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ON CERTAIN ISOLATED NORMAL SINGULARITIES
LUCIAN BADESCU

Introduction.

In the following we shall fix an algebraically closed field K of
arbitrary characteristic. The term variety will mean an algebraic scheme
over K which is integral. In general we shall use the notations and the
terminology of Eléments de Géométrie Algébrique of A. Grothendieck
and J. Dieudonné. For instance, if Z is a variety and x e Z is a point,
then O,,, means the local ring of Z at x and m, — the maximal ideal
of Oy ,.

Let Y be a variety and ¥ ¢ Y a closed normal point, which is defined
as reduced closed subscheme of Y by the coherent sheaf of ideals J,
where J, = m, and J, = Oy,, for every z+y. Consider the cartesian
diagram of blowing up of Y of center J:

o(y) = X' = X — Proj @ J"
n=0
(%) "”l J“’
Spec K =y c—aj Y

in which the exceptional locus X’ is defined as closed subscheme of X
by the coherent (invertible) ideal I = Ox(1). If X’ is non singular, then
X is also non singular at each point of X’, because the ideal I is in-
vertible. Thus the point y is either non singular or an isolated normal
singularity of Y.

The aim of this paper is the study of normal (isolated) singularities
which give rise by blowing up to a diagram (%) in which X’ is isomorphic
to a product P X -.- X P~ of » (r>1) projective spaces over K
(n, -+-,n, being strictly positive integers). Because in this case the
Picard group of X’ is Z”, then the conormal bundle (or sheaf — we do not
make any distinetion between these two terms) of X’ into X is of the
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form *I = p¥*(0O(s)) ® - - - ® p*(0(s,)) (in the following denoted simply
by O(sy, - -+, 8,)), where p, is the v** canonical projection of P x ... X P™
and O(s,) is the invertible sheaf on P™ associated to the hypersurfaces
of degree s,. Because ¢*I is ample on X’, it follows that all s, are
strictly positive integers. Thus it is convenient to give:

DEFINITION. In the above situation, we shall say that the point y
is an isolated normal singularity of type ((n,s),---,®,,s,)), with all
n,, s, strictly positive integers.

In particular the dimension of such a singularity isn, + --- + n, + 1.

In the section 1 the main result (theorem 1) asserts that any two
singularities of the same type ((n, sy, - - -, (n,, s,)) are analytically equiva-
lent in the sense that their completions in the topologies of their maximal
ideals are isomorphic. For the case where the ground field K is the
field of the complex numbers, this theorem follows from an analytical
result of Grauert (see H. Grauert—Uber Modifikationen und exzeptionelle
analytische Mengen, Math. Annalen, 146 (1962), pp. 331-368, § 4, theorem
7. Our proof is purely algebraic and uses some facts from Lefschetz’s
theory in Grothendieck’s form (see [10]), so that the result holds in every
characteristic. As a corollary, we prove that these singularities are
always Cohen-Macaulay. Finally one computes the multiplicity and the
divisor class group of the local ring of such a singularity. All results
of section 1 extend some of a previous paper (see [7]), where one con-
sidered only the case » =1 (which arises in the context of “rational
contractions” in the sense of [5]).

In the second part of the paper we are interested in the behaviour
of the dualizing sheaf wy (see [1] for the definition) by taking the inverse
image via the morphism ¢ of blowing up, and in particular when oy is
invertible. The main result is theorem 2 which can be stated as
follows: let y ¢ Y be an isolated singularity of type ((n,s), - -, #,,s,)).
Then its local ring Oy, is Gorenstein if and only if 1 + n, = as,, ---,1 +
n, = as, where a is a (necessarily positive) integer, and in this case wy
is invertible in a neighbourhood of ¥ and wy = ¢*(wy) ® I'2.

In particular, if @ =1, one get the formula vy = ¢*(vy) ; in other
words the isolated normal singularities yeY of type ((n,n, + 1),
<+, (n,,n, + 1)) have the property that the canonical divisor of Y is
locally < principal at ¥ and its inverse image by ¢ is a canonical divisor
of X. M. Artin proved that a rational singularity of a surfaces Y (see
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[3] for the definition of the rational singularities of surfaces) has this
last property to respect to a minimal desingularization ¢: X — Y if and
only if it is a rational double point (see [2]).

As a consequence of theorem 2, one proves among others, that
the vertex of the affine cone of P* X P™ via the Segre imbedding is a
Gorenstein point if and only if n = m.

§1. An example and the analytical equivalence of any two singularities of
the same type ((n,,s), ---,(x,,s,).
We begin with a standard example of isolated normal singularity of
type ((ny,8), - -+, (,, 8,)).

ExXaMPLE. Let us fix 2r (» > 1) strictly positive integers n,, - --,n,;
S, 8 and put X' =P x ... Xx Pr, Denote by L the invertible
sheaf O(s, ---,s,) as above and consider the imbedding 21: X' =— P?
(With t = (7%17—:- 31) ces (n, 1;{_ s,) — 1) given by equations:
1 r
( 1) T’im,iu ----- Tingie*itrostrisee, frny ui:ll)o Tt uﬁ:l Tt ul%o Tt u:«g;r

where u;, - - -u;,, are the homogeneous coordinates of the projective space
P, >0 and 45 + -+« + 4, = s;. It is not difficult to see that the
parametric equations (1) are equivalent with the implicites ones:

(2) T.

324008710000, ijnj;'“T"';hjo’hjl ..... Rgngiees == T"';kjo»kjﬁ"‘rkjnj;"‘T"‘;Bjo»ejls‘“:ejnj;'“

where all the indexes are non negative, %j + -+ + &y, = by + -+ +
hyny=TFgo+ <o+ + Fgn, = €50+ -+ + €55, =35; for all j=1,2,...,r and
iy + hyy = k;p + ey for all j =1,2,---,r and f=0,1,---,n,.

If s, =... =8, =1, 2 is the Segre immersion, while the case r =1
and s = s, > 0 gives rise to the Veronese immersion of P* by forms of
degree s. In general we shall say that the imbedding 2 is the Segre-
Veronese immersion.

Now the vertex of the affine cone of X’ via the imbedding 2 is an
isolated normal singularity of type ((#,s),---,(®,,s,)). In fact the
blowing up of this cone at its vertex coincides with the vector bundle
V(L) associated to the invertible sheaf L and the immersion of the ex-
ceptional locus X’ into V(L)-with the zero section of this bundle (see
EGA II, §8).
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PROPOSITION 1. Let yeY be an isolated mnormal singularity of
type (n,,8), -+, (n,,s8,). With the notations of the diagram (x) from
introduction, one has: Rip,(I") =0 for ¢ >0 and n >0, J* = ¢,(I") for
n > 0 and there exists a canonical isomorphism of K-algebras

a: @ my/mitt —> @ HU(X!, 541" .
n20 n20

The proof of this proposition is standard and just an adaptation of
the proof of theorem 2 of [6], once one knows how to compute the
cohomology of ¢*I*. But this is not difficult using Kunneth’s formulas:
(3) HYX,i*I*) = > . H9(P™,0(ns))® - - - @ H(P", O(sn,)) .

qi+ecc+qr=q, ¢4 20
Because the cohomology of invertible sheaves on a projective space is
known (see FAC or EGA III), one get: HYX’,¢*I") =0 for all ¢ >0
and » > 0 and

(4) dimg HY(X, i*I") = (nx + sln) L (n, + s,n) )
(O N,

COROLLARY 1. In the hypothesis of proposition 1, the dimension
of the Zariski tangent space of Y at y is (”1 ;’L’ 31) (“r 7‘:‘ s') and the

1 r
(n1+ et +nr)!em,,
“1
! e n,!

. g,

multiplicity of the local ring Oy, s

Proof. All is clear because the formula (4) and proposition 1 give
the Samuel function and one applies the definition of the multiplicity.

COROLLARY 2. In the hypothesis of proposition 1, if Y is proper
over K, then (Y, Oy) = (X, Oy).

Proof. Consider the Leray spectral sequence:
Ept = H?(Y, Ri,05) => H**1(X, Oy) .

The proposition 1 says that this spectral sequence degenerates, therefore
for all p >0 one get the isomorphisms H?(Y,¢,0y) = H?(X,0x) and
finally (Y, Oy) = 3(X, Ox) because ¢,Ox = Oy. :

Remarks 1) The formula (3) shows that H«(X’, O(a,, - - -, a,)) = 0 for
0<qg<n, + -+ + n, and for every a = (a,, ---,a,) € Z" and HI(X’, O(a,,
ce,0,) =0 for g=mn,+ --- + n, and for every a such that a, > —n,
ey Oy = Ty
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2) There is a 1 — 1 correspondence between the Picard group of
Y and the subgroup of the Picard group of X consisting by the classes
of isomorphic invertible sheaves L on X for which there exists an open
neighbourhood U of X’ in X (and depending of L) such that L/U = O4/U.
The correspondence is given by ¢* and ¢,. Indeed, one applies the fact
that ¢,0x = Oy (proposition 1). Moreover, if L is an invertible sheaf
on X, trivial in a neighbourhood of X’, then R%,(L) =0 for every
q > 0. Indeed, because X — X' =Y — vy, one has only to look at a
suitable open neighbourhood of X’ in X in which L is trivial and the
assertion becomes R%,(0Oy) = 0 for every ¢ >0, which is contained in
the proposition 1.

Now we arrive at the main result of this section:

THEOREM 1. Let (Y, ) and (¥, §) be two isolated normal singularities
of the same type ((ny,s), ---,n,,8,)). Then the completions of the local
ring Oy, and Oz in the topologies of their maximal ideals m, and my,
are isomorphic.™

Proof. It is obviously sufficient to take for (¥,#) the singularity
considered in the above example. Let us denote by A the m,-adic com-
pletion of the local ring Oy,, and by m the maximal ideal of A. Consider
the cartesian diagram of blowing up of Spec(4) (denoted again by Y)
of center m:

x<‘sx

Lk

m=y=>>Y = Spec(4) .
Since X’ = Proj @ m*/m**' and m"™/m™*' = m?/m=**, one deduces that
n=0

X’ is again isomorphic to P x ... X P™ and i*I = O(s, - -+, 8,).

Step 1. The natural homomorphism of restriction *: Pic (X) —
Pic (X’) = Z7 is an isomorphism.

In fact the pair (X, X’) verifies the effective Lefschetz condition (see
[10] éxposé X). In other words the functor F — F defined on the category
of the locally free sheaves on X of finite rank into the category of locally
free sheaves of finite rank on the formal completion X of X along X’ is
an equivalence of categories. This follows from the comparison theorems

# See added in proof.
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in algebraic geometry (EGA III (4.1.5) and (5.1.4)). More precisely, the
first theorem of comparison asserts that this functor is fully faithfull.
On the other hand, we have to observe that the single open neighbourhood
of X’ in X is X itself; then the second theorem of comparison says that
this functor is “surjective”, i.e. for every coherent locally free sheaf G
over X there exists a coherent sheaf over X such that £ = G. With
the remark just made and the fact that the morphism X - Xis flat, one
can easily deduce that F' is also locally free.

Now, in order to deduce that the homomorphism ¢* is anis omorphism,
the proposition 3.12 from [10] éxposé XI reduces the problem to verify that
HY(X’,i*I") = 0 for all » >0 and ¢ = 1,2. But this condition is clearly
fullfiled because X’ is a product of projective spaces and *I* = O(ns,,
<o, MS,).

Step 2. For every ¢ =1,2, -..r there exists an invertible sheaf L,
on X such that <*L,) = 0(,.--,0,1,0,---,0) (1 on * place) and
HX,L,QI) = 0.

Indeed, the existence of L, (for all ) is given by step 1, so we
have only to verify that H'(X,L,®I) = 0; for, consider the exact
sequence:

O_)I/i<>§ln+1 _>Lz®1n _’1:*0(81, M ’;Si—lysi + 1)8i+1) .t '!Sr) = Nz - 0
which induces the exact sequence of cohomology:
HX,L,® I"Y) - H(X,L,® I") - H(X',N,) =0

and the assertion follows because in any case H(X,L,® I*) = 0 for n > 0
and one applies descending induction on .

Step 3. Construction of an isomorphism between A and 0;,,7 (my-
adic completion of the local ring Oz ; of the vertex of the cone of X’
via the Segre-Veronese imbedding).

First of all, by construction of L,, we have the exact sequence

0-L,®I—-L,—100,-..--,0,1,0,---,0) =0
which gives rise to the exact sequence of cohomology:
HB'X,L;) - H'(P*,01)) - H'(X,L;,®I) =0 .

If uy, -+, ui,, is a base of the K-vector space HX’,0O(0,---,0,1,0,
«++,0) = H'(P*,0()), it follows that there exist u,, ---,u;,, € H(X, L;)
such that the restriction of u;; to X’ is precisely «;;,. Therefore one can
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consider the following sections of I =~ L ® ... @ L (they are certainly
isomorphic because they have the same restrictions to X’ and by step 1,
1* is bijective):

1) @ = U - Ui e u - up e HUX, D

where i, >0 and 4 + -+ + 9, = 8;. But H'(X,I) = m (proposition 1)
and these sections satisfy Segre-Veronese equations (2). By Nakayama
one deduces that they form a system of generators of the maximal ideal
m. Because the ground field K is contained in A, we can therefore
construct a homomorphism of K-algebras:

e K[, T,

8500000, in ¥
where U is the ideal generated by equations (2), such that T...,,....;
is mapped into w..,,..., Gngineer Hence one get a local homomorphism
¢: 0y,; — A with the property &(;) = m. Now it is clear that ¢ is an
isomorphism, because the residue fields of both rings are the same (namely
K), which completes the proof of theorem 1.

COROLLARY 1. Let yeY be an isolated normal singularity of type
((n,s), -+, (n,,8,); then the local ring Oy, is Cohen-Macaulay.

Proof. Oy, is Cohen-Macaulay if and only if its m,-adic completion
is so, therefore theorem 1 reduces the problem to see that the local
ring of the isolated normal singularity considered in the example is
Cohen-Macaulay. Now one can prove this using the following criterium
([12], proposition 4, appendix of the lecture 13):

(#*x) Let R be a finitely generated graded algebra such that R, = K
is a field and R, is generated by R®*. Let X’ = Proj (R) and R, be the

localization of R to respect of the maximal ideal m = @ R,. Then
nx1

depth (R,.) > k (where k > 2) if and only if the canonical homomorphism
of graded algebras

a:R—> (—BZH"(X; o))

is an isomorphism and H{(X’,0(mn)) =0 for all » and 1 <i< k — 2.

In our case R is the homogeneous coordinates ring of X' = Pm x
-+« X P~ via the immersion 12 and R, = Oz ;. The remark 1 and the
fact that X’ is projectively normal show that depth Oz, =>n, + --- +
#, + 1 and therefore Oy, is Cohen-Macaulay because dim Oz ; = n, +
o +m, + 1.
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COROLLARY 2. Let ye Y be an isolated nmormal singularity of type
(n,s), ---,xn,,s,) and Om the m,-adic completion of its local ring Oy,,.
Then the divisor class group of Oy,,, (see N. Bourbaki, Algébre com-
mutative, chap. VII) is isomorphic to Z/,; ® Z"* where d is the greatest
common divisor of s, ---,S,.

Proof. Put A = Oy,y and consider the diagram of blowing up (*x*)
from the proof of theorem 1. Because X is non singular, it follows that
the natural homomorphism of restriction 2*: Pic(X) — Pic(X — X’) (where
h:X — X' = > X is the canonical open immersion) is surjective and
Ker (h*) is the cyclic (infinite) group generated by the class of I. Hence
Pic (X — X’) is isomorphic to Z7/, ... s.Z = Z/ 1 ® Z"* (because i* is an
isomorphism, Pic (X’) = Z" and ¢*I = O(s,, ---,S,)). On the other hand
Pic (X — X’) = Pic (Y — %) is isomorphic to the divisor class group of
the local ring A, because dim (4) > 2.

§2. The dualizing sheaf and the isolated normal singularities of type ((n,, s),
RN ()R
First of all some terminology: a variety Z is said to be Cohen-
Macaulay (resp. Gorenstein) if for every point x e Z, the local ring O, .,
is Cohen-Macaulay (resp. Gorenstein).
Now recall the central result about duality of < the projective
Cohen-Macaulay varieties (see [1]):

THEOREM A (Grothendieck-Serre). Let X be a projective Cohen-
Macauloy variety of dimension d. Then there exists a uniquely deter-
minated coherent Oy module wy such that for all coherent Ox-modules
F and aoll 0 < p < d there exists a non singular pairing

H?(X,F) X Exti?(F,0y) - K

i.e. a natural isomorphism of H?(X,F) with the dual of Exti? (F, wy).
If F is locally free of rank t, then

Exti? (F, wx) = H*?(X, F® 0x)

where F stands for the dual of F. wy can be constructed as follows: take
an arbitrary timbedding X = P" = P and put vy = Ext};°(0x,0(—n — 1)).
If X is non singular, then wy coincides to the (invertible) sheaf of germs
of differential forms 0%, of degree d.
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The following theorem of Grothendieck-Serre explains the importance
of « Gorenstein varieties.

THEOREM B (see [4], proposition 5.1). If X is a projective, Cohen-
Macaulay variety then wy s invertible if and only if X is Gorenstein
(and in this case wy is said to be the canonical class of X).

PROPOSITION 2. Let Y be a wvariety and yeY be a closed normal
point. Consider the cartesian diagram (x) of blowing up of Y of center
Yy (see introduction) and suppose X' non singular. Then, if Y is Goren-
stein at vy, then the class of wy (in Pic(X’)) belongs to the <« sub-
group of Pic(X’) generated by the class of the conormal bundle of X’
wn X.

Proof. As in introduction, y is an isolated singularity and X’
is contained in the open set Reg(X) = U of non singular points of X.
Define the invertible sheaf L on X such that L/U = (¢*(0y)/U) ' ® (0x/U)
(indeed wy is invertible in ¢(U) because ¢(U) is non singular outside of
y and Gorenstein at y) and L/X — X' = O0x/X — X’. Because X’ is
irreducible and L is by construction trivial outside of X’, it follows that
L =1I¢ where ¢ is an integer. Indeed, it is sufficient to prove that
L/U = I¢/U, therefore to suppose X non singular. Then let D be a Weil
divisor such that its associated invertible sheaf is L. Because L/X — X’
is trivial, there exists a rational function f on X such that divy (f)/X —
X' =D|X — X'. Set divg(f) = nX’ + 3 nD; with n,n, integers and D,

irreducible hypersurfaces distinct from X’ (X’ is irreducible because it
is non singular and, on the other hand, it is connected taking into
account of the normality of ¥ and the connectedness theorem of Zariski).
Then divy (f)/X — X' = 3 n,D;/X — X’. Then D = 3 n,D, + n'X’, there-

fore D = divy (f) + (W’ — n)X’ and take ¢ =n — n’. In particular, the
isomorphism L = I° implies 4*(L) = *(I°), or, what is the same

(5) *(ox) = @*WD)°

(because t*¢*(wy) = Ox). Now it is well known that i*(wy) = ox ® 7*()
(see [1] proposition 2.4, chap. I). Substituting this last formula in (5),
one get:

(6) oy, = @) and oy =Z Moy ®I°. Q.E.D.
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COROLLARY 1. Let yeY be an isolated normal singularity of type

((ny, 8D, - -+, (0, 8,)).  If its local ring Oy, is Gorenstein, then
&P Ml oty witheezoa (positive) integer
8 S,
and
(8) wx = p*oy) @ I .
Proof. Inourcasei*(I) = O(s,, ---,s,) and wy. = O(—n; — 1, -+, —n,

— 1) because X’ is a product of projective spaces. The corollary 1 fol-
lows now from (6), taking a =1 — c.

COROLLARY 2. Let X’ be a projective non singular variety imbedded
in the projective space P*. If the vertex of the affine cone of X' wvia
this imbedding is Gorenstein, then there exists an integer m e Z such
that wx, = Ox.(m), where Ox.(1) stands for the hyperplane section of X’
in P".

Proof. Let Y be the affine cone of X’ via our imbedding and y be
its vertex. If we blow up y one get X’ as exceptional locus. Moreover,
X = V(04 (1)) < (the vector bundle associated to Ox.(1)) and the immer-
sion 7: X’ =—> X (from the diagram (x)) coincides with the zero section
of this bundle. Because i*(I) = Ox. (1), the corollary follows from prop-
osition 2.

Remark. The use of corollary 2 is that it allows us to see that
the vertexes of certain cones are not Gorenstein. For example take as
X’ a non singular complete intersection in P* given by the (homogeneous)
equations fi, - -+, fa_q of degrees m,, ---,m,_, respectively. Suppose d =

n—d
dim (X’) > 38; then it is well known (see [13]) that wy. = O(Z m; —n — 1>

and that the Picard group of X’ is the cyclic (infinite) group generated
by the class of Ox.(1) (see [10], éxposé XII).

Now consider another imbedding of X’, namely the immersion
h: X' = P(HY(X’, Ox.(s)) = P, where s is a fixed positive integer. Then
1*(0p(1)) = Ox.(s). The corollary 2 of proposition 2 says therefore that

the vertex of the affine cone of X’ via & is not a Gorenstein point if
"flmi — n — 1 is not a multiple of s.
t=1
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THEOREM 2. Let yecY be an isolated normal singularity of type
((ny,8), ---,n,,8,)). Then the local ring Oy, is Gorenstein if and only
if there exists a positive integer a such that n, +1=as, - -,n, + 1=
as, and in this case wy = ¢*(wy) @ I'®.

Proof.* We have only to prove that Oy, is Gorenstein, assuming
the existence of the integer a such that #n, +1=uas,---,%, + 1 =as,,
because the another part in contained in corollary 1 of proposition 2.
Because Oy, is Gorenstein if and only if its m,-adic completion is
80, theorem 1 reduces the problem to the case of the vertex of the
the cone considered in the example (see §1). Thus we can work with
the diagram () in which Y is the projective cone (see EGA II (8.3))
arising from the Segre-Veronese imbedding of type ((n,s), ---,®,,s,),
i.e. we can suppose Y projective and nonsingular outside of y. The idea
of the proof is to prove (according with the theorem B) that the dualiz-
ing sheaf oy is invertible. The main steps are:

Step 1. There exists an open neighbourhood U of X’ in X such
that wy/U = I'"*/U.

Step 2. There exists an invertible Oy-module » such that wy =
o* (o) @ I'"2,

Step 3. o constructed in step 2 is isomorphic to the dualizing
sheaf wy.

Proof of step 1. We need the following:

LEMMA. In the notations of the diagram (x) from introduction,
assume that X’ is non singular and HY(X',i*I") =0 for every n > 0.
Then for every invertible Ox-module having the property i*(L) = Oy,
there exists an open neighbourhood U of X’ in X such that L|U = Ox/U.

Proof of the lemma. We can restrict ourselves to the case where
o(X) = Y is affine because the problem is local along X’. Then the exact
sequence

0—I" - I - 4,4*UI™) — 0

gives rise (by tensorizing with L and taking into account that ¢*(L) =
Ox.) to the exact sequence

0L > LQI"— i,t*UI") — 0

*) See added in proof.
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The exact sequence of cohomology and the hypothesis that
HY(X’,4*I") = 0 for all n > 0 allows us to deduce that the natural homo-
morphism

HX,LQI"*") - H(X,L ® I")

is surjective. Because Y is affine and ¢ is proper, then H{(X,L®I") = 0
for n big enough; thus, by descending induction, one deduces that
H(X,L®I) = 0. This shows as in the proof of theorem 1 that the
homomorphism of restriction H%X, L) — HX’, Oy.) is surjective, there-
fore there is a section se H'(X,L) with the property that s(x) #0 for
every v € X’. Then taking U = {x € X/s(x) + 0}, the lemma is proved.

In order to prove step 1, we observe that oy is invertible be-
cause it is nothing else but the sheaf of differentials of degree d =
dim (X) (X being non singular). Put L = wy ® I*7!. Then i*(L) = *(wx) ®
D *J) =0(—n, — 1, -+, —n, — 1) ® O(as,, - - -,as,) = Ox. On the
other hand the hypothesis of the lemma are fullfiled by §1, remark 1.
Thus step 1 follows from the lemma.

Proof of step 2. By step 1, wy® I¢! is trivial along X’ and
then, by §1, remark 2, there exists an invertible Oy-module » such that
o*(w) = wy ® 17!, therefore
(9) oy = p*(@) ® I'"*

Proof of step 3. Supposing o constructed, we show first of all
that it gives a duality theorem for invertible Oy-modules, i.e. for every
invertible Oy-module FE, there is a natural isomorphism between the
following (finite dimensional) vector spaces:

(10) H?(Y,E) = (H**(Y,E ® w))’ (dual).

For, we have E = ¢,0*(F) and Ri,(p*(E)) =0 for ¢ >0 (§1, re-
mark 2). Therefore the Leray spectral sequence

Et = H(Y, R, (p*(E))) = H?* (X, ¢o*(K))

degenerates and therefore H?(Y, E) = H?(Y, o, o*(E)) = H?(X, o*(E)) (11)
Now, applying the duality theorem on X, one get

12) HY(X, o*(B) = (H* (X, p*(E)” ® wx))’

In order to prove (10), one remains to see that there is a natural
isomorphism
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(13) H* (Y, E® ) = H" (X, 0*(E)" ® wy) .

Applying once more (11) to E ® o, one has H*?(Y, E ® o) = H*?(X, o*(E) ®
¢*(@)). Using (9) and this isomorphism, (13) becomes:

13y Hé»(X,F)= H"?(X,FQI'"%)
where F' = ¢*(£) ® ¢*(w).

First of all observe that i*(F) = Oy.. The exact sequence
a4 0-0y—I">{0(—s8,+,—s8)—0
tensorized with F, gives rise to the exact sequence
(15) 0>F—>FQI"'"—>1,0(—s8, -, —8)—0.

We claim that H«(X’,O0(—s;, -+, —s,)) = 0 for all ¢ > 0. Indeed, all is
clear using Kiinneth’s formulas and the fact that —s, > —n, —1,
-+, —8,> —n, — 1 (because as, = n, + 1 for all v)-see also §1, remark
1. Therefore the long exact sequence of cohomology of (15) shows that

13 HX,F)=H(X,FQIY) .

Tensorizing again (14), but now with F® !, one get the exact
sequence
(16) 0->FR®IT'SFRI*—1i,0(—2s, -, —28,)—0
(because *(F®I™") = O(—s,, -++, —s,)) and the same remarks as above
give:
13 HX,FRQIY=HI(X,FRI?

and iterating this (¢ — 1)-times and taking into account that (1 — a)s, >
—n, — 1 for all = 1,2, -..,r, the formula (13’) is proved.

Now we arrived at the following situation: Y is non singular outside
of ¥ and Cohen-Macaulay at y (by corollary 1 of theorem 1), o is
an invertible Oyp-module which gives a duality theorem for all the
invertible Oy-modules. If we show that o = wy, theorem 2 will be
proved. In order to do this, observe that dimz HY,w) = 1, because
HYY,w) = (H(Y,O0y) = K (K is algebraically closed). Applying the
duality theorem A, one get Hom,, (v, 0y) = (H(Y,»)) and thus
dimgz Homy, (v, oy) = 1. Let fe Hom,, (0, wy) be a basis of this space;
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one knows that wy is a torsion free Oy-module of rank 1 and the canonical
map (in which K(Y) is the field of rational functions of Y

Homy, (0, 0y) - Homgy,(0 ® K(Y), 0y ® K(Y))

is injective (see [1], chapter 1). These imply that the natural homo-
morphism of restriction

Hom,, (0, oy) — Homy, (/Y — ¥, 0y/Y — ¥)

is also injective, and therefore bijective because the second space is one
dimensional. Indeed, this space equals to HY(Y — y,0y/Y — %), which
is isomorphic to H(Y, Oy), because ¥y is a normal point and dim (Y) > 2.
Therefore f/Y — y is an isomorphism. Moreover, f is injective because
o is invertible and wy is torsion free of rank 1. Considering the exact
sequence

an 00— wy—>G—s0

we saw that Supp (G) C {y}. Finally, we claim that y(Y,w) = x(Y, wyp).
For, the duality theorems give: HYY, Oyp) = (H*" (Y, w)) = (H*«(Y, oy))’
for every q > 0. Therefore

1Y, 0) = (=)%Y, 0p) = (¥, 0p) .

The exact sequence (17) and the additivity of the Euler-Poincaré
characteristic show that x(Y,G) =0 and therefore G = 0, because
dim (Supp (@) < 0.

The theorem 2 is completely proved.

COROLLARY 1. Let yeY be an isolated normal singularity of type
((n,s),--,(n,,s8,)). Then wy is tnvertible in a neighbourhood of y if
and only if there exists an integer a (which must be positive) such
that n, +1=as,-+--,n, +1=uas,. If a=1, one has furthermore

o*(wy) = wy.

COROLLARY 2. The wvertex of the affine cone of P* X P™ (n and m
being positive) via the Segre-Veronese imbedding given by forms of
bidegree (s,t) is a Gorenstein point if and only if there is an integer o
such that n=as and m = at. In particular the vertex of the affine
cone of P™ X P™ via the Segre immersion is a Gorenstein point if and
only if m = n.
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Remark. In [9] M. Fiorentini proved (by direct computations, using
the implicite equations) that the vertex of the affine cone of the projective
line P! via the Veronese imbedding given by forms of degree s, is not a
Gorenstein point if s>3. Later, V. Brinzinescu generalized this
result to an arbitrary projective space P" (see [8]), showing that the
corresponding vertex is Gorenstein if and only if » 4 1 is multiple of s.
The method used by Brinzanescu is very elementary and works with the
parametric equations. These two methods are not more applicable for
the Segre imbedding for instance.

Added in proof. 1. The conclusion of theorem 1 can be improved,
as G. Pfister observed, in the sense that it remains still true by replacing
the completions of Oy, and Oz ; by their henselizations; this is a simple
consequence of theorem 1 and Artin’s approximation theory.

2. The proof of theorem 2 can be simplified, using the following
characterization: if Z is a closed subvariety of P*, then Z is arithmetic-
ally Gorenstein in P* if and only if Z is arithmetically Cohen-Macaulay
in P* and the dualizing sheaf w, is isomorphic to O,(s) for a suitable
seZ. However, the present proof allows us to get a generalization of
theorem 2 to the case where ye Y is replaced by a suitable subvariety
Y’ =— Y, such that this immersion is a Segre-Veronese imbedding (see
the forthcoming paper of N. Manolache and the author with this title).
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