convex set in R" and u € R" be
such that F(-) — u is pseudomonotone on K. Then x € K solves GVIP(F — u, K) if
andonly if f(x,u) =0.

PROOF. Assume that x € K solves GVIP(F — u, K). Then there exists x* € F(x)
such that (x* —u,x — y) < Oforall y € K. Since F(-) — u is pseudomonotone,
it follows that (y* — u,x — y) < Oforall y € K and y* € F(y). This shows that
f(x, u) < 0. On the other hand, the definition of f implies that f(x, u) > 0 for every
x € K. Hence f(x, u) = 0.

Conversely, assume that f(x, u) =0. Let y € K and define y, = x +t(y — x) for
t € (0, 1]. Pick ¥' € F(y,). Then the definition of f implies (y" —u,x —y) <0.
Since F is upper hemicontinuous with compact values, we assume without loss of
generality that (y)) — z* € F(x)ast — O+. Thus (z*—u, x —y) < 0. Sincey € K
is arbitrary,

sup inf (x" —u,x —y) <0.

vek YTEF (D)
Since F(x) is a nonempty compact convex set and K is a closed convex set, we can
apply Sion’s minimax theorem [9] to obtain that

inf sup(x* —u,x —y)=sup inf (x*—u,x—y)<O0.
eF () yex vek **eF ()
Since x* +> sup, g (x* — u, x — y) is clearly lower semicontinuous and F(x) is

compact, it follows that there exists x* € F(x) such that sup, x (x* —u, x —y) <0,
so x solves GVIP(F — u, K). O

LEMMA 2.2. Let u € R" be such that F(-) — u is pseudomonotone on K and
that f(-, u) is level-bounded on K. Then there exists x € K such that x solves
GVIP(F — u, K) and hence f(x,u) = 0.

PROOF. Define K; = {x € K | ||x|| <i},i € N, and

(y'—u,x—y)
max{||y*||, 1} max{{|y||, 1}

ﬁ(x,u)ISUP{ y*eF(y)’yeKi}.

The boundedness of K; implies that (see [3, Corollary 1]) there exists some x; € K
that solves GVIP(F — u, K;). For some x/ € F(x;),

(2) (x!)—u,x; —y) <0, forall yeK,.
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Then f,-(x,-, u) = 0 by Proposition 2.1. We claim that [|x;|| < i for some i € N.
Otherwise, ||x;|| = i for each i. Note that {f,-(x, u)} is increasing and pointwise
converging on K to f(x, u). Since f(x, u) is level-bounded on K, [7, Corollary 4.12]
shows that ﬁo (x, u) is level-bounded on K for some iy € N. Set

C={xeK|fy(x,u)<1} and c=suplx].

xeC

Then C is compact and nonempty. If i > max{io, ¢}, thenx; & C. Hence f,»(x,, u) > 1
which contradicts f,»(x,-, u) = 0. Thus there must exist j such that ||x;[| < j. Weclaim
that x; solves GVIP(F — u, K). Indeed for each y € K there exists sufficiently small
t > Osuchthatx;+1 (y—x;) € K;. Itfollows from (2) that # (x} —u, x;—y) < 0,and
hence (x; —u, x; —y) < 0. Thus x; solves GVIP(F — u, K), and hence fx u)y=0
by Proposition 2.1. O

THEOREM 2.3. Let K be a nonempty closed convex set with int(K*) nonempty, and
suppose that there exists a sequence {u,} C int(K*) decreasing with respect to K*
and converging to zero such that F is stably pseudomonotone on K with respect
to {u,,}. Then F(K)Nint(— barr(K)) # @ if and only if GVIP(F, K) has a nonempty
and bounded solution set.

PROOF. Suppose that GVIP(F, K) has a nonempty and bounded solution set. By
Proposition 2.1, the set {x € K | f (x,0) = 0} is nonempty and bounded. Hence,
[6, Corollary 8.7.1] implies that f(-, 0) is level-bounded on K. We claim that there
exists m € N such that f(-, u,,) is also level-bounded on K. To see this, we define
h, : K — R for eachm € N by h,(x) := fA(x‘O) — (U, x). Clearly {h,} is
increasing and pointwise converges to f (x,0). By [7, Corollary 4.12], h,, is level-
bounded on K if m is large enough. Thus our claim will stand if one can show
that

(3) hm(x) < f(x,u,), forall xe K, meN.

To verify (3), let x € K and m € N. For any ¢ > 0, the definition of f(x, 0) implies
that there exist y € K and y* € F(y) such that
(y*’ X — )’)

) | e
FO < X max (g ¢

This implies that

fx,0)~ f(x, um)
(y*,X—Y) _ (.V*_um,x_)’)
= max{|[y*[l, 1} max{[[yll, 1}  max{|[y*]l, 1} max{]|y], 1}
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_ (m, X — ¥)

— max{liy*]l, 1y max{|ly|, 1}
- (tm, X)

— max{|ly*|l, I} max{llyll, T}

< (Um, X) + &,

where the last two inequalities hold because u,, € K* andx, vy € K. Lettinge — 0+,
it follows that A, (x) = f(x,0) = (U, x) < f(x, un). Thus (3) holds and £ (-, u,,) is
level-bounded on K. Consequently, by virtue of Lemma 2.2, there exists some x,, € K
such that x,, solves GVIP(F — u,,. K'). This implies that x} — u,, € — barr(K) and so
x} € int(— barr(K)). Therefore x; € F(x,) N int(—barr(K)). Conversely, suppose
that there exist xo € K and x§ € F(xo) such that x; € int(— barr(K)). Define

D:={xe K| {x;,x —x) <0}

By Lemma 1.1, D is bounded. Let x € K \ D. Since F is pseudomonotone,
{x*,x — xq) > O forall x* € F(x). Thus one can apply {3, Corollary 1] to conclude
that the solution set of GVIP(F, K) is nonempty and bounded. O

We end this note with two simple examples to show that the condition on stable
pseudomonotonicity in Theorem 2.3 cannot be dropped. Let

K ={(x,y) € R? | x +iy =rexp(i6) with 6 & [r/6, /3] and r > 0}.
EXAMPLE 1. For each (x, y) € K with x + iy = r exp(i9), define
F(x,y) = r¥(cos(80 — 57/6), sin(8¢ — 57/6)).
Then GCP(F, K) is strictly feasible with unbounded solution set.
EXAMPLE 2. For each (x, y) € K withx + iy = rexp(if), define
F(x,y) = r®/r(cos(136/2 — 37/8), sin(130/2 — 31/8)).

Then GCP(F, K) has a bounded solution set, but is not strictly feasible.
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