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Abstract. Let (X, F, u) be a probability measure space, p and 8 real numbers such
that 1 =p<+0 and 0< B <p. For any linear positive operator T satisfying T1,
T*1=1 we prove the norm and pointwise convergence of the sequence

1 n—1 . .
- Y |Tf|? sgn T'f foranyfe L"(n).
i=0

We get then the pointwise and norm convergence in L”, 0<B8=1<p<2, of the
sequence n_' ¥, |Sf|? sgn S'f for any positive linear operator on L”(Q, A, )
(p-o-finite) verifying ||(1—a)I+aS|,=1 for a real number 0 <a <1. In the par-
ticular case a =1, (S is a contraction), 8 = p — 1, this result gives the pointwise and
norm convergence of the sequences s'”’ introduced by Beauzamy and Enflo in 1985
to the asymptotic center of the sequence (T"f),cn-

0. Introduction
Let E be a uniformly convex Banach space and x, a bounded sequence in E. We
are interested in this paper in two minimal procedures.

The first one introduced by Edelstein [6] leads to the notion of the asymptotic
center of the sequence (x,). He considered for each integer m =1 the unique element
¢, which minimizes the function

Fu(y) = sup [xi— |

and proved the norm convergence of ¢, to an element ¢ in E. If we denote by
r(y) =lim,, r,,(y) then r(c) <r(y) for y # c. This element c is called the asymptotic
center of the sequence x,. When the sequence x, is given by the iterates T"x of a
contraction T:C - C (closed convex subset of E). Then c is a fixed point of T.

The second procedure was introduced by Beauzamy and Enflo [2]. For any real
number p, 1<p<+c0 and fixed x in C, s\’ is the unique element in E which
minimizes the function

1 n—1 . .
iy =— L | T'x=y|" yinE.
i=0
One of the interests of these sequences is that in any Hilbert space and for any p,
1 n—1

Y T'x
ni=o

(p)
1<p<+00,s,.
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the Cesaro averages of the sequence (T'x);.n. Of course the same procedure can
be defined for a general bounded sequence (x,,).

When E is not a Hilbert space there is no explicit expression for s'”’. Even for
linear operators the process of creation of s.”’ is not linear. So one wonders if these
sequences still enjoy the same convergence properties of the Cesaro averages.

The problem of the pointwise convergence of the sequences s'?’ for a linear
positive contraction T:L"” > L” has been studied by Guerre and Benozene in {7]
and [3]. But the problem of the pointwise and norm convergence when 1<p <2
remained open. If we denote by

1 n—1 X i
dg''(y)=1 T |Tf~3"" sgn (T )

and ¢ the asymptotic center of the sequence (T'f),.n, f in L”, the pointwise
convergence of the sequence s\”’ appears as a consequence of the pointwise conver-
gence of d¢''(c). But ¢ being a fixed point of T we have

487 () =1 T T =) sgn (T'(f =)

1o _
- IT'(g)l”"Sgn(T'(g)).

“M|

So to get the pointwise convergence in L”, 1 <p <2 we just need to consider the
pointwise convergence of the sequence

n—1

—Z |T'(g)|” 'sgn(T'g) foranyge L.

We are going in fact to prove the pointwise and norm convergence of the sequence
n'y |Tf|B sgn (T'f) when T is not necessarily a contraction on L’. More
prec1se1y we shall prove the pointwise and norm convergence for the class C, of
linear positive operators T such that [[(1—-a)I +aT|,=<1 for a real number «,
0 < a <1, for such operators we recently obtained [1] a dominated and pointwise
ergodic theorem in L”. Let us remark that for @ =1 we get the set of linear positive
contractions on L” and that there exists simple examples of operators T satisfying
l(1—a)I+aT|/,=1 and which are not contractions. For instance T =(g §), € =3,
a== P= 2.

The present article is divided in two parts. In the first we prove the pointwise
and norm convergence of the sequence n™' ¥/ _) | T'f|® sgn (T'f) for fin L", 1<p<
+00, 0 < B < p. The measure space is a probability one and the linear positive operator
satisfies T1=1, T*1=1. We distinguish in this first part two cases: (i) 1< <p,
(ii) 0< B <1=p. The first case appears as a direct consequence of the subadditive
ergodic theorem for Markovian operators satisfying T1=1. In the second case we
use an almost subadditive property to get the norm convergence in L'. This result
does not appear as a simple consequence of known results on subadditive theorems.
The words ‘almost subadditive property’ come from [5]. We will use also some
ideas developed in [5].
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Then we get the pointwise convergence in L'. In the second part we use these
results to get the pointwise and norm convergence of the sequence
n~'Y"" |T'f|? sgn T'f when T belongs to the class C,, 1<p=2 and fe L".

This gives us the pointwise and norm convergence of the sequence s%.

1.
The probability measure space is (Q, A, m). The sequence n 'Y |Tf|?
sgn (T'f) can be written as

n

(ol

1
n

(P28 (TP,

0

So it is enough to consider n”' Y7 s (T'f)*®. The change f - —f will give the result
for n™' Y0 ((T'f)7)P. As we said in the introduction we distinguish two cases.
1<B<p, 0<B<1=p. The following lemma can be proved as the one well-known
for conditional expectations. (See also Lemma 1.7.4 in [8].)

Lemma L.1. For any positive linear operator S on L'(Q, A, m), f, =0, fe L'(m),
ge L7 (m), 1<r<+wo, r*=r/(r—1), we have

S(f-e)=(S(Uf NV - (S(g"N"".
(A) 1<B<p.

THEOREM A.l1. For any positive linear operator on L'(Q), A, m) such that T1=1,
T*1=1 and any f in L"(m) the sequence n™' ¥~ | T'f|? sgn (T'f) converges a.e.
and in norm in L".

Proof. It is enough to prove the result for the sequence n™' ¥/, (T'f)"*. If we write
S, =Y, (T'f)** we have

TS = L TN(T™)
z'il (T*(T'f)*)* byLemmal.l

=T (THT)
=S,k — Sk

S0 S, = T*(S,)+ Sk. We have a subadditive sequence with respect to T and the
sequence S,/ n converges a.e. and in norm by the subadditive theorem for Markovian
operator [8]. (In this case T1=1 and the conclusion can follow from a simpler
argument.)

(B) 0<B<1=p.
We need just to consider the case p=1.

LeMMA B.2. Let T be a Markovian operator on L'(Q, A, m) satisfying T1=1. Then
for any fin L'(m) the sequence n™'Y.]_ | T'f| converge a.e. and in norm in L'.
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Proof. Let us note S, =Y, |T'f|. Then for any integer k we have

TS = £ TH(ITYD

= lTkﬁfl =S,k Sk
i=1
and the result follows from the subadditive theorem for Markovian operators.

ProposiTION B.3. Let T be a Markovian contraction on L'(m) verifying T1=1 and
fin L'(m). If wedenote by S, = —Y.;_, (T'f)** then for any integers n, k n =1 we have

k k+i
Sn+k_sk+Tk(5)+z(T |Tf|)2 |T fl) '

Proof. If S, =Y"_, (T'f)** then
n i i B
T(S)) = T*’(_gl (——T”'Tf') )

{

k<T‘f+lT’f|
<(TA(Tf)) +

A
M=
~

2

i

B
)) by Lemma I.1

T“(IT'}”I)—!T“’fI>B
2

I
HM:

TT-ITY
(Tars- IT“"fl)B.

= Z (T e+ Z (

>Sn+k_sk+ Z

i=1
ProrosiTiION B.4. Under the assumptions of Proposition B.3 the sequence
Sﬂ
v.= | —-dm converges to a real number v.
n

Proof. Let us fix the integer n> 1 and note m = nl+r, 0= r < n. Then using Proposi-
tion B.3 we have

T(TSD~ IT"”'fl)

Sw= T TU(S)+TV(8)+ % ( >

Jj=

Ly § (T

i=0i=1
The operator T being Markovian we have

I 1 r Tnl i _ Tnl+i B
ym_z.yﬁ_Jsr,dwziI( (T fl)
m m 2

i=0 M

n L[ g (TUT Ty
+m nlJ. 2 Z( 2

- dm.

i=0i=1
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By using the concavity of the function x-x” and the fact that ([|F|?- dm)=
([1F| dm)® for any function F in L'(m) the last term of the previous inequality is

bounded by
(J- ( I< | z" ( I(‘] fl) |] ! 'f|)> dm
m nl_,'_o i=1 2

=2 £ 155 5 701) dm)

If f*=1limy N'$%, | T'f| which exists by lemma B.2 we have

<wv + = X
llmmsup YV = Vn (J ( " 2 dm

By using again Lemma B.2 we have

lim sup y,, <liminf vy,,

which implies the convergence of the sequence v,.

ProPOsITION B.5. The sequence S,/ n converges in L' norm to

llm [hm Z T"(S,)]
L g
Proof. We fix again the integer n and take m = nl+r. Then asT™(S,) =0 we have

S.= 3 TUS)+ T ¥ (Tnj(lTifl)_lT"Mfl)ﬁ

i=0 i=0i=1 2
Tnl T nl+i B
5 (TUT-ra)
2
By the ergodic theorem for T" (see [7]) lim, ™" Z_:;L T7(S,) = h, exists a.e. and in
L' norm.
As

J(gﬂ_l,hn)* mel s J(T"’(IT"fI)—IT"’“fI)B
m n m o 2

- J (,Zo 3 (T"’ ) IT””"fI)B> dm
J‘ ( T"-’(sn)—%- h,,)+ dm

. S. 1 * " | T f*) )"
1 2 ~oh) cdm= UL S A
lmmpr’(m n ) " (.[ (E, 2n 2 dm

by the same arguments as those used in the proof of Proposition B.4.
For n=n,(e) we have then

we have

S» 1 M
lim supJ (-;1—'"—; h,,) dm=g¢ andform
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j(&—lhn) dm=e¢.
m n

We can choose ny(e) such that

large enough greater than n

YT Y| <€

N |-

Then as §|g|dm=2fg" - dm—[g- dm we have

J Sw_1 dm<2j(s——l-hn> dm+U<&—lh,,>dml
m n m n

=
n
=2e+|Ym — Val becauseJh,,dm=J'S,,dm

m

=2g+¢e=3e.

The sequences S,,/m and h,/n are Cauchy sequences in L'. They converge to
the same limit in L' norm:

11m [llm Z T"(S,]
1 i _], 1

THEOREM B.6. For any positive linear contraction T on L'(Q, A, m) such that T1=1,
T*1=1and any fin L'(m) the sequence n ' Y"_ | T'f|° sgn (T'f) converges a.e. (for
0<pB=1)inlL'.

Proof. It is enough to prove the pointwise convergence of
1 ! i +B
= 2 A(TH™"
ni-o

We remark first that for any positive contraction U on L'(m) verifying Ul =1

the sequence n™' ¥ (U'(g))® converges a.e. In fact if we note V, =Y _, (U'g)®
then

Utv,=Y U"U'g)"
i=1

= T (UK Ug)*

=V,u— Ve (g20),
for any integers k and n. The result follows again by the subadditive (or superaddi-
tive) ergodic theorem.
Now we fix the integer n=1, we have for any /=1

llln

—X L (T"’(Tf))+’3<— Z T (T(T*)")

"1;()A() ,—Al

A T"’(IT‘fI)—IT""”fI)">
_"l.igokz—:l((’r (T1)) B+< 2
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by using the inequality
(T(g ) = (T +

So if we note S,,=Y;_, (T*f)*® we have
Sw_1'2" 2 n (1 ! 3 T"f(lT"fI)—lT"’*kf!)B

T""'(lgl)—IT"’gI)ﬁ
5 :

(x) ==—3 T (T(TY)" )B< o )

nl nI,()k| nlj()k| 2

(by the concavity of x > x*).
By the ergodic theorem applied to 7" and Lemma B.2

im( % £ Tr-1 T £ i)

=0 k=1 , 0k=1
=h¥—f* a.e.wherejh’,’,‘ dm=J— Y | T | dm.
n k-
So from (*) and the fact that lim,,_... S,,,/(m+1)—(S,/m)=0 a.e. we have

llms—<11m— Y i (TY(TH)")?

] 0 k=1
1 -1 n
=lim 5 L L (T(TY)"Y
]— 1
(by the remark made at the beginning of the proof)

h*_ *\ B

slimﬁ+( - f) .
— m 2

So

I k _ £%\ B
J(lim&——li_m§> dmsj(ﬁ—f> dm
m m 2

h*—f* B
=(J (555) )"
2
If we let n go to the infinity we get

S
J(hm——lnms ) dm=0
m m

which proves the pointwise convergence of S,/n. The convergence holds in L'
because of the norm convergence in L' proved in Proposition B.4.

CoroLLARY B.7. Under the assumptions of Theorem B.6 but fe L? for 1 <p< +0,
then the pointwise and norm convergence holds in L"'",

Proof. 1t suffices to prove that
1, .
sup—|T'f|?e L"",
w o n

We have

1)
e (177) =g (5 1)
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SO

[ (s Lirye)" ams [ (sup 2 7111)" am= i [ 1117 am

n=N N n=N N

(as a particular case of the estimate in [1]) and [sup, n | T'f|?|,,s < K*"|fI%.

Remarks

(1) It is clear that when f is in L”, 1< p <+ by using only the proof of Theorem
B.6 and the fact that sup,n 'Y | T'f|® € L"? we can get the pointwise and
norm convergence in L%,

(2) A consequence of Theorem B.6 is the pointwise and norm convergence in L'
of the sequence n™' Y | T'f|°. We can also get the same conclusion when T
is not necessarily positive but its linear modulus T satisfies T1=1 and T*1=1.

We apply now the results of this first part to operators in any class C,, 0<a =1.

2.

ProposITION 2.1. Let T be a positive linear operator on L"(X, F, u) 1 <p <+00 such
that |(1—a)I +aT|, =1 for areal number a,0 < a < 1. Then there exists a decomposi-
tion of the space X in two disjoint parts E and E “ invariant by T. (i.e. T(L"(E))< L"(E)
and T(L"(E“)) < LP(E*)). Furthermore there exists h in L”(u) such that supp h = E,
Th=hand T*(h" “)=h""",

Proof. Let h be a function in L” invariant by T with maximal support E. This
function h is also invariant with maximal support for S=(1—-a)}l+aT. As

J S(h) - h""'du =J h” dp =J hS*(h"™") dp,

we have also S*(h” ') = h"" ' and E is the maximal support of the invariant functions
of $* and then of T*. (Note: h” "' is the only element in L? (such that [ h- h""' dp =
k|5 =1A"""||2.) We have to show that E and E¢ are invariant by T (and also T*).
We have

J O J 1o f T*(h"™) d

=J’ lE‘f' hpAl d/.L=0
By analogy we also have
J T*(1gg) - hdu = J lpg - hdu=0,

which proves that E is invariant by T and T*. Let us denote by P and P*, the
projections obtained by the mean ergodic theorem (a consequence of the result
obtained in [1]). If ¢ (resp. f) is a strictly positive function such that

E°=supp h(§ — P*§) (resp. E° =supp h(f - P(f))
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then we have
j T(1ef) - (§—P*(§)) du = J (1ef) - (T*(g)— T*P*(g)) du

=0 as E‘isinvariant by T*.

By analogy we have
J T*(1gg) - (f—P(f)) du =0 because E€ is invariant.

THEOREM 2.3. Let 0<B <1<p=2, for any positive operator T on L"(u) such
that ||(1—a)I+aT|,<1 and for any function f in LP(un) the sequence
n~' Y| T'f|P sgn (T'f) converges a.e. and in norm in L.

Proof. We have

i=0

n—1 n—1 B
LS 1o san (ripi= (3T )

By Proposition 2.2 the space () can be divided in two disjoint parts E and E“ both
invariant by T. There exists also h in L?(u) such that supph=E, Th=h and
T*(h" YYy=h"""

Because of the pointwise ergodic theorem [1] we have

1 n—1 .
| P —( 3 T‘(|f|)) >0 a.e.andso
nN\i=0

1 -0 a.e.

T ITST sgn (1)

The operator S:S(g)= T(g- h)/h on the space L"(E, m) (where m(A) =IA h? duw)
is a Markovian operator contraction on L'(m) verifying also S1=1 as

T*(s- ")

S*(s): hl’—]

As S'(g)=T'(g- h)/h for any integer i=0 the pointwise convergence of the
sequence n 'Y _'|S(g)|? sgn S'g valid by Theorem B.6 implies the same con-
sequence for the sequence n 'Y, ) |T'f|® sgn T'f on E. The norm convergence
follows from the following inequality consequence of the dominated estimate in [1]

and the concavity of x - x”

B
s(y(anﬁ/"( P ) e 0

| R i
sup— ¥ |Tf|°sgn T'f
n M=o p—1

r/B

To see how these results can be applied to the sequences 5!’ we need the following
propositions. The first one can be obtained following the proof of Bruck and Reich
[4] (taking the function @(y)=Ilim | T"x — y||” instead of }lim || T"x — y||*) and the
fact that r(c) <r(y) for y # ¢ (c is the asymptotic center). The second proposition
uses ideas of Beauzamy and Enflo [2] in their proof of the weak convergence in /7
of the sequence s.”’. (Just use pointwise the scalar inequalities established in Lemma
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6 for 2<p<oo and Lemma 6 for 1 <p=2 in [2], then the mean value theorem.)
Both propositions can also be found in [3].

ProprosiTION 2.4, Let E be a uniformly smooth Banach space and T a contraction
(not necessarily linear) T: E —» E. Then if for any x in E we denote by c the asymptotic
center of the sequence (T"x),.n, and J, the duality map associated with the function
Y(r)=r""" (1<p<+©) thendp'"(c)=n" Z;':_(: J,(c— T’x) converges weakly to 0.

ProposITION 2.5. When E = L"(u), 1 < p <+00, (the same p as the one used for s%)
and c is the asymptotic center of the sequence (T"f), then if do,(p)(c)—>0 a.e. then

sh>c¢ a.e.

THEOREM 2.6. Let (Q, A, u) be a o-finite measure space and T a positive linear
contraction on L"(u), 1 <p=2. If we denote by s!, the element which minimises the
function ¢7(y)=n""T_ o IT"f—y||” and ¢ the asymptotic center of the sequence
(T"f)nen then sh, converges almost everywhere to c.

Proof. For ¢(r)=r""" we have
J,(c— T'x)=p|c— T’'x| sgn (¢ — T'x)
and d¢'"(c)=(p/n) Z;’;o' le— T'x|""sgn (¢ — T’x). As c is a fixed point of T

d¢("f"(c) =§"§‘; IT'i(C—x)[”AI sgn (T‘i(c—x)).

By Theorem 2.3 (for B =p—1) the sequence d¢'”’(c) converges a.e. to a function
which must be equal to zero a.e. by Proposition 2.4. We conclude then by using
Proposition 2.5.
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