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Ranks of Algebras of Continuous
C*-Algebra Valued Functions

Masaru Nagisa, Hiroyuki Osaka and N. Christopher Phillips

Abstract. 'We prove a number of results about the stable and particularly the real ranks of tensor products
of C*-algebras under the assumption that one of the factors is commutative. In particular, we prove the
following:

(1) IfX is any locally compact o-compact Hausdorff space and A is any C*-algebra, then
RR(Co(X) ® A) < dim(X) + RR(A).

(2) IfX is any locally compact Hausdorff space and A is any purely infinite simple C*-algebra, then
RR(Co(X) ®A) < 1.

(3) RR(C([O7 1) ® A) > 1 for any nonzero C*-algebra A, and sr(C([O, 11 ® A) > 2 for any unital
C*-algebra A.

(4) IfAisa unital C*-algebra such that RR(A) = 0, sr(A) = 1, and K;(A) = 0, then
sr(C([0,1) ® A) = 1.

(5) There is a simple separable unital nuclear C*-algebra A such that RR(A) = 1 and
st(C([0,1)) ® A) = 1.

0 Introduction

The (topological) stable rank of Rieffel [31] and the real rank of Brown and Pedersen
[5] are noncommutative generalizations of the dimension of a compact Hausdorff
space. While it has been known for some time that the covering dimension satisfies
dim(X x Y) < dim(X) + dim(Y') for compact Hausdorff spaces X and Y (see Propo-
sition 9.3.2 of [25]), little is known about the analogous situation for C*-algebras,
namely the stable and real ranks of tensor products of C*-algebras. In this paper, we
investigate the real rank, and to some extent the stable rank, of tensor products of
C*-algebras under the assumption that one of the factors is commutative.

If A is a C*-algebra, we denote its real rank by RR(A) and its stable rank by sr(A).
(We use the term stable rank because it has been shown [14] that for a C*-algebra,
Rieffel’s topological stable rank is equal to the (Bass) stable rank of the algebra.) Our
main results are then as follows:

(1) If X isany locally compact o-compact Hausdorff space and A is any C*-algebra,
then RR(CO(X) ® A) < dim(X) + RR(A). (Corollary 1.10.)

(2) If X is any locally compact Hausdorff space and A is any purely infinite simple
C*-algebra, then RR(CO(X) ® A) < 1. (Theorem 3.11.)
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(3) RR(C([O, 1])®A) > 1 for any nonzero C*-algebra A, and sr(C([O, 1]2)®A) >
2 for any unital C*-algebra A. (Propositions 5.1 and 5.3.)

(4) If A is a unital C*-algebra such that RR(A) = 0, such that sr(A) = 1, and such
that K;(A) = 0, then sr(C([O, 1]) ®A) = 1. (Theorem 4.3.)

(5) There is a simple separable unital nuclear C*-algebra A such that RR(A) = 1
and sr(C([O, 1]) ®A) = 1. (Example 5.8.)

The result (1) is an analog and generalization of the inequality dim(X x Y) <
dim(X) + dim(Y). We do not expect equality because this can fail even in the case
of compact metric spaces (see [30]), and also for A = M,, [4] or for purely infinite
simple A (result (2) above). In fact, even the inequality can fail for a tensor product
of two noncommutative C*-algebras. In [16] and in [24] there are examples of two
separable nuclear C*-algebras A and B such that

RR(A) =RR(B)=0 and RR(A®B)=1.

As corollaries to (1), we give several related results. The one most closely resem-
bling the inequality for dimensions of products is Corollary 1.12: RR(Co(X) ® A) <

RR(CO (X)) + RR(A) for any unital A and any X.

The same methods as for real rank prove that sr(CO(X) ® A) < dim(X) + sr(A)
for any locally compact o-compact Hausdorff space X. While for real rank, this in-
equality is best possible, for stable rank the conjecture is that sr(CO(X) ® A) <
(%> + sr(A), where () is the least integer n satisfying o« < n. This conjecture
remains open.

The result (2) on purely infinite simple C*-algebras should be compared with the
theorem that RR(B®K) < 1 for any B (Proposition 3.3 of [4]), and with the theorem
that RR(B ® A) < 1 for any B and any separable nuclear purely infinite simple C*-
algebra A (Corollary 1.4 of [28]). The basic idea is that tensoring with a C*-algebra
containing matrix algebras of arbitrarily large size in an essential way should reduce
the real rank to at most 1. We do not, however, know whether, say, RR(B®min A) < 1
for any B and any (separable) purely infinite simple C*-algebra A.

Along the way to the proof of (2), we prove the following result on hereditary sub-
algebras which may be of independent interest (Corollary 2.13). Let A be a separable
purely infinite simple C*-algebra, let X C [0, 1]" be closed, and let D C C(X) ® A be
a hereditary subalgebra whose image under every point evaluation map is nonzero
and nonunital. Then D is stable. (The restriction to subsets of [0, 1]" is probably
unnecessary.)

The results (3), (4), and (5) are the main part of a closer investigation of ten-
sor products with C([0, 1]). One expects, for example, that C([0,1]) ® A should
never be “zero dimensional”, and the inequality RR(C ([0,1]) ® A) > 1 (for any
C*-algebra A # 0) in (3) can be interpreted as saying exactly that. Moreover, if A
is “zero dimensional”, then one expects C([0, 1]) ® A to be “one dimensional”. One
version of this statement follows from (1) and (3): if RR(A) = 0 and A # 0, then
RR(C ([0,1]) ® A) = 1. The result (4) is another, more interesting, version. More-

over, we show that sr(C([O, 1)) ® A) = 1 implies both sr(A) = 1 and K;(A) = 0.
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One might therefore hope that sr(C ([o,1]) ® A) = 1 would also imply RR(A) = 0.
Unfortunately, as our result (5) shows, this is not true.

This paper is organized as follows. In the first section we prove that
RR( Co(X) ® A) < dim(X) + RR(A) for X locally compact and o-compact, and
other results related to (1). In the second section we prove the result on hereditary
subalgebras of C(X) ® A for A purely infinite and simple. We use this (actually, a
more precise form) in the third section to derive the bound (2) on RR(CO X)® A) .
Section 4 contains the proof that RR(A) = 0, sr(A) = 1, and K;(A) = 0 imply
sr(C( [0,1]) ® A) = 1. Section 5 contains the lower bound results (3) and the coun-
terexample (5).

Some of this work was carried out during visits by the second two authors to
Kebenhavns Universitet during the Fall Semester 1995, and they are grateful to that
institution for its hospitality. The third author would also like to thank Purdue Uni-
versity; some of the work reported here was done during a sabbatical year there in
1997-1998.

Throughout this paper, dim(X) means the covering dimension of X (Section 3.1
of [25]). We recall, however, that all three common dimensions agree for compact
metric spaces. (This follows from Corollary 4.5.10 of [25].) We use [25] as our stan-
dard reference for dimension theory. Note, however, that the terminology there is
unusual. (“Bicompact” in [25] is what is usually called compact Hausdorff, and “Ti-
honov” in [25] is what is usually called completely regular, that is, points are closed
and can be separated from closed sets by continuous functions.) We use without
comment the standard identifications of tensor products with algebras of continuous
functions: C(X) ® A = C(X, A) for compact X and Cop(X) ® A = Cy(X, A) for locally
compact X. We denote by A, the set of selfadjoint elements of a C*-algebra A, by
U(A) and inv(A) the groups of unitaries and invertible elements (when A is unital),
and by Up(A) and invy(A) the identity components of these groups. The unitization
ofaC*-algebra A is A*. This means an identity is added even if one is already present.
We write A for the algebra in which the identity is added only if A is nonunital.

1 Real Rank of Cy(X) ® A

The main result in this section is that if A is unital and X is compact, then
RR( CX)® A) < RR(A) + dim(X). The various formulations involving spaces that
are only locally compact and C*-algebras without identities are then derived from
this result by compactifying and passing to ideals.

The basic case is X = [0, 1], which is done by a direct argument. The case X =
[0, 1]" follows by induction, and the case of a finite complex follows by attaching cells.
We pass to a general compact space X by realizing it as an approximate inverse limit
of finite complexes with dimension at most dim(X), following Mardesi¢ and Rubin
[21]. (It is known that an exact realization of this type is not in general possible.)

Lemma 1.1 Let A be a unital C*-algebra with RR(A) = n. Foranye > 0, N > n,

and ag, ay, . ..,ay € As, there exist by, by, ..., by € Ag, such that ||a; — b;|| < € for
0<i<Nand Z];:,'( b? is invertible for 0 < k < N — n.
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Proof We prove this statement by induction. In the case N = n + 1, it follows
immediately from the assumption RR(A) = n.

We assume that it is valid for N, and we prove it for N+1. Since RR(A) = #, we can
choose ¢y, ¢, ..., ¢y € Ay such that [|a; —¢if| < Sfor0 <i<nand+ci+---+c}
is invertible. Therefore there exists a positive number § such that

G+t >6 1,

Choose a > 0 satisfying

]
(2 max ||¢|| + ¥)a < —.
0<i<n 2n

By the induction assumption, there exist by, by, . .., by+1 € Ag, such that ||¢; — b; ]| <
min(a, 5) for 1 < i < n,|[ja; —b;|| < min(a, ) forn+1 <i < N+1,and ZI;ZIL b? is

invertible for 1 < k < N+1—n. Wesset by = co; then ||a; — b;|| < efor0 <i < N+1.
Moreover, for 0 < i < n,

1)
167 — &1l < (1bill + lleilD [ bi — ail| < (20211% il + a)ar < o

so we have 5
2,32 2
b0+b1+---+bn2§-1A.

This completes the proof. ]
Theorem 1.2 Let A be a unital C*-algebra. Then RR(C([O7 1) ® A) < RR(A) + 1.

Proof Without loss of generality, we assume RR(A) = n < oo. Let fy, fi,..., fun
be selfadjoint elements in C([0, 1], A). Let € > 0. By uniform continuity, there is
d > O such that || fi(s) — fi(t)|| < § whenever |s —t| < §and 0 < i < n+ 1. Choose

a positive integer N such that % < 4. Define t; = ﬁ Note that t, = 0 and
tN(n+2) = 1. Define selfadjoint elements in A by

Aknirj = fi(tkmenrj)

for0 <k < Nand 0 < j < n+ 1. Further define

anm2)+j = fi(1)

for 0 < j < n+ 1. By Lemma 1.1, we can choose elements by, by, . . . , bn(n42)+n4+1 1D
Aga such that |la; — b;|| < § for all i, and such that ZI;:;( b? is invertible for 0 < k <
N(n+2)+1.

For each integer [, we define the function h;o) :R—[0,1] by

0 F<tn2

Nn+2)(t —t_p_2) tiop2 <t<t,
mO(t) = {1 fn1 <t<t

“Nmn+2)(t —t) <t <t

0 ty1 <t
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Thus hgo) is continuous, piecewise linear, equal to 1 on [#;_,_1, #], and equal to 0 on
(—00, ti_p—2] U [t11, 00). Set by = h§0)|[071]. Define

Sj={l€Z:1=jmod (n+2)}
and
S={leZ:h=h"0n#0}=1{0,1,...,N(n+2) +n+1}.

Note that Zlesj h;o)(t) =1for0 < j<mn+landt € R,so Zlesmsj hi(t) =1 for
0<j<m+landt € [0,1].
We now define functions go, g1, - - - ; §u+1 € (C([O, 1]) ®A) “ by

git) =Y mt)b

1esns;

fort € [0, 1]. Note thatif [ € SN S; then a; = f;(s) for some s € supp(h;). Since the
support of h; has length at most (n +3)/(N(n +2)) < 2/N, the choice of N implies
that || f;(t) — ai|| < 2¢/3 whenever hy(t) # 0. Therefore

2¢e
3

€
llgi—fill < nlqeasx||blfal||+sup{|\alffj(t)|| :1€8NS;j,t € supp(hy)} < §+ =e.

Moreover, for any t € [0, 1], there is k such that h(t), hxe1(t), . . -, hren(t) are all
equal to 1. It follows that n + 1 of the n + 2 elements g;(¢) are exactly the elements

bi, bis1, - - - bryn, whence
n+1 n+k

S g = > 8
j=0 i=k

The right hand side is invertible, so the left hand side is too. Thus Z?; gi(t)? is
invertible. ]

We now recall the definition of the pullback (or fibered product).

Definition 1.3 Let A, B, and C be C*-algebras, and let ¢p: A — C and¢: B — C be
homomorphisms. Define

A® oy B={(a,b) e A®B: p(a) =y(b)}.

When ¢ and 1) are understood, we simply write A ®¢ B.

Lemma 1.4 Let Xy be a compact Hausdorff space, and let X = X, Uy, D" be the com-
pact Hausdorff space obtained by attaching an n-cell D" to X, via the attaching map
h: S"~' — X,. (Here S"~! is the boundary of D".) Let Ay be any C*-algebra, set
A = C(Xy) ® Ay, B=C(D") ® Ay, and C = C(S") ® Ay, and define p: A — C
andp: B — C by o(f) = fohfor f: Xo = C continuous and (f) = f|g—1 for
f: D" — C continuous. Then

A ®(C,¢,¢) B = C(XO Uh Dn) ®A0
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Proof Let hi: D" — X, U, D" be the obvious extension of h: §"~! — X,. Then t}le
isomorphism a: C(Xo Uy D", Ag) — A ®(c ) B is given by a(f) = (flx,, f o h).
|

We need a result on the real rank of pullbacks. The result is stated in Proposi-
tion 1.3 of [23], but the proof given there contains an error: too much surjectivity is
assumed. We are grateful to Takashi Sakamoto for calling our attention to this.

The following lemma will be used in the proof of the estimate for the real rank of
a pullback. It is well known, and we omit its proof. (Compare with the introduction

to [10].)

Lemma 1.5 Let A be a unital C*-algebra, and let ag, ay, . .. ,a, € A. Then the follow-
ing are equivalent:

(1) Therearecy,ci,...,c, € Asuch that cyayg + ca1 + - - - + cpa, is invertible.

(2) Therearecy,ci,...,c, € Asuchthat coag + c1a; + - - + cpa, = 1.

3) atay+aia; +---+a’a, is invertible.
0 1 n

Proposition 1.6 Let A, B, and C be unital C*-algebras, let p: A — C be a unital
homomorphism, and let 1. B — C be a surjective unital homomorphism. Then

RR(A @¢ B) < max(RR(A),RR(B)) .
Proof Without loss of generality RR(A) and RR(B) are finite. Let
n = max(RR(A),RR(B)) .

Let
(a(), b0)7 (ah bl), ey (an; bn) S (A 69C B)Saa

and let e > 0. We approximate the (a;, b;) within € by selfadjoint elements (r;, y;) €
A @¢ B such that E?:O(rj, y;j)? is invertible.

Without loss of generality assume ¢ < 2. Since RR(A) < n, there exist elements
70,115+ Tn € Ag such that [[rj — ajl| < § and >77_;r} is invertible. Since 1
is surjective, and |¢(r;) — (b;)|| < 5, there exist to,t1,...,t, € By, such that
P(tj) = @(rj) —1p(b;) and [|t;]| < 5. Set w; = b; + t;, which is in By, and satisfies
Y(wj) = @(rj) and [|w; — b;|| < 5 forall j. Since

D bw) =D (r)?
=0 j=0

is invertible, we can apply Lemma 1.5 in C and use the surjectivity of ¢ to find
fo, fi,- .., fu € Bsuch that the element

dzl—zn:f}WjEB

j=0
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is in ker(1)). Set
My = max(|| foll, [ All, - - -5 | fulD-

Since RR(B) < n, there are also xg, x1, ..., X, € Bg, such that Z] o x] is invertible
and

€
3(n+1)(M; +1)°

Apply Lemma 1.5 again to find go, g1, - . ., g« € B such that

n
> ogxi =1
=0

[l — will <

Set
M, = max(||goll, [|g1]l; - - - l1galD),

and set
N = max(|[woll, [[will, - - -, [wall, llxoll, 1], - - - s 14l

Let (ex) e be an approximate identity for ker(¢)) which is quasicentral for B. (See
Theorem 1 of [3].) Choose A large enough that [|(1 — ey )d|| < 5. Define

r= d+ek(1 —d— Zn:gjwj) € ker(v).
j=0
Choose § > 0 small enough that if D is a C*-algebra, and if s € D, and z € D satisfy
s>0, |s||<1, |z <N+1, and |sz—zs|| <9,
then

12, 12 < €
Iz =25l 6(n+1)(M; +M, +1)°

Choose p large enough that
€
lleuw;i — wieu|| <9, |leuxj —xjeu]| <0, and |[[r(1 —e,)| < 3
Now define
= (l—eﬂ)l/ wi(l—e )1/2+e/x e/ €By, and hj=(1-e)\)f;teg;€B.

Clearlyz/)(y]) = 1(w;) = p(r;). We will show below that ||y] —bj|| < ¢, and that
Z hjy; is invertible. Lemma 1.5 then implies that )" =0 y? i is 1nvert1ble, so that

Z]:O(r], yj)? is invertible, and we have ||(rj, y;) — (a;, bj)|| < e. Thus, we will have
shown that RR(A ®¢ B) < max(RR(A),RR(B)).

We start our proof of the required conditions with a preliminary estimate. Since
[lxj]| < N + 1, the choices of § and y imply that

g
6(n+ )M, +M, +1)

||e}/2x] —xje, 2|| <
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Therefore c
2, 01/2 _ yio Il < )
leu™xieu™ = xiell < S D0+ ¢+ 1
Also,
(1 —e)w; —wi(1 — el = [le,w; — wje,|| <6,

so similarly

€
6(n+1)(M; +M, +1)

11— e)?w;(1 —e)? —w;(1 —e,)| <

Now we estimate ||y; — b;||. Using the definition of y; and the preliminary esti-
mate, we have:

lyj = bill < lly; —will + llwj = bj|
2 1>
6(n+1)(M;+M,+1)

+[|wj (1 — eu) +xje, — wjll + [lw; — b

e e €
< =+ H(x]' _Wj)eHH + HW]' — b]H < =+

€
— +-<es.
3 3 3n+1)(M+1) 3

It remains to prove that Z?:o hjy;is invertible. We calculate:
n n n n
Z thj = (1 — 6)\) ijWj + ey Zngj = (1 - e)\)(l - d) +ex Zgjwj
j=0 j=0 =0 j=0

=1- [d+e,\<l—d—zn:gjwj)} =1-r

j=0

Also, since

n n
€
ij—Wj||<m, ijszl—d, and Zgixi:l’
j=0 j=0
we have

Hzn:hfxf —[1-01- eA)d]H
=0
a3 s ren S — 11— 1 — el
j=0 j=0

Ja—e S s -
j=0

€

<+ Dmax|Ifill- 50—y

3
< -
-3
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Using our preliminary estimate above, we get
1751l
6(n+1)(M; + M, +1)

Ui+ g e
T3+ )M +My+1) T 3(n+1)

iy — [hjwj(1 —e,) + hjxje,]|| < 2-

Therefore
n 5 n n
|1 < 5+ 1= (i) 0= e = (Sswi) e
7=0 j=0 7=0
€ €
< 3 + 3 1= (1 =71 —e,) —[1—(1—e)dle,
2¢e 2¢ € €
:?+|\r(1—eu)+(1—ex)deﬂ|| <3 t3t3< 1,

where the last inequality follows from the assumption € < %. So Z;:o hjy;is invert-
ible.
We have completed the proof. ]

Proposition 1.7 Let A be a unital C*-algebra, and let X be a finite CW -complex of
dimension n. Then

RR(C(X) ® A) =RR(C([0,1]") ® A).
Proof The algebra C([0,1]") ® A is a quotient of C(X) ® A, so certainly
RR(C(X) ® A) > RR(C([0,1]") ® A).

The proof of the reverse inequality is by induction on the number of cells of X. If
there is only one cell, it is a 0-cell, n = 0, and

RR(C(X) ® A) = RR(A) = RR(C([0,1]") ® A).
For the induction step, we can assume X is obtained by adjoining an n-cell D" to a
finite CW -complex Xy with dim(Xy) < # and for which the result is already known
to hold. By Lemma 1.4, we have
CX)®A = (C(Xo) ®A) Bes—1yea (C(D") @ A).
Proposition 1.6 therefore implies that

RR(C(X) ®4) < max(RR(C(Xo) ©4) ,RR(C(D") @ 4) )

= max(RR(C(XO) ®A),RR(C([0,1]") ®A))

< RR(C([0,1]") ® A). |
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We now pass from finite CW-complexes to compact Hausdorff spaces. For this,
we use the notion of an approximate inverse system of compact metric spaces, due to
Mardesi¢ and Rubin [21, Definition 1]. An approximate inverse system of compact
metric spaces consists of a directed set A with no maximal element, for each A € A
a compact metric space X with metric dy and a real number €, > 0, and for each
A A€ Awith A < )\ a not necessarily continuous function pyy/: X» — X).
Moreover, the following conditions must be satisfied:

(1) dr (Par © Pasrs (%), Paa, (%)) < ey, for A < X < Asandx € X),,.

(2) par =idforall A.

(3) Forall A € Aandalln > 0 thereis A’ > X such that forall A\; > A\; > A" and
all x € X,,, we have clk(p,\,\1 o pAlAZ(x),p,\,\z(x)) <n

(4) Forall A\ € Aandall p > 0, thereis A’ > X such that for all A’ > A\’ and all
x,x" € Xy, if dyri (x,x") < ey thendy (par (x), paar (x)) <1

The (inverse) limit [21, Definition 2] X = lim(X}, €y, pax/, A) is the subspace of
[1,ca X defined by

x={x=o) €[] % x = fim prao) forall A€ AL,
AEA

with the relative product topology. (See also Theorem 2 of [21].)

Lemma 1.8 Let (Xy,ex, pars, ) be an approximate inverse system of compact met-
ric spaces, with limit X. Let py: X — X, be the restriction to X of the projection
H,\eAXA — X)\. Let A be a C*-algebra, and let o) : C(X)) ® A — C(X) ® A be given
by ax(f) = fopx. Thenforany fi, fo,..., fu € C(X) ® A and any € > 0, there exist
AeEANand g, 0, ..., 81 € C(X)) ® A such that ||ax(gm) — ful|| <eforl1 <m < n.

Proof Choose an open cover {Uj, U,,.. Uk} of X and, for each m, elements
a™ ., am, .. ak € A such that || f,,(x) — a!™|| < & whenever x € U;. By The-
orem 3 of [21], there exist A € A and an open cover {V,V,,...,V;} of X such

that {p;l(Vl),pA_l(Vz), .. .,p;l(Vl)} refines {Uy, U, ..., U}. That is, for any
i€{1,2,...,1} thereexists j(i) € {1,2,...,k} such that p; '(V;) C Uj). Let {h; :
1 <i < I} be a partition of unity subordinate to {V; }. (We can take supp(h;) C V; by
choosing an arbitrary partition of unity subordinate to {V;}, assigning to each func-
tion in it some 7 such that V; contains its support, and taking 4; to be the sum of all
the functions assigned to i.) Note that {h; o p)} is a partition of unity subordinate to
the open cover {p;l(Vl),p/(l(Vz), .. ,p;l(Vl)} of X. Now define g,, € C(X)) ® A

by
)
gn(®) = > hi(x)alfy
i=1

for x € X,. Then for x € X we have

| gm(PAx) — fu®)]| < Zh Pa) [lalh) — fu )| <,
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since \|a§»m) — fm(x)|| < € whenever x € Uj. This shows that [|ax(gn) — fu| <e. ®

In the following results, A denotes A if A is unital and the unitization A* of A if A
is not unital. By definition, we have RR(A) = RR(A).

Theorem 1.9 Let X be a locally compact Hausdorff space and let 3X be its Stone-Cech
compactification. Let n = dim(8X). Then for any C*-algebra A we have

RR(Co(X) ® A) < RR(C([0,1]") ® A) < RR(A) + dim(5X).

Proof The inequality RR(C([O, 11" ® K) < RR(K) + dim(8X) follows from Theo-
rem 1.2. Since RR(A) = RR(K), this gives the second half of the inequality. For the
first half of the inequality, we first assume X is compact and A is unital. In this case,
dim(£X) = dim(X).

By Theorem 5 of [21], there exists an approximate inverse system of compact met-
ric spaces (X, €x, par/, A), with limit X, such that each X), is a polyhedron (and thus
in particular a finite CW-complex) of dimension at most #. It follows from Proposi-
tion 1.7 that RR(C(X,) ® A) < RR(C([0,1]") ® A).

Let N = RR(C([O, 1]") ®A) ,letag,ay,...,ay € (C(X) ®A) o andlete > 0.
By Lemma 1.8, there is A € A, a unital homomorphism oy : C(X)) ® A — C(X) ® A,
and by, by, ...,by € C(X)) ® A, such that |[ay(b;) — aj] < §for0 < j < N.
Replacing b; by 5(b; + b7), we may assume each b; is selfadjoint without increasing
laa(b;) — aj||. By Proposition 1.7, there are ¢y, ¢1, . . . ,on € (C(X)) ® A)sa such that
llc; = bj|| < 5 for 0 < j < N and such that Z?’ZO C? is invertible. Then the elements
ax(c), ax(cr), ..., ax(cy) are in (C(X) ®A) o and satisfy ||ax(c;) — aj|| < € and
21;]:0 oq(cj)2 is invertible. This proves that RR(C(X) ® A) < N.

Now we consider the first half of the inequality for general A. The case we have
already done gives

RR(C(8X) ® A) < RR(C([0,1]") ® A).

Moreover, the real rank of an ideal is at most the real rank of the algebra containing
it, by Theorem 1.4 of [11]. So

RR(Cy(X) ® A) < RR(C(BX) ® A) < RR(C([0,1]") ® A). ]

We could use any other compactification in place of 8X and obtain the same esti-
mate.

The theorem is the best possible for general C*-algebras, as is seen by taking A =
c([o,1]™).

Corollary 1.10 Let X be a normal locally compact Hausdorff space (in particular, a
o-compact locally compact Hausdorff space), and let n = dim(X). Then for any C*-
algebra A we have

RR(Cy(X) ® A) < RR(C([0,1]") ® A) < RR(A) + dim(X).
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Proof For a normal space X, we have dim(8X) = dim(X) by Proposition 6.4.3 or
Corollary 10.1.7 of [25]. [ |

In Remark 6.4.6 of [25] there is a locally compact Hausdorff space X satisfying
dim(X) = 1 and dim(6X) = 0. Theorem 1.4 of [11] implies that RR(CO(X)) <
RR(C(ﬁX)) . Therefore, for this X, we get RR(CO(X)) =0 < dim(X).

We don’t know if the opposite inequality dim(5X) > dim(X) can occur.

It turns out that the correct notion of dimension to use in this context is the mod-
ified covering dimension, which we denote by dimy(X). It is defined by restricting the
open sets in the usual definition of covering dimension (Definition 3.1.1 of [25]) to
be complements of zero sets of continuous real valued functions on the space. See
Definition 10.1.3 of [25], where it is called im(X). We have dim(X) = dim(X) for
normal X (Proposition 10.1.6 of [25]) and dim(8X) = dimy(X) for any completely
regular X (Theorem 10.1.4 of [25]). In particular, we have the following corollary.

Corollary 1.11 Let X be a locally compact Hausdorff space and let n = dimgy(X). Then
for any C*-algebra A we have

RR(Co(X) ® A) < RR(C([0,1]") ® A) < RR(A) + dimy(X).

Letting X* denote the one point compactification of X, using Theorem 1.4 of [11]
on Cy(X)®A as an ideal in C(X")®A, and noting that RR(CO (X)) = RR( CO(X)+) =
RR(C(X")), we also obtain the following corollary:

Corollary 1.12 Let X be a locally compact Hausdorff space and let n = RR(CO (X)) .
Then for any C*-algebra A we have

RR(Co(X) ® A) < RR(C([0,1]") ® A) < RR(A) + RR(Co(X)).

All the steps in the proof of Theorem 1.9, in the lemmas leading up to it, and in the
corollaries, go through just as easily for the stable rank in place of the real rank. (The
proofs require the result that if ] is an ideal in a C*-algebra B, then sr(J) < sr(B).
This is Theorem 4.4 of [31].) We state the final result, and, for later use, a special
case of the analog of Proposition 1.7. We omit the analogs of the corollaries. Note,
however, that for stable rank this is presumably not the best possible: one hopes that
sr(C([O, 1) ® A) <sr(A) + 1 for any A. (Compare with Question 1.8 of [31].) We
also point out that the analog for stable rank of Theorem 1.2 has already been proved
by Rieffel (Corollary 7.2 of [31]), using different methods.

Theorem 1.13 Let X be a locally compact Hausdorff space and let n = dim(8X). Then
for any C*-algebra A we have

st(Co(X) ® A) < sr(C([0,1]") ® A) < sr(A) + dim(BX).
Lemma 1.14 Let A be a unital C*-algebra. Then
st(C([0,1]) ® A) = sr(C(S") ® A).

Proof The proof is the same as for Proposition 1.7. ]
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2 Hereditary Subalgebras of Algebras of Continuous Functions

The results of this section will play an important technical role in the estimation of
RR(C(X) ® A) when A is purely infinite simple.

In this section, we will essentially always regard elements of C(X) ® A as A-valued
functions on X. We therefore write C(X, A) rather than C(X) ® A.

Let A be a separable purely infinite simple C*-algebra. If D is a hereditary subal-
gebra of A, then D is either unital or stable (by Theorem 1.2 of [34]). Now let X be a
compact Hausdorff space, and let D be a hereditary subalgebra of C(X, A). It is easy
to construct examples in which D is neither unital nor stable, by arranging to have
the images of D under the point evaluation maps ev,: C(X,A) — A be sometimes
unital and sometimes stable. In this section we show that when D is full, and at least
for X C [0, 1]" closed, this is the worst that can happen. Specifically, if every image
ev,(D) is nonzero and nonunital, then D is stable. This generalizes a result implicit
in Section 2 of [18] (see the remark before Proposition 2.6 of [18]), which is the case
X = [0, 1]. The proof we give here is essentially an adaptation of the methods there
to an induction argument on 7 for the case X = [0, 1]".

Presumably the restriction X C [0, 1]" can be dropped by a direct limit argument.
However, for the purposes of this paper it is more convenient to restrict to subsets of
[0, 1]" until the end of the proof of the estimate for RR(C(X) ® A) .

Notation 2.1 ([18]) If Bisa C*-algebra, X is a compact Hausdorff space, and D is a
hereditary subalgebra of C(X, B), we let ev,: C(X, B) — B be the evaluation map at
x € X, and define

D, =ev,(D) = {b(x) : b € D}.

Recall (see Lemma 2.3 of [18]) that each D, is a hereditary subalgebra of B, and
that if b € C(X, B) satisfies b(x) € D, forall x € X, then b € D.
We now give three important lemmas on projections.

Lemma 2.2 Let X, B, and D be as in Notation 2.1, and let x, € X. Let py € Dy, be
a nonzero projection. Then there exists an open set U containing xo and a continuous
projection valued function p: U — B such that p(xy) = po.

Proof Choose b € Dq, such that b(xy) = po. Set U = {x eX: % ¢ sp(b(x)) } For
x € U,set p(x) = X(1,00) (h(x)) . [ |

Lemma 2.3 For every € > 0 and positive integer d, there is § > 0 such that the follow-
ing holds. Let X be compact Hausdorff, let A be a C*-algebra, let Uy, ..., U, be open
sets which cover X and such that any distinct d+2 of the U; have empty intersection, and
let pj: Uj — A be projection valued continuous functions such that || p ;(x) px(x)|| < 6
for j # kand x € U; N Uy. Then there exist open sets V; C U; which cover X, and
projection valued continuous functions q;: V; — A such that q;(x)qi(x) = 0 for j # k
and x € V; N Vy, such that ||q;(x) — pj(x)|| < e for x € V;, and such that for every
x and j, the projection q;(x) is in the C*-subalgebra of A generated by those py(x) for
which x € Uy.
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Proof Sete;,; = €. Given £,47 > 0, choose €, > 0 so that &, < ¢,47 and such that
if e is a projection in a C*-algebra A and a € A, satisfies ||a — ¢|| < 5-4" - ¢,, then
1 ¢ sp(a) and [X(1,00)(@) — €|l < &rs1. Choose § = e.

Choose open sets V; with V; C V; C Uj; and such that the V; still cover X.
Further choose open sets U;k) with

g ) (n—1) n—n ~ (1) m o _ 7.
V= U]- C U]- C Uj C U]- C C U] cvU;’ C U] =U;.
We now construct families of projection valued functions q(lk), ey q,(ck), by induc-

tion on k, which satisfy:

(1) q;k) : W — A is continuous.

(2) ¢ @)qP (x) = 0fori # jandx € UP N UP.

(3) ||‘1§‘k) (x) — pj(x)|| < &, whenever x is in no more than r of the sets Uy, .. ., Us.
(4) q;k) (x) is in the C*-subalgebra of A generated by those p;(x) for which x € Uj.

We start the induction by taking q(ll) to be the restriction of p; to Ufl).

I K i po - (k+1) s
Givenq,",...,q; satisfying the properties above, we let g, be the restriction

of qgk) to U;kﬂ) for1 < j < k. The construction of q,(ﬁl) requires a further induction.
Choose continuous functions fi,..., fi: X — [0, 1] such that f; = 1 on U;kﬂ)

and f; = 0 outside the set UJ(-k). For x € U,g:l) successively define ag(x) = pys1(x),
and

ai(x) = f;(x) (1= 47 () aj1 () (1= ¢ @) + (1= £;(0) aj1(x).

Then
la @] <l < -+ < laoGo)] < 1.

Note that if x ¢ U'Y), then aj,1 (x) = a;(x). If x € U\, then
laj1 () = aj)|| <[] (1= q,(0) aj(x) (1= g, () — ;)]
< 2)q¥, () = pi1 @] +2[la;(x) = prar ()|
+]| (1= pjs1() prr1 () (1 = pjr1 (%)) — prrnn ()|
< 2[q%, () = pja @] +2la;(x) — prn ()]
+3||pjn () pra ()]

Therefore

laji1(x) = pr (@] < 2[lg ) () = i +3]la;(x) — prr ()] + 36.
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Suppose now that x € Uy, is in exactly r of the sets Uy, ..., Ui. Thenr < dby
hypothesis. We have aj.;(x) # a;(x) for at most r values of j, say j(1) < j(2) <

- < j(s) with s < r. We have ||q(k)

(0 = pia(x)|| < & for these values of j.
Therefore

llajye1(x) — prn (%) < 2e, + 36,
laj)+1(x) = pra1 (0)|| < 2&, +3(2¢, +39) + 30 = 4(2¢, + 39),

llaj)41(0) — prer ()| < 2e, +3(4(2e, +38)) +30 < (4%)(2¢, + 39),

etc. So
llax(x) — prr1 (|| < (4°)(2e, + 36) < (47)(5¢,).

It follows from the choice of ¢, that

(k+1)

By (X) = X(1 o0y (%))

%
is defined and satisfies

8% P () — praa ()] < Eren-

This defines q,(ﬁl), and verifies (3) of the induction hypothesis for k + 1 for those x

which are in Uyy;. If x ¢ Uyyq, then (3) for k + 1 follows immediately from (3) for k.
For (2), we note that, because any two of the projections qgk) (x) are orthogonal where
both are defined, it follows that

4" ) ar(x) = ax(x)q (x) = 0
whenever x € U;kﬂ). Therefore
4" @gi" ) = g, @q 0 = 0

whenever x € U;kﬂ). Conditions (1) and (4) are immediate.
We have completed the inductive construction of the projections q(lk), ceey qgck) for
1 < k < n. The proof of the lemma is completed by taking q; = qS")|Vj forl < j<n.
|

Lemma 2.4 Let A be a C*-algebra, let a, h € A be selfadjoint elements with0 < a < 1
and 0 < h < 1, and let q € A be a projection. Then ||qa — q|| < 12||qghah — q||'/>.

Proof Represent A faithfully on a Hilbert space H. Note that ||qga — q|| = |laq — 4q||
and ||ghah — q|| = ||hahq — q||. It suffices to show that if £ € gH, then ||a — &|| <
12][haht — €[V,

We first claim that if b € L(H) satisfies 0 < b < 1 and n € H satisfies ||n|| = 1,
then ||bn — 7| < 4(1 — ||bn||)'/>. To see this, set § = 1 — ||bn||, let p = §'/3, and let
p € L(H) be the spectral projection for b corresponding to [1 — p, 1]. Then

(1=6)* = ||bnl|* = |lbpn||* + [[b6(1 — p)n|* < |lpnll> + (1 = p)*[|(1 — p)n®
=1—[|(1=pml>+ @ = p?[[(1 = pnl|* =1 p2 = p)||(1 — p)n]|*.
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It follows that
2—0 1)
(1-p)y| < <—> (—)gfzd%
la-pml </ (5=3) (5
So

[bm —nll < 1Bl [|(1 = p)nll + [bpn — pnll + (1 — p)y|| < 2v26"° + p < 48'/3.

This proves the claim.
Now let ¢ € gH satisfy ||€|| = 1. Since ||a||, ||h]| < 1, we have

IKE]| = [|hah&]] = 1 — |[hahg — £]|.

Applying the claim to  and €, we get ||h¢ — &|| < 4|/hahé — €||'/3. If h¢ = 0, then
|ag — €| < 12||hahé — €||'/? for trivial reasons. Otherwise, with 7 = mh{, we
have

lan]| > ”h—lgnuhahfu > @“ — |Ihahe — €ll) = 1 — ||hahé — ¢]
o
lahg — hell = K&l lan — nll < [IKe]] - 4llhah — €] < a]|hahg — €]1*>.
Therefore
lag — €Il < llall ¢ — el + llahe — he| + [lhé — £]| < 12l|hake — >, m

Lemma 2.5 Let A be a purely infinite simple C*-algebra, let py, . .., py € A be nonzero
projections, and let € > 0. Then:

(1) There exist mutually orthogonal nonzero projections qi,...,q, € A such that
llprar — qxl] < efor1 <k <n.
(2) There exist nonzero projections e; < py,...,e, < p, such that |lejer|| < € for

j#k

Proof We prove part (1). Choose an irreducible representation 7 of A on a Hilbert
space H. By induction, we construct a sequence &, . . ., §, of orthogonal unit vectors
in H with w(p;){; = {; for 1 < j < n. Choose ¢ to be any unit vector in 7(p;)H.
Suppose we are given {1, . . ., ;. The subspace w(p,1)H is infinite dimensional since
m(A) contains no compact operators. Therefore it must nontrivially intersect the
finite codimension subspace span(¢y, ..., & j)l, and we take £, to be any unit vector
in the intersection.

Lete; € L(H) be the projection onto C¢;, and let e = e; +- - - +¢, be the projection
onto span(&y,...,&,). Let

L={aceA:m(a)e=0} and N={acA:w(a)e=-en(a)}.
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Then L is a left ideal of A, N is a C*-subalgebra of A, and L N L* is an ideal in N.
Define a unital completely positive map T: A — L(eH) = M, by T(a) = emn(a)e.
Then T|y is a homomorphism with kernel LNL*. The Kadison Transitivity Theorem
implies that it is surjective. Indeed, let u € L(eH) be unitary. Since m is injective,
Theorem 5.4.5 of [15] provides a unitary v € A such that e7r(v)e = u. Since 71'(1/) and
em(v)e are both unitary, e must commute with w(v). Sov € N. Ifwelet T: N —
L(eH) be the unitization of T|y, then T(v) = u. This shows that the image of N
contains all unitaries in L(eH), and so is all of L(eH). The image of N is an ideal of
codimension at most 1. We may clearly assume n > 2; then L(eH) has no proper
ideals of codimension at most 1, so T'|y must be surjective.

By Theorem 4.6 of [19] (essentially Proposition 2.6 of [1]), there are hy, ..., h, €
N satistying T(h;) =e;,0 < h; < 1,and hjh = 0 for j # k. Then

hipihill > llex(hj)m(pj)m(hj)ell = lejm(p;le;ll = (m(pj)Ej, &) >

so ||1;pjh;|| = 1. The proof of Lemma 1.7 of [6] provides a projection q; € hjAh;
such that ||q;hjp;hj—q;|| < (¢/12)°. Since hjh; = 0 for j # k, we also have q;qc = O
for j # k. Moreover, llgjp; — qjll < eby the previous lemma.

Part (2) is an easy consequence of part (1) (using a different value of ). [ |

We will combine the following statement (quoted here for easy reference) with an
orthogonality trick (made possible by the previous lemma) to produce elements in
a full hereditary subalgebra of C(X, A) whose spectrum at every point in X contains
[0, 1].

Lemma 2.6 ([2]) Let A be a simple C*-algebra which is not isomorphic to K(H) for
any Hilbert space H. Then there is a € A, such that sp(a) = [0, 1].

Proof See p. 61 of [2]. |

Lemma 2.7 Let A be a purely infinite simple C*-algebra, let X be a finite dimensional
compact metric space, and let D be a hereditary subalgebra of C(X, A) such that D, # 0
for all x € X. Then there exists ¢ € Dy, such that sp(c(x)) =[0,1] forallx € X.

Proof Let d = dim(X). Choose ¢ for this value of d and for ¢ = % in Lemma 2.3.
Also require § < 1. Choose p > 0 so that if ej, e;, f € A are projections satisfying
f<eand|e — el <2p then |[f — X1 ) (e1fe))] < 30. For each x € X choose
a nonzero projection p, € Dy, and use Lemma 2.2 to find an open set U, containing
x and a continuous projection valued function g,: Uy — A with q.(x) = p, and
qx(y) € D, forall y € Uy. Since g, is continuous, we may assume, by reducing the
size of Uy, that ||q«(y) — gx(x)|| < p forall y € U,. Since dim(X) = d and X is
compact, there is a finite open cover Vi, ..., V, of X which refines the cover {U; :
x € X} and such that any d + 2 of the sets V; have empty intersection. Define e; to be
the restriction to V; of some g, for which V; C U,. Note that |e;(x) — ¢;(y)|| < 2p
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forall x,y € V;. Choose x; € V;, use Lemma 2.5 (2) to choose nonzero projections
£ < ej(x)) such that || £ £ < 16 for j # k, and define f;: V; — A by

%) = X(1,00) () £V e () -

Then | fi(x) — f]~(0)|| < 16,50 for j # kand x € V; N Vi we have | fj(x) fi(x)|| <
0. Also fi(x) € Dx for x € V;, and fj(x) # 0. Use the previous lemma to find
open subsets Wy, ..., W, which cover X, and continuous projection valued functions
ri: W; — A such that rj(x)ri(x) = 0 for j # kand x € W; N Wy, such that
rj(x) € Dy, and such that ||r;(x) — f;(x)|| < 1.

Note that, using f;(x;) = 79, we have

[7i(x) = 1)l < llri(x) = FC+ N1 fiG0) — FiGep)ll + 1 £ Cep) — 7))l
1 1 1
<-+4+-0+-<1.

4 3 4
Standard methods therefore give a continuous unitary function u;: W; — A such
that u;(x)r;(x)uj(x)* = rj(x;) for all x € W;. Use Lemma 2.6 to choose a; €
[ri(xj)Arj(x;)]sa with sp(a;) = [0, 1]. Choose continuous functions h;: X — [0, 1]
which vanish outside W; and such that for every x € X there is at least one j with
hi(x) = 1. Now set c(x) = Z?:l hj(x)u;j(x)*a;u;(x). Note that for any x any two

nonzero summands are orthogonal. It is now easy to check that sp(c(x)) = [0, 1]
for all x. Also, c(x) € D, because D, is hereditary, and it follows from Lemma 2.3 of
[18] that ¢ € D. [ |

The following two lemmas deal with straightening out projection valued func-
tions.

Lemma 2.8 (Zhang) Let A be a separable purely infinite simple C*-algebra, let D C A
be a nonzero hereditary subalgebra, and let X be a compact Hausdorff space. Let p,q €
C(X, D) be projections such that, for all x € X, p(x) and q(x) are neither zero nor the
identity of D (if it has one). If p is homotopic to q in C(X, A), then p is homotopic to q
in C(X, D).

Proof Let
P={p € A:pisaprojectionand p # 0,14}

and
Q= {p € D: pisaprojectionand p # 0, 1p}.

We denote by 7, (Y, yo) the set (group if n > 1) of homotopy classes of maps from
the sphere S"” to Y which are pointed in the sense that they send the north pole x, of
S" to yo. Regardless of what A is, for any projection py € P there is a canonical map
Yna: Tu(P, po) = K, (A) (where n in K,,(A) is taken mod 2). It is defined by sending
amap p: S" — Ptotheclass [p] — [po] € KO(C(S”,A)) (regarding py as a constant
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projection), observing that this class is in the image of KO(CO(S“ \ {xn},A)) —
Ko (C (8", A)) , and applying Bott periodicity. According to Theorem B of [35], when
A is purely infinite and simple, <y, 4 is an isomorphism for all # and all p, € P.
Similarly, v, p: m,(Q,g0) — K,(D) is an isomorphism for all # and all g, € Q.
Since D is a full hereditary subalgebra of the separable C*-algebra A, the inclusion
induces isomorphisms K,,(D) — K, (A) for all n. Therefore the inclusion induces
isomorphisms 7,(Q, o) — 7a(P, qo) for all n and qo. That is, the inclusion of Q in P
is a weak homotopy equivalence.

We now observe that P is homotopy equivalent to an open subset of the Banach
space As,. Let

1
U= {aeAsa : dist(a, P) < 4},

and define f;: U — U by f;(a) = ta+(1—t)x(%’oo)(a) fort € [0, 1]. Then fo(U) C P.
Letting i be the inclusion of P in U, we see that fyoi = idp and ¢t — f; is a homotopy
from i o fy to idy. Thus P is homotopy equivalent to U. Similarly Q is homotopy
equivalent to an open subset of the Banach space Dy,.

Lemma IV.5.2 and Theorem IV.5.3 of [20] now imply that both P and Q are homo-
topy equivalent to CW-complexes. Theorem IV.3.3 of [20] therefore implies that the
inclusion of Q in P is a homotopy equivalence. The desired conclusion is immediate.

|

Lemma 2.9 Let A be a separable purely infinite simple C* -algebra, and let X be a com-
pact Hausdorff space. Let D C C(X,A) be a hereditary subalgebra. Assume that D
contains an approximate identity of projections py, pa, ... such that piy1(x) > pr(x)
for all x, and such that each py is homotopic in C(X, A) to a constant projection. Then
D = C(X,K®A), and the isomorphism can be chosen to have the form p(a)(x) =
¢x(a(x)) for isomorphisms ¢x: Dy — K®A, and to send each py to a constant projec-
tion in C(X, A).

Proof Fix xq € X. Define

B = pu(x0)Apa(x0).

n=1

Standard arguments show that B =2 K®A, so we prove the lemma for B in place of
K®A.
We inductively construct unitaries 4, € C(X, A), each homotopic to 1, such that

Pu(x0) = un(x) [ [n—1 () th—2(x) - - - 141 (%)) P () [st—1 ()2 (x) - -+ 101 (%)]*] 14 () *
and u, (x) pp—1(x0) = pu—1(x0)un(x) = pn—1(x0). This will prove the result with
©x(c) = [tn(o0)tty—1(x) - - - w1 (xX) |t () 11— (%) - - - 1y (X)]*

for ¢ € p,(x)Dypn(x), extended to all of D, by continuity.
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The construction of #; is immediate from the fact that p; is homotopicin C(X, A)
to the constant function with value p;(xg). Given uy, . .., u,, set

q = [t () tty—1(x) -+ 11 ()] P (0) [0 () 141 (x) - - - 1 (2)]".

Then g is homotopic to the constant function p,.(xo), and both are nowhere zero
projections in C(X, [1 — pulxo)]A[1 — pn(xo)]) . It suffices to show that there is
a homotopy in C(X, [1 — pu(x)]A[1 — pn(xo)]) from q to the constant function
Pn+1(xp). This follows from Lemma 2.8. n

The next two lemmas are the heart of our argument, which is an induction using
the methods of Lemma 2.5 and Proposition 2.6 of [18] in the induction step.

Lemma 2.10 (Compare with Lemma 2.5 of [18]) Let B be a separable C*-algebra, let
o, B € R, and let D C C([wv, 8], B) be a hereditary subalgebra. For each t, assume that
Dy is full in B, and that D, = C(X, K®A) for some contractible compact Hausdorff space
X and some purely infinite simple C*-algebra A. Let p € D, e, € D,, and eg € Dg
be projections such that, for i = «, 3 we have e; > p(i) and [e; — p(i)] = 0 in Ko(B).
Then there exists a projection q € D such that q > p, q(o) = e, and q(3) = ep.

Proof Without loss of generality, assume @ = 0 and § = 1. Further, replace D by
(1 — p)D(1 — p). This allows us to assume that p = 0. Since X is contractible, p(t)
is unitarily equivalent in D, = C(X, K®A) to a constant projection. The new D is
therefore still isomorphic to C(X, KQRA).

For each t € (0, 1), choose a nonzero projection e; € D, with [¢;] = 0 in Ky(Dy).
Take ey and e; to be as already given. Use Lemma 2.2 to choose a continuous projec-
tion valued function f;: U; — B, for some open interval U; containing ¢, such that
f:(s) € D;and f;(t) = e,. Now observe that Ko(D;) — Ky(B) is an isomorphism
for all s. Since f;(s) is homotopic to e; in B, and [e;] = 0 in Ko(Dy), it follows that
[f:(s)] = 01in Ko(D;s) for all s.

By passing to a finite subcover of the collection {U, : t € [0, 1]}, we can find a
partition 0 = fy < f; < --- < t, = 1 and continuous projection valued functions
qi: [ti_1,ti] — B such that q;(f) € Dy and [g;(t)] = 0 in Ko(D;) for all t. Note
that ¢;(t;_;) and g;_,(t;_1) are homotopic in D,, |, = C(X,K®A). Indeed, X is
contractible, and g;(t;—1)(xo) and g;—1(#;—1)(x0) are nonzero projections in a purely
infinite simple C*-algebra with the same Ky-class. Similarly, ;(0) is homotopic to e,
and g, (1) is homotopic to e;.

Apply Lemma 2.4 of [18], with X = [0, #,], with the hereditary subalgebra there
being the image D|[o,,) of D under the restriction map C([0, 1], B) — C([0,#], B),
with Z = {#;}, % = 0, p = q1, and e = ey. This gives a projection fi € Doy,
such that f1(0) = ey and fi(t1) = q1(t1). In the same manner, for2 < i < n —1
find projections f; € D|,_, ) (using notation analogous to the above) such that
fi(ti—1) = qi—1(ti—1) and f;(t;) = q;(t;). Sets = %(tn,1+1), and use the same method
to find projections f, € D|,,_, 4 such that f,(f,_1) = gu—1(t,—1) and f,(s) = gu(s),
and f,41 € D|j51) such that f,.1(s) = gu(s) and f,1(1) = e1. (To get fui1, we take
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Z = {s}, not {1}.) Then the definition

fi(t)  telti,t),1<i<n—1
qt) =< fu(t)  t € [tu1,s]
farr () t € [s,1]

gives a continuous projection valued function on [0, 1] satisfying g0 = ey, g1 = e1,
and g; € D; for all t. We have g € D by Lemma 2.3 of [18]. [ |

Lemma 2.11 Let X = [0,1]", and let A be a separable purely infinite simple C*-
algebra. Then for every b € C(X,A)s, such that sp(b(x)) = [0,1] forall x € X,
the hereditary subalgebra D = bC(X, A)b has an approximate identity of projections,
each of whose images in C(X, A) is homotopic to a constant projection with trivial Ky-
class. Moreover, the approximate identity can be chosen to be of the form (pi)i2, with
Pr(x) < pis1(x) for all k and all x € X.

Proof The proof is a modification of part of the proof of Proposition 2.6 of [18].
There are enough differences and improvements that we give the full proof here.

The proof is by induction on n. So assume the result is known for a particular
value of n, and all b € C([0, 1]", A) satisfying the conditions of the lemma. We prove
it for n+ 1. We write [0, 1]""! = [0, 1]" x [0, 1], and we accordingly write b(x, t) with
x € [0,1]"and t € [0, 1], etc. The notation b(—, t) refers to the function x — b(x, t),
which is an element of C([0, 11", A). IfE C C([0, 1]"*!, A) is a hereditary subalgebra,
andt € [0, 1], we take E; C C([0,1]",A) tobe {a(—,t) : a € E}. That is, we evaluate
in the last coordinate only.

The main part of the proof is to show that for any ¢ > 0, there is a projection
q € D, homotopic in C([0,1]""!, A) to a constant projection with trivial Ky-class,
such that ||gb — b|| < e.

Standard functional calculus arguments show that there are functions (3, 3, from
[0, c0) to [0, co] which are nondecreasing and satisfy lim;_,q 5;(#) = 0, such that if
p and q are projections in a C*-algebra C such that | pg — g|| < 7, then:

(1) There exists a projection p’ € C such that p’ > gand ||p’ — p|| < Bi(n).
(2) There exists a projection g’ € C and a unitary path t — v, € C* such that

p>q,9 —all < B:(n),vo =1,vq'vi = g,and ||v; — 1|| < Ba(n) forall .

Moreover, the claimed elements in both parts depend continuously on p and q. (The
notation etc. follows Lemma 2.1 of [18].)
Choose 0 > 0 such that

352(155 + ﬂl(d)) + 196 < min (5, ;) .

For 0 < k < 5, let g: [0,00) — [0, 1] be the continuous function which is equal
to 0 on [0, k0], equal to 1 on [(k +1)4, oo) , and linear on [kd, (k + 1)J]. Note that
Lk+18k = Lk+1- Define by = gr(b) € D, and note that sp(bk(x)) =[0,1] forallx € X
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(since 6 < %). Define D® = b C([0, 1]"*1, A)by. Then, in particular, the induction
hypothesis applies to the hereditary subalgebras

DX = b(—, H)C([0, 117, A)br(—, 1).

It follows from Lemma 2.9 that DEk) =~ C([0,1]", K®A). Since [0, 1]" is contractible
and nonzero projections in K®A with the same Kj-class are homotopic, we see that
nonzero projections in D with the same K;-class are homotopic.
Choose a partition
O=th<t <--<t,=1

of [0, 1] such that
[b(=,1) = b(—,t)|| <d and ||b(—,t) —b(—,t;_1)|| <&
forallt € [t;_1,t;] and
bk(—,t) = be(—, )| <0 and  ||b(—, 1) — br(—, ;1] <6
forallt € [t;_1,t;] and for 0 < k < 5. The induction assumption provides projec-
tions
d” ep® and &Y e DV

such that

1€2bs(—, 1) — bs(—, )| <& and [|&"b,(—, ;) — by(—, ;)] < 9,

i

and such that eEO) and égl) are both homotopic in C([0,1]",A) to constant pro-

jections with trivial Kj-class. Since byb; = b3 and b3€§0) = ego), it follows that
Hégl)efo) - ego) || < 4. Therefore there exists a projection efl) € Dél) such that

e — V|l < $1(6) and ¢! > €.

1

Also, since 3,(§) < %, it follows that efl) is homotopic to é(l), and thus to a constant

1
projection in C([0, 1]", A) with trivial Ky-class.
Temporarily fix 7, and work over the interval [t;_, t;+1]. Note that

by(—,1)ebs(—, 1) € D

and satisfies ]
[1B5(—, )eVbs(—, 1) — V|| < 26 < 1

(since § < 55). Therefore functional calculus yields a projection fi(o)(t) e DY,
depending continuously on t € [t;_1, t;+1], such that

1) = & < 45.
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Similarly, there is a projection f"(t) € D", depending continuously on ¢t €
(ti—1, ti+1], such that
£ () — V|| < 46.

It follows that

YO0 = F20N < 21570 = 21+ 1V 1) — V)
< 3(460) < 159 + B1(6)
fort € [t;_1,t;+1]. Next,
lef1e” — e = llef2 b, 5)e” — ba(—, 1)¢” |
< e ba(=, 1) = ba(=, 1)
<2||ba(—, ) — ba(—, tiz)|| + ||e§l,)152(*, ti—1) — ba(—, ti1)||
<26+ (6+619)).
An estimate similar to the one at the beginning of this paragraph therefore shows that
IOV AN GRS A 126 + (38 + B1(8)) =156 + B1 (S
IO @0 = £ <126 + (36 + 51(9)) +51(0)
fort € [t;_1,t].
Using the function (3, from the beginning of the proof, we obtain a projection
1;(t) € D; and a unitary path s — v(t) € D/ fort € [t;_1,t;] and s € [0, 1], both

varying continuously with ¢, such that r;(t) < fi(l)(t), vo(t) = L vi(®)ri(t)v(0)* =
Ot), and

|Iri(t) — ﬁ(o)(t)H < 3 (156+ 31(6)) and |[lv(t) — 1]| < B2(156 + 31(9)) .
We similarly obtain r/(t) and v/(¢) satisfying all the same conditions, except with

fi(l)(t) replaced by fi(i)l (t). We now define a continuous projection ¢; on [t;_1, t;] by
letting #/ = %(ti,l +t;) and setting

qi(t) = v|_ () fO(t)vi_ ()
fort = (1 — a)ti_; +at/ and @ € [0,1], and
4i(1) = va(0)" O (1), (1)

fort = (1 — a)t/ + at; and o € [0,1]. This gives q;(¢/) = fi(o)(ti’) (with either
definition), and

ailti) =rl(ti) < fM (4 and  qi(t) = ri(t) < V().
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Lett € [t/,t;]. Then for suitable o € [0, 1], we have

lai®) = e < llaito) = @l + 10 = 2O+ 1£7©) = &
< 2lvat) = 1] + B2(156 + B1(0)) +46 < 35,(156 + 41(8)) +46.

A similar estimate holds for t € [t;_;,#/]. Since 352(15(5 + ,6’1(6)) +46 < %, it
follows that [g;(¢)] = 0 in KO(C([O, 1]”,A)) forallt € [t;_1,t;]. Since D; is full in
C([0,1]", A), we conclude that [g;(¢)] = 0in Ky(D;) as well.

Since D; = C([0,1]", K®A), and since [0, 1]" is contractible and A is purely in-
finite, there are projections g; € D, such that g; > fi(l)(ti) and [g;] = 01in Ko(Dy,).
Lemma 2.10 provides a continuous projection g/ : [t;_1,t;] — C([0,1]", A) such that
qi(t) € Dy, q{(ti—1) = gi—1,q;(t;) = gi» and g;(¢t) > q;(¢) forall t € [t;_1,;]. Now
define g: [0,1] — C([0,1]",A) by gq(¢t) = q!(t) fort € [ti_1,t;]. Then q is well
defined and continuous, since at the overlap points #; both definitions yield g;. Fur-
thermore, g € D by Lemma 2.3 of [18], and g(t) > g;(t) whenever ¢t € [t;_1,t;].

We now estimate, for t € [t;_1, ;]:

la®)b(—,t) = b(=,1)]|
< lla:i@®)b(=, 1) = b(— 1)
< [38,(150 + B1(8)) +48] +28 +[|e”b(—, 1) — b(—, )]

Also, since ||bs(—, t;)b(—, ;) — b(—, 1;)|| < 60, we get
1e”b(—, 1) — b(—, )] < 126+ || (eVbs(—, ;) — bs(—, 1)) b(—, t;)|| < 126 + 4.

So
g(®)b(—,1) — b(—,1)|| < 3B,(150 + 31 (6)) +196 < e.

Moreover, the choice of g ensures that [q(0)] = 0 in Ky(Dy), and so also in
KO(C( [0,1]", A)) . Since [0, 1]"*! is contractible, it is immediate that q is homotopic
in C([0, 1]""!, A) to a constant projection with trivial K,-class.

We now know that, for any ¢ > 0, there is a suitable projection g € D such that
lgb — b|| < e. Itis easy to get from this that for any polynomial ¢ = > , ayxb*
in b and any € > 0, there is a suitable projection g € D such that ||qgc — ¢|| < e.
Standard arguments show that this is also true for any ¢ in the closure of the set of
such polynomials. In particular, it is true for the elements b'/” for n € N. Since these
form an approximate identity for D, one easily checks that for ¢y, ..., ¢, € D, there
is a projection q € D such that ||qex — c|| < € for all k. (Without loss of generality
assume ||c¢|| < 1. Choose n such that |[b'/"c; — ¢|| < £, and choose g such that
|gb'/" — b'/"|| < £.) That is, D has an approximate identity consisting of projections
which are homotopic in C([0, 1]"*!, A) to constant projections with trivial Ky-class.

Standard arguments now show that D has a nondecreasing approximate identity
(pr)i2, of projections which are homotopic in C([0, 1]+, A) to constant projections
with trivial Ky-class. Since sp(b) = [0, 1], the hereditary subalgebra D is not unital.
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Passing to a subsequence, we may therefore assume that py # py4; for all k. For
each k there is therefore some x, € [0, 1]""! such that pi(xg) < prs1(x0). Since
Pr(x) < pra1(x) for all x and [0, 1]"*! is connected, we get pr(x) < pis1(x) for all
x € [0,1]™!. This completes the induction, and proves the lemma. ]

Theorem 2.12 Let A be a separable purely infinite simple C*-algebra, let X be a closed
subset of [0, 1]" for some n, and let D C C(X, A) be a hereditary subalgebra such that
D, is nonzero and nonunital for every x € X. Then D has an approximate identity
consisting of projections whose images in C(X, A) are homotopic to constant projections
with trivial Ky-classes.

Proof We first consider the special case X = [0, 1]".

Clearly D is separable, so it has a strictly positive element b. Without loss of gen-
erality we may take ||b|| < 1. Then {b'/"} is an approximate identity for D. As at the
end of the previous proof, it suffices to show that for all € > 0 there is a projection g
of the desired form satisfying ||gb — || < e.

Let f: [0,00) — [0, 1] be the continuous function such that f is 0 on [0, §], f
is 1 on [§,00), and f is linear on [§, ¢]. Let g: [0,00) — [0, 1] be the continuous
function such that g is 0 on [§, c0) and at 0, such that g(;3) = 1, and g is linear on
[0, 5] and on [55, 51. Then || f(b)b — b|| < g. Also, since Dy is nonunital for all x,
the point 0 is not isolated in sp ( b(x)) . Therefore g(b)(x) # 0 for all x. So Lemma 2.7
provides ¢ € (g(b)C(X, A)g(b)) “ such that sp(c(x)) = [0, 1] for all x.

We estimate || (¢ + f(b)) b — b||. First, {g(b)"/"} is an approximate identity for

g()C(X, A)g(b), so

. B 1/n . 1/n E E

lbll = Jim leg(6)"""b]| < lim sup [lg(b) ]| < 5 <
Therefore c c
| (e r®)p—sf <2(3) ==

Since cis orthogonal to f(b) and sp ( f(b)(x)) C [0, 1], we have sp( (c+f(b)) (x))
= [0, 1] for all x. By the previous lemma, there is thus a projection g of the desired
form such that || g(c + f(b)) — (c+ f(b)) || < §. Now

Jab—bl < [l a(e+ 1) ~ (e ) || 1ol +2]| (ex £ bb] < S+2(5) =

This completes the proof for X = [0, 1]".

We now reduce the general case to the special case. Let X C [0,1]", and let
D C C(X,A) be a hereditary subalgebra such that D, is nonzero and nonunital for
all x. Embed A in M,(A) as the upper left corner, and in this way consider D to be
a hereditary subalgebra of C (X , M, (A)) , with D, as before, but now thought of as
a subalgebra of M,(A). Let B be a nonunital hereditary subalgebra of M,(A) which
contains A. Define a hereditary subalgebra E C C ( [0, 11", MZ(A)) to be the set of
continuous functions a: [0, 1]" — M;(A) such that a(x) € B for all x and a(x) € D,
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for x € X. Note that the restriction map a — alx is a surjective map from E to D.
In particular, E, = D, for x € X, and E, = B otherwise. The special case proved
above applies to E, and provides an approximate identity for E consisting of pro-
jections whose images in C ( [0,1]", M, (A)) are homotopic to constant projections.
Restricting to X, we obtain an approximate identity for D consisting of projections
whose images in C(X, A) are homotopic to constant projections. The homotopy can
be chosen in C(X, A) by Lemma 2.8. [ |

Corollary 2.13 Let A be a separable purely infinite simple C*-algebra, let X be a closed
subset of [0, 1]" for some n, and let D C C(X, A) be a hereditary subalgebra such that D,
is nonzero and nonunital for every x € X. Then D = C(X, K®A), and the isomorphism
can be chosen to have the form p(a)(x) = p, ( a(x)) forisomorphisms p,: D, — K®A.

Proof This is immediate from Theorem 2.12 and Lemma 2.9. ]

As a first illustration of the value of this result, we prove the following generaliza-
tion of a part of Lemma 2.5 to projection valued functions.

Lemma 2.14 Let A be a purely infinite simple C*-algebra, let X be a closed subset
of [0,1]" for some n, let py, p, € C(X,A) be nowhere vanishing projections, and let
€ > 0. Then there exist orthogonal nowhere vanishing projections q,, o € C(X,A),
each homotopic in C(X,A) to a constant projection with trivial Ky-class, such that

| prak — qill < € fork =1,2.
Proof Cover X by finitely many open sets Uy, . .., Uy such that

€
_ < d _
[p1(x) — pr(YI < CE [p2(x) — p2(y)l| <
for all k and x, y € Uj. Since X C [0, 1]", we have dim(X) < n. (See Proposi-
tion 3.1.5 of [25].) Refining our cover (and relabelling), we may therefore assume
that any distinct n + 2 of the Uy have empty intersection.

Choose x; € Uj. Use Lemma 2.5 (1) to find 2N mutually orthogonal nonzero

€
2(n+1)

projections ey, ..., en, fi,. .., fn € Asuch that
e — el < s—— and [ pa(a) fi — fill < 5—
P1(Xi)ex — ek 2n+ D) P2(Xk) Jk k 2n+ D)
for 1 < k < N. It follows that
€ €
[p1(x)ex — ek < ] and |[p2(x) fk — fill < 1

for all x € Uy.

Choose ai € (exAex)sa and by € (frA fi)sa such that sp(ag) = sp(bx) = [0, 1] for
all k. (See Lemma 2.6.) Choose continuous functions /;: X — [0, 1] such that &
vanishes outside Uy and for every x € X there is some k with f;(x) = 1. Define

alx) = hi(x)a; + -+ h,(x)a, and b(x) = hi(x)b; +-- -+ h,(x)b,
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for x € X. Since the ¢; and f; are mutually orthogonal, one readily checks that
sp(a(x)) = sp(b(x)) = [0,1] for all x € X. It follows from Theorem 2.12 that
the hereditary subalgebras aC(X, A)a and bC(X, A)b have approximate identities of
projections which are homotopic in C(X, A) to constant projections with trivial K-
classes. In particular, there are projections q; € aC(X, A)a and q, € bC(X, A)b, each
homotopic in C(X, A) to a constant projection, such that g;(x) # 0 and g,(x) # 0
for all x € X. Since ab = 0, we have g4, = 0.
We now estimate || p;(x)g;(x) — qi(x)||. Fixx € X. Let S = {k : x € Ui}. Set

65:Zek and ﬁgszk

kes kes

Then esa(x) = a(x), so esq; (x) = q1(x). Furthermore,

Ip1(x)es — es|| < > lIp1(x)ex — el| < e,

kes

because the choice of the sets Uy ensures that S has at most n + 1 elements. So
lp1(x)g1(x) — q1(x)|| < e. Similarly || p,(x)ga2(x) — g2(x)|| < . [ |

3 Real Rank of C(X) ® A when A is Purely Infinite

In this section, we show that RR(C X) ® A) < 1 for any compact Hausdorff space
X and any purely infinite simple C*-algebra A.

As in the previous section, we will essentially always regard elements of C(X) ® A
as A-valued functions on X, and write C(X, A) rather than C(X) ® A.

Besides the result of the previous section, the main technical device is the pertur-
bation of a selfadjoint element a € C(X,A) in such a way that, for every x € X,
the set sp(a(x)) contains a neighborhood of a certain size of each of its points. At
a single point, this can be accomplished by writing a(x) ~ ag(x) + Z;\;l Ajpj> an
orthogonal sum in which {\,..., A} is e-dense in sp(a(x)), and using a scaled
version of Lemma 2.6 to replace A;p; by an element whose spectrum is a small inter-
val containing A;. The problem is to do this simultaneously for all x € X.

We start by giving some useful notation.

Notation 3.1 Let B be a C*-algebra, and let P = {p;,...,ps} C A be a set of
mutually orthogonal projections. For a € B define the “cutdown by P” to be

o= (13 n)a(1 -3 n) + 3 ane

(Note that we implicitly include the orthogonal complement of the sum of the ele-
ments of P.) By an obvious abuse of notation, if py, ..., p, € A are understood, and
S c{l1,...,n}, wewill refer to Cs(a), and similar devices.
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Given ay, . .., a, € C, regarded as a function a on P, we define

Gonte) = (1= pe) a1 =3 p0) + Seune

We will switch back and forth between Cp(a) and Cp(a), because Cp, (a) is more
useful but Cp(a) is easier to work with.

The following lemma gives some useful properties of these expressions. One
might hope to have better estimates in some of the conclusions, but that seems to
be not always possible.

Lemma 3.2

(1) Let P be a finite set of orthogonal projections, and let p — o, be a function from P
to C. If |[a — Cpo(a)|| < &, then ||a — Cp(a)|| < 2e.
(2) Let P and Q be finite sets of orthogonal projections, and assume that

D> p=> a=1
peP q€Q

If each projection in Q is a sum of projections in P, and |la — Cp(a)| < &, then
lla — Cqla)| < 2e.
(3) Let P and Q be finite sets of orthogonal projections. Let e = Zpepp and f =

quQ q. If e is orthogonal to f, and if
la—Cp(a)]| <e and |la—Cqla)] <mn,

then
lla — Cpug(a)]| < € +mn+ min(e,n).

(4) Let P = {p1,...,pn} and Q = {qi,...,qu} be finite sets of orthogonal projec-
tions, and let oy, . . ., oy, € C. Assume qx < py for all k. If ||a — Cpo(a)|| < € then
(regarding o as a function on Q in the obvious way) ||a — Cqo(a)]| < 2e.

Proof (1) For each p € P, we have

lpap = eppll = [|p(a = Cral@) p|| < lla—Cra(a)] <.
Using orthogonality of the projections in the second step, we then get
| (a—Cpal@) — (a—Cpla))]| = H > (pap — ozpp)H = max [pap — appll <.
peP

Therefore ||ja — Cp(a)|| < 2e.

(2) Letc = a—Cp(a) and d = a—Cq(a). A computation, involving partitioning P
into the disjoint subsets whose members add up to the various elements of Q, shows
thatc —d =>_ qeq 4¢q- Using orthogonality, we get

Il < lel+ | 3 aca]| = llll + masx lgeql] < 2[e].
q€Q
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(3) A computation shows that
a— Cpygla) = (a — Cp(a)) + (a — CQ(a)) — (eaf + fae).

Now it is easy to check, using orthogonality of e and f, that ||eaf + fae| =

max(||eaf]], || fae||). Moreover, e commutes with Cp(a), so eCp(a) f = 0. It follows

that [|eaf]| = ||e(a—Cp(a)) f|| < e. Similarly || fae|| = || f(a—Cp(a))e|| <e.So

la — Cpug(a)|| < 2e + n. The same reasoning shows that |ja — Cpug(a)|| < & +27.
(4) A computation shows that

(a—Cpa(a)) — (a—Cqala)) = (1 —q)(a—Cpala)) (1 —q).

Therefore

la — Coa(@| < |la— Cpala)]| +]| (1 = q)(a— Cpala)) (1 —g)||
< 2|la — Cpula)]. [ |
We denote by dist(x, S) the distance between a point x and a subset S in a metric
space.

Lemma 3.3 Let X be a compact Hausdorff space with finite covering dimension. Let A
be a unital purely infinite simple C*-algebra, and let a € C(X, A)sa. Then there exist

N, nonzero mutually orthogonal projections py,...,pn € A, numbers aq,...,an €
R, and open sets Uy, ..., Un, V1,..., VN C X (not necessarily distinct) satisfying the
following properties:

(1) Vi C U foralll.
(2) Foreveryx € Xand A € sp(a(x)) , we have

dist(\, {oy : Lsatisfiesx € V}) < g,

and, for every x € U}, we have dist(al, sp(a(x)) ) < e

(3) Foreveryx € X, with P(x) = {p; : I satisfies x € V;}, and a/|p(y) interpreted as a
function on P(x) in the obvious way, we have

| a(%) = Crr) alu, (a0)) || <&

Proof Let d = dim(X). Choose § > 0 such that (204 + 35)6 < ¢.

For each x € X, choose a finite set S, = {B8",..., ")} C sp(a(x)) such
that dist(}, S;) < 5 for A € sp(a(x)). Since RR(A) = 0, we can approximate
a(x) arbitrarily closely by a selfadjoint element with finite spectrum, and then find
nonzero mutually orthogonal projections g\, ..., q"®) € A such that, with e, =

Z;":(’;) qj(cj ) we have

0t = [ = edat(1 - e + %ﬁ;ﬂqﬂ | <o.
=1
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Then there exist x1, ..., x, € X and open sets Wy,..., W, C X, with x;, € Wy, such
that the Wy cover X and for x € W we have

m(xi)

ot = [(1 = eat(1 e+ Y 8047 | <20,
j=1

and also dist(A,S,,) < € for A € sp(a(x)) and dist(ﬁ)(cg),sp(a(x))) < ¢ for

1 < j < m(x). Since dim(X) = d, we can refine the open cover {W,..., W,}
to obtain a new finite open cover such that any distinct d + 2 of of its elements
have empty intersection. Renaming things, we may assume that we have open sets
Yy,...,Y, C X, for each k a set of nonzero mutually orthogonal projections Q; =
{q,((l), .. .,q,((m(k))} C A, and numbers ﬁ,ﬁl), . ,ﬁlgm(k)) € R such that, regarding

j— ﬁ,(cj) as a function By on Qg, we have

dist\, {81, ..., B} < &

forallx € Yy and A € sp(a(x)),

dist(ﬁ,ﬁj),sp(a(x))) <e
forallx € Yyand for 1 < j < m(k), and

H a(x) — CQkﬁk(a(x)) H <20

for all x € Y. Then also
lgax)a” — 8 q|l < 26.

Let p > 0 be a suitable small number (chosen below). Use Lemma 2.5 (1) to
choose a single large family {r,(cj) :1<k<mn 1< j<m(k)} of nonzero mutually
orthogonal projections such that

[G)E)) (j)
||¢1k] rk] - rk] I <p

for all kand j. There will then be projections 'fl(cj ) < q,((j ) with H'f,(c] - r,((j || < P, where

p depends only on p, and is small if p is small. We require that p be small enough that

~ . ) 1)
< min , . .
P (4(|a|| + 1) maxg m(k)” 2||a|| + max; ;. [8)] + 1)

Let
k D k
Re={rV, ... 7" and Ry = {7V, 7",
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From part (4) of the previous lemma, we get (with an obvious abuse of notation)
|| a(x) —C Rfy (a(x)) H < 46 whenever x € Yj. From the estimates above, and using

I aG)r” — 7 a7 | < 2p]la@)|

and

it now follows that
H a(x) — CRkﬁk(a(x)) H < H a(x) — Cﬁkﬂk(a(x)) H + 4m(k)||allp < 56.
So part (1) of the previous lemma gives
Ha(x) — CRk(a(x)) || < 106.

Also, . ' o
I ator? — 8P| < || a(x) — Cry (at0) || < 56.

Now choose open sets Zi, .. ., Z, which still cover X and which satisfy Z, C Y
for all k. Let

(Ui,...,Un)=(Y1,..., Y, Y, o Y Y, LY,
with the set Y} being repeated m(k) times. Similarly, let
Vi, o s VN) =21y 20,2, o 2y oo Ly ooy L),
(ary..yan) = (B, .., B g0 g gL pimey

and

1 n) (1 2
(Pry.. s pn) = (A A 0 m@ D pmy

With these choices, conditions (1) and (2) of the lemma are clearly satisfied. We
verify (3). Letx € X. Let P = {p; : x € U,}. Let

S={k:xevy}={k(l),... k(v)}.

Thus P is the disjoint union of the sets Ry for k € S. Part (3) of the previous lemma
and the relation H a(x) — Cp, (a(x)) H < 104 imply inductively

|| a(x) — CryyU--URy (a(x)) H < (u+1)-100
for all p1. The choice of the Yy implies that v < d + 1, and P = Ry1) U - - - U Ry, SO

we get
|a(x) — Cp(a(x)) || < (2d+3) - 105 = (20d + 30)4.
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Also || pia(x)pr — aypi]] < 56 whenever x € U; (since p; = r,(cj) for some suitable k

and j,and oy = ,((j ). It follows (using orthogonality) that

[|a(x) = Cpa(a(x)) || < (20d+35)5 <e. n

Lemma 3.4 Let X be a compact Hausdorff space with finite covering dimension. Let A
be a unital purely infinite simple C*-algebra, and let a € C(X, A)s,. Then there exist N,
nonzero mutually orthogonal projections py, ..., pn € A, numbers ay,...,ay € R,
an element b € C(X, A)s,, and open sets Uy, ..., UN, V1, ..., VN C X (not necessarily
distinct) satisfying the following properties:

(1) V, C U foralll
(2) Foreveryx € Xand A € sp(a(x)) , we have

dist(A, {oy : I satisfies x € V|}) < e,

and, for every x € U}, we have dist ( aj, sp(a(x)) ) <e.

(3) pib(x) = a;p; whenever x € U,.
(4) |la—1| <e

Proof Apply the previous lemma to a, except using £ in place of €, and calling the
resulting sets V; C V; C W,. Choose open sets Uj, Y; with

VicV,cUucU,cy,CcY, cw,.

These choices certainly satisfy conditions (1) and (2). Choose continuous functions
fi: X — [0, 1] which are equal to 1 on Y; and equal to 0 outside W.
For x € X define

Sx)={le{l,...,N}:x e W}.
Inductively define by = a and, given bj, define

bt (0) = (1= fir1 (0) B0 + fir1 (11 = pren)biCe)(1 = prsr) + prar by(x)prea]
= (1= fin®) bix) + firs Cpp,y (b)) -

We now claim that b;(x) is always in the convex hull of the elements CT(a(x)) for
T C S(x). (Cr is to be understood via the obvious abuse of notation for any T C
{1,...,N}.) This is certainly true for | = 0, because a(x) = Cy (a(x)) . Assume
it is known for I. If x ¢ Wy, then by(x) = b(x), so it is true for [ + 1. If
x € Wy, then I € S(x), and it is enough to show that Cy, 3 (bl(x)) is in this
convex hull. Since Cg is always a linear map, and b;(x) is assumed to be a convex
combination of CT(a(x)) for various T C S(x), this follows from the observation

that Cy,. ) (CT(d)) = Cy11yur(d) for any d. This completes the induction.
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We furthermore note that if x € Y}, then fi(x) = 1, so the orthogonality of the
projections pj implies, for k > [, that

br(x) = (1 — pbr(x)(1 — p1) + pibi(X)p1 = (1 — pbi(x)(1 — py) + pra(x)pi.

In particular, by(x) = (1 — p)bn(x)(1 — p;) + pra(x) p;.
Next, recall that by construction we have

€

H a(x) — CS(X),a\sm (a(x)) || < 5

for all x. Lemma 3.2 (1) shows that H a(x) — Csy) (a(x)) H < %5 forall x. For T C
S(x), Lemma 3.2 (2), applied to

{plsleT}U{l—Zpl} and {pI:IES(x)}U{l— Zpl},
leT

IeS(x)

shows that || a(x)—Cr ( a(x)) || < 4—55. The convex combination result above therefore
implies that ||a(x) — by(x)| < 4—55 for all x.

Choose continuous functions g;: X — [0, 1] which are equal to 1 on U; and equal
to 0 outside Y;. Define

N
b(x) = by(x) + Y _ gi(x)(cupr — pia(x)pr) -

I=1

For x € U, this gives b(x) = (1 — p))b(x)(1 — p;) + ayp;. This is condition (3). For
condition (4), we note that || pja(x) p;— aipi|| < £ forx € Wy, so ||b(x) —bn(x)|| < &,
and || b(x) — a(x)|| < e. [ |

Now we are ready to thicken the spectrum.

Lemma 3.5 Let X be a compact Hausdorff space with finite covering dimension. Let A
be a unital purely infinite simple C*-algebra, and let a € C(X, A)s,. Then there exists
¢ € C(X,A)s, such that, forallx € X,

(1) sp(c(x)) contains the 5-neighborhood of sp(a(x)) and is contained in the e-
neighborhood of sp(a(x)) .
(2) Forevery A € sp(c(x)) there is an interval I of length e with A € I C sp(c(x)).

(3) |lc(x) — alx)]| < e.
Proof Apply the previous lemma with § in place of ¢, but otherwise following the
notation there. Using Lemma 2.6, choose elements d; € (pjAp;)sa with sp(d;) =

[0,1]. Choose continuous functions h;: X — [0, 1] which are equal to 1 on V; and
equal to 0 outside Uj. Define

2
alx) = ayp; + ?E(Zhl(x) —1)d,
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so that
2¢e 2¢e
sp(a(x) = [az = ), Thix)

Define N
c(x) = b(x) + Z(q(x) — alpl) .

I=1

We always have ||¢;(x) —a;pi|| < 2—35, so clearly ||c(x)—a(x)|| < e. Thisis condition (3),
and implies that sp ( c(x)) is contained in the e-neighborhood of sp ( a(x)) , which is
half of (1).

Fix x € X. Then c(x) is the orthogonal sum of selfadjoint elements with spec-
trum [oy — %5, ar+ %5] (for those I with x € V), selfadjoint elements with spectrum
la; — Bi(x), ay + By(x)] with 0 < Gi(x) < %E (for those [ with x € U\ V), and a self-
adjoint element with spectrum contained in sp(b(x)) . Its spectrum is the union of
these sets. By construction, the §-neighborhood of {a; : x € V;} contains sp(a(x)) .
Since sp(c(x)) contains the 2—35—neighborhood of {ay : x € V;}, it contains the
£-neighborhood of sp(a(x)) . This is the other half of (1).

For (2), the existence of an interval I of length € is clear for A € [a) — 2—35, o+ 23—5]
withx € V. If A € sp(b(x)) , then X is in the 5-neighborhood of sp(a(x)) . As
we have seen, such a A must also be in one of the intervals [y — 2?5, ap + %]. It
remains to consider A € [ay — Bi(x), a; + By(x)] with x € U; \ V. By construction,

dist<al,sp(a(x))) < 5. Therefore |a; — oy| < 2?5 for some k with x € V. So

aj € [ag — 2?5, ay + %]. Therefore

2 2
A€ [ay = Bi(x), ap + Bi(x)] U [ak — ?57 ay + 36] ’

which is an interval of length greater than ¢ and contained in sp(c(x)) . ]

Three miscellaneous lemmas are still required before we prove the main result.

Lemma 3.6 Let A be a unital purely infinite simple C*-algebra, and let X be a compact
Hausdorff space. Let p,q1,q, € C(X,A) be projections such that q,(x), g2(x) < p(x)
for all x, and such that each is homotopic to a nonzero constant projection with trivial
Ko-class. LetY, Z C X be disjoint closed sets. Then there exists a unitary u € pC(X,A)p
which is homotopic to p and such that u(x) = p forx € Y and u(x)q; (x)u(x)* = qa(x)
forx e Z.

Proof Conjugating by a suitable unitary, we may assume that p is a constant pro-
jection x — po for some py € A. By Lemma 2.8, q; and ¢, are still homotopic in
C(X, poApo) to constant projections with trivial Ky-classes. Therefore we may replace
A by poApy, and so assume that p = 1.

The projections q; and g, are homotopic, so there is a unitary path (¢, x) — v;(x),
defined for t € [0, 1] and x € X, such that vy = 1 and v;(x)q1 (x)v1(x)* = qa(x) for
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all x € X. Choose a continuous function f: X — [0, 1] which is equal to 1 on Z and
equal to 0 on Y. Then set u(x) = vy, (x) for x € X. [ |

Lemma 3.7 Let A be a unital C*-algebra, and leta € Ay, Let § > 0, let f: R — R be
a continuous function with supp(f) C [0, 0], let p € f(a)Af(a) be a projection, and
letu € A be a unitary such thatu(1—p) = (1—p)u = (1—p). Then ||a—uau*|| < 60.

Proof We first estimate ||ap]|. Let p > 0. Let g: R — [0, 1] be a continuous function
supported in [—(d + p), d + p] and with ¢ = 1 on [—J, d]. Then g(a) f(a) = f(a), so
g(a)p = p. Therefore ||ap|| = |lag(a)p|| < |lag(a)|| < § + p. Since p > 0 is arbitrary,
we get ||ap|| < . Similarly || pa|| < 4, so also ||pap|| < 4.
Nowuse u = (1 — p) + pupand 1 = (1 — p) + p to write
la — uau®||
< (1= pa(t = p) = (1 = pla(l = p)[| + [|(1 = p)ap — (1 — p)apu”p|
+[pa(l = p) — pupa(l — p)|| + [[pap — pupapu”p||
< 0+ 2[|ap| +2|[pa]| +2||pap]| < 66. L

Lemma 3.8 Let A be a unital C*-algebra, and let a € Ay,. Let p € A be a projection,
and suppose (1 — p)a(l — p) has an inverse r in (1 — p)A(1 — p). Let

1
g = .
22{[all + 1+ {fr =D

Ifb € Ay, and a projection q € A satisfy |ja — b|| < e and ||p — q|| < &, then
(1 —q)b(1 — q) has an inverse s in (1 — q)A(1 — q), and ||s|| < 2||7]|.

Proof Let o = ||r||. We calculate

[[(1 = b1 —q)+a'q] — [(1 — pla(l — p) +a 'p]||
<lla=bll+[[(1 —q@a(l —q) +a 'q] — [(1 — pla(l — p) + o 'p]||
< la—bl +Qllall +a™H]p —4qll < @llal| +1+a" e

R 1
2firll 2l +ap)|l”

Since
1

[(1 = p)a(l = p) +a~'p]~
it follows that (1 — g)b(1 — g) + a~!q is invertible with

=r+ap,

(1 —q)b(1 —q) +a 'ql 7| < 2||(r + ap)|| = 2||r||.

Clearly
[(Q1—gb(l—¢q)+ oflq]*1 =s+aq
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with s an inverse for (1 — g)b(1 — ¢q) in (1 — g)A(1 — q). [ |

Lemma 3.9 Let A be a unital C*-algebra, and let a,b € As,. Let p, q € A be orthogonal
projections, and suppose (1 — p)a(1 — p) and (1 — q)b(1 — q) have inverses r and s in
(1 = p)A(1 — p) and (1 — q)A(1 — q) respectively. Let

1
g = .
4 max(|[al, [[b]]) max([|[], [ls[)*

If
la—[(1 = pla(l — p)+ papl|| <e and |[b—[(1—q)b(1—q) +qbql| <e,

then a* + b? is invertible.

Proof Let
ap=(1—pla(l —p)+pap and by = (1 —q)b(l —q) + gbq.
With s~ being interpreted in (1 — g)A(1 — g), we have
(1= @bl — @) =572 > [|s| >(1 — ) > ||s]| ~*p.
So
ay + b5 = [(1 = pla(l — p))* + [pap]* + [(1 — @b(1 — )] + [qbg)’
> [(1 = pla(l — p)I” + [(1 — b1 — * > ||| 721 = p) + |Is]| ~p-

Therefore
l[(ag + b3) || < max([|r]?, [Is]|*).

Using ||ao|| < ||a|, we get

1

22 < — a0 + —al| <2 —a) < ————— .
o = ]l < o — aoll + o] la — o] < 2l o — o] < s

Similarly,
1
V-l
107 = Bl < 5 a2, T
So
[(a® + b)) — (ag + b3)|| < [|(ag +b5) || 7"
It follows that a® + b? is invertible. ]

Theorem 3.10 Let A be a purely infinite simple C*-algebra, and let X be a compact
Hausdorff space. Then RR(C(X) ® A) < 1.
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Proof We first consider the case X C [0, 1]” for some 7 and A separable. By Theo-
rem 1.2 of [34], A is either unital or stable. If A is stable, then so is C(X) ® A, whence
RR(C X)® A) < 1 by Proposition 3.3 of [4]. Therefore, without loss of generality,
A is unital.

We have to show that if a;,a, € C(X, A)s, then the a; can be arbitrarily closely
approximated by b; € C(X, A)s, such that b3 + b3 is invertible. By Lemma 3.5 we may
assume without loss of generality that, for some § > 0, for every A € sp ( a,-(x)) there
is an interval [ of length § with A € T C sp(ai(x)) .

Lete > 0. Let M = max(||ai|, [|a)). Choose & > 0 with & < max(Z, ). Let
f: R — [0, 1] be the continuous function which is equal to 1 on [—2¢«, 2], equal
to 0 outside [—4a;, 4], and linear on [—4a, —2a] and on [2a, 4a]. Choose p; > 0
such that p; < 57, and such that if projections p and g in some C*-algebra satisfy
llgp — pll < 2p1, then there is a projection e < g such that

) a o?
|ep|<m1n< >

2M + 14 2a’ 32M?

Choose p, > 0 such that

< mi a? a
min
P 24M’ 2M + 1+2a)”
and such that if selfadjoint elements ¢; and ¢, in some C*-algebra satisfy ||¢;|| < M
and |l — & < pa, then ||f(c1) — f(c2)]| < p1. (Approximate f to within 2 on
[—M, M] by a polynomial g, and choose p, small enough that ||g(c;) — g(c,)|| < &)
Choose p; > 0 such that if projections p and g in some unital C*-algebra satisfy
llgp — pll < p3, then there is a projection e < g such that ||e — p|| < p1, and there is
a unitary u such that ueu* = p and ||u — 1|| < p1.

Define

Y, = {x eX: sp(ai(x)) contains at least one of 3 and —3a}

and
Z; = {x €X: sp(a;(x)) contains at least one of o and —a} .

Recall that every point of sp ( ai(x)) is contained in an interval in sp ( ai(x)) of length
at least 8av. It follows, first, that if x ¢ Z; then a;(x) is invertible. Soif Z, N Z, = &
then af + a3 is already invertible. Thus without loss of generality Z; N Z, # @. Italso
follows that Y; contains a neighborhood of Z;.

For each x € Z;, choose ¢!} € Ag, such that sp(c{”) is finite, || — a;(x)|| < pa,
and ||c?|| < |lai(x)||. (This is possible because purely infinite simple C*-algebras
have real rank zero [33].) Let e’ € A be the spectral projection for c{) corre-
sponding to the interval [—2a, 2a]. Note that (1 — ()" (1 — €{?)) is invertible in
(1—eM)A(1 —el?)), and its inverse d” in that algebra satisfies [|d{" || < 5. It follows
from the choice of p, that || flaix) — f(cfﬁ)H < p1. Using f(c)el? = e, we get

||f(a,»(x)) eff) — efﬁH < p1.
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For x € Y;, we have 3a € sp(ai(x)) or —3a € sp(ai(x)) . Since there is an in-
terval in sp(ai (x)) of length more than 8a which contains one of these numbers,
at least one of the intervals [—4«a, —3a] and [3«, 4«] is contained in sp(ai(x)) .
Since f(—4a) = f(4a) = 0 and f(—3a), f(3a) # 0, the hereditary subalgebra

f ( ai(x)) Af ( ai(x)) is nonzero and nonunital. By Lemma 2.11, the hereditary sub-
algebra

faily,nv,)C(Y1 N Y2, A) f(aily,ny,)

has an approximate identity of projections each of which is homotopic to a constant
projection with trivial Ky-class. In particular, there exist projections

pisqi € f(aily,nr,)C(Y1 N Y2, A) f(aily,ay, ),
each homotopic to a constant projection with trivial Ky-class, such that
pit0) > qiv) and  [|qi(0f (a:0) = f(a:(0) || < pu

for all x. It follows that ||q,-}(x)e§c") — || < 2p; for x € Z; VY, NY,. By the choice of
p1, there are projections el’) < g;(x) such that

2

S0 _ ) : o o
. < .
e = el nm](ﬂw+l+2a’ﬂbﬂ>

Use Lemma 2.14 to find nowhere zero orthogonal projections ry,r, €
C(Y; N'Y,,A), each homotopic to a constant projection with trivial Kj-class, such
that ||g;r; — ;|| < p3. By the choice of p3, there exist projections 7; < g; and unitaries
ul(»o) € C(Y; NY,,A) such that

7 —rll < o wOR@O) =r, and W — 1] < p.
Applying the Tietze extension theorem to log(ufo)) and exponentiating, we obtain
unitaries u; € C(X, A) such that

_ ,0)
141'|Y10Y2 =u;

and |u; — 1] < p1.

Use Lemma 3.6 to find unitaries v; € C(Y; N Y,,A) such that v;(1 — p;) =
(1 = pi)vi = (1 — p;), viisequal to 1 on (Y] NY,), and v;(x)g; (x)v;(x)* = 7i(x) for
x € Z1 N Z,. (The boundary is taken in X. Since Z; is contained in the interior of
Y;, the sets (Y, NY;) and Z; N Z, are disjoint.) Extend v; to a unitary in C(X, A) by
taking v;(x) = 1 forx ¢ Y, N Y,.

Now define b; = u;v;a;v} uf. We show that ||b; — a;|| < & and b? + b3 is invertible.

We have

[1bi — ail| < 2[]1 — wil| [|ail| + [[viaivi — ail|-

The first term is at most 2p;M < 5. By Lemma 3.7, the second term is at most

6(4a) < 5. So ||b; — a;|| < €, as desired.
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As we saw above, if x ¢ Z; then a;(x) is invertible. So also b;(x) is invertible. Thus
b1 (x)? + by(x)? is invertible for x ¢ Z; N Z,. So let x € Z; N Z,. We have

N oo , 1
10— N1 — e = (1) < 5=

(the inverse being taken in (1 — eff))A(l — eff))),

2
2 0 i @ @
& = ec’ll < min <2M+ 1+2a’ 32M2> ’

and

2
Ic? — ai(x)|| < p2 < min “ ).
* 2M + 1+ 20’ 24M

Applying Lemmg 3.8, we find that (1 — E;i))ai(x)(l — E;i)) is invertible in
(1 —eMA( —e?), and

10— &1 -] < L.

Q

Moreover,
llaix) = [(1 = &N)a;(x)(1 — &) +ePa; (x)el ] |
< =ENai0) (1 — &) + &P a;(x)e]
— (1= eMai(x)(1 — &) + el a;(x)el]
+3|ai(x) — V) + 1< — [(1 = el (1 — By + DD el

< 4l[el? — el |M +3p,+0
2 2 2
caM (2 )43 (X)) =&
32M2 24M ) aM

We conjugate the elements considered above by u;v;; this does not change the norm
estimates. Now

ur (v (e vy () u (0 < ri(x) and  wp(x)va (0)EP v (%) ua (x)* < 1y(x)

are orthogonal projections, so Lemma 3.9 implies that

(101 (v (x)a (o) v (1) 1 (1)) " (112 (e)va () (e)va () 12 (1)) © = by () + b ()2

is invertible.

This proves the special case X C [0, 1]” and A separable. This case covers all finite
complexes X. By Theorem 10.1 in Chapter 10 of [9], a general compact Hausdorff
space is an inverse limit of finite complexes. Therefore the result holds for arbitrary
compact Hausdorff X by taking direct limits. Finally, if A is not separable, we write it
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as a direct limit of separable purely infinite simple C*-algebras. (The proof of Theo-
rem 4.3.11 of [27] shows that if A is a purely infinite simple C*-algebraand S C A is
a separable subset, then there is a separable purely infinite simple C*-algebra B with
S C B C A. It follows that A is the direct limit of its separable purely infinite sim-
ple subalgebras.) The corresponding direct limit expression for algebras of functions
proves the theorem in full generality. ]

Corollary 3.11 Let A be a purely infinite simple C*-algebra, and let X be a locally
compact Hausdorff space. Then RR(CO(X) ® A) <1

Proof Let X* be the one point compactification of X. Apply Theorem 1.4 of [11]
(passage to ideals does not increase real rank) to Co(X) ® A as an ideal in C(X*) ® A.
|

4 Stable Rank of C([0,1]) ® A

This section is devoted to the proof that if RR(A) = 0, sr(A) = 1, and K;(A) =0 (a
kind of “strong zero dimensionality” condition—note that if X is zero dimensional
then K'(X) = 0), then sr(C([O, 1) ® A) = 1. The hypotheses are satisfied by AF
algebras, but are also satisfied by some nonnuclear C*-algebras, and some nuclear
C*-algebras whose Ky-groups contain torsion; these cannot be AF. See Examples 4.4
and 4.5 at the end of this section.

Lemma 4.1 Foreverye > 0thereis§ > 0 such that whenever A is a unital C*-algebra,
u,v € A are unitaries, and p € A is a projection, with |[up — vp|| < , then there is
a path t — z, of unitaries in A with zy = 1, ziup = vp, and ||z, — 1|| < € for all
t€[0,1].

Proof Let ¢ > 0. Choose §, > 0 small enough that whenever z is a unitary in
a unital C*-algebra B with ||z — 1||] < &, then there is a continuous unitary path
t +— z; € U(B) such that

z0=1, z1=2z and sup |z —1| <e.
tef0,1]

Choose & > 0 small enough that whenever e and f are projections in a unital C*-
algebra B with |le — f|| < 26, then there is y € U(B) such that yey* = f and
ly — 1|| < 2. We further require § < 2.

Let u, v, and p be as in the hypotheses, and assume that ||up — vp|| < 6. Then
||lupu* — vpv*|| < 26. Choose a unitary y € A as in the previous paragraph, for
e = upu* and f = vpv*, and satisfying ||y — 1|| < %. Set w = yu(1 — p)u*, which
is a partial isometry in A such that w*w = u(1 — p)u* and ww* = v(1 — p)v*. Then
W = vpu™ + w is a unitary such that wup = vp. Moreover,

[ =1 < llvpu” — upu™|[ + [lw — u(l = p)u*|| < [jup = vp[ +[ly = 1| < do.
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Hence there is a path t — z, in U(A) such thatzy = 1,2; = W, and ||z, — 1|| < e.
This is the required path. u

Lemma 4.2 Let A be a unital C*-algebra with K1(A) = 0, sr(A) = 1, and RR(A) = 0.
Then for every e > 0 thereis & > 0 such that whenever a, b € inv(A) satisfy ||a]|, ||b]| <
1 and ||a — b|| < 0, then there is a continuous path t — ¢; in inv(A) such that

co=a, a=>b, and |c¢—al| <e.

Proof Let & > 0. Set p = §. Choose §y > 0 with §y < §, and also so small that,
following Lemma 4.1, if ||up — vp|| < 4do/p, then the unitary path t — z there
satisfies ||z — 1|| < 5. Now choose § > 0 with § < §; < £, and also so small that
ifa,b € Asatisfy ||a||,||b]] < 1and |la — b|| < 6, then |||a| — |b]|] < do. (Recall that
|la] = (a*a)'/?.)

Leta, b € inv(A) satisfy ||al|, ||b|]| < 1 and ||a — b|| < &. We are going to construct
an invertible path from a to b, within the e-ball B.(a) = {c € A : ||c — a]| < €}, in
five stages: from a = ry to 1y to r, to 3 to ry and finally to r5 = b.

Define u = a(a*a)~'/? and v = b(b*b) /2, so that a = u|a| and b = v|b| are the
polar decompositions of a and b respectively.

Define a continuous invertible path from ry = a = ula| to r; = ulb| by t —
u(t|b| + (1 — t)|al) . Clearly this path is invertible and has the correct values at t = 0
and t = 1. Moreover, from the choices above, we have |||a] — |b||| < do. Therefore

| u(tlb| + (1 = t)|a]) —a| = tll|a] — |b]|| < & <e.

Also note that ||r; — a|| < do.

Since RR(A) = 0, there is a positive invertible element by € A, such that sp(by)
is finite and ||by — |b||| < d. Define a continuous invertible path from r; = u|b|
to r; = ubg by t — u(tby + (1 — )|b]). Following the reasoning of the previous
paragraph, this path is invertible and satisfies

| u(tbo+(1—1)[b]) —al|| < ||u(tbo+(1—1)|b]) —ulb||| +[|ulb| —al| < 5+8 < e.

Also note that ||, — a|| < § + d. Similarly define a continuous invertible path from
rg=vbytors =b=v|b| byt — v((l — )by + t|h|) . This path satisfies

| v((1 = )by +t[b]) —al| < ||v((1—1)bo +t[b]) —b|| +[b—al <26 <&,

and in particular ||r; — a| < 26.

Let X[p,00) be the characteristic function of the interval [p,c0). Define p =
Xlp.00)(bo)> which is well defined because by has finite spectrum. Let f: [0,1] —
[0, p~!] be a continuous function such that f(t) =t~ fort > p. Then by f(by)p =
pand || f(by)|| < p~'. Therefore

lup — vpl| = [|ubo f(bo)p — vbo f(bo)p|| < p~"|luby — vbo||
=p In—rll <p ' (lrz —all + [Irs — all) < p~' (8 +36) < 4dop~ "

https://doi.org/10.4153/CJM-2001-039-8 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2001-039-8

1020 Masaru Nagisa, Hiroyuki Osaka and N. Christopher Phillips
By the choice of §, above, and following Lemma 4.1, there is a unitary path t — z,
such that zp = 1, zjup = vp, and ||z; — 1|| < 5. Now define a continuous invertible

path from r, = uby to r3 = zyuby by t — z,uby. We have

lziubo —all < l|ziuby — ubo| +[lubo —all < S +0+8 < S+ =+ 2 =e.

o~
o~

We have the polar decompositions r; = (z;u)by and ry = vby, in which the pro-
jection p commutes with by and satisfies v*zjup = pv*ziju = p. Therefore, if we
construct a continuous invertible path ¢ — ¢; in (1 — p)A(1 — p) from

o =vr(1—p)=01—-pvziu(l —p)- (1 — p)by(1l — p)

to
a=vr(l—p)=(1-phb(l-p),
the assignment t — v(c; + byp) will define a continuous invertible path from r; to
r4. Now RR(A) = 0 and K;(A) = 0, so Lemma 2.4 of [17] implies Kl((l — pA(1 —
p)) = 0. Moreover, sr((1 — p)A(1 — p)) = 1 (see the proof of Lemma 3.4 of
[31]), so that Theorem 2.10 of [32] implies that U( (1 -pAQ— p)) is connected.
Therefore there is a continuous unitary path t — w; in (1 — p)A(1 — p) with wy =
(1 —p)v*ziu(l — p) and w; = 1 — p. The path ¢ = w(1 — p)bo(1 — p) satisfies the
conditions above.
It remains to estimate the distance from a. Since vby = r4, we have

[v(ce +bop) — all < [[v(ct + bop) — vbo|l + [|rs — all = [le: — (1 — p)bo|| + [|rs — al
< leell + [[(1 = p)bol| + [[ra — all = 2[[(1 = p)bol| + [[rs — a|
<2p+2§<e.

We have now connected ry = a to rs = b by a continuous invertible path which
lies in the e-ball B.(a). |

Theorem 4.3 Let A be a unital C*-algebra with K;(A) = 0, sr(A) = 1, and RR(A) =
0. Then sr(C([O, 1]) ®A) =1.

Proof Leta € C([0,1]) ® A, and let ¢ > 0. We have to approximate a within € by
an invertible element of C([0, 1]) ® A. Scaling both a and &, we may assume without
loss of generality that ||a| < 1.

Choose 0 > 0 as in the previous lemma for 5 in place of . Choose 0 = f, < f; <
.-+ < t, = 1 such that

1) €
lla(t;) — a(tj—))|| < 3 and |la(t) —a(tj—)| < 3
for1 < j<mandt € [tj_,t;]. Using the fact that sr(A) = 1, choose ¢y, c1, ..., ¢, €

inv(A) such that
. (e d
. — t P .
llcj — a(tj)]| < min (3, 3)
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Then ||c; — ¢j—1]| < . For each j, use the previous lemma to choose a continuous
path t — b(t) € inv(A), defined for t € [t;_,t;], such that

3

b(tji—1) =cj—1, b(tj) =c¢j, and |[|bt) —cj_1]| < 3

The two definitions at ¢; (one from the j-th interval, one from the (j + 1)-st interval)
agree, so t — b(t) is a continuous invertible path defined for t € [0, 1]. Moreover,
fort € [tj_y,t;] we have

166) — a(t)]| < 11b(t) — cja | + i1 — attj-) | + llattj—) — a(o)]

e € ¢
<-+-+4+-=c¢. [ ]

3 3 3
We now give several examples of simple separable unital C*-algebras which satisfy
the hypotheses of this theorem but are not AF. In particular, sr(C ([0,1]) ® A) =1

does not imply that A is AF, even if A is nuclear. We will see in the next section that
sr(C([O, 1) ® A) = 1 does not even imply that RR(A) = 0.

Example 4.4 Example 4.11 of [22] gives a simple separable unital nuclear C*-algebra
A satisfying K;(A) = 0 and RR(A) = 0. It also has sr(A) = 1 (by Theorem 2.4 (3) of
[22] or by [8]). It thus satisfies the hypotheses of Theorem 4.3. It is not AF because
Ky(A) contains torsion.

Example 4.5 Apply Proposition 9 or Theorem 11 of [7], starting with a UHF algebra.
The result is a simple separable unital C*-algebra A satistying K; (A) = 0, RR(A) = 0,
and sr(A) = 1. The group Kj(A) is even torsion-free, and A is even asymptotically
homotopy equivalent to the original UHF algebra. However, A is not AF because A is
not nuclear.

More examples of this type are contained in [29].

5 Lower Bounds on Rank

In this section, we determine to what extent the converse of Theorem 4.3, the main
result of the previous section, is true. We see that if sr(C([O, 1) ® A) = 1, then
indeed necessarily sr(A) = 1 and K;(A) = 0, but we show by example that it need
not follow that RR(A) = 0, even for simple A. We also prove two related results:
for any nonzero C*-algebra A, we have RR(C([O, 1]) ® A) > 1, and for any unital

C*-algebra A, we have sr(C([0,1]*) ® A) > 2.

Proposition 5.1 Let A be a nonzero C*-algebra. Then RR(C( 0,1]) ® A) > 1.

Proof Suppose that RR(C ([0,1]) ® A) = 0. We first reduce to the unital case.
Since A is a quotient of C([0, 1]) ® A, it follows that A is a nonzero C*-algebra with
RR(A) = 0. Therefore A contains a nonzero projection p. The algebra C([0,1]) ®
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pAp is a corner of C([0, 1]) ® A, so also has real rank zero. Replacing A by pAp, we
may therefore assume A is unital.

Define f € C([0,1],A)s, by f(t) = (2t — 1) - 14 for 0 < ¢t < 1. By assumption,
there is an invertible selfadjoint element g € C([0,1],A) such that ||f — g|| < 3.
Define h: [0,1] — [0, 00) by h(t) = supsp(g(t)). Let M = ||g]|. Since the element

g+M - lcqoinea € C([0,1]) ® A is positive, we can write
h(t) = supsp(g(t) + M - 14) — M = [|g(t) + M - 14| — M,

so that h is continuous. Clearly h(0) < 0 and h(1) > 0. Therefore there exists
tp € (0, 1) such that h(ty) = 0. So sp(g(to)) contains 0, that is, g(fy) is not invertible.
This contradicts our assumption. ]

Proposition 5.2 Let A be any C*-algebra. Suppose that sr(C([O, 1)) ® A) = 1. Then
sr(A) = 1and K;(A) = 0.

Proof We have sr(A) = 1 because A is a quotient of C([0, 1]) ® A.

We prove that K;(A) = 0 in the nonunital case. (The proof in the unital case
is similar but easier.) First, note that M, (A) also satisfies the hypothesis, by Theo-
rem 6.1 of [31]. Therefore it suffices to show that U(A") is connected. We recall that
Uy(B) and invy(B) denote the identity components of U(B) and inv(B) respectively.

Soletu € A* be unitary. Let A € C be its image under the standard map w: A" —
C. To show that u € Uy(A"), it suffices to show that A~ u € Uy(A*). Accordingly, we
assume that 7(u) = 1. Define f € [C([O, 1) ®A} ! by ff) =t-1+(1 —fHu e A*
fort € [0,1]. Note that f really is in [C([O, 1) ® A] * because w(u) = 1. Use
sr(C([O, 1)) ® A) = 1 to choose an invertible element g € [C([O, 1]) ® A] " such
that ||g — f|| < 3. Because ||u — g(0)|| = || f(0) — g(0)|| < 1, there is a continuous
path in inv(A*) from u to g(0). Similarly, there is a continuous path in inv(A*) from
1 to g(1). Combining these paths with the continuous path g in inv(A*) from g(0) to
g(1), we see that u € invy(A*). As is well known, this implies u € Uy(A™). [ |

Proposition 5.3 Let A be a unital C*-algebra. Then st(C([0,1]%) ® A) > 2.

Proof Suppose that sr(C([0,1]*) ® A) = 1. Thensr(C(S") ® C([0,1]) ® A) =1
by Lemma 1.14. So sr(C(S") ® A) = 1 and K; (C(S') ® A) = 0 by Proposition 5.2.
Therefore 0 = K; (C(Sl) ® A) =~ K;(A) ® K¢(A), whence Ky(A) = 0. Since A is
stably finite (because sr(A) < sr(C (sH ®A) < 1) and unital, this is a contradiction.
|
The same proof works as soon as K ® A has a nontrivial projection, using the fact
(Theorem 3.6 of [31]) that sr(K ® B) = 1 if and only if sr(B) = 1. We do not know
what happens if A is stably projectionless.
We now prove some lemmas in preparation for our example of a C*-algebra A
such that sr(C([O, 1) ® A) = 1 but RR(A) # 0. The algebra A will be a direct limit
of the form considered in [13], with the space involved being [0, 1].
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Lemma 5.4 Let X be a compact Hausdorff space, let a € C(X,M,,), and let xy € X.
Then there are a neighborhood U of xy, an integer k with 0 < k < n, elements r,s €
inv(C(U, Mn)) ,and b € C(U, My), such that

rlalg)s=b® 1,_x and b(0) =0.

Proof Let k = n — rank(a(xo)). Let p = diag(0,...,0,1,...,1) € M,, with 0
appearing k times on the diagonal and 1 appearing n — k times. By standard row and
column reduction, there exist invertible ry,sp € M, such that rya(x)sy = p. Write
the matrix roa(x)sy in block form as

. _ (au(x) alz(x))
oa(x)so = )

a)(x)  axn(x)

where
ai(x) = (1 = p)roa(x)se(l — p) € (1 — p)M,(1 — p) = M

and
ax(x) = proa(x)sop € pMup = M, .

Then ay(xy) = p. Therefore there is a neighborhood U of xy such that c(x) =
ax(x) ™! exists in pM,,p for every x € U. For such x, define

(1 0 1 —ap(x)c(x) _ 1 0
rlx) = (O c(x)) (O : 1 ) fo and s(x) =5 (—c(x)a21(x) 1) ’

A computation shows that these choices give r(alg)s = b @ p with b(x) = a;;(x) —
aa(x)c(x)az (x). Since a11(xo) = arz(xp) = az(xo) = 0, we get b(xo) = 0. u

We denote by w( f) the winding number about 0 of a continuous function f: S' —
€\ {0}. We use the same notation when f is defined on the boundary of a disk in R?,
or on the boundary of a rectangle in R?. (We take such boundaries with the positive
orientation.)

Lemma 5.5 Leta € C([0,1]%,M,), let xo € [0, 1], and suppose that there is a closed
disk D C [0,1]% with xy € int(D) (with respect to R?) such that a(x) is invertible for
x € D\ {x0} and w(det(a)|aD) = 0. Then forall e > 0 thereis b € C([0,1]?, M,,)
such that

b|[071]2\D = a|[0’1]z\D, blp € inV(C(D7 Mn)) , and |b—al <e.

Proof We first consider the case a(xy) = 0. Choose a smaller closed disk Dy such
that

. 3
Xy € int(Dy) C Dy C D and Ha\DOH < 5

Then
w(det(a)|3D0) = w(det(a)|aD) =0
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by homotopy invariance of the winding number. Moreover, as is well known, the
map ¢ — w ( det(c)) defines an isomorphism 7 (inV(Mn)) — 7. Using a homotopy
from a|yp, to a constant in inv(M,,), it is easy to find by € inV(C(Do, Mn)) such that
bolap, = alop,-

We will paste together a and by, but we need to control the size of by. Choose a
continuous function g: Dy — R such that g(x) = ||a(x)|| for x € Dy and

inf |la < 9(x) < su a
[ nf la(y)] < glx) < BPDO la(y)ll

V4SS

for all x € Dy. Then define

bx) = {g(x)|b0(x)||lbo(x) x € Dy
a(x) X ¢ Do.

Note that for x € 9D, we have ||by(x)|| ™" = ||a(x)|| ! = g(x)~!, so that b is in fact
continuous. Moreover, b is invertible and
€

S
la— bl = sup llatx) ~ b0 < lalo, |+ [olo, | < 5 +5 =,
x€Dy

as desired.
Now consider the general case. By the previous lemma, there are a neighborhood
U of xo, an integer k, invertible elements r,s € C(U, M,,), and by € C(U, M) such
that
r(alg)s =by® l,—x and by(0) = 0.

If k = 0, then a|p is already invertible and there is nothing to prove. Otherwise, let
Dy C DN U be a closed disk with x4 € int(Dg). We have

w(det(bo)lon,) = w(det(a)|ap,) = 0.

By the case of the proof already done (but applied to a disk rather than the unit
square), there is an invertible element by : Dy — Mj such that

€
b1|8D0 = b0|BD0 and ||b1 — boH < W
Define
b Lo -1 D
b(x) = r(x) 71 (b1 (x) ® 1) s(x) x €Dy
a(x) x ¢ Do.
Note that

lla = bl < 7= [H15y = o[l I} < e u

Lemma 5.6 Let f: (o, 3] — C be continuous, let v € («, B) be a number such that
f(v) =0and f(x) #0forx € [a,B]\ {7} Letn € Z, lete > 0, and let y, € (0, 1).
Then there is a continuous function g: [a, 8] x [0, 1] — C such that:
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(1) |g(x,y) — f(x)| < e forallxand y.
(2) g(v,y0) = 0 and g does not vanish at any other point of [a, 3] x [0, 1].

(3) gla,y) = fla) and g(B,y) = f(B) forall y € [0, 1].
(4) For any closed disk D C [, 8] x [0, 1] containing (vy, yo) in its interior, we have

w(glap) = n.

Proof Define h: [—1,1]*> — Cby

hx,y) = %(1 +y) — %(1 — p)e™,

Then |h(x, y)| < 1 for all x and y, for x = 1 we have h(x, y) = 1, the function h
vanishes at (0, 0) and nowhere else in [—1, 1], and whlaq-1112)) = 1.
Let fo: [a, B] — C\ {0} be a continuous function such that

fole) = f(@), f(B) = £(8), and [If~ ] <%

Choose § > 0such that [y—§,v+4] C [«, 8] and | fo(x)| < %5 forx € [y—9,v+4].
Define

g y) = folx) x ¢ [y—8,7+4d]
’ H[R( x =),y —y0)]" x€ly—98,7+3dl

Then parts (2) and (3) of the conclusion are immediate. We check part (1). For
x & [y —§,v+ 6], we have

866, 9) = F@] = i) = f)| < 5,

and for x € [y — 4,y + 0] we have

2e  2e

86, 7) = FG| < [fo) = FGI|+ [ + 1A [0l < S + 5+ 5 ==

It is immediate that w(h" |y —11)2)) = 1, and part (4) of the conclusion of the lemma
follows. u

Theorem 5.7 Let A = lim A, be a direct limit of interval algebras of the following form.
—

Let (yo, y1,. .. ) be a dense sequence in [0, 1], let 1 = k(0) < k(1) < --- be integers
such that k(n) | k(n+ 1) for all n, let A, = C([0, 1], My(n)), and let pp yi1: Ay — Ayrs
be the unital maps given by

Onpe1(a) = diag(a,a, e a,a(yn)) ,

where a(y,) stands for the constant function on [0, 1] with that value. Then we have
sr(C([O, 1]) ®A) =1
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Proof Let
Pmpn = Pn—1,n°© Pn—2,n—19 """ 0 Pmm+1: Ay — Ayl

By abuse of notation, we also write ¢, , for id¢((o,1]) ®@m.. It suffices to show that
for any m, any a € C([0,1]) ® Ay, and any € > 0, thereisn > mand b €
inv(C([O, 1] ®An) such that ||b — pn,.(a)]| < e.

We first prove this under the following assumptions: there is a unique point
(71,72) € [0,1]% such that a(v;,7,) is not invertible, this point is in (0,1)%, and
ker(a(*yl, 72)) is one dimensional. Each tail (¥, yi+1, .- .) of the sequence of the
hypotheses is dense, and in particular

Y2 € {yms Yme1, - }-

By an arbitrarily small perturbation of a we can therefore also assume v, = y, for
some 1, and y; # v, form < k < n.
Let a(—, ) denote the function (x, y) — a(x, ). We can write

Som,rﬁl(a) = Vdiag(aa s 7a7d17d27 s ,dl,(l(—7"}/2)) V*v

for some permutation matrix v and where the d; all have the form a(—,~y) with v €

{¥ms Yim+1s - - -5 Yu—1}. The number of occurrences of a is
o (Km*D) N (km+2) kn+1)
N k(m) k(m+1) k(n) '
Since 2 & {¥m, Ym+1,---» ¥Yn—1}» the elements d; are all invertible, and so it suffices

to approximate
diag(a, ceoya,a(—, 72))

by an invertible element.
By Lemma 5.4, there are a neighborhood U of (v1,7,), an integer I, invertible
elements r,s € C(U, Mim)) > and f € C(U, M) such that

r(alg)s = f & lkm—1 and  f(y,7) = 0.

We must have | = dim(ker(a(m,yﬁ)) = 1, so f is just a function. Choose

and B with vy € (a,8) C [0,1] and [a, B8] X {72} C U. By Lemma 5.6 there is
g: o, B] x [0, 1] such that g(x, y) = 0 if and only if (x, y) = (71, 72), such that

gla,y) = fla,7) and g(B,y) = f(B,72)

forall y € [0, 1], and such that

lg(x, ) — fx,712)| < and  w(glop) = —Lw(det(a)|sp)

&£
20l

for (x, y) € [a, 8] x [0, 1] and any closed disk D C [«, 8] x [0, 1] containing (71, 72)
in its interior.
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Define

a (x ): Ll(x,’}/z) X ¢ [Oé?ﬂ]
"IN ) (806 ) 8 1) s )t x € Lo, Bl

This defines a continuous function because g(a, y) = f(a,72), g(3,y) = f(B,72),
and r(x, v2)a(x, v2)s(x,v2) = f(x,72) ® 1 forx € [a, B]. We have ||ag —a(—, 712)|| <
5 by the estimate on |g(x, y) — f(x,72)| above. Therefore

€

Hdiag(a,...,a,a(—,'yz)) —diag(a,...,mao)H < 3

The element by, = diag(a, ..., a, ay) fails to be invertible only at (v, ~,). More-
over, if D is a closed disk with

(m,72) €int(D) C D C [o, B] x [0, 1],
then

w(det(bo)bD) = Lw(det(a)\aD) +w(det(a0)|aD) = Lw(det(a)|,9D) +w(glap) = 0.

By Lemma 5.5, there is an invertible element b with ||b — b|| < 5. Then

| b — diag(a,...,a,a(—,m))| <e,

which shows that ¢,,, ,,1(a) can be approximated to within € by an invertible element.

We now consider the general case. Leta € C([0,1]) ® A, = C([0, 1]%, My)).
Choose a smooth (C*°) function a; € C([0,1]) ® A, such that [la; —a| < g. We
now follow the argument in the proof of Lemma 7.2 of [26]. As there, the subset
W C My consisting of those matrices which have an eigenvalue of multiplicity
greater than 1 is a finite union of submanifolds Wy, . . ., Wj of codimension at least 2.
Moreover, if we assume they have been numbered so that dim(W;) < dim(W;) <
-+ < dim(Wy), then each union W; U --- U W, for [ < k, is closed. Therefore an
arbitrarily small perturbation of ay, say a, with [|a; —a;|| < £, gives a function which
is transverse to all the submanifolds W,.

The argument just cited depends only on the fact that W is the zero set of an
algebraic function (the discriminant) of the entries of a matrix, the function not
being identically zero. Using the determinant in place of the discriminant, we can also
express the set My, \inv(Mi,)) as a finite union of submanifolds of the same type. So
there is a3 with [|a; —a,|| < £ which is transverse to all of these submanifolds. We also
choose ||as — ay|| so small that aj is still transverse to the submanifolds W1, ..., W;.
Since the W; all have codimension at least 2, this means there is a finite subset G C
[0, 1] such that as(x, y) has no repeated eigenvalues for (x, y) ¢ G.

Choose a number

p (59 U slace

(x,y)EG
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which is so small that a, = a3 — p - 1 is still transverse to the finitely many submani-
folds making up the set My, \ inv(Mp(y). (The disallowed set U(x7 )eG SP ( as(x, y))
is finite.) Then zero is never a multiple eigenvalue of a4(x, y). Moreover, there is (by
transversality and because the relevant submanifolds have codimension at least 2) a
finite set F C [0, 1]? such that a,(x, y) is invertible for (x, y) ¢ F.

Define hs: [0,1]%2 — [0,1]% by

hs(x, y) = ((15)(x;> +,0-0(y-5) +;>

This function contracts [0, 1]? about its center (%, %) by a factor of 1 — §. Choose

0 > 0 so that the finite set F is disjoint from h; (8([0, 1]2)) , and also so small that
as = ay o hg satisfies ||as — a4 < .

If F N hs([0,1]%) = @, then as is invertible and satisfies ||as — a|| < %5 < g, s0we
are done. Otherwise, write h(s_l(F) = {z1,...,2n}. Note that no z; is in 9([0, 1]?).
Choose disjoint closed disks Dy, . . . , Dy contained in [0, 1]? with centers zy, . . . , z.

We now construct by induction elements

hOa"'vbN7C17~-~aCN S C([071]27Mn(k))

satisfying the following properties:

(1) by = as and ¢ by = br_;.
(2) ck(z) is invertible for z # z and dim(ker(ck(zk)) > =1.

(3) bi(z)isinvertible for z ¢ {zs1,...,2n}, and dim(ker(bk(zl)) ) =1fork+1 <
I<N.

Start by taking by = as. Given by_, define cx(z) = by_;(z) forz € Dy. Forz ¢ Dy,
let z be the unique point in the intersection of 9Dy and the line segment from z to z.
Then set cx(z) = by_1(z). Define

1 z € Dy
bi(z) —
2) {Ck(z)lbk—l(z) z ¢ Dy.

It is easy to see that these satisfy the required conditions.
Set ¢ = by. Then cis invertible, and as = c;¢; - - - cnc. Set

N
M = (el + ) T el + 1.

k=1

It follows from the special case done at the beginning of the proof that there are
n>mandd,...,dy € inv(A,) such that

= )] < min (1, 5.
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Then b = didy - - - dxpma(c) € A, is invertible and satisfies ||¢,..(as) — b|| < .
Therefore ||@,(a) — b|| < e. [ |

Example 5.8 By Theorem 9 of [13], there is a simple C*-algebra A of the form con-
sidered in Theorem 5.7 such that RR(A) = 1. (See Example 7.3 of [26] for an explicit
example.) The theorem gives sr(C([O, 1) ® A) =1.

Question 5.9 Let A be a simple direct limit of direct sums of homogeneous C*-
algebras, satisfying the conditions of the real rank one classification theorem of [12].
Suppose K;(A) = 0. Does it follow that s.r(C([O7 1)) ® A) = 1?2 If not, does it suffice
to assume in addition that Ky(A) is torsion free?

We ask this question because it follows from [12] that if a C*-algebra B of the sort
considered there has the same Elliott invariant (the scaled ordered group Ky(B), the
group K (B), the set T(B) of normalized traces on B, and the pairing between K;(B)
and T(B)) as a C*-algebra A as in Theorem 5.7, then B = A. Theorem 5.7 as stated
applies to direct limits patterned after UHF Bratteli diagrams, but can certainly be
generalized to suitable direct limits patterned after the Bratteli diagrams of simple AF
algebras. We do not know whether such direct limits exhaust the Elliott invariants of
direct limits with the appropriate dimension growth conditions, with real rank one,
and with the K-theory of a simple AF algebra.
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