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Abstract We call an ergodic measure-preserving action of a locally compact group
G on a probability space simple if every ergodic joining of 1t to itself 1s either
product measure or 1s supported on a graph, and a similar condition holds for
multiple self-joinings This generalizes Rudolph’s notion of minmimal self-jointngs
and Veech’s property S

Main results The joinings of a simple action with an arbitrary ergodic action
can be explicitly described A weakly mixing group extension of an action with
minimal self-joinings 1s simple The action of a closed, normal, co-compact subgroup
in a weakly-mixing simple action 1s again simple Some corollaries Two simple
actions with no common factors are disjoint The time-one map of a weakly mixing
flow with minimal self-joinings 1s prime Distinct positive times 1n a Z-action with
minimal self-joinings are disjoint

0 Introduction and defimtions
The notion of minimal self-joinings for Z-actions was introduced in {Ru2] as a
source of counter-examples In this paper we generalize this notion to what we call
simple group actions and develop some general theory for these actions This allows
us to broaden the repertoire of actions displaying this sort of behaviour We deal
with actions of fairly general groups because 1t 1s convenient for our purposes and
not much more difficult, but the main interest lies 1n Z and R-actions Most of our
results are new even within the setting of Z-actions

We consider a standard Borel space (X, B), that 1s there exists a complete separable
metric on X such that B= B(X) 1s the o-algebra of Borel sets generated by the
corresponding topology on X (By the remarks on p 138 of [Ma2] one can assume
that the metric on X 1s actually compact ) Suppose that X 1s equipped with a Borel
probability measure u and that G 1s a locally compact group By a (left) action of
G on X we mean a Borel map G x X » X denoted (g, x)— gx such that

(hg)x = h(gx) Vh geG xeX,
and

ex=x Vxe X,
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where e denotes the 1dentity element of G and x> gx 1s a measure-preserving map
for each ge G We then say that £ = (X, B(X), u, G) 1s a G-action or a G-space
We will often shorten this to £ =(X, u, G) or (X, n) For convenience, throughout
this paper & always represents (X, B(X), u, G} and % represents (Y, B(Y), v, G)
We require that all our actions be ergodic, that 1s all (everywhere) invariant Borel
sets have measure 0 or 1 Equivalently, gA=A ae imphes w(A)=0 or 1, (see
Theorem 3 of [Mal})

If Z=(X, B(X,),m, G),1=1, ,k are G-actions, by a joiming of &,, ,Z
we mean a Borel measure A on X, X X X which 1s invariant under the natural
diagonal G-action g(x,, ,x)=(gx,, ,gx:) and whose marginal (projection)
on each X, 1s u, Thus (X, X X X,, A, G) 1s an action and we will frequently
1dentify the joining with the corresponding action When we need to emphasize the
role of G we will speak of a G-joining By a k-joining of the single G-action & we
mean a joining of k copies of ¥ We denote by J(&,, ,Z,) the space of joinings
of &, ,Z,

We denote by C(Z) the centralizer of the action &, that 1s the semi-group of
(equivalence classes of) measure-preserving maps commuting a ¢ with the action
of each ge G For Se C(%) we denote by ug the Borel measure on X x X which
1s the image under the map x> (x, Sx) of the measure u Thus

ps(AxB)=u(AnS"'B),

which makes 1t clear that us does not depend on the choice of representative of S
u may also be defined as (1d X S)u, where p, = w,q1s the diagonal measure on X x X

ws 1s a 2-jomning of & 1ts marginals are u because S 1s measure-preserving and
1t 1s G-invaniant because S commutes with the G-action The corresponding action
1s 1somorphic to & via the map x—(x, Sx) so ug 1s ergodic because of our standing
assumption of ergodicity We will call joinings of the form wg off-diagonal u x pu
1s also a 2-joining which 1s ergodic precisely 1f £ 1s weak-mixing (We may take
this as the defimtion of weak-mixing ) We shall say & 1s 2-fold simple 1if every
ergodic 2-joining 1s either product measure u X w or an off-diagonal (This does not
mean that & 1s weak-mixing') For the case of Z-actions this notion 1s due to Veech
who called 1t property S If in addition each S< C(&) agrees ae with the action
of some g e G then we say & has 2-fold minimal self-joinings (MSJ)

If Te C(%) denote by gy the image of w under x~>(Tx, x) Then g 1s an
ergodic 2-joining, so if & 1s 2-fold simple g1 = ugs for some Se€ C(Z) Evaluating
this equation on the rectangle S™'Bx B we obtain

w(T'ST'BAB)=wu(S'BNnS™'B)=u(B),

so T"'S"'B=DBae for Be B(X) Asis well known, in a standard Borel space this
implies that ST=1d a e Similanly TS =1d a e Thus 2-simplicity forces C (&) to be
a group This removes the evident asymmetry 1n the definition of 2-simphcity an
equivalent definition 1s that C(%) 1s a group and every ergodic 2-jomning of & 1s
either product measure or a measure of the form (S, X S;)u,, S;, S, € C(X)

We now want to make a definition which restricts in a similar way the k-joinings
of ¥ to the obvious ones What are the obvious ones? If §;, , S,€ C(&Z) then
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we call the image of w under the map x—(S,x, , Syx) an off-diagonal measure
An ofi-diagonal measure 1s evidently an ergodic k-joining By a product of ofi-
diagonals (POOD) on X* we mean that the index set (1, , k) has been split into
subsets k,, ,k,, on each X* we put an off-diagonal measure and then take the
product of these off-diagonal measures A POOD 1s evidently a self-joining of &
Note that product measure 1s itself a POOD - an off-diagonal may sit on a single
factor of X* We say that & 1s simple if C(%) 1s a group and for every k each
ergodic k-joiming of & 1s a POOD If in addition each S€ C(¥) agrees ae with
the action of some g€ G then we say & has MSJ

Some comments about our terminology are in order In [Jul] (and, following
[Jul], 1n [Ve]) the term simple was (unhappily, we now feel) used to mean 2-fold
mimimal self-joinings for Z-actions For Z-actions generated by a map T our
defimtion of mimimal self-joinings restricts only the joinings of T with 1tself whereas
[Rul] also restricts joinings of unequal powers of T We feel that the present
terminology 1s apter the term self-joining should refer only to joinings of T with
itself Moreover, as we shall see later (§ 6) the present definition 1s almost equivalent
to the stronger one Finally, simplicity generalizes Veech’s property S ([Ve]) which
1s 2-fold simplicity (Veech works only with Z-actions)

We now briefly describe our results § 1 reviews some background on G-actions,
group extensions and joinings It also includes a characterisation of group extensions
(Theorem 1 8 2) essentially due to Veech [Ve], which is essential for our main result
(Theorem 4 1) In § 2 we show that when a locally compact group acts ergodically
on a compact group by left translations then the action 1s simple and the centralizer
consists of all the nght translations This 1s in some sense the trivial case and we
show that every non-weak-mixing simple action must be of this type The main
interest lies 1n the weakly mixing case

Veech [Ve] has shown that a simple Z-action 1s a group extension of any non-trivial
factor In § 3 we reprove this in the general setting We go on to characterize joinings
of factors of a given simple action and determine when a factor of a stmple action
1s again simple

§ 4 contains our main result, a characterization of joinings of a simple G-action
& with an arbitrary ergodic G-action % Just as a simple G-action has only the
obvious joinings with itself 1t turns out that it has only the ‘obvious’ joinings with
other actions For Z-actions with MSJ S Glasner [Gl] has given a different proof
of this result Glasner does not actually describe all the joinings but rather character-
izes those % which are not disjoint from & A corollary of our result 1s that two
simple actions with no common factors are disjoint

In § 5 we show that a weakly mixing group extension of an action with MSJ 1s
simple We present an example due to Glasner which shows that a weakly mixing
group extension of a simple action need not be simple For the proof of the result
on group extensions we introduce the auxihiary notion of a pairwise determined
action - one for which any self-joining which 1s pairwise independent must be
independent - a notion which we think 1s of independent interest

In § 6 we show that 1n a weakly mixing simple action of a group G any closed,
normal cocompact subgroup H acts simply and that its centralizer 1s the centralizer
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of the full action A corollary of this 1s that in a weakly-mixing flow with MSJ the
time one map 1s prime, 1 ¢ 1t has only the trivial invanant o-algebras Moreover 1if
& and ¥ are weakly mixing simple G-actions such that any ergodic joining of &
and ¥ 1s weakly mixing then any H-joining of & and % 1s a G-joiming We make
some further applications to flows and show that our defimtion of minimal self-
Jomings 1n the case of Z-actions 1s almost as strong as the original one 1n [Rul]
We conclude with some open problems

As we have already stated our main interest lies in weakly mixing, simple or MSJ,
Z or R actions Examples of such actions with MSJ are already available, see [Rul],
[JRS], [Jul] for Z-examples, [Ra], [J, P] for R-examples Theorems 54 and 6 1
show how to obtain simple actions from actions with MSJ The construction 1n
[Ru2] can probably be modified to obtain a simple map with a Bernoulh shift in
its centralizer All these examples of sitmphicity depend on a very explicit knowledge
of the centralizer Elsewhere we will construct a completely different sort of example
a weakly mixing simple prime Z-action which 1s also rigid, that 1s there exists a
sequence of powers of the map which converges weakly to the identity As 1s
well-known this forces the centralizer to be uncountable

We owe a large debt of gratitude to S Glasner He was the first to formulate a
theorem like our theorem 4 1, in the case of a Z-action with MSJ, which 1n addition
has a strong condition on generic points (This condition was established for the
Chacdn example 1n [J, K] ) We then realized that we could prove theorem 4 1 for
any Z-action with MSJ and Glasner independently found a different proof {Gl]
Then we extended the result to arbitrary groups and simple actions Several of our
examples and proofs have also been simplified by suggestions of Glasner’s

We also wish to thank the referee for providing us with the short elegant proof
of theorem 4 1, which replaces our original long ugly one

Section 1

11 Boolean G-spaces Suppose that & 1s a G-space The action of G may also be
viewed as an action on sets, that 1s, as a Boolean G-action as defined by Mackey
[Mal] We denote by B(u) the o-Boolean algebra of Borel subsets of X, two subsets
being 1dentified when they differ by a null set The measure u 1s well-defined on
B(w) and again denoted w B(u) 1s a complete metric space under the metric
w(EAF) We say B(u) 1s a Boolean G-space if G acts on B(u) by measure-
preserving o-Boolean algebra automorphisms and for E € B(u) the map g gE 1s
Borel (We have followed the definition in [Ram] which 1s easily seen to be equivalent
to Mackey’s Note also that we do not consider abstract Boolean G-spaces ) If &
1s a G-space then B(u) becomes a Boolean G-space under the natural G-action
as 1s shown in Lemma 1 of [MA1] Boolean G-spaces arise in another natural way
Let G(u) denote the group of all measure-preserving invertible Borel maps of X,
two maps being 1dentified when they agree a e G(u) 1s a complete separable metric
group under the weak topology (S,-> S< S,(A)—> S(A) in B(u)VAe B(u)) If G
1s a locally compact subgroup of G(u) then the natural G-action on B(u) 1s a
Boolean G-action since g~> gA 1s continuous by definition of the weak topology
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Iwo Boolean G-spaces B(u) and B(v) are said to be isomorphic if there 1s a
measure-preserving Boolean algebra 1somorphism B(up)- B(v) which s G-
equvaniant B(v) 1s said to be a factor of B(uw) 1f there 1s a G-equivariant measure-
preserving Boolean algebra homomorphism ¢ B(v)-> B(u)

12 Isomorphism of G-actions If & and % are G-actions, by an 1somorphism
¢ Z-> % we mean a measure-preserving Borel isomorphism ¢ between G-invariant
Borel co-null subsets X* and Y* of X and Y which is also G-equivariant Suppose
that ¢’ 1s a measure-preserving Borel isomorphism between Borel co-null subsets
of X and Y such that for each ge G, ¢'(gx)=g(¢'x) for aa x (the null set may
depend on g') Then there 1s an 1somorphism ¢ £ - ¥ which agrees with ¢’ ae
¢’ induces an 1somorphism of the Boolean G-spaces associated with X and Y and
by theorem 2 of [Mal] this Boolean 1somorphism 1s induced by an 1somorphism
of £ and % Since ¢ and ¢’ induce the same Boolean map they must be equal a e

Suppose that ¢, &, > ¥,,1=1, ,k, are G-space i1somorphisms defined between
G-invariant Borel co-null subsets X* and Y} Then ¢ = ¢, X X ¢, 1s a Borel
isomorphism between X¥x xX¥=U and Y§fx xY§i=V If Ae
J(&,, ,%,) then A 1s supported on U so ¢(A|y) 1s a Borel probability measure
on V This measure may be regarded as a Borel measure on Y, X X Y, which 1g
evidently a joining Thus the notion of joining 1s preserved under isomorphism and
1n particular simplicity and MSJ are preserved under 1somorphism

13 Factor maps By a factor map ¢ Z - % we mean a measure-preserving Borel
map from a G-invanant Borel co-null subset X* of X to Y which 1s also G-
equivariant If ¢’ 1s a measure-preserving Borel map from a Borel co-null subset
X* of X to Y such that ¢'(gx) = g(¢'x) a e then there exists a factormap ¢ - ¥
which agrees with ¢’ a ¢ This 1s proved 1n the course of the proof of Proposition
21 of [Zi1] The same argument shows that if ¢ B(v»)—> B(u) 1s a G-equivariant
injective measure-preserving Boolean algebra homomorphism then there 1s a factor
map ¢ Z-> ¥ such that ¢ '=¢
If ¢ ¥~ % 1s afactor map ¢ '(B(Y)) 1s a G-invanant sub-o-algebra of B(X*)
which can be extended in a natural way to the G-invanant sub-o-algebra 4 of
B(X) consisting of all Borel sets agreeing a ¢ with some set in ¢ 'B(Y) Ewvidently
% 1s unchanged 1if ¢ 1s replaced by a factor map ¢'=¢ ae We write ¥=¢ (¥)
and call 1t the factor algebra generated by ¢ In general we call any G-invariant
sub-o-algebra of B(X) which contains all the null sets a factor algebra of &
Proposition 2 1 of [Zil] guarantees that every factor algebra of & 1s generated by
afactormap Note furtherthatif ¢ > ¥ and ¢ X - ¥’ are factor maps generating
the same factor algebra then % and %’ are 1somorphic, since the associated Boolean
G-actions are 1somorphic Thus a factor algebra of & gives rise to a factor % which
1S unique up to 1somorphism
Ifp, ,->%,1=1, |, n,arefactor maps generating factor algebras ¥, there 1s a
natural correspondence between J(%;, ,%,) and G-invariant measures on %, X
x 9, with marginals x On the one hand any such measure A on ¥, x A
clearly projects under ¢ = ¢, x X ¢, to a joining A of ¥,, , ¥, just as we
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discussed 1n the case of 1somorphisms, if we note 1n addition that the domain of ¢
1s a product of co-null subsets, hence belongs to %, x X %4, On the other hand
ifae J(%,, , %) 1t hifts under ¢ to ameasure A on the o-algebra ¢ "' (B( Y, x X
Y,))=¢1"'B(Y)x x¢,'B(Y,) m X§Fx xX}¥ Because A has marginals
M. | x=+, 1t may be extended to a measure on ¢, X X 4,

14 Integration of measures If (X, B(X)) 1s a standard Borel space we denote by
M(X) the space of Borel probability measures on X We give M(X) the Borel
structure generated by all the functions u+—> u(f)={xfdu for bounded Borel f
Since such an f is an increasing pointwise limit of simple functions f, and u(f,)~>
n(f) for each u, this Borel structure 1s also generated by the functions u+— w(1,),
A Borel It 1s also not hard to see that this Borel structure 1s generated by the
weak- * topology on M(X) when M(X) 1s viewed as a set of linear functionals on
C(X), X being given any compact metric topology generating 1ts Borel structure

If (Y, G) 1s a measurable space a measurable map Y > M(X), denoted y—pu,
will be called a measurable field of measures We can integrate u, to obtamn a
measure u = | u, dv(y) defined by

w(A)= L uy(A) dv(y)

Approximating by simple functions one sees that

#(f)=L w, () dv(y)

for each bounded measurable f

If Y 1s complete metric and 9= B(Y) then y—§, is a continuous map 1nto
M(Y) Since (o, 7)o X 715 a continuous map from M(Y)x M(X)— M(Y x X)
we conclude that y— 8, X u, 1s a measurable field Thus whenever Y 1s a standard
Borel space we may define the direct integral measure A = j® wu, dv(y) on Y x X by

A=J 8, X p, dv(y)
Y
In other words
A(A)=J My (A {y}x X)
Y

for A Borel iIn Yx X

15 Dusintegration of measures We continue to suppose that X and Y are standard
Suppose that p and v are Borel probabilities on X and Y and that ¢ X > Y s a
measure-preserving Borel map Then A may be disintegrated over the fibres of ¢,
that 1s there 1s a measurable field y— u, such that u, 1s supported on ¢ '{y} and

= JY u, dv(y)

Moreover u, 1s v-essentially unique (See Theorem 5 8 of [Fu] ) As a special case,
if A 1s a Borel probability on Y x X projecting onto the measure » on Y then the
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distintegration takes the form

®
A= J' A, dv(y)
Y
where the A, are measures on X If X and Y are also G-spaces and ¢ 1s a G-factor
map then the invariance of A together with uniqueness of the disintegration yields
that for ge G gu, = p,, for » aa y (the exceptional null set may depend on g)

16 Relatwely independent extension and relatwe product Suppose now that ¢, Z, -
Y, 1=1, , h, are factor maps on G-actions and that u, has the disintegration

M1=J’ l’ledVl(y)

IfAeJ(%,, ,%,) wedefineitsrelatively independentextensionie J(%,, ,%,)
by

Py

/\=J' /'Llyx Xp“nydA(y)
Y, x xY,

It 1s easy to check that A 1s indeed a joining

We shall mainly use a special case of this construction, the relative product If
b £->U 1=1, , n, are factor maps of G-actions we define the Y-relatively
independent product of &,, ,&,, AcJ(Z,, ,Z,) by

/\=J' [.L]yx X,Uvnde(.}’)’
Y

in other words A 1s the relatively independent extension of the diagonal n-joining
of ¥

17 Ergodic decompositions Suppose we have a Borel action of a locally compact
group G on the standard Borel space X We denote by Ms;(X) the space of
G-invariant Borel probability measures on X and by M (X)) the space of ergodic
G-invariant probabilities on X Mg(X) 1s convex and, as 1s well-known and easy
to prove ext (Mg (X)) = M?(X) The following theorem 1s from § 4 of [Va2]

THEOREM 17 Mg;(X) and M§(X) are Borel subsets of M(X) There exists a
G-nvariant Borel map B X » M§(X), called a decomposition map of the G-space
X such that u{x B{(x)=pu}=1 forall u e MG(X) and for any A € M5(X), A(A) =
Ixﬁ(x)(A) dA(x) Moreover for each Ae Mq(X) there 1s a umgque Borel
probability measure v on MG (X)) such that A =IM5(X) odv(o)

We will mainly apply the ergodic decomposition to joinings If & and ¥ are, as
always, ergodic and A € J(&Z, %) then A has an ergodic decomposition

A =J odv(o),
ME(X % Y)

where v 1s a Borel probability on the space of G-invanant ergodic Borel probabilities
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on X X Y Denoting projection on X by 7 we have

m=TA =J (o) dv(o)
ME(X XY)

By extremality (ergodicity) of u we conclude that v{o w(c)=pn}=1 (Note that
{o mo = u}1sBorel ) Similarly »-a a o have marginal v on Y, so we have established
the following

COROLLARY 17 IfA e J(X, ¥) then there 1s a umique Borel probability on J*(%, %)
the (Borel) set of ergodic yjoinings of Z and ¥, such that

A= J‘ aodv(o)
7% @)

18 Group extensions Let ¥ be a G-action and K a compact metric group Suppose
that a Gx Y - K 1s Borel and that the prescription

g(y, k)=(gy, a(g, y)k)

defines an action of G on Y x K This amounts to requiring that a satisfy the cocycle
equation

a(g.g\, y)=al(g:, g.y)a(g,, y)

but we will have no occasion to use this The action is evidently Borel and preserves
the measure u = v X dk (dk denotes normalized Haar measure on K) We denote
this G-action by ¥ x ,K and refer to 1t as a group extension (or K-extension) of
% K acts on the right on ¥ x K by (y, k) ko = (y, kk,) and the action of K commutes
with that of G We denote the action of k € K by R, Finally the projection Y XK > Y
1s a G-factor map and the o-algebra it generates s the o-algebra of (a e ) K-invanant
Borel sets in % x K

Now write =% x,K and assume further that & 1s ergodic (The interested
reader may refer to Corollary 3 8 of [Zil] for a necessary and sufficient condition
for ergodicity ) Then we have, abstractly, the following setup & 1s an ergodic
G-action, K 1s a subgroup of C(&) which 1s compact in the weak topology and
the o-algebra of sets fixed by K 1s the algebra generated by the projection onto X
The following well-known result asserts that all such abstract situations arise as
K-extensions

If & 1s a G-action and H 1s any subgroup of C(%), the fixed algebra of H

Y(H)={A hA=Aae VYVhe H}

1s a factor algebra of & On the other hand if ¥ 1s a factor algebra of & we define
the closed subgroup of C(X)

H(%)={he C(¥) hA=AVAc Y}

THEOREM 18 1 Suppose & 1s an ergodic G-action and K 1s a compact subgroup of
C(Z) Then there is an 1somorphism ¢ of X with a K-extension £ = ¥ X ,K which
satisfies p(kA) = R, (pA) a e for each Borel Ac X In particular ¢ carrnies 9(K) onto
the factor algebra of &' generated by the projection onto % Moreover K = H(%(K))

https://doi.org/10.1017/50143385700004193 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385700004193

Self-joimings of ergodic actions 539

Proof Since this 1s well-known we do only the ‘moreover’ Note that H(%4(K)> K
trivially Suppose now that he€ H(%(K)) By the first part of the theorem we may
as well assume that & 1tself 1s ¥ x , K Since h fixes 9(K ) = ¥ setwise the off-diagonal
measure u; 1S concentrated on the set

{(n, 9. ki, ko) ye Y, ke K}=(YxK)’
The function 6(y, y, k;, k,) = ki 'k, 1s G-invanant, so by ergodicity of u, (which

1s just ergodicity of &) we have 6 =k, u,-ae This means that h(y, k) = (y, kko)
p-ae O

In view of theorem 1 8 1, whenever K 1s a compact subgroup of C(Z) we may, by
passing to an 1somorphic copy of Z, assume that there 1s a (pointwise) action of K
realizing its Boolean action and commuting (everywhere) with the G-action In this
situation we will write &/ # for the space of K-orbits with the quotient G-action
and quotient measure As Boolean spaces &/ % and %(K) are isomorphic

Suppose £ = ¥ x ,K 1s an ergodic K-extension For k€ K the off-diagonal joining
Mg, € J(Z, Z) has the disintegration

“haj. 8, X 8 X 8, X 8, du(y) dk
Yx K

Let A € J(Z, &) denote the Y-relatively independent product of Z with itself, that 1s

A=j 8, x dk x 8, x dk d.(y)
Y

Then the ergodic decomposition of A 1s evidently

Azj lLthh
K

Thus if Z 15 a group extension of ¥ the ergodic decomposition of the relative
product 1s supported on off-diagonal measures, 1 € measures which 1dentify the two
co-ordinate o-algebras in X x X The following theorem 1s the converge, stated in
terms of factor algebras It 1s essentially proved in [Ve], although not explicitly
stated there We include the proof for completeness

When ¥ 1s a factor algebra of & the %-relatively independent product of & with
itself 1s the 2-joining A = p X yu of & defined on rectangles by

A(Ax B) =J‘ P(A|9)P(B| %) du

Of course if ¥ 1s generated by a factor map this coincides with the defimtion 1n
§16 Note that A(AXA)=01f and only if Aec ¢

We observe that the map h+— w, from C(Z) into J(&Z, Z) 1s a Borel 1somorphism
from C(&Z) onto a Borel subset of J(¥, ) Thus the assumption that the ergodic
decomposition of u X gu 1s supported on off-diagonal measures 1s meaningful and
amounts to saying that

BX ght =J wn dr(h)
C (&)

for some Borel probability 7 on C(%)

https://doi.org/10.1017/50143385700004193 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385700004193

540 A del Junco and D Rudolph

THEOREM 18 2 (Veech) Suppose that & 1s a G-action, 4 1s a factor algebra and that
the ergodic decomposition of A = u X g 1s supported on off-diagonals, that 1s

A =J mn dr(h)
()

Jfor some Borel probability r on C(Z) Then H(%) 1s a compact subgroup of C(¥),
1s Haar measure on H(%) and $= %4(H (%))

Proof For Ac ¢ we have

0=/\(A><A“)=J w(Anh'A¢) dr(h),

C(Z)
that 1s 7{h u(Anh'A°)=0}=1 Choosing a countable family {A,} dense in ¥
and observing that
H(9)=(\{h n(Anh'A})=0},

we conclude that 7(H(%))=1
Now for hoe H(%), P(hy'B|%9)=P(B|%) so A(Axhy'B)=A(Ax B), that 1s
(ldx ho)A =A But

.
(1dx ho)A = (1d x ho) p, dr(h)
JC(E)
= Mhgh dT(h):A
J H($)
= prdr(h)
JH(9)

By uniqueness of the ergodic decomposition of A we conclude that 7 1s invanant
under left multiplication by h, Since hye H(%) was arbitrary, 7 1s a left-invanant
probability measure on H(%) The proof of Proposition 4 5 of [Ve] includes a short
proof that if a separable metric topological group admits a left-invariant Borel
probability then the group 1s compact Thus H(%) 1s compact Finally 4= $(H (%))
1s trivial On the other hand iIf A€ 9(H(%)) then

/\(AXA‘):J' u(Anh 'A%y dr(h) =0,

H(%9)

so Ae ¥ 0

2 The non-weakly-mixing case

Let K be a compact group with normalized Haar measure dk, G a locally compact
group and ¢ G- K a Borel homomorphism onto a dense sugroup of K K 1s then
an ergodic G-space under the action gk = ¢(g)k This action 1s a K-extension of
the trivial (one-point) action of G Such an action 1s simple, 1n a rather trivial way,
as product measure 1s not an ergodic jorning We will need the more general fact
that ergodic group extensions are ‘relatively simple’ 1n a sense made precise by the
following theorem
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THEOREM 2 1 Suppose ¥ = ¥ x ,K 1s an ergodic group extension and A 1s an ergodic
jowming of & with uself which 1s diagonal on %, that 1s the projection of A on YX Y 1s
diagonal measure Then \ 1s an off-diagonal measure of the form g, where p = v x dk
on Y x K and R, denotes nght multiphication by ko on Y x K

In particular the action of G on K by left multiplications described above 1s simple
and its centralizer consists of all the nght multiphcations by K It has MSJ if and only
if (G) = K and K 1s abelian

Proof The hypothesis that A 1s diagonal on % means that A 1s supported on
{(y, ¥, ki, k;) yeY, k ek} It 1s invariant under the action

g(y, Y kl ’ k2) = (gy’ 8y, a(gs y)kl ’ a(g, y)kZ)
and has marginal u on both Y X K factors Now the function

B(y, Vs kla k2) = kl-lkZ

1s evidently G-invariant so 1t 1s equal to a constant, say ky, A-ae In other words
A 1s supported on {y, y, k, kk, y€ Y, ke K} and since A has marginal p 1t 1s of the
desired form

Specializing to the case where % 1s trivial 1t follows that the action of G on K
by left multiplications 1s 2-fold simple with centralizer consisting of all the Ry,
ke K n-fold simphcity can be deduced directly Thus if ¢(G)= K and K 1s abehan
the action evidently has MSJ since 1t 1s 1its own centralizer On the other hand 1f 1t
has MSJ then for each k€ K, R, agrees a e with some left multiplication L, and
hence, by continuity, agrees everywhere with L, In particular

¢(g) = Ld,(g)e = Rke =k
Thus ¢{(G)= K and R, =L, so K 1s abelian O

THEOREM 22 If a simple action & 1s not weakly mixing then 1t 1s 1somorphic to an
action by left multiphcations as in Theorem 2 1

Proof Since & 1s simple and product measure 1s not ergodic, the hypotheses of
Theorem 1 8 2 are satisfied with G the trivial factor algebra By theorems 18 1 and
182 & 1s 1somorphic to a K-extension of the trivial (one-point) G-action This
means X = K and ge G acts via left multiplication by ¢(g)e K ¢ must be a
homomorphism and 1t 1s easy to see that ergodicity forces ¢(G) = K

3 Factors of simple actions
Recall the definitions of H(%) and %(H) (§18) For the case of Z-actions the
following theorem 1s due to Veech (Theorem 12 of [Ve])

THEOREM 3 1 Suppose & 1s 2-fold simple and 9 1s a non-tnuial factor algebra Then
H(%) 1s compact and $(H(%))=%
Proof Let A denote the %-relative product of & with itself As in 17, A can be

expressed as an integral of ergodic joinings Since the only ergodic joinings are
u X u and off-diagonals we have

A=c(u ><u)+J fey dr(h)

(%)
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for some Borel sub-probability 7 on C(%¥) Choosing any non-trivial A € 4 we have

0=)«(AxA‘)=c;L(A);L(A°)+I wn(AX A°) dr(h)

C(Z)

Since u(A)u(A°)#0 we have ¢ =0, so we are 1n the situation of Theorem 18 2
O

Remark % 1s called prime 1f its only factor algebras are the algebra of Borel null
or co-null sets and the full Borel algebra B(X) It follows from Theorem 3 1 that
a simple weakly mixing é‘f 1s prime 1f and only 1if C(Z) has no compact subgroups
other than {1d} The “1f” direction 1s clear For the ‘only 1f” 1f K # {1d} 1s a compact
subgroup of C(Z) then 4(K) 1s not B(X), so 4(K) 1s the null, co-null algebra,
that 1s, K acts ergodically This means & 1s a K-extension of the trivial one-point
G-action, which contradicts weak mixing

Alternately, a simple weakly mixing & 1s prime 1f and only 1if each S e C(Z) such
that S #1d 1s ergodic On the one hand if S€ C(Z) 1s not ergodic {A SA=A}1s a
non-trivial factor algebra On the other hand if % 1s a non-trivial factor algebra then
H(%) 1s non-trivial since 4= %(H(%)) Any Sc H(¥9) fixes each set Ac 4, s0 S
1s non-ergodic

We now fix for the remainder of this section for each compact subgroup K of
C(Z) a factor map generating 9(K) and denote 1t ¢ &> Z/K (Note that here
Z/ K 1s not the space of K-orbits - strictly speaking K has no orbits ) We will
1dentify 4(K) with £/ K, via the map ¢k

Now suppose K,;, , K, are compactsubgroupsof C(Z)and S;, ,Sie C(&)
The off-diagonal k-joining (S, X% x Sy )y of & projects onto a jorning A of
X/K,, ,%/K,. We call such a joming rigtld A ngid joiming need not be off-
diagonal as will be clarified by the following results

Another way to describe the above joining A 1s as follows ¢ S, 1s a factor map
generating the factor algebra S;'9(K,) = 9(S,'K,S,) and A 1s evidently the joining
induced by the imbeddings via ¢k S, of the actions &/ K, in & From this point of
view the results we are about to describe bear an interesting formal similanty to
Ratner’s results on joinings of horocycle flows, [Ra]

THEOREM 3 2 If % 1s a ssmple action and K,, , K, are compact subgroups of C(&)
then every ergodic joiming of Z/ K, Z/ K, 1s a product of rngid joinings
Proof If A 1s an ergodic joining of £/K,, ,%/K. denote by A the relatively

independent extension (§16) of A to a k-joiming of £ A may be decomposed as
an integral A = | rdo(7) of ergodic k-joinings of &, which, by simplcity, are all
POOD’s Denoting the map ¢, ¥ X ¢k, by 7 we have

A= J w1 do(7)

By extremality of A we have wr=A for o-aa 7 In particular there 1s at least one
POOD 7 such that 77 = A so A 1s a product of rigid joinings a

https://doi.org/10.1017/50143385700004193 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385700004193

Self-joimings of ergodic actions 543

If K, c K, are compact subgroups of C(&) then 4(K;) > 4(K,) so there 1s a natural
factor map from Z/ K, to £/ K, More generallyif S€ C(%) and S™'K, S< K, then
S induces a Boolean isomorphism from 9(K,) to S™'9(K,) = 9(S 'K, S) ® 4(K,)
and thus a (pointwise) factor map denoted Sy, x, £/ K,~> Z/K,

CoroLLARY 33 If K, and K, are compact subgroups of C(¥) each factor map
Z/K,>Z/ K, 1s an Sk, , for some Se C(%) such that ST'K,S< K, If the factor
map 1s an 1somorphism then S'K,S=K, C(¥/K,)={Sk k, S'K:S=K,}

Proof If ¢ Z/K,~ /K, 1s a factor map the corresponding joining A of /K, and
Z/ K, 1s, by theorem 3 2, the projection of an off-diagonal Lifting ¢ to a set map
¢ %(K,)-> %(K,) we thus have that there 1s an Se C(¥) such that
u(AnéB)=pu(An SB)

for Ac 9(K,), Be 4(K,) Taking A= $(B) shows that ¢(B)=S(B) (ae ) for each
B In particular S9(K,) = 4(SK,S™ ") = 4(K,) whence, by Theorem3 1 SK, S ' > K,
s0 ST'K,S< K, If ¢ 15 an 1somorphism we have ¢ 9(K,) = 4(K,) so 9(SK,S ") =
9(K,) and S7'K;S=K, The last statement 1s an immediate consequence since
C(Z/K,) 1s the automorphism group of ¥/ K, O

The following lemma will be technically useful

LEMMA 34 Suppose ¥, =%/ K, and ¥,=Z/ K, are factors of the ssmple G-action
Z and A 15 a ngid joomng of £/ K, and £/ K, Then the extension

(Y\XY;,A)> (Y, %)
has relatively discrete spectrum n the sense of [Zil]

Proof Since A 1s rigid 1t 1s the projection of an off-diagonal 2-joining ug, Se€ C(Z)
Now the extension £ » &/ K, has relatively discrete spectrum by theorem 1 8 and
Example 4 1 of [Z11] It 1s 1somorphic as an extension to the extension (X X X, ug)—>
Z/ K, so this extension also has relatively discrete spectrum But this extension 1s
the composition
(XXX, u) > (Y1 X Yz,0)> (Y, 1))

Thus the second extension must also have relatively discrete spectrum by the
following well-known lemma, whose proof we omit O

LEMMA 35 If > & 1s an extension with relatively discrete spectrum, which factors
as X - Y > Z then Y > Z also has relatwely discrete spectrum

COROLLARY 36 If ¥ 1s simple and K 1s a compact subgroup of C(Z) then Z/K 1s
simple if and only if K 1s normal in C(Z)

Proof Suppose K 1s normal By Theorem 3 2 1t will suffice to show that each rigid
k-joining of £/ K 1s off-diagonal Such a jomning is the projection of an off-diagonal
k-joining (S;X X S, )us of ¥ Since S;'KS, =K, Sk x € C(%/K)(Corollary 3 3)
and the joining in question 1s the off-diagonal (S, x X X Syk.x )ia, Where i, 15
the diagonal k-joining of Z/ K

Now suppose /K 1s simple and consider the rigid 2-joining A of &/ K which
1s the projection of the off-diagonal 2-joining us of Z, Se C(Z) If Z/K 1s not
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weakly mixing then A 1s an off-diagonal On the other hand if #/ K 1s weakly mixing
then product measure 1s a weakly mixing extension of £/ K while A, by 34, 1s an
extension of &/ K with relatively discrete spectrum which 1s incompatible with
relative weak mixing by Lemma 8 11 and Theorem 8 7 of [Zi2] (Z/ K 1s not trivial')
Thus 1n the weakly mixing case we can also conclude that A 1s an off-diagonal This
means, by Corollary 3 3, that there 1s a T € €(Z) such that T7'4(K)= %K) and

ur(AxB)=u,(AX B)
for A, Be 9(K) Taking B=TAec 4(K) we have
w(ANT'TA)= (AN S™'TA)

whence TA = SA for each Ae 9(K) In particular S7'4(K)= %(K) so, as in the
proof of Corollary 33, ST'KS=K As S was arbitrary, K 1s normal O

We mention here that 1t 1s now possible to carry over much of the analysis in [Rul]
of a map with MSJ to the case of a general simple group action, at least to the
extent that the results in [Rul] deal with constant powers of T Denoting by Z* the
cartesian product action (X*, u¥, G), we state the following result as a sample

PROPOSITION 3 7 If & 1s weakly-mixing and simple then C(Z*) 1s generated by the
maps S, X X 8y, S, € C(&), and the co-ordinate permutations Moreover if G 1s a
factor algebra of Z* which 1s not contained in any of the o-algebras generated by a
strict subset of the co-ordinate projections, then H(%) 1s compact m C(¥*) and
G=4(H(9))

4 Jownings of a simple action with another action
In this section we study joinings of a simple action & with an arbitrary (ergodic)
action % When are two such actions not disjoint, that 1s when does there exist a
jomning other than product measure? One possibility 1s that £ and % have a
non-trivial common factor - then the relatively independent joining over that factor
1s not product measure

To describe the other possibility we need the notion of a symmetric product We
denote by " the action (X", u", G) The symmetric group S, acts on X" 1n a
natural way by co-ordinate permutation We denote by X"° the quotient space
X"/S,, which 1s a standard Borel space The quotient map 7 X" - X"° 15
equivariant with respect to the action of G so we have a factor map

m &> x°

where 2"° denotes the quotient G-action equipped with the quotient Borel structure
and the projection of u”

Now suppose that K 1s a compact subgroup of C(Z) and ¢ ¥->(¥/K)"°1sa
factormap (Z/K)"°1salso a factor of Z" so we may form the relatively independent
joining of " and ¥ over (%/K)"° Restricting to X X Y we get a joining A of &
and ¥ (It 1s easy to see that this joining does not depend on which of the n copies
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of X 1s chosen ) In pictures

n
X" X iy Y

(XxXY,A) 4 Yy

\

(&/K)"™

As a simple example of this construction, when K 1s trivial and ¥ = Z7°, A 1s the
joining anising from the common embedding of £ and 2°° in £* via the natural
factor maps When & 1s a Z-action with MSJ this gives an example [Rul] of two
Z-actions without common factors which are not disjoint

The main result of this section 1s the following theorem which asserts that every
ergodic joining of a simple & with an arbitrary % arnses 1n this way

THEOREM 4 1 If Z 1s a simple action and ¥ 1s any action then every ergodic joining
of & and ¥ which 1s not product measure arises as described above, namely it 1s the
projection on X X Y of the relately independent joiming of " and % over (¥/K)"°
for some compact subgroup K of C(%¥) and some factor map ¢ ¥ - (Z/K)"° If ¥
1s not weakly mixing n must be 1

Proof Suppose A 1s an ergodic joiming of ¥ and & which 1s not product measure
vXu Set Ao=A and define inductively A,.; on Y x X" x X2"= Y x X?"" to be an
ergodic component of the relative product A,, X 4 A, for which the algebra correspond-
ing to X" x X*" 1s strictly bigger than the algebra corresponding to the first X*'
factor, 1f such an ergodic component exists Several remarks are in order Firstly,
AoX g Ao 1s formally a measure on (Y X X)* but since 1t 1s diagonal on Y X Y 1t 1s
canonically identified with a measure on Y X X? Secondly by the usual extremality
argument almost all ergodic components of A,XgA, will have both Y x
X?"-marginals equal to A,, so we choose A,, to satisfy this condition In particular
every Y X X-marginal of A,1s A Thirdly the X 2"H-margmal of A+, (or any candidate
for A,.;) 18 a POOD by simplicity of & Thus with respect to A,,, any X-factor
among the second X*" mm Y x X>" x X*" 1s etther independent of the full first
X?*-factor or identified with one of these factors via a map in C(Z) This means
that 1f A,., can 1n fact be chosen then 1n X*" x X?" at least one of the X-factors
among the second X*'-factor 1s independent of the full first X*-factor On the
other hand 1f A,., cannot be chosen then the ergodic decomposition of A, X g A, 1s
supported on measures which 1dentify each X-factor 1n the second X*"-factor with
some X-factor in the first X*-factor, via a map in C(Z)

Now we claim that 1t 1s not, in fact, possible to continue indefinitely choosing
the A,’s as described Indeed if it were possible we would obtain a joining of ¥
and infinitely many copies of Z for which infinitely many of the &-factors are jointly
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independent Projecting on these independent factors we obtain a joning A of ¥
and ™ which has each Y x X-marginal equal to A Now let %, denote the o-algebra
in Y x X" corresponding to the X-factor with index n and %_ the o-algebra
VenZ, (a Fy 1s A-trivial by the 0-1 law Thus for Ae ¥, the o-algebra corre-
sponding to the Y-factor, we have

IE((1a=v(AD | F)I3=E((1a—»(A))| )50

for some Borel probability 7 supported on the subgroup H' of C(Yx X", 1)
A Thus E(14]| F,) = v(A) for all n which means ¥ and F, are independent, contra-
dicting our 1nitial assumption

Thus there 1s a k=0 for which 1t 1s not possible to choose A,., as described
We now choose a maximal set of X-factors in Y x X2 which are Ar-independent
and project A, on the product of Y and these independent Z-factors to obtain an
ergodic joning A of ¥ and 2" for some n=2* X mhents from A, the following
properties each Y x X-marginal of A 1s A and the ergodic decomposition of Axah
1s supported on measures 1dentifying each X-factor in the second X"-factor in
Y x X" x X" with some X-factor 1n the first X "-factor, via a map in C(&) That 1s,

Xx@X=J A dr(h)
C{YxX"})

for some Borel probability 7 supported on the subgroup H' of C(YxX" })
consisting of A-preserving maps h of the form 1d x (h, x X h,)U,, he C(Z), U,
a co-ordinate permutation of X" (In this context, by a natural abuse of notation
A(AXBXxC)=A(AxBxh™"(AxC)) for Ac Y, B X", C< X") By Theorem
182(YxX", )\A) 1s a group extension of % by the compact subgroup

H=H(®)={he C(YXX", 1) h(A)=AVAec ¥}

(We regard % as a sub-o-algebra of (Y x X", 1) ) Moreover since 7 1s Haar measure
on H H'< H and 7(H')=1 we have H' = H

Now let K be the subgroup of C(Z) consisting of those ke C(Z) such that
(idx k)A =A (Note that (1dx k)A 1s meaningful, even though k 1s only a u-
equivalence class of maps, because A has marginal u ) We claim that for each ke K
there 1s an he H such that for each B Y x X

h(Bx X" H)=[(1dxk)B]xX"' lae,

that 1s the action of 1d x k on the o-algebra Y x X 1n Y x X" 1s the restriction to
Y x X of some h € H To see this consider the off-diagonal joining A4, of (Y X X, A)
with itself This 1s an ergodic joining and hence can be extended to an ergodic
joming o of (Y x X", 1) with itself (e g take an ergodic component of the relatively
independent extension of Agxx) Since Agxi 1s diagonal on ¥, so 1s o Since
(Yx X" 1) 1s an H-extension of %, by theorem 21 ¢ has the form A, for some
h e H, which establishes the claim We conclude from this that K 1s compact, since
H 1s We shall assume henceforth that we are working with a version of & on which
K acts (poimntwise) as described following theorem 181 We set

K= {(k, x x k) U,, k€ K, U, a co-ordinate permutation} = C(Z")
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K acts pomntwise on X", preserving " It also acts pointwise on Y X X", fixing
the Y-co-ordinate, and commuting with G, but does not necessarily preserve A
Since H = H' any he H has the form 1d x (h; X X h,)U,, h,=C(¥) Because
h preserves A and every Y x X-margnal of A 1s A, each 1d x h, must preserve A, that
1s each h, e K In other words each he H has the form 1d x k that 1s Hc K when
we regard K as acting on Yx X" Now if k= (ky x xk,)U, € K- each Yx
X-margmal of kX 1s again A, because each (1d X k,)A = A Thus the same 1s true of

x= J ki dk
K

Moreover A 1s a K-invanant not necessarily ergodic joining of ¥ and &" Thus we
regard K asa subgroup of C(Y x X", X) which acts pointwise We denote by ¥
and Z" the corresponding subalgebras of (Y x X", 1) and note that ¥ = ‘ﬁ(IZ), the
fixed algebra of K ifkA=Aforall ke K thenn particular A 1s H-invanant Since
@ = 9(H) (with respect to the measure 1), A=A’ A-ae for some A'e ¥ Since A
and A’ are both K ivarant

X(AAA)= I A(K(A AAY)) dk=0

so A=A \-ae .

This yields a o-Boolean homomorphism (B(X"/Ie), pn")>(B(Y), v) each
Ae %"/ K, when regarded as sitting 1n the joining (Y X X" ), 15 a K-invarant set
and hence agrees A ae with a (v-ae) unique A’= ¢(A)e B(Y) Thus we obtain a
(pointwise) factor map ¥ » "/ K and using the K-1nvanance of X one readily sees
that X 1s the &"/K-relative product of ¥ and " Since ¥"/K 1s canonically
1somorphic to (#/K)"° this concludes the proof

In case & 1s not weakly mixing the inductive definition of the A,’s 1s obstructed
at the first step, so n =1 Alternately one can use the structure provided by theorem
22 to show that (X/K)"° 1s non-ergodic for n>1 Since (X/K)"° 1s a factor of
% and ¥ 1s ergodic (since A 1s) we must have n=1

COROLLARY 42 If & and % are simple, any ergodic jowming of ¥ and % 1s given as
in Theorem 4 1, but with n=1

Proof If Z 1s not weakly mixing we are done by Theorem 4 1, so we suppose Z 1s
weakly mixing By Theorem 4 1 it now suffices to show that for n>1, (%/K)"°
cannot be a factor of the simple action ¥ We set £ =2/K and all we shall use
about Z 1s that 1t 1s weak-mixing and non-trivial We show that Z"° cannot be a
factor of a simple action by exhibiting an ergodic 2-jorning of #"° which 1s not
product measure but which does not have relatively discrete spectrum over %"°
(see Lemma 3 4)

Consider the 2-joining o of Z" obtained by linking the first co-ordinates in each
of the copies of &" diagonally to each other Precisely

o(A, X X A, X By X X B,)=A(A;n B))A(A,) A(A)A(B)) A(B,),

where A denotes the measure on Z We also denote by o the projection of o on
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Z"°x Z"° We remark that the extension
(Z"xZ", 0)=>(Z", \")
1s naturally 1somorphic to the extension
(Z2n—1, AZn—l) > (Z", )\")
This last extension 1s a direct product and hence 1s a weakly mixing extension (in

the sense of Defimition 7 9 of [Zi2]) by Corollary 7 11 of [ Zi2], since & 1s weak mixing
Now consider the following commutative diagram of extensions

(Z"xZ", o

/\

(Z"A™) (Z"x 2", o)

(1) 18 a weakly mixing extension as we have just remarked Suppose that (4) had
relatively discrete spectrum Since the fimite extension (3) certainly has discrete
spectrum we would conclude that the composition of (3) and (4) or equivalently
(1) and (2) has generalized discrete spectrum (Definition 8 4 of [Zi2]) It follows
that (1) would also have generahzed discrete spectrum (use the equivalence of
generalized discrete spectrum and a relatively separating sieve, together with Proposi-

tion 8 6 of [Zi2]) This 1s incompatible with the weak mixing of (1) (Lemma 8 11
of [Zi2]) Thus (4) cannot have discrete spectrum, completing the proof O

CoOROLLARY 43 If & and Y are simple G-actions with no common factor then & and
¥ are disjoint

Proof This 1s immediate from Corollary 4 2

5 Weakly mixing group extensions

Our main aim 1n this section s to prove that a weakly-mixing group extension of
an action with MSJ 1s simple The following general lemma, which 1s similar to
Proposition 3 10 of [Fu], will be our main tool

LEMMA 51 Let ¥ =% x ,K be an ergodic group extension Let A be any G-invariant
measure on Y = X x K which projects onto u Then A = u X dk where dk denotes
normahzed Haar measure

Proof We denote by R, the action of ke K on X x K by right transiation For A
Borel in Y, (R A )A 1s a measurable function of k (we leave the proof as an exercise)
Thus we may define

K

Evidently R, A = for each ke K and X projects on u By disintegrating A over X
1t follows immeduately that A = u X dk Since each R, A 1s G-invanant, ergodicity of
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A gives that RukA =4 for aa k and hence for all k by continuity In particular
A=x=puxdk O

Before proceeding to the main result we introduce an auxihary concept which 1s of
some 1nterest 1 its own right Let us say an action & 1s parrwise independently
determined (PID) if for all n any n-joiming of & which 1s pairwise independent
(that 1s, 1ts projection on the product of any two copies of X 1n X" 1s product
measure) must be product measure "

Note that for weakly mixing Z 1t suffices to require this for ergodic n-joinings
if A 1s an arbitrary pairwise independent joining then almost all of 1ts ergodic
components must also be pairwise independent because u X u 15 G-ergodic

We observe that a weakly mixing & 1s simple (has MSJ) 1ff 1t 1s 2-fold simple
(has 2-fold MSJ) and 1s PID Indeed if & 1s 2-fold simple and PID and A 1s any
ergodic n-jornng, split X" as a product of maximal factors on each of which A
1s off-diagonal Each of these factors 1s 1somorphic to & itself and any two of them
are independent since they are not off-diagonally linked and & 1s 2-fold simple
Thus these factors are jointly independent and A 1s a POOD

LEMMA 52 A weakly mixing group extension Y = X X ,K of a PID action 1s again
PID

Proof Let A be an n-joining of ¥ which 1s pairwise independent The projection
of A on X" 1s an n-joing of & which is again pairrwise independent and hence
must be product measure Now %" 1s a group extension of ¥" by the group K",
which 1s ergodic since % 1s weakly mixing Moreover A 1s a G-invariant measure
on X"x K" which projects on u" as we have just seen Thus by Lemma 51
A=p"x(dk)" = (pu x dk)" O

The following lemma says that joinings of different PID actions obey the same rule
as jomnngs of a single PID action pairwise independence implies independence
We will use this result in § 6

PROPOSITION 53 Let A be a joiming of the PID actions &,, ,%. If A i1s pairwise
independent then A 1s the product joiming ., x X phg

Proof We begin with the following general observation Suppose that A 1s a joining
of actions & and % and that 1n the relative product A X 4A the two copies of & are
independent Then A 1s the product joining To see this let A = [, A, dv(y) and for
AcX

J (A, (A) = (A))* dv(y) = J.} A, (A) dv(y) —2p(A) J A, (A) dv(y)+u(A)

=(AXgA)(AXAXY)=2u(A)+ u(A)>
= (AP -2u(AY +u(A)’=0 0

Next we turn to a special case of the proposition, namely &, =%, Z,= &5 = =
Z.=% We form the %,-relative product A of A with itself A 1s a joining of
. Z, %%, ,% andwithrespectto ) any single copy of ¥ 1s independent
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of %, since A projects on A which 1s pairwise independent For the same reason
any two copies of ¥ both coming from the first group &,, , %\, or both from
the second are independent If we consider copies of ¥ taken from the first and
second groups respectively they are also independent, because they are independent
conditionally on &, (definition of 1) and each 1s independent of &; Thus the family
of o-algebras &,, ,%,&., ,&Z 1s pairwise independent, hence inde-
pendent, since % 1s PID By the observation at the beginning of the proof
X\ L(Zyv v&i)so &y, , & 1sjointly independent as desired

For the general case we proceed by induction on the number of distinct actions
among Z,, ,%Z. We may as well assume, for simplicity of notation, that each
action occurs the same number of times, say r, in &,, ,& If A 1s a pairwise
independent joiming of &,, , &% all the copies of a fixed system sit jorntly
independent, so gathering together like copies and relabelling we may assume A 1s
a jomng of &y, , &% in which any pair &, &, sit independently Moreover by
our special case each &, 1> 1 1s independent of &7 Form the relatively‘independent
product A of A with itself over &}, considered as a measure on X x XX x X X
Xix  xXk

We claim that with respect to A any single factor &, 1s independent of any other
single factor &, (1 and j may be 1dentical) To see this we need only consider the
case where &, comes from the first group &5 x x & and Z, from the second for
on each group A 1s product measure by our induction hypothesis But then &, and
Z, are conditionally independent given &7 and each 1s independent of &7, so they
are independent of each other

Now projecting A on ¥ X X LIX &5 x X} we have a pairwise independent
joining X of copies of only k—1 distinct systems By induction (and when k =2 by
the PID property of &) we conclude that A 1s product measure As we have already
seen this implies that A 1s product measure

THEOREM 5 4 Suppose & 1s a G-action with MS], satisfymmg gx=xa e imphesg=e
Suppose further that ¥ = & X , K 1s a weakly mixing group extension Then ¥ 1s simple
and C(%) 1s the group generated by the nght multiplications R, together with the
action of Z(G), the center of G Moreover, the natural action of G x K on X x K has
MSJ

Proof By Lemma 52 1t suffices to show that any ergodic two-joiming of ¥ 1s
off-diagonal or product measure Let A be an ergodic 2-joining of ¥, that 1s a
G-invanant measure on X X K x X X K whose projection on each X x K 1s u x dk.
The projection A of A on X x X 1s an ergodic 2-joining of &, hence 1t 1s product
measure or an off-diagonal If X 1s u X u then as 1n the proof of Lemma 52, A 1s
(p x dk)?

Suppose now that A 1s an off-diagonal

ne(AXB)=u(g'AnB)

for some g e G (recall that &£ has MSJ) Because the action of g belongs to C(&)
our hypothesis on £ implies that g€ Z(G) Let A’ be the image of A under the map
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1dx g ' of Y x Y totself Then A’1s again a G-joiming (because g€ Z(G)) and 1ts
projection on X X X 1s diagonal measure By Theorem 21 A’ has the form VR,,
(v =pu x dk) for some kyc K, whence A = Ry, Thus we have shown that % 1s sumple
and the centralizer 1s as claimed

If Gx K acts on X x K then the map gr,, belongs to the action so the action has
MSJ (]

Remark. 1t is perhaps worth highlighting why simplicity of & would not suffice for
the proof of theorem 54 We assumed that A projected onto (1d X g)u, and then
worked with (1d x g"")A If A projected on (1d X S)u,, Se€ C(Z), S need not extend
to a map belonging to C(%¥) If 1t did the proof would go through

Example 55 Theorem 5 4 and Corollary 3 6 allow us to find an example of a simple
% with a non-simple factor It suffices to let % = & x, K where Z 1s free with MSJ,
% 1s weakly mixing and K 1s a compact group with a closed non-normal subgroup
K’ Since K’ 1s not normal in K 1t 1s a fortior1 non-normal as a subgroup of C(%),
so ¥/ K'1s not simple (We remark that 1t 1s well-known that for an arbitrary weakly
mixing & and compact group K there 1s an abundance of cocycles a such that
Z'x ,K 15 again weakly mixing )

It 1s natural to ask whether the assumption of MSJ in theorem 5 4 can be weakened
to simphicity The following counterexample 1s due to S Glasner {Proposition 17
of [Gi]) It replaces our original more complicated construction The fact that 1t 1s
not simple 1s implicit in Proposttion 1 7 of [GIl] but we sketch a proof here without
using the language of quasifactors

Example 56 A weakly mixing group extension of a simple Z-action which 1s not
simple

When & 1s a Z-action we write X = T where T 1s the map generating the action
Let T be any weakly mixing map with MSJ and ¢ a cocycle into the circle group
K such that S=Tx 4K 1s weakly mixing (We will identify ¢ with the function
#(1, )) S 1s simple by Theorem 54 Now define a K-extension R of S by

R(x, ki, ky) = (S(x, ky), ki k)
=(Tx, ¢p(x)k;, k, k»)
R 1s weakly mixing by Proposition 17 of [Gl]
We exhibit an ergodic 2-joining of R which 1s neither product measure nor an

off-diagonal Consider the measures A; and A, on (X X K X K)? defined by the

disintegrations
®

A= j Bix —ky ky) du(x) dk, dk,

XxKxK

@
A= J- Sx—ky,—ky) du(x) dk, dk,

XxKxK

A, and A, each have both marginals on X x K x K equal to du dk, dk,, but they
are not 2-joinings of R Indeed

(RXR)(x, ki, ka), (x, —=ky, k2)) = ((Tx, a(x)ky, ki k3), (Tx, —a(x)k,, —ki k),
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whence 1t follows that (R X R)A; = A, and stmilarly (R X R)A,=A, Thus3(A,+A,)
1s a 2-jornng of R which 1s not product measure and not off-diagonal (1t has 2-point
fibres over X x K x K) Moreover 1t 1s ergodic (but not weak-mixing) as it 1s
1somorphic 1n an obvious way to R X f, where f denotes the interchange map on
{-1,1}

We conclude this section with some general remarks about PID Z-actions It 1s
easy to see that Bernoull: shifts are not PID Since every positive entropy map has
a Bernoull: factor 1t follows, via relatively independent extension, that positive
entropy maps are not PID On the other hand 1t 1s not hard to see that translation
by ™, @ 1rrational, on the circle group 1s not PID The translation by 1 on Z/ mZ
1s also not PID It follows, again by extension, that any non-weakly mixing map 1s
not PID However we know of no weakly mixing 0-entropy counterexample It 1s
not hard to see that if a map 1s 2-mixing but not 3-mixing then 1t 1s not PID so a
proof that 0-entropy weak mixing implies PID will not be easily found A more
specific problem 1s does 2-fold simphicity (MSJ) imply simplicity (MSJ)?

Passing to Z>-actions we observe that Ledrappier’s example ([Le]) of a 2-mixing
but not 3-mixing action furnishes an example of a non-PID, mixing, 0-entropy
Z,-action This example 1s also not 2-fold simple there 1s a natural 2-1 factor map
from 1t to 1itself

6 The action of a co-compact subgroup

THEOREM 6 1 Let & be a weakly mixing sumple G-action and H a closed, normal,
co-compact subgroup of G Then H acts simply and C(X, H)= C(X, G)

Proof First we observe that the action of H 1s weakly mixing, which can be seen
by showing that the only functions fe L,(X) such that Hf 1s precompact in the
norm topology of L,(X) are the constants (See, for example [Zi2], Theorem 7 1
and Theorem 7 8 specialized to the case where Y 1s trivial )

Now let # G- G/H denote the canonical projection, choose a Borel cross-
section 0 G/ H - G (Theorem 8 11 of [Val]) We denote normalized Haar measure
on G/H by d¢

Suppose that A 1s an ergodic k-joining of (X, H) Note that the field of measures
{gA}gcc 1s measurable for A Borel in b &

(gM)(A)=A(g7'A)= J Lalgx) da

1s a measurable function of g by Fubint’s theorem Thus {o(£)A},c/u 1s also a
measurable field so we may define

x=j (e de
G/H

A has marginals u, since each o(¢§)A has marginals u Moreover for goe G

goX=J (goa(&)A d¢
G/H
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Now goo(£) and (g, &) both belong to the coset go £, so they differ by multiplication
on the right by an element of H Since A 1s H-invanant, (go0(£))A = o(go£)A Thus

gOX:J o(goé)A dé
G/H

=j (A dE=1,
G/H

by invariance of d¢ We have shown X 1s a2 G-joining We claim A 1s also G-ergodic
Indeed if A= X" 1s G-invanant (literally, not X-ae) then A{A)=0 or 1 by H-
ergodicity of A Since A 1s G-mvanant A((o(£))'A)=A(A) so A(A)=0 or 1
according as A(A)=0or 1

Thus by simplicity of (X, G) we now have that A 1s a POOD (with respect to
C(X, G)) Since (X, H) 1s weakly mixing a POOD 1s also ergodic with respect to
H Thus X 1s an H-ergodic average of the H-invariant measures o(£)A so by
extremahty we conclude that o(£)A =X for aa £€ G/H In particular there 1s at
least one g€ G such that gA =X whence A =g 'A =1 We already know that A 1s a
POOD with respect to C(X, G) so this completes the proof O

COROLLARY 6 2 With the hypotheses of Theorem 6 1 every H-invanant factor algebra
of ¥ 1s G-invarniant If (X, G) 1s prime so 1s (X, H)

Proof Follows immediately from Theorems 31 and 61

PROPOSITION 6 3 Suppose that H 1s a closed, normal, co-compact subgroup of G and
that  and ¥ are weakly mixing simple G-actions such that every ergodic G-joining
of ¥ and ¥ 1s weakly mixing (For example this 1s true if either  or ¥ is prime by
Corollary 42 ) Then any H-joming of ¥ and ¥ 1s a G-jorung In particular any
H-factor map & > % 1s a G-factor map

Proof 1t suffices to prove this for an ergodic H-joiming A Then, as in the proof of
Theorem 6 1, we form the G-invariant and ergodic joining

A =J o(§)A dé
G/H

By hypothesis A 1s weakly mixing as a G-action, hence as n the proof of theorem
6 1, also weakly mixing as an H-action, hence also H-ergodic One concludes as in
61 that A =X W]

We now apply the above results to Z- and R-actions

CororLARY 6 4 If {T,} 1s a weakly mixing simple prime flow then T, 1s a prime map
fora#0 Ifa,b#0 then T, and T, are either disjoint or isomorphic T, and T, are
1somorphic if and only if the flows { T}, and {T,,}.cg are isomorphic More generally,
if {T.} and {S,} are weakly-mixing simple prime flows then the maps T, and S, are
either disjoint or isomorphic according as {T,} and {S,} are disjoint or 1somorphic

Proof This follows from Corollary 6 2, Proposition 6 3 and Corollary 4 2
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This 1s a good place to observe that a weak mixing flow with MSJ (examples are
provided by [J, P] and [Ra]) 1s prime, so that the above results apply In particular
its time-one map 1s simple and prime

PROPOSITION 6 5 A weakly mixing flow with minimal self-joinings 1s prime

Proof Since each non-zero time in a weakly mixing fiow 1s again weakly mixing
and a fortiori ergodic this follows immediately from the remark following the proof
of theorem 3 1

For Z-actions with MSJ Corollary 6 4 may be sharpened

CoROLLARY 6 5 If T 1s a weakly mixing map with MSJ and |n|>|m|>0 then T"
and T™ are disjoint

Proof 1t suffices by Corollary 6 4 to show that T" and T™ are not isomorphic We
claim that T™ has no nth root (while T", of course, does) Indeed i1f S were an nth
root of T™ then Se C(T™)= C(T) (Theorem 6 1) so S=T' Thus T" =T™ and
In=m which 1s impossible when |n|>|m| O

We observe that Proposition 6 4 cannot be similarly strengthened for flows with
MSJ Indeed 1t 1s shown in [Ra] that certain horocycle flows { T,} have MSJ, providing
examples where T, and T, are isomorphic for all a, b>0

We are now 1n a position to clarify the relation between our definition of mimmal
self-joinings 1n the case of Z-actions and the original apparently much stronger one
used tn [Rul] Let’s say that a map T has mimimal power joinings (MPJ) if any
ergodic joining of possibly different non-zero powers of T 1s a POOD (with respect
to T) (Warning not all POOD’s are joinings now Off-diagonal links can occur
only between co-ordinates which are acted on by the same power of T) This 1s
what was called minimal self-joinings in [Rul]

PROPOSITION 6 7 A weak mixing map T has MPJ if and only if it has MS) and T
and T~} are not isomorphic

Proof The ‘only if” direction 1s obvious Suppose that T 1s weakly mixing with MSJ
First observe that T™ and T~ are disjoint by Theorem 6 1 and Corollary 6 4 applied
to the simple Z-actions T™ and T~™ Combining this with 6 6 we have that any
two non-zero powers of T are disjoint

Suppose now that A 1s a joining of powers of T (with multiphcities) Grouping
together co-ordinates on which like powers of T act we have that on any group the
marginal of A on that group 1s a POOD (for T) because T" 1s simple and C(T") =
C(T) Furthermore on any group A 1s isomorphic to a cartesian power of T", since
an off-diagonal factor 1s 1somorphic to T" Thus we may assume that A 1s a joining
of coptes of T" (for various n) in which any two like copies sit independently
Copies of different powers automatically sit independently since they are disjoint
Since each copy 1s weak-mixing and simple, and hence PID, Proposition 5 3 implies
that A 1s the product joiming which completes the proof O

We remark that there are weakly mixing maps T with MSJ such that T and T~
are 1somorphic, as 1n the examples of [Jul] A symmetrized version of Chacén’s
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example (see [JRS]) gives easier examples (Use, for example the substitution
0- 00100, 1>1) Even when T and T~! are 1somorphic one can explicitly describe
all ergodic joinings of powers of T Forif ¢T = T '¢ then ¢ may be used to replace
negative powers of T by positive ones After the relabelling the joining 1s a POOD
which means that the original joining 1s a product of off-diagonals ‘skewed’ by ¢
By a skewed off-diagonal we mean a joining of copies of T" and T~ " (for a fixed
n) where any two T™’s are linked by a T' and a 7" 1s linked witha T " by a T'¢
Note moreover that ¢ must be an involution, ¢>=1d Indeed ¢*c C(T),so ¢>=T"
for some n If n#0 we have ¢ € C(T")=C(T) so ¢ = T™, which 1s impossible

Say a flow { T} has mimimal re-scaling joinings (MRJ) 1if for all k and a,, ,a.€
R—{0} every ergodic joining of the flows {7}, };cr,» » {To,}ier 18 @ POOD The
following result was applied 1n [J, P] to conclude that the weakly mixing flow with
MSJ constructed 1n that paper actually has MRJ The proof 1s similar to the proof
of Proposttion 6 7

ProrosITION 6 8 A weakly mixing flow has MR if and only if it has MS) and for
allacR—{1}, {T,} and {T,} are non-isomorphic

The following example of weakly mixing simple maps S and S such that S* and
S? are 1somorphic but S and S are not shows that 6 3 may fail when the actions 1n
question have ergodic joinings which are not weakly mixing

Example 6 9 Let T be a weakly mixing map with MSJ, K ={-1, 1} and ¢ a cocycle
mto K such that =T x ,K 1s weak mixing As 1s well known weak mixing of S
1s equivalent to the requirement that ¢ not be cohomologous to a constant function,
that 1s the equation

é(x)=b(Tx)b(x) 'ky ae (1)
has no measurable solution b X - K for ko= —1 or 1 (As usual we 1dentify ¢ with
the function ¢(1, ))

It follows that $= T x _,K 1s also weakly mixing Both S and S are simple by
Theorem 54 Note that the relatively independent joining of S and S over the
common factor T 1s in a natural way i1somorphic to T X, ,KxK where
(px—d)(x)=(d(x), —¢(x)) Defiming 0(x, k,, k2) = (x, k,, k, k,) we have the fol-
lowing diagram

T, _ KxK

(x, ky, ky) ————— (Tx, ¢(x)ky, —d(x)k2)

] )

T"d;x—x K xk

(x, ky, kyky —— (Tx, ¢(x)k;, —k,)
Thus T X4._4 KX K 15 1somorphic to T X 4, ; K X K which 1s ergodic but not
weakly mixing
Now §°=5§%s01d X x K » X x K 1s an 1somorphism of $? and S? but not of S
and § Moreover it 1s easy to see that S and S are non-isomorphic Indeed an
1somorphism ¢ would also have to be an 1somorphism of $ and $?, that1s ¢ € C(S5?)
By theorem 6 1 C(8%) = C(S) so ¢ would commute with S, a contradiction
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We conclude by mentioning a few open problems, restricting ourselves for the
most part to Z-actions It 1s natural to ask how prevalent the class of simple maps
1s While we now have a fairly wide variety of examples, they are all of a very
special nature For one thing they are all constructed from something with MSJ,
either by group extension or by taking a non-zero time 1n a Z- or R-action with
MSJ The class of maps with MSJ 1s small 1n the precise sense that it 1s meagre 1n
the weak topology This 1s because 1n general (that 1s, for a residual set) a map 1s
rigid, that 1s In, » o such that T™ —»1d, which implies that C(T) has the cardinality
of the continuum

Elsewhere we will show how Chacén’s map can be modified to give a rigid simple
pnme map This ts a step 1n the right direction as 1t shows there 1s at least one
simple prime map 1n the rigid class, which 1s generic Moreover the construction
has nothing to do with MSJ Of course 1t leaves open the question of whether the
simple maps form a residual class One may ask the same questton about the prime
maps It 1s interesting to note that every example of primality so far known derives
more or less directly from simphcity Is there an essentially different sufficient
condition for primality?

We have been unable to answer the following question does every weakly mixing
stmple map have a non-trivial prime factor? The only examples we have of such
maps are either themselves prime or group extension of maps with MSJ

Can one say something about joinings of &;, , Zx, &, sumple, 1n the spirit of
Corollary 4 57 If the Z, are all prime then they are pairwise disjoint or isomorphic
so Corollary 4 5 and Proposition 5 3 describe all joinings of &,, , %

In § 5 we already raised the questions Does 0 entropy weak mixing imply PID?
Does 2-fold MSJ imply 3-fold MSJ?

Many of the results of this paper can almost surely be relativized The natural
defimition of relative 2-fold simplicity of the extension & - % has already been given
by Veech (for Z-actions) every ergodic 2-joining of & which 1s diagonal on ¥ 1s
either the %-relative product or an off-diagonal He has shown (Theorem 4 8 of
[Ve]) that if £ > ¥ 1s relatively simple and the %-relative centralizer of £ (namely
those S e C(&) which fix each set 1n the factor algebra 4 corresponding to Y) has
no non-trivial compact subgroups then & - ¥ 1s relatively prime, that 1s there are
no factor algebras strictly between ¢ and B(&)

The group SL,(Z) acts as automorphisms of the 2-torus We conjecture that this
action has MSJ and that 1ts centralizer 1s trivial so the only 2-jotnings are product
measure and diagonal measure mimimal self-joinings 1n the strongest possible sense'
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