FACTORIZATION AND ARITHMETIC FUNCTIONS FOR
ORDERS IN COMPOSITION ALGEBRAS

by P. J. C. LAMONT
(Received 2 August, 1971)

A well-known product, referred to as the Dirichlet convolution product, is generalized
to arithmetic functions defined on an order in a Cayley division algebra. Factorization results
for orders, multiplicative functions and analogues of the Moebius inversion formula are
discussed.

1. Introduction. Let C, with nondegenerate quadratic form N, be a composition algebra
over a field k£ of characteristic other than 2. Then N is a map of C into k such that

(i) N(t&) = 2N (&) for all tek and ¢eC,
(i) & n) =3{NE+n)-N(—N(n)} is a bilinear function,

(i) N(&n) = N(ON @),
@iv) (&, n) =0 for all £eC implies that n = 0.

An algebra over k satisfying the conditions

En =& and &n? = (¢énn (L.1)

for all elements &, 5 in the algebra is called alternative. It follows that é(né) = (En)é. Cis
simultaneously an alternative algebra with an involution & — & such that

EE=N@)L and &E+E=2T(E)1, where N(&), T(E)ek, (1.2)
and a quadratic algebra, since every element £ of C satisfies
E-2TEQE+NE©1=0. (1.3)
Since C is alternative, the Moufang identities hold:
(§)(BE) = £(@B), (1.4)
(Sad)n = E[aEn)), (1.5)
n(¢ag) = [(n)elt. (1.6)
I shall also use
T(&n) = T(e), (1.7)
T[E@O] = T(En)¢)- (1.8)
Any alternative algebra with an identity and an involution that satisfies (1.2) is a composition

algebra.
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Given a composition algebra K. Take H to be the direct sum K@ Ke, where Ke is
isomorphic to K under ¢ — £e. Define multiplication in H by

Ci+ée)ny +n2e) =& +ai, E)+ (& + &7 )e (1.9)

for 0 # aek. Then H is a composition algebra if and only if K is associative. Also, any
composition algebra over a field k may be obtained from k1 by applying this Dickson doubling
process at most three times. Then C is one of the following: k1; an algebra k[e] with e? = a;
a generalized quaternion algebra; or a generalized Cayley algebra. C is a division algebra if
and only if the norm N is anisotropic.

Let the ground field be the rationals and take i, = 1. By letting e = i,, i, and then i,
with a = —1 each time and setting i,i, = i5, i,i, = is, i,i, = i and i;i, = i;, we obtain a
basis {i;}¢ for the classical Cayley division algebra D.

An order or arithmetic of a composition algebra C over a field with a ring of integers is,
by definition, a not necessarily associative ring, consists of integral elements only and contains
1. Orders of C have been discussed for local and global fields by van der Blij and Springer [5].
To introduce composition algebras they allow a ground field of characteristic 2.

If 0 is an order of D and if o contains a subset of {i,}, then by closure of multiplication
in o the subset has cardinality 1, 2, 4, or 8. Examples of such orders, maximal in the algebra
which they span, are: the rational integers Z; the Gaussian integers Z[{]; the Hurwitz
quaternion order Z[i,i,, p] where p=14(1+i,+i,+i;); and the isomorphic maximal
Cayley arithmetics [3]. The orders of D used below span the same algebra as does the subset
of {i;} that they contain.

Let o be an order of C in which the number of representations of any integer by norms
of elements of o is finite. For £ and a e, a is said to be a left divisor of £ if £ has a factorization
«f in o, and we write a|£. Right divisibility is similarly defined. Next one defines r(m) to
be the number of elements of norm m in 0. For {eo and N{ = mn, s,({, m, n) denotes the
number of distinct factorizations &y of { in o with Né = m and Ny =n. When no confusion
can arise we omit the suffix o and write r(1) =r. Formulae for the values of the functions r

and s on certain orders of D are given in Rankin [4] and in [2]. The methods of proof used in
[2] are reviewed in the next section.

2. Factorization. Let o be an order of D which possesses the following properties:

(i) r(mn)r = r(m)r(n) if (m,n) =1, 2.0
(ii) For any £eo of odd norm, there exists a unit ¢eo such that £ = e¢(mod2). (2.2)

Then we are able to prove the theorem:

(2.3) Any element {e€o with N{ = mn has precisely r different factorizations &y in o with
NE=mand Nn=n, if (m,n)= 1. Moreover, for m odd, the factorization is unique apart from
signs if a unit ¢ is prescribed to which & is congruent modulo 2.

Proof. Suppose that { = &,n, = &,n,, where &, # +¢&, and N¢, = Né, =m is odd.
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Then | T, &,)| <m. By (1.1), {fi, = n&, and {7, = nf,. Hence (1, )({fi.) = n*¢, &, By
(1.8), mT(n,7j2) = nT (£, &).

Assume that &, =¢&,(mod2). Then ¢, &,=1(mod2). Hence & ¢, has integral
coefficients with respect to {i;}. Thus, since m|T'(§, &,), we have that T'(§, £,) = 0.

Again, since N(&, &,) = m?, it follows that &, &, has precisely one or five odd rational
integral coefficients. Hence, using (2.2), &, &, = i,(mod 2) for some s (1 £s< 7). Thisis a
contradiction. Therefore &, # &, (mod2). Again by (2.2), { has at most r factorizations &n.

Now consider all {eo with norm mn. Suppose that there is some { €0 with strictly less
than r factorizations of the required form. Then

rmy(ny<r Y, 1=r(mn)r.
N{=mn
This contradicts (2.1). If m is even, apply the argument to s({, n, m). The theorem is thus
proved.

Use of the alternative laws and the Moufang identities yields results of the following

form.

(2.4). For ¢ any unit in o, s({, m, n) = s({e, m, n).

Proof. 1f { = &y, then e = {[(£8)eln}e = (&) (ene).
An element { eo of odd norm is called primitive if { £ 0 (mod p) for any rational prime p.
Suppose now that, for the order o,

r(p** r = r(p)r(p)+r(p* = )r—r(p)) 2.3)
when the integer ¢ > 0. Then the following theorem holds:

(2.6). Any element { o, with N{ = p'*1, where p is an odd rational prime and the integer
t > 0, has precisely

() r(p) distinct factorizations &n with N& = p and Ny = p', if { = 0(mod p),
(ii) r such factorizations, if { is primitive.

Proof. (i) { =p{’, where {’ep. Let & be any element of norm p in o and let n = &{’.
Then &n = {. Thus { has precisely as many distinct factorizations &n of the required form as
there are elements of norm p in o.

(i) Suppose that { has distinct factorizations &, 1, and &,#, in o with N¢, = N, =p
and &, # +¢,. Assume that ¢, = &,(mod2). Then ¢, &, =1(mod2). Hence ¢, &, has
integral coefficients with respect to the basis {i}q.

Now, by (1.7) and (1.8),

T{E(E O+ (E)E} = 2T (DT, E,).

Also &,(¢,0) = pin, and ({¢)E, = pif, &,. Hence, using (2.4), p divides T'(, ;). Since
€ # +&y, & & # 2p. But N, &) =p®. Hence T(¢,&,) =0 and ¢, &, has precisely one
or five odd rational integral coefficients. Thus & €, is congruent modulo 2 to one of {i,}].
This contradicts the fact that &, &, = 1(mod2). Therefore ¢, # &, (mod2).
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We have proved that there are at most r distinct factorizations &én of { in o with N¢ = p.
Suppose that, for some { of norm p'*!, there are less than r such factorizations. Then

ipyr(p)<r Y 1+r(p) Y 1
NC:p‘*’ N‘: t+1
Pt prc

= (" r—r(p r+r(p)r(p'™")
=r(p"* Yr+r(p'Hr(p)—r].

This contradicts (2.5) and completes the proof of the theorem.

An element £ eo with NE 1 is called irreducible if ¢ = y6 in o implies that one of y and
d is a unit of o. If £ has norm a prime, then & is irreducible.

Theorems (2.3) and (2.6) show that in, for example, the maximal Cayley arithmetics of
D, unique factorization, apart from signs, order and parentheses, holds for primitive elements,
provided that units are prescribed to which the irreducible factors are congruent modulo 2
and provided that parentheses are used in such a way that Theorem (2.6) is applicable.

Axiom (2.2) fails in the nonmaximal orders J, = Z[i,, i5, i3] and J, = Z{i,, ..., i;].
Factorization results for J(s=1,2) may be deduced from (2.3) and (2.6). Consider
congruence modulo 2 in corresponding maximal quaternion and Cayley orders. Note that,
if £ =e(mod?2), then £eJ; if and only if ¢eJ,. Thus we need only consider factorizations
corresponding to units of the orders J,.

3. Arithmetic functions. Here the composition algebra C, defined over the field of rational
numbers, is assumed to be a division algebra. Again o is an order in C and r(m) is finite for
all integers m. :

A function f with domain o and codomain the field of complex numbers is called
arithmetic. Let 2 denote the set of all arithmetic functions on o.

Suppose that fand ge¥W. A product f- g is defined by

f-00)=1 3 a0, 3.1
where the sum extends over all left divisors § of £ in 0. Then f-ge®. Also
fo®= 3 @0lp) ()
where the summation is over all ordered pairs «, f of elements of o with the product «f equal
© C.First we consider the following symmetry properties:
feE) =f(Ee) =f(&) forall ¢ andunits ceo, (3.3)
f&)=f(&) forall Eeo. 3.4

Let ¥, be the set of all elements in U satisfying (3.3).
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(3.5). U, is closed.
Proof. Take f,ge¥U, and ¢, eeo with ¢ a unit. Using the Moufang identity (1.5), we

have

foed =1 I f@ap=, f@eB =2 Y fd)aeh) = g(d).

=el r (alE(cB)]) =& T (sag)(eB)=¢
Now from (1.4) we deduce that

Faed =2 T fGE)a(Be) = f-9(Eo).

(a)(pE) =&

Thus f-geU,.
Now suppose that functions f and ge U satisfy (3.4). Then

F6® =2 T fDa@ =1 T sf)=g-f®.

¥ys=¢ Vag=2

For an arithmetic function £, f* is defined to be the restriction of f'to the integers Z. Forf, g
and heW we have f-g*=g-f*and (f-g)-h* =1 (g -h)*.

Now define a function e by
i 1 if&isaunit
e(¢) = (3:6)

0 otherwise.

Clearly ee¥, and e satisfies (3.4). Now for fe, we have
Jre€)=- Z J(@e(p) = - Z J(&&)=71(0).
aﬁ-— Fng=1
Similarly e-f=f. Hence e is the unique identity for U,.
(3.7). For feWN,, a right inverse f’ €N, exists if and only if f(1) # 0.

Proof. Note that, if feU,, then f(¢) = f(1) for all units eeo. Suppose that f' e,
exists. Then 1 =e(l) =f-f'(1) =f(1)f'(1), by (3.2) and (3.3). Therefore f(1) # 0.
Now assume that f(1) # 0. Define f* inductively as follows.

[f(D]Y, if&isa unit
1o= {— [F(D]17 Y f@f'(B), otherwisc.} (3.8)
afi=¢
Na#1

An induction argument using the Moufang identities (1.5) and (1.6) shows that f'e¥,.
Next, for ¢ a unit,

ffe)=- Z fEe)f'(e)= Z Sy =1.

Nel 1 Nel 1
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For £ with N # 1, we have

SI® =25 1B

Tag=¢

=1 T fOr©+; T J@7®
o

=f(f" - =0.

Hence f+f' = e and f” is a right inverse for f.
If feU, satisfies (3.4), then f' is a left inverse for funder the convolution product defined
by

xe@ =1 3 fB)a@

aB=¢
with summation as before. If fe¥, and both fand f” satisfy (3.4), then
Q=) =el)=e).
Hence f'-f= e and f' is also a left inverse.

4. Multiplicative functions. Let o again be an order of the Cayley division algebra over
the rationals. We consider orders o in which, for N{ = uv, s({, u, v) = r if (u, v) = 1 or if { is

primitive.
An arithmetic function f on o is said to be multiplicative if it possesses the property
SEn) =) () @.n
when ¢, neo and (N¢, Nn) = 1. Let M denote the set of all nonzero multiplicative functions
in A,.
(4.2). Iffand geI, then f- g* M.
Proof.

J9(1) = ; Y f(e)g(@=1.

Ne=1

Now take positive integers m and »n with (m, n) = 1.

Jatm =2 % f@a(¢ mn),

&l mn

We may write & = ¢, &, in any one of r ways where &, |m and &,|n and N¢, and Né&, are
fixed. Conversely, by (1.7) and (1.8), if &, |m and &, |n, then &, &, |mn. Hence

frgmm) =3 T (6 ED9(E nE7 ' m) = - g(m) 9o
S1|m
S2in
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For &, neo, £ ~ n means that N¢ = Nip and, for peZ, p"'|§ if and only if p™ ].n. Take
¢ ~ninp. Let B,y be any left (or right) divisors of &, 5, respectively, in o, such that S~ y.
If s(B, u, v) = s(y, u, v) for all positive integers u, v with uv equal to the common norm, we
shall write s(¢) = s(7). Henceforth it is assumed that, in o, £ ~ 4 implies that s(&) = s(n).

I shall consider functions f satisfying the condition

SCE)=S() if &~ 43)
(4.4). If arithmetic functions f and g satisfy (4.3), then so does f-g.

Proof. Take &, ~ &,. Let there be ¢ integral elements § of fixed norm n such that B|¢&,.
Then

51, n, 7' NE) = 5(§3, n, n7INEy).

Therefore there are t elements yeo of norm »n that are left divisors of £,. Also, if p™ | B, then
P"| &y, and hence p™|&,. Let & = p"é; (s =1,2). Then

(&}, np™ ™ n~INE)) = s(&, np~ 3™, nTINE).

Hence there is a one-to-one correspondence between the elements # and the elements y
under which 8 ~ y. A similar result holds for the corresponding right divisors.

1 1
f9€) == 3 fBgB~ ') ==~ Y fg(y™'&) =1 g(t2)
Tl Tyl
(4.5). If an arithmetic function h satisfies (4.3) and if h(1) # 0, then b’ e, exists and
satisfies (4.3).

Proof. Foreaunit of o, #'(g) = [1/A(1)} = A’(1). Assume that (4.3) holds for &’ whenever
Né, = NE, < NE. Take & ~n. Then, as in the proof of (4.4),

KO = s T W (B) = S 5 HE) = KO,

Na#:l Ny¢ 1
Let M, be the set of all functions feM satisfying (4.3).
(4.6). Iffand geM,, then

S 9Cn) =1f-g(&)f 9(n)

if & and n are primitive in o and if (NE, Np) =1.
/- g is then said to be multiplicative on primitive elements.

Proof: f- g(fn)—- Y, f©®)gls” l(5'1)]

Faren

Suppose that & neo are primitive and that (N¢, Nn) =1. For fixed norm n there are r
left divisors & of &n with N& =n provided that n|N(¢n). Let 6 = af, where Nee|N¢ and
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NB | Nn. There are r such factorizations of each ¢ for fixed Nu and Nf. Now & =«, ¢, and
n = B, 1, each in any one of r ways where Na, = Na, Nf, = Nf. Then a; ~a and §; ~ §.
Also ()™ '(¢n) ~ (@1 )BT 'n).

f 'g(érl)=;15 > JeB)gl(@B)™ (¢n)] = Z Slay Bgl(or OB W] =1 9(D)f - g(n).

af | §n plln

For any complex number x, arithmetic functions n, are defined by n(¢) = (Ntf)". Then
"xeml c M.

1
(4.7) Let g(§) = - Y. f(9).
Fate
(i) If feM, then g*e .
(ii) If feM,, then g is multiplicative on primitive elements.
Proof. g =f-n,. The results follow by (4.2) and (4.6) respectively.
(4.8). If feM, then f* is multiplicative on primitive elements.

Proof. f' exists and satisfies (4.3). f'(g) = 1 for any unit ¢eo.
Assume that f'(af)=f'(«)f'(f) for all primitive «, feo with (Na, Nﬂ) =1 and
N(@f) < b. Choose primitive & neo with (N&, Nn) =1 and NéENp =b. Then

0= e(én) =/f'n
== % )T ]

Tsien
1
(YA CRb R PR A
Ngﬁ:e' 1
=5 3 I@F@O 3 SBIE D~ OF 0+ En

=1 @S S =1 Of M+ (En)-
Thus f*(En) = /" (E)f"(n).

5. Mocbius inversion. Let u = ny. Then u is multiplicative on primitive elements and
onZ.

(5.1). Iféeo and NE > 1, then ; un~E =0
14

Proof. 2 pin™'8) = Z Z no(Mp(n™"&) = no- p(¢) = e(¢) =

Fore nlé
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(5.2). (&)= —1, if & is irreducible in o.

Proof. 0=- Z#(ts ’6)—— )y #(é)+ Y ue) = pu@)+1.

6[{ Ne=1 Fne=1

Hence

(5.3). If nis any product of t primitive irreducible elements of o with distinct norms, then

u(m =(-=1"

Now it is easy to prove

(5.4). For rational prime p, u(p) = (1/r)r(p)—1.

Proof. 0= -Zu(é) - Z u(s)+ Z #(5)+ Y up) = l-—-r(p)+u(p)

6|p Fe=1 T Ne=1

We recall that, in Z, r(p) = 0 and, in the Gaussnan integers, for odd p,
r(p) = 4{1+ (= 1)¥e71).
(5.5 If N¢ =p2, then p(%) = (1/r)s, p, p)—1.

Proof. 0= Z #(C)+ ) #(5)+ Y ue)= #(C)—-b(C, p, p)+u(l).

FNe=1 Fns= P Fne=1
81L

(5.6). If N{ = p*, where { is primitive, p is a prime and k 2 2, then u({) = 0.

Proof. For k=2, u({) =0 by (5.5). The result follows by induction.
ut defined on Z is the well-known Moebius function. For u defined on o, the following
inversion formula holds.

(5.7). Under any condition or restriction that makes the convolution product associative
and for any arithmetic functions fand geU,,

9(8) =- Z f(n) if andonly if f(§)=- Z gmu(n™"%).

Fale Falg
Proof. g=f-n,. Thus g-u=f. Conversely, by (4.5), u satisfies (3.4) and is therefore
a left inverse for n,.
The theorem may be generalized by replacing n, by any function he?, with an inverse

K, provided that the function and the inverse satisfy (3.4). Any A€, that satisfies (4.3) and
has /(1) # 0 would be suitable.
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