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Abstract. We prove a joint partial equidistribution result for common perpendiculars
with given density on equidistributing equidistant hypersurfaces, towards a measure
supported on truncated stable leaves. We recover a result of Marklof on the joint partial
equidistribution of Farey fractions at a given density, and give several analogous arithmetic
applications, including in Bruhat-Tits trees.
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1. Introduction

In this paper, we study geometric equidistribution results on negatively curved manifolds
with applications to arithmetic problems. Let N be a complete connected Riemannian
manifold with pinched negative sectional curvature at most —1. Let mpy be its
Bowen—Margulis measure, which, when finite and renormalized and when the sectional
curvature has bounded derivative, is the probability measure of maximal entropy for
the geodesic flow on T!N. When, for instance, N has finite volume, it is well known
that the conditional measure of mpy on the image g'W of a closed strong unstable
leaf W by the geodesic flow g at time ¢ equidistributes towards mpy as r— + oco. See,
for instance, the works of Dani, Eskin and McMullen [EM, Theorem 7.1], Margulis,
Kleinbock and Margulis [KIM, Proposition 2.2.1], Ratner, Sarnak [Sar, Theorem 1],
as well as [PaP2, Theorem 1] and [BPP, Theorem 10.2] for generalizations. Given an
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2 J. Parkkonen and F. Paulin

increasing family (F;);cg of finite subsets F; of points on g' W for all ¢ € R, it is natural
to study the limiting distribution properties of F; as t— + oo. If F; is denser and denser in
g' W, it is expected that F; will also equidistribute to mppy. If F; is too sparse in g’ W, the
limiting distribution is expected to be purely punctual. A threshold seems to occur when
F; has a constant density in g’ W, possibly yielding equidistribution of partial nature.

In this paper we take F; to be the image by g’ of the subset of W of initial tangent
vectors of the common perpendiculars to another cusp neighbourhood, having a length
bound chosen in order to have a constant density at each time 7. We prove that F;
then equidistributes towards the conditional measure of mpym on a truncated weak stable
leaf. This type of partial equidistribution result seems to be quite original in hyperbolic
dynamical systems. For instance, we recover the case n = 2 of a theorem by Marklof
[Mar2, Theorem 6], as well as [Lut, Theorem 6.1]. We actually prove a joint partial
equidistribution result, for more general families, give a version of our results for tree
quotients, and give several arithmetic applications.

More precisely, let M be a complete simply connected Riemannian manifold with
pinched negative sectional curvature at most —1, and let I" be a non-elementary discrete
subgroup of Isom(l\7l ), with critical exponent ér (see, for instance, [BH]). Let D be a
non-empty proper closed convex subset of M and let H be a horoball of M such that the
families D~ = (y D)yer and Dt =(yH )yer are locally finite (modulo stabilizers) in M.

Let us introduce the measures that come into play in this paper, referring to §2 and
[BPP] for further explanations. We denote by ||| the total mass of a measure .

Let (ux),cj; be a Patterson density for I' and let mpyv be the associated
Bowen—Margulis measure on F\TIM . When M is a symmetric space and I" has finite
covolume, then (up to a scalar multiple) p, is the unique probability measure on doo M
invariant under the stabilizer of x in the isometry group of M , and mpy is the Liouville
measure, which is finite and mixing. Let W be the strong stable leaf in T'M whose image
in M is 0H , and let ,u%t o be the conditional measure of mpgy on the truncated weak

1

stable leaf T" | ODJC,JO
H is centred at a bounded parabolic fixed point of I'. Let o;f_ be the outer skinning
measure of D~ ; see, for instance, [PaP2], as well as [OS1, OS2] when M is geometrically
finite with constant curvature, and when D is a ball, horoball or complete totally geodesic
submanifold. When D is a horoball, 05, is the conditional measure of mpy on the strong
unstable leaf in F\Tlllz having a lift to T'M whose image in MisdD.

Forevery y € I' suchthatd(D, yH) > 0,letv, € T'M be the outgoing normal vector

of D pointing towards the point at infinity of y H.

g'W. The measure p is finite and non-zero, for instance, when

s=>10

THEOREM 1.1. Let ty € R. Assume that mpy is finite and mixing for the geodesic flow
on T\T'M, and that og, and /,L()Dt o @re finite and non-zero. Then for the weak-star

convergence of measures on (I'\T'M)?, we have

. —ort _ + 0+
Jim mpy| e Y. Ar, ®Agry, =of @uyL,.

vel'p\l'/TH
0<d(D,yH)<t—tg
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See Theorem 3.3 for a more general version, as well as a version for quotients of trees
by discrete groups of automorphisms. See §3 for a proof, after some preliminary work in
§2, in particular on the truncated weak stable leaves and their measures. The proof starts
by using the joint equidistribution result of common perpendiculars from [PaP5], but the
statement of Theorem 1.1 is only apparently similar to Eq. (12) in that paper and new ideas
and techniques are required. One of these ideas is a new subdivision scheme along the
geodesic flow that allows good control of the exponential growth. One of the techniques is
an important regularity study of the splitting of the weak stable leaves and of the dynamics
on the unstable horospheres.

As a consequence of our main result (Theorem 1.1), we recover the case n =2 of a
theorem by Marklof [Mar2, Theorem 6] on the joint partial equidistribution of Farey points
chosen with constant average density on an equidistributing horocycle on the modular
curve PSLQ(Z)\H2 ; see Corollary 4.1. In the present case (in contrast to other distribution
results in number theory), the restriction to a fixed denominator of the Farey fractions
in [Mar2] is only marginally stronger, by the growth properties of the horospheres. The
relationship between Farey fractions and hyperbolic geometry (and, in particular, with the
divergent geodesics) is not new, probably going back to Ford. See, for instance, the works
of Athreya and Cheung [AC], Sarnak, Series, Sullivan, and the references in [HeP, PaP7].
We also recover [Lut, Theorem 6.1], originally proved for hyperbolic surfaces.

In §4, we give several generalizations of Marklof’s result, including the three-
dimensional real hyperbolic version below. See Corollary 4.2 for a more general statement,
and §§4.3 and 4.4 for distribution results for Farey points with constant average density
on closed horospheres in complex and quaternionic hyperbolic orbifolds. It might be
that it is possible to obtain these applications using purely homogeneous dynamics
techniques, along the lines of the cross-section method of Marklof [Mar2] and Athreya
and Cheung [AC]. But no such results appear in the literature yet. We believe that covering
all our examples might require a lot of work, even starting from the three-dimensional
real hyperbolic case with a large class number of the imaginary quadratic field, as
the cross-sections, as well as other fundamental domain issues, are considerably more
complicated for general arithmetic lattices in rank-one real Lie groups than for SL»(Z).
Furthermore, the case of groups over local fields with positive characteristic is likely to
require major innovations by homogeneous dynamics methods.

Let K be an imaginary quadratic number field, with ring of integers Ok and discrimi-
nant different from —4 and —3 in order to simplify the statement in this introduction. Let
G = PSL,(C), let T be the Bianchi group PSL,(Ok), let

I rf. t e 0
H=1in_(r)= 0 1 :reC and forallr e R, let &' = 0 o2

Let M = {[6_2)0/2 elg/z] 10 e R}. We endow the compact abelian groups C/Ok and
(H NT")\H with their probability Haar measures dx and dugnry\u. For every t € R,

we consider the set F; of complex Farey fractions of height at most ¢'/?, defined by

Fr = {B mod Ok : p,q € Ok, pOg +qOk = Ok, 0 < |q| §el/2}.
q
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COROLLARY 1.2. Let f:(C/Okg) x ('\G/M) — R be a continuous function with
compact support. Then for every ty € R, we have

> fG.Ta ()@ M)

rE‘thtO

+00
=20 / / / Fo, Ty los M) dx dicHnr\H(Y) e 25 ds.
s=ty Jye (HN)\H Jx € C/Og

lim —
t—~+oo Card ]:t—l()

We now give a joint partial equidistribution result for arithmetic points with given
density on an expanding horosphere in an arithmetic quotient of a non-archimedean simple
Lie group (see Corollary 4.7 for a more general version). Let R = FF,[Y] be the ring
of polynomials over a finite field F, with one indeterminate Y, and let K = F,((Y -1y
be the valued field of formal Laurent series in ¥ ~! over F, with |Y 1 =1/q. Let
G = PGLy(K), let T = PGL,(R), let

1 -~ 1
H= {n_(r) = [0 ;] ir € K} and foralln € Z,let @" = |:O )E)”i|
Let 'y = Ng(H)NT and M ={[} 9 :u € K, |u] = 1}. We endow T'y\H with the
induced measure dir,\ g of a Haar measure of H, normalized to be a probability measure.
For every n € Z, we consider the set F, of non-archimedean Farey fractions of height at
most g", defined by

fner\{n_<g>: P,O0eR, PR+0OR=R, OsdegQSn}.

COROLLARY 1.3. Let f:(T'yg\H) x ('\G/M) — R be a continuous function with
compact support. Then for every ny € Z, we have

lim ——— r,I'r oM
n—-+oo Card F,_p, rE; A )
n—nO

+00
=(U—g g™ ) / fe Ty O M) dpryn (x) dpr g\ a (y) g
x,y e 'g\H

m=ny
2. Background and definitions
Let X be either a complete simply connected Riemannian manifold with pinched negative
sectional curvature at most —1 or a proper geodesically complete R-tree. Let I" be a
non-elementary discrete group of isometries of X. We refer to [Rob] or [BPP, Chs. 2 and
3], with potential O throughout this paper, for background information on the data (X, I').
In particular, see §3.3 of [BPP] for the definitions of the boundary at infinity d,o X of X
and the critical exponent ér > 0 of I".

We refer to [BPP, §2.2] for the following definitions. We denote by éX the
Bartels—Liick space of generalized geodesics in X (that is, of continuous maps R— X
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that are isometric on a closed interval of R with non-empty interior and locally constant
outside it), endowed with the distance d defined by
o ~+00
forall ¢, ¢ € GX,let d(,0) = f A, ¢ @) e 2" dr. (1)
—0oQ

It contains the closed subspace GX of (true) geodesic lines and the closed subspaces
G+oX of (positive/negative) geodesic rays, that is, of generalized geodesics that are
isometric on exactly £[0, +oo[ (which we identify with their restriction to £[0, +ool).
We denote by £ — £ the two endpoint maps from GX to X U 9, X. Let (g');cgr be the
(continuous-time) geodesic flow on G X, which preserves GX. Let

G:X=6xU(Jg'Gso

teR

be the closed subspaces of generalized geodesics that are isometric at least on an interval
+[a, +oo[ for some a € R, so that G_X NG, X = GX. The Bartels-Liick space is
important in order to allow the positive geodesic rays pushed by the geodesic flow at large
positive times to converge to geodesic lines.

We denote by nigy the Bowen—Margulis measure of ' on GX and by mpgy the
Bowen—Margulis measure on ['\GX associated with any choice of Patterson—Sullivan
density (ux)xex; see, for instance, [Rob] or [BPP, §4.2] with potential 0.

Given a proper closed convex subset D of X, we refer to [BPP, §2.4] for the definition
of their inner/outer normal bundles 8iD, which are contained in G+ o X. We refer to [BPP,
§7.1] again with potential O (see also [PaP2] in the manifold case) for the definition of the
outer/inner skinning measures EBE on 8iD. Given a measurable map f, we denote by f
the pushforward map of measures. Recall that, for every y € I', we have

ve(@h) =3, )

Given w in G4 X or G_ X respectively, we refer to [BPP, §2.3] for the definitions of its
strong stable leaf W (w) or strong unstable leaf W~ (w), of its (weak) stable leaf W (w)
or (weak) unstable leaf WO_(u)), and of its stable horoball HB, (w) or unstable horoball
HB_(w). The antipodal (or time reversal) map t : \Q/X—>EX defined by £ — {t — £(—1)}
is an involution satisfying ¢(G4+ X) = G_ X and,

forallw e G4 X, (WT(w) =W (L w).

Let w € G+ X. We refer to [BPP, §2.4] for the definition of the canonical homeo-
morphism Nu")' s WHw) — 9L HB. (w) that associates to a geodesic line £ € W+ (w) the
unique (negative) geodesic ray p € 31 HB, (w) such that £_ = p_. We also denote, by an
abuse of notation, N} (£) = £|]-c,0]- The homeomorphism N relates the inner skinning
measure EI;B+ (w) of HB(w) to the conditional pty+(,) on the strong stable leaf W (w)
of w of the Bowen—-Margulis measure mgy as follows (see [BPP, end of p. 162]): for
¢ e WH(w), we have

dpw+ay(0) = d (N8 g 1) (O = d Ty (€1 1-00,0)- 3)
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Recall that we have a homeomorphism
hy : WHw) x R>Wo(w), (4 s5) > g't.
For every isometry y of X, forall¢,s € Rand £ € W (w), we have
Yhw(€,s) = hyw(yLl,s) and g ohy(L,s) = hg,(g'L, s).

The homeomorphism £, writes the conditional measure fyo0+,, on the stable leaf
W0+(w) of w of the Bowen-Margulis measure mgy as a twisted product measure of the
MEASUIe [Lyy+(y) ON W™ (w) and the Lebesgue measure on R (see [BPP, Eq. (7.12)] with
potential 0): for all s € R and £ € W (w), we have

dyor () (8 0) = e d iy () (€) ds. (4)

Note that for every y € I', we have

]/*/LW0+(w) = /LW0+(yw). (5)
Since the Lebesgue measure is atomless, for every Borel subset Qt of WH(w), the
boundary of (" x [a, b]) has measure O for Mo+ if and only if the boundary of
Q™ has measure 0 for fy+(y).
Forallw € Gy X and s € R, let

g’ 0! HB,(w)—d! HB (g'w)

be the homeomorphism that associates to p € ! HB (w) the unique p’ € 3! HB, (g'w)
such that po_ = p’ , or equivalently such that we have p(t) = p'(t — s) for every t € R
such that # < min{0, s}. Note that g° WH(w) = W+(gsw) and that the following diagram
is commutative:

N+
wtw) — 8L HB, (w)
gl - (6)

NE
Wtgw) - 0 HBL(g'w).

Let us now introduce the truncated (weak) stable leaves in GX. The projections on the
second factor of the limiting measures of our upstairs empirical joint distributions will
have as support the union of a locally finite family of truncated stable leaves. For every
o € RU {—o0}, the o-stable leaf of w € G X is

wotw) = gwtw),

t>o

so that WO (w) equals WOt (w).

LEMMA 2.1. Letw € Gy X and s € R.

(1)  The homeomorphism Ngt w Wt(gw) — ol HB_ (g’ w) is uniformly bicontinuous,
uniformly in s.

(2)  The homeomorphism hy, : W (w) x R— W% (w) is uniformly bicontinuous.

(3)  The homeomorphism g’ : d! HB, (w)— 3! HB (g°w) is uniformly bicontinuous,
uniformly on s varying in a compact subset of R.
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Proof. (1)Forall ¢, ¢ € W (g*w), by equation (1), we have

0 +o00

d(Ngtw(z),Ngtw(z’))zf d(), (1)) ez’dz+f d(£(0), £'(0)) e™2" dt
0

—0oQ
< d(, )+ 5 d((0), £'(0)).
Since the footpoint map 7 : éX — X defined by £ — £(0) is %—Hélder continuous (see
[BPP, Proposition 3.2]), this proves that N g}w is uniformly continuous (actually %-Hélder
continuous), uniformly in s.
Conversely, note that by convexity, for all ¢, ¢’ € W (gw), since £, = ¢, we have
d((r), (1)) < d(£(0), £/(0)) for every ¢ > 0. Hence,

0 +o00
de, ) = [ A, 0 @) e dt + / d@), £')) e " dt
0

—00

0 +o00
< / A, ¢ @) e dr + / d((0), £'(0)) e 2" dt
0

—00

= d(NJ, (0, NS, @)).

Therefore, (N, g}w)_l is 1-Lipschitz, hence uniformly continuous, uniformly in s.

(2) Again since the footpoint map is %-Hdlder continuous, there exists a constant ¢ > 0
such that for every € € 10, 1], for all 5,5’ € R and £, £ € W (w), if d(g*¢, gs,ﬂ’) <e,
then d(£(s), £'(s")) < c €'/2. We may assume that s < s’.

b, =7
g () T

Since £ = ¢/, , by the convexity of the horoballs and by the fact that closest point maps
on non-empty closed convex subsets do not increase the distances, with p the closest point
to £/(s") on £([s, +0o0o[), we have p € £([s’, +oo[) and

s — 5| = d(£(s), £(s")) < d(L(s), p) < d(£(s), £'(s') < c €'/%.

Let us fix 7 > 0 and let us assume that s € [T, T]. By [BPP, Eq. (2.8)], we have
d(gs/’sﬁ’, ¢") <|s —s'|. By the change of variable 7 +> ¢ + s in equation (1), we have

de, g0y < Plagie, g'v).
Therefore,

d(@, E/) Ed((, gS/—SE/)_{_ci(g.ﬁ‘/—SE/7 E/) SeZT €+C€1/2.
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Conversely, forall e €10,1], T > 0, s,s’ € [T, T] and £, £’ € W+ (w), assume that
max({|s — s’|, d(¢, £")} < €. Then by similar arguments, we have

d@g't,g't) <d@t, g't) +dgt,g'g ) <X @d, )+ s —s)) <27 e

This proves assertion (2) of Lemma 2.1.

(3) Let T > 0 and s € [T, T]. By Assertion (1), by the commutativity of diagram
(6) and by the invertibility of g*, we only have to prove that g* : GX—GX is uniformly
continuous, uniformly in s € [T, T]. As already seen, for all ¢, ¢ € GX, we have
dg't, g" ') < T d(¢, ¢'), hence the result follows. O

We refer to [BPP, §7.2] for the following definitions. Let D~ = (D;);<;- be a locally
finite (in the sense that we will explain below) I"-equivariant family of non-empty proper
closed convex subsets of X and let DT = (Hj)jer+ be a locally finite I'-equivariant
family of (closed) horoballs in X. Let ~, be the equivalence relation on I* defined
by j ~4 j if and only if Hy = H; and there exists ¥ € I' such that j/ = yj. Let

_ be the similarly defined equivalence relation on /~. By locally finite, we mean
that for every compact subset K of X, the quotients sets {i € I~ : K N D; # ¥} /~_ and
{j el :KNH;# @}/ are finite.

Forall j € It ands € R, let H s be the horoball contained in H; consisting of points
at a distance at least s from the complement of H; if s > 0, and otherwise, let H; ; be the
closed (—s)-neighbourhood of H;, which is the horoball containing H; consisting of the
points that are at distance at most —s from H;.

Forevery j € I, let w; be any geodesic ray starting from the boundary of the horoball
H; and converging to the point at infinity of H}, so that HB (w;) = H;. We denote

Wi =whw), Wit =ww), Wit=wltw)),
0
N+ ij /,Lj— = /Lw+(wj), hj = hwj and ,bL]+ = MW0+(wj).
Using the homeomorphism 4 ; from WJr x R to WO+ defined by (¢, s) — g°£ and the

homeomorphism NJr W*—)B H; deﬁned by £ Z| —00), forall s € R and € € W/.+,
we thus have by equatlons (4) and (3),

m ﬂg%) =e 05 g Gy, (€ 1-000)) ds. (7

For all j € I and sp € R, since H ;j is the so-neighbourhood of Hj s, if so > 0 and
since Hj g, is the (—sp)-neighbourhood of H; if so < 0, by [BPP, Eq. (7.7)] (see also
[PaP2, Proposition 4 (iii)] in the manifold case), for every £ € W]T", we have

d Gy ()-cc0) = €7 d Gy (€70 1-0001). ®)
For every ty € R fixed, we also define
>, G and figh o= ) uf e ©)
el jel* /e, 0

Since the I'- equivariant family (H;);c;+ is locally finite and since 7o > —oo, the two
measures O'D_ and [ “D+ 1 O GX are locally finite. This is the reason why it is important
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to restrict the (weak) stable leaves W/Q+ to their upper parts Wz?),t'- These two measures
are also I'-equivariant by equations (2) and (5) (and by the I"-equivariance of the families
Di). Hence (see, for instance, [PaP$S, §2.8] for the definition of the induced measure when
I" may have torsion), they induce locally finite measures UZ‘)", and M%:’ 1o O0 F\EX .

3. Joint partial equidistribution of common perpendiculars to shrinking horoballs at a
given density

In this section, we prove, as an application of [BPP, Theorem 11.3], a joint partial
equidistribution theorem for pairs consisting of a common perpendicular between a locally
convex subset and a quotient horoball on the one hand and its image by the geodesic flow
at a large time on the other hand. This gives a generalized geometric version in negative
curvature (including variable curvature and in any dimension) of the case n = 2 of [Mar2,
Theorem 6] and [Lut, Theorem 6.1] for hyperbolic surfaces.

With the notation of §2 (at its beginning and after the proof of Lemma 2.1), under the
finiteness and mixing assumption on the Bowen—Margulis measure and the finiteness and
non-vanishing assumption on the skinning measures, the image g’ FE)Jr D; by the geodesic
flow at time ¢ > O of the image in '\GX of the outer normal bundle of D; (endowed
with its skinning measure) equidistributes as t— + oo towards the Bowen—Margulis
measure in I'\GX. For a proof, we refer to [PaP2, Theorem 1] in the manifold case
and to [BPP, Theorem 10.2 with potential 0] in general. We will take on g’ rai D;
sufficiently many images by g’ and I' of common perpendiculars from D; to H; in
order to have a constant density with respect to the skinning measure on I'\GX of the
t-neighborhood of I" D;.

Foralli € I~ and j € I'" such that the point at infinity of H; is not contained in doc D;
(or equivalently such that 9, D; N 0soH; = 1), let p; ; be the unique geodesic ray in 9 _%_ D;
such that p; j(+00) is the point at infinity of H;, and let A; ; = d(D;, H}).

THEOREM 3.1. Let X be either a proper geodesically complete R-tree or a complete simply
connected Riemannian manifold with pinched negative sectional curvature at most —1.
Let T be a non-elementary discrete group of isometries of X. Let D~ = (D;);cj- be a
locally finite T -equivariant family of non-empty proper closed convex subsets of X and let
Dt = (Hj) jer+ be a locally finite I -equivariant family of horoballs in X. Assume that
the Bowen—Margulis measure mgy on U'\GX is finite and mixing for the geodesic flow on
I\GX. Then for every ty € R, for the weak-star convergence of measures on G o X X GX,
we have

lim —ort > A, QA =5t @b .
im - llmpwll e piyi ® Bglp, 1, =0p- ®lpr
iel” fo_, jeIT/~ ,yel
doo Di N 800Hy_,- =0, A, yj<t—1o

(10)
Proof. Let us first give some notation that will be useful in this proof. For all s € R

and (i, j) in I~x I such that the closures D; and Hjs of Di and Hj; in X U 050X
have empty intersection, let A; j; =d(D;, Hjs) > 0 be the length of the common
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perpendicular from Dj to Hjs, and let o; s € GX beits parametrization: it is the unique

element of éX such that

. oel.fj’s(t) = ;0 e D;ifr <0,

° ai_,j,s(t) = ai_,j,s()\'i’j’S) € Hj ift > Ai, j, s, and

° O‘f,,/,s|10, il = Qs is the shortest geodesic arc starting from a point of D; and
ending at a point of H ;.

We have A;; =0 if D; N H; #¢ and A;; = A;jo >0 if D; N H; =¥, so that
Ai,j,s = Aij +5 when both terms A; ; and A; ; ¢ are defined and positive. Note that we
have A;yjs =4,-1; ;, for every y € I', by equivariance. When 2; j > 0, we define
(xl."”j’s = g}‘ti’sai_’j’s € EX, which is isometric exactly on [— A; j s, O].

The term on the left in equation (10) is independent of the choice of the representatives
of i and j. Let us fix (i, j) € I~ x I and let us prove that for the weak-star convergence

of measures on G4 pX x GX, we have

: - ~ 0+
lim |m e ot Z Ay @ Ayt =5} @ u .
t——+00 Impml Piyi 8 Py—1ij D; O Hj \W,%_;
yell
dooDi N 0o Hyj=10, Ai yj<t—ty
(11)

The result follows by a (locally finite) summation using equation (9).

For all v € ]0, 1] and s¢ > #p, Theorem 11.3 of [BPP] (in the case with potential 0)
applied to the locally finite I"-equivariant families (Dy;)qer and (Hgjs,)ger (see also
[PaP5, Eq. (12)] in the manifold case) gives, for the weak-star convergence of measures on

N N
GX xGX,
Srt l—er® +
lim |mpml e °" Z A~ ®A+ =——0p 0, .
t—>+00 i, vJ.50 y’li,j,so 81—~ i 750

yel, ﬁl N Hyj,jo =0
t=T<Ai yj, 5o =<t

(12)

Let us consider two compact subsets 2~ of Bi D; and Q7 of W;r with positive
measure for Egi and ,u;' respectively, whose boundaries have zero measure for Egi and
,u;r respectively. For all sg > f9 and 7 > 0, the product B = Q™ X hj(§2+ X [s0, 0 + T])
is contained in 0 Jlr D; x W;;j;..

Step 1. Let us first relate the two right-hand sides of equations (11) and (12) evaluated
on the Borel set B.

By respectively equations (7) and (8), an easy integral computation and the commuta-
tivity of the diagram (6), we have

@ @@ = [ 453, (0) dnl* @0
(0,0,8)€R™ xQF x[50,50+7]

/ d 5} (p) e " dGy (U)-c00)) ds
(0,£,5)€Q™ x Q2 x[50,50+7] J
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S0+T
= dsp (o) e ds |d Gy ((8%00)] 1-00.01)
(p,0)eQ~xQ+ ! 50 7+%0

1— 6—5[* T — e
N /( pea-xat o0 dop,(p) d on’SO((gS0£)| 1-00,01)
0,0 e~ x

| —edre

dsh(p)day (o). (13)
/(p,p’)eﬁxg“ole(QJr) 51’* D; H},SO

Step 2. Let us now relate the two index sets of the left-hand sides of equations (11) and
(12), except for the ranges of A; A, yj and A; yj, s, which will be taken care of in Step 3.

Forevery y € I,if D; N Hyj, =¥ (so that o i, and a+ i s Te defined), then

0ooDj N 000 Hyj = @ (so that p; ,,; and Py-1; j are defined) and o Vi (0) = pi,,;(0).

Conversely, since the set 27 is compact and by the local finiteness of the family
(Hj)jer,, hence of (Hjy)jer,, there exists a finite subset F of I" (depending on
i, j, 7, t),suchthatforally € I' — F and 5o > 19, if 000 D; N doo Hy,j = ¥ (so that p;
is defined) and if p; ,;(0) € 7 (27), then D; N Hy] so =¥ (sothata, visso is defined).

Step 3. Let us finally relate the two pairs of Dirac masses on the left-hand sides of
equations (11) and (12), as well as the ranges of A; ,,; and A;, ;, 5,-

If y € I' — F furthermore satisfies 4; ,; > T for some T > 0 (which excludes only
finitely many more y € I'), then the generalized geodesics p;,y; and o; Vi s coincide on
] —o00, T + s0], hence on | — oo, T + ty]. Therefore, they are at distance at most € for any
given € > 01if T is large enough (uniformly in sg and y) by equation (1).

Since X has extendible geodesics, for every y € I' such that 000 D; N 00 Hyj = @ (or
equivalently 90 D,,-1; N o Hj = 0), let ,oy 15,7 € GX be any geodesic line such that
we have ,’(\)dy—li’jl[o,+oo[ = p,-1; jl[0,400[- For t large enough, the generalized geodesics
g ﬁy—li, ; and g py-1; j» which coincide on [—f, +00cl, are arbitrarily close (uniformly in
¥) by equation (1). Hence, we may replace g'p,, -1, ; by g'p,, in the formula (11) that
we want to prove.

Note that g, -1, ; belongs to W](.H', and that g7 p,-1; ; belongs to Wj+. Since

_ll]

(R, ),
it follows from Lemma 2.1(2) that gtpy 1] is close to the subset / ; (Q.Jr X [s0, so + ]) if
and only if  — A; ,; is close to [sp, so + 7] and g iy ,oy_|l j is close to Q. In particular,
if g’ﬁy_li,j is close to hj(Q+ x [S0, so + 7]) and ¢ is large enough, then A;,; is large
enough, and A; ,,; s, is close to [t — 7, t] (uniformly in y).

Finally, the negative geodesic ray g**| N +(g)"’ vi ,B'y

gtﬁy—li,j =g

1;,7), which is close to the subset

g\N +(QJF) by Lemma 2. 1(1) and (3), coincides with the generalized geodesic oﬂill

on the whole interval | — 4; s, +00[ . Since A; s, is large (uniformly in y) when

t is large, and again by equatlon (1), this implies that the generalized geodesic lines

g NS (g7, pand ot
To conclude the proof of the convergence in Theorem 3.1, we evaluate the two

sides of formula (12) on the relatively compact Borel subset Q27 x gs0|N;“(Q+) of

are close (uniformly in y).

\Q/X X EX , whose boundary has measure zero for the limit measure. By formula (13), this
implies that formula (11) holds when evaluated on the relatively compact Borel subset
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B=Q xh j(QJr X [s0, S0 + T]), whose boundary has measure zero for the limit
measure. The result follows. O]

Let us now give a version of Theorem 3.1 in the discrete tree case. Referring to [BPP,
§2.6] for background, let X be a locally finite simplicial tree without terminal vertices,
with geometric realization X = |X|; (with edge lengths equal to 1) and with boundary at
infinity 0,0 X = 9,0 X. We denote by VX the set of vertices of X, identified with its image
in X. Let " be a non-elementary discrete subgroup of the inversion-free automorphism
group Aut(X) of X, and let ér > 0 be its critical exponent. We refer also to [BPP, §2.6]
for the definition of the space of generalized discrete geodesic lines

GX=1{eGX:00)e VX, tyec VXU X}

of X, and the definition of the discrete-time geodesic flow (g"),cz on GX, given by setting
gt Lt +n)foralll e éX,t € Randn € Z.
By taking the intersections with éX of the previously defined objects for X, we define
(see [BPP, §2.6])
e the closed subspaces GX, G+ X and G4 X of EX,
e the stable horoball HB (w), the strong stable leaf W (w), the stable leaf W (w)
and the truncated stable leaf

wetawy= () g'Wtw)
nezZ,n>ng
of w € G+ X, where ng € Z, and
e the outer/inner unit normal bundles 31D of a non-empty proper simplicial subtree D
of X.

We define similarly (see [BPP, §2.6]) the outer/inner skinning measure EH:)F on 8}_&]) and
the Bowen—Margulis measures gy on GX and mpy on I'\GX associated with any choice
of Patterson—Sullivan density (tyx)xevxX.

Given w € G, X, its stable horoball HB(w) is a subtree of X and we again denote
by NJ cWHw) —» 9t HB_ (w) the canonical homeomorphism defined in §2. We now
have a homeomorphism %, : WH(w) x Z — WO (w) defined by (¢, m) — g”¢. The
conditional measure jty0+,, of the Bowen-Margulis measure gy (for the discrete-time
geodesic flow on EX) on the stable leaf W% (w) of w is now defined, for m € Z and

¢ e WH(w), by e
dptyos () @) = e d () (0) dm, (14)

where dm is the counting measure on Z.

Let D™ = (D; );e;- and Dt = (H;‘) jer+ be locally finite I"-equivariant families of
non-empty proper simplicial subtrees of X, with H;T a horoball for every j € IT. We
consider the geometric realizations D; = |D;|; of I; and H; = |H;|; of H;. For every
ng € Z, we define the horoball H; ,, such that H; is the ng-neighbourhood of Hj ,, if
no > 0and Hj ,, is the (—ng)-neighbourhood of H; if ng < 0. For every ng € Z, as at the
end of §2, we define the measures Eg, and ﬁ%";’no on éX, and their induced measures

0{5_ and Hopt,no on I'\GX.

https://doi.org/10.1017/etds.2023.116 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2023.116

Joint partial equidistribution of Farey rays 13

+

Forallm € Zand (i, j) € I~ x I'", the elements p; ; and o} i

respectively defined

just before and just after the statement of Theorem 3.1, actually belong to GX.

Note that for many interesting lattices in Aut(X) (and this will turn out to be the case for
the application in §4.5), the time-one geodesic flow is not mixing (it is not even ergodic),
though the time-two geodesic flow is mixing on a half-subspace; see [BPP, end of §4.4]
for explanations. This explains the usefulness of assertion (2) in the next statement.

Fix a basepoint x®* € VX. Let VewenX be the subset of VX of vertices of X at even
distance from x°®. Let

\g/evenX ={le \Q/X :£(0) € VevenX} and  GevenX = éevenX Ngx.

THEOREM 3.2. Let X be a locally finite simplicial tree without terminal vertices. Let T be

a non-elementary discrete subgroup of Aut(X). Let D™ = (D; );¢s- and Dt = (]HI;!’) jer+

be locally finite I"-equivariant families of non-empty proper simplicial subtrees of X, with

Hj a horoball for every j € I™T.

(1) Assume that the Bowen—Margulis measure mgy on T'\GX endowed with the
discrete-time geodesic flow is finite and mixing. Then for every ng € Z, for the
weak-star convergence of measures on Gy oX X EX, we have

. —érn _ =t ~0+
Jim - flmp] e > Dpiy; ® Dgrp 1, =g O, .
i€l™ fu_, jEIT juy, yel
000D N BOOHV_,- =0, A, yj<n—no

(2) Assume that T preserves VeyenX. Assume that the restriction to I'\GevenX of the
Bowen—Margulis measure mpym is finite and mixing for the time-two map of the
discrete-time geodesic flow. Assume that the endpoints of every common perpen-
dicular between disjoint elements of D~ and DT belong to VeyenX. Then for every
no € Z, for the weak-star convergence of measures on G4 oX x GX, we have

. ||"1BM|| —26
rn
lim —— e E Apiy; ® Agn,

n——+00 2 vl

iel” f_, jelT /o, yel
300Dj N 300Hy_1'=@, Ai,yj<2n—2ng

=t ~0+ -

- UD_ |gevenX ® MD+’2nO |gevenX'
Proof. (1) Let us fix i € I~ and j € I, It follows from (the case with zero potential
of) [BPP, Theorem 11.9] in the same way as [BPP, Theorem 11.3] follows from [BPP,
Theorem 11.1] that for every integer mg > ng, we have

lim  [lmpml| e~°"" > Ay ® A+ =5, @5,
n—+00 i,yj y~Li, j,mg ! 7210
yell
- + — - —
D} OB o =2 A, yjomg=n

for the weak-star convergence of measures on the locally compact space GX x GX. The
proof of Theorem 3.2(1) is then similar to that of Theorem 3.1 using this equation instead
of equation (12).

(2) Letus fixi € I~ and j € I". It follows from (the case with zero potential of) now
[BPP, Theorem 11.11] (and more precisely of equation (11.28) in its proof with ¢ = 2n) in
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the same way as [BPP, Theorem 11.3] follows from [BPP, Theorem 11.1] that for every
integer mgy > ng, we have

m ~ ~_
fim Ml —2se Y A ®A =G5 ®5F;.
n—+00 2 yer Lyl y~Li, j2mg ! \gevenX J:2mo |gevenX
-rHt . =
Di mHyj,ZmO_@
i, yj2mg=2n

for the weak-star convergence of measures on the locally compact space éevenx X éevenX.
The proof of Theorem 3.2(2) is then similar to that of Theorem 3.1 using this equation
instead of equation (12). O]

In order to conclude §3, let us give equidistribution statements in the quotient by I" of
the two previous results. In order to simplify them, we assume that D is a proper non-empty
closed convex subset of X and that H is a (closed) horoball of X such that the I"-equivariant
families D~ = (y D)y cr and DT =(H )yer are locally finite. In the simplicial tree case
as above, we assume that D and H are the geometric realizations of simplicial subtrees D
and H of X.

We denote by I'p and I' 7 the stabilizers of D and H in I', respectively. For every y € I'
such that the point at infinity of y H does not belong to d, D, we define the multiplicity of
the common perpendicular from D to y H by

1
"~ Card(Tp N (yTuy~1))

ny

and we denote by p, the unique geodesic ray in 8}rD converging to the point at infinity of
y H. Note that for all« € I'p and 8 € 'y, we have

my, =mgyg and ap, = Puyp-

THEOREM 3.3

(1) Foreveryty € R, if (X, T) satisfies the assumptions of Theorem 3.1 for D* as above,

; + 0+ bl :
and if the measures o, and Wp 4, O1 I'\GX are finite and non-zero, then for the

weak-star convergence of measures on (I'\G4 0X) X (F\EX ) we have

. —8rt _ _+ 0+
tilgloo lmemll e Z my, AFpV b2y Ag’l"py =0p- ® KD+ 40 (15)
yel'p\I'/ Ty

0<d(D,yH)<t—tg
(2)  For every ng € Z, if (X, ) satisfies the assumptions of Theorem 3.2(1) for D* as
above, and if the measures ag, and ;L(l); ny O I'\GX are finite and non-zero, then
for the weak-star convergence of measures on (I'\G4 pX) X (F\éX) we have

lim ||m e drn Z m, A A =l 0+ |
,im_ lmBmll y Arp, ® Agirp, p- ® Lpt

yelp\I'/ Ty
30D N ydec H=W, d(D,y H)<n—ng

https://doi.org/10.1017/etds.2023.116 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2023.116

Joint partial equidistribution of Farey rays 15

(3)  For every ng € Z, if (X, ') satisfies the assumptions of Theorem 3.2(2) for D* as
above, and if the measures 05, and /,LOD++ 2mg O I'\GX are finite and non-zero, then

for the weak-star convergence of measures on (I'\G4 pX) x (F\EX) we have

. lmeMmll 55
lim ——— e “°1T" Z my Arp, ® Aanl"py

n——+00 2
velp\I'/TH
000D N ydoc H=W, d(D,y H)<2n—2ny

+ 0+
O_ o ® M A .
D I F\gcvch D*.2n9 ‘ Iﬂ\gcvch

(16)

Proof. The first assertion follows from Theorem 3.1 in the same way as Corollary 12.3 in
the manifold case and Theorem 12.8 in the tree case of [BPP] follows from Theorem 11.1
of [BPP]. The second and third assertions follow respectively from Theorem 3.2(1) and
(2) in the same way as Theorems 12.9 and 12.12 of [BPP] follow from Theorems 11.9 and
11.11 of [BPP]. O

Remark. Assume first in this remark that X is a (negatively curved) symmetric space, that
I" is an arithmetic lattice and that D has smooth boundary. Note that the Bowen—Margulis
measure is then the Liouville measure, and in particular is a smooth measure. For all £ € N
and f € C’f(F\TlX), we denote by || f||¢ the £th Sobolev norm of f. We identify G4 o X
and GX with T'X by uniquely extending geodesic rays and segments to geodesic lines.
Then one could prove, as in [PaP5, Theorem 15(2)] (see also [BPP, Theorem 12.7(2)]),
by replacing the above equation (12) by the difference of the evaluations at 7 = ¢ and
T =t — 1 of equation (28) of [PaP5], that there exists T’ > 0 such that we have an error
term of the form Oy, (e_“,’ ¥~ |l¢||¥T|l¢) when evaluating (before taking the limit on the
left-hand side) the two sides of equation (15) on a pair of functions vt e Cf(r‘\T1 X).

Assume now, with the notation of §4.5, that X is the geometric realization of the
Bruhat-Tits tree X,, of a (PGL,, K,) and I' = PGL»(R,) is the Nagao lattice. One could
prove a similar error term in equation (16) replacing a Sobolev regularity by a locally
constant regularity, as in remark (ii) in [BPP, p. 282] using [BPP, Proposition 15.7(2)] in
order to check the main assumption of that remark.

4. Applications to equidistribution of Farey fractions

In this section we give five examples of applications of the results of §3, by taking
arithmetic families of points (of Farey fractions type) with a given average density in
an expanding closed horosphere, and we study their equidistribution properties. As their
proofs, though having similar schemes, make reference to many different papers, and
require numerous different computations and checks, it has not been possible, if only
for the sake of the readability of this paper, to regroup them into one statement. More
corollaries of Theorem 3.3(1) may be obtained by varying a non-uniform arithmetic lattice
" in the isometry group of a negatively curved symmetric space X. In §§4.1 and 4.2, we
denote by [¢ 5] the image in PSL,(C) = SL»(C)/{+ id} of (¢ §) € SL»(C).

4.1. Standard Farey fractions and Marklof’s theorem. Let us now check that as a
corollary of Theorem 3.3(1), we obtain a new and geometric proof of the case n = 2 of
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[Mar2, Theorem 6]. We give extra details in the proof of Corollary 4.1, as it will serve as

a model for the next four examples.
Let G = PSL,(R) and let I be the modular group PSLy(Z). For all r, ¢t € R, let

1 r e 120
n(r)=|:0 1:| and CI>’=|: 0 e’/2:|’

H={n_(r):r eR},

Let

and let
'y=HNT={n_():r e€Z}

We see 'y \ H as contained in '\ G, and we endow "\ H with its H-invariant probability
measure ur,\pg. We endow R/Z with its probability Haar measure dx, so that the map
r +— n_(r) induces a measure- preserving homeomorphism R/Z — 'y \H.

For every t € R, we consider the subset F; of R /Z consisting of the (standard) Farey
fractions of height at most ¢'/?, defined by

]-}:{Emodlz p,qez,(p,q)=1,0<q5e’/2}.
q

Note that in the definition of both ® and F;, Marklof replaces ¢ by 2¢, but our convention
is more natural, considering the left-hand part of equation (20) below.

Let ® : T\G—T'\G be the Cartan involutive homeomorphism I'g > I" ‘g™!, so that
for every continuous function with compact support f : R/Z x I'\'G — R and for every
s € R, we have

/f dx ® d (O, (®7)y ury\H) = f fx,®(®%) dx dur\u ().
(. ER/Z)x(Tu\H)

COROLLARY 4.1. (Marklof [Mar2, Theorem 6]) For every ty € R, for the weak-star

convergence of measures on R/Z x I'\G, we have

+00
Z Ar @ Arn_(no! = etof dx ® d (O, (P, ury\n) € ds.

lim ———
t—+o0 Card J_'.t—t() s=Ip

reFi—y

a7

Proof. We consider in this proof X = HZ%, where Hi is the upper half-space model of
the real hyperbolic space of dimension n (with constant sectional curvature —1). We
again denote by ¢ : T'Hf,—T'HY, the antipodal map v — —v. We normalize, as we
may, the Patterson density (ity)rex of the (non-uniform arithmetic) lattice I' of the
orientation-preserving isometry group G of X to consist of probability measures. The
critical exponent of I is

S = 1. (18)

We start the proof by recalling precisely a bijection between G and the unit tangent
bundle of HHZQ. We denote by - the action of G by homographies on Hﬁ @) awHi, as well as
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its derived action on TIHI%R. We fix v® = (i, —i) € T'H2, which is the unit tangent vector
at the base point i of H%R pointing vertically down (its length is not adequate in the picture
below, but this makes the picture easier to understand).

We denote by @ : G—T'HZ, the orbital map at v®, defined by g — g - v®, which is
a G-equivariant (for the left actions) homeomorphism, and by ¢ : F\G—)F\T‘HHZQ its

quotient homeomorphism. We define S = [(1) —01]’ which is an order-two element of I.

The involution S satisfies the following remarkable properties, in the connected center-free
semisimple real Lie group G, that it anticommutes with the standard Cartan subgroup
®R = {®' : t € R} of G and that the conjugation by S is the standard Cartan involution
g ‘g lof G:

forallg € G,wehave ‘g=!=5Sg¢S™' and foralls € R, wehave S®'S~' ="
(19)

Hence, with ® defined just before the statement of Corollary 4.1, for all x € I'\G and
s € R, we have

O(x®) =0 (x)d".

The element S represents a generator of the standard Weyl group Ng(®R)/Zg(®F)
(whose order is 2). The following properties say that the action of the geodesic flow g’
on TIH]%Q corresponds to multiplication on the right by ®' in G, and that the antipodal
map on TIH]%{ corresponds to multiplication on the right by S in G:

forallt € Rand g € G, wehave g'@(g) = @(g®) and (@(g) = @(gS). (20)

By the above two centred formulas and since S € I', the homeomorphism ¢ relates the
antipodal map ¢ on F\TlHHz{{ to the Cartan involution ® on I'\G by

top =¢o0.

Let Hoo = {z € H%R : Im z > 1}, which is a (closed) horoball centred at co in ]HIHZ%. The
subgroup I'y is equal to the stabilizer I of Hoo in I'. We define

D™ =D" = (v "Hoo)yef’ (21)

which are locally finite I'-equivariant families of horoballs. The map from I' — I’y to R
defined by y = [} §] = ¥ - 00 = p/q (where we assume, as we may, that ¢ > 0) induces
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a bijection from Iy \(I' — Iy, )/ Iy, to the additive group Q/Z such that we have
d(Heo, ¥ - Hoo) = 2 In g (see the above picture). In particular, for all 7, #y € R, we have

dHoo, v - Hoo) <t —1y ifandonlyif ¢ < e!~0/2, (22)

Identifying geodesic rays in G4 o X and geodesic lines in GX with their unit tangent vector
at time 0, we have

0 Hoo = W™ (v°) = §(H),
so that, by the left equivariance of @, the orbits of the right action of H on G correspond to
the strong unstable leaves for the geodesic flow on TIHHZQ. Similarly, using equation (20),
we have
N Hoo =WH=1) =W () =FHS) and W (—v*) = FHD®S).
More precisely, using the right-hand parts of equations (19) and (20),
foralls,r e R,wehave ¢(n_(r)®*8) =0n_(r) S®*) =g’ tog(n_(r)). 23)

The endpoint map 1; 10 _}_’HOO—HR defined by p +— p4 is a I'g-equivariant home-
omorphism, such that we have 5_1(1’;_1(1’)) =n_(r) for all r € R. We denote by
Y Ty\o JFHOO—HR/Z the quotient homeomorphism, and we identify FH\31+HOO with
its image in T\T'HZ,. For every y = [ {] € T — I'yy, with p, € 31 H the geodesic ray
entering perpendicularly in y - Hoo, we have

g o) =n_(y-00) and Yu(Arp,) = Ayoomedl = Apjgmodr.  (24)

Furthermore, by [PaP4, Theorem 9.11] or [PaP5, Proposition 20(2)] with n = 2, the
skinning measure 8’;00 = L*Ef;oo is equal to twice the Riemannian volume of leFHoo,

so that
l/f*(ag,) =2dx and ((p—l)*(ag,) =2 Ur\H- (25)
By for instance [PaP4, Theorem 9.10] or [PaP5, Proposition 20(1)] with n = 2, we have
lmpmll = 47 vol(N\HE) = g

Mertens’s formula [HaW, Theorem 330] (see also [PaP3, §3] for a geometric proof)
implies that, as t— + oo,
3 _ 3,
Card ft—t() ~ ;62(1‘ 10)/2 = ;et lO.
Since no element of I pointwise fixes a non-trivial geodesic segment of H]%Q, for every
y € I' such that d(Heo, ¥ - Hoo) > 0, we have
my, = 1.

For every o € R, let us consider the truncation ®=% = {®’ : ¢ > 1y} of the Cartan
subgroup ®F. For all t € R and y € I' — I'yy, by the two left-hand parts of equations
(20) and (24), we have

(@™ Dx(Argip,) = Arn_(yc00)0- (26)
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By equation (23), the homeomorphism ¢~

Fwit(—vh) = {J Tl = (J Tg' W (-vt) = [ Tgw ™"

s> §=>10 s>10

maps the truncated stable leaf

to the truncated orbit I'H(®=©)~!S in '\G of the lower triangular subgroup of G.
Furthermore, by the left-hand part of equation (19) and since S € I" for the first equality,
by equation (23) for the third equality, by equations (7) and (18) for the fourth equality, and
since Loy, = o5 and by the right-hand part of equation (25) for the last equality, for all
s, r € R with s > 9, we have
d(@ ™Dy NOT_(ND™*) = d((p™ Nalu NTn_(ND’S)
= dug. ,, TPn-(N®T8)) = duy, (Tg't G(n—(r)) = e *dop, (TL §n—(r)) ds
=e (¢ Dy tu dop,(Cn_(r)) ds =2 dur,\u(Tn_(r)) e”* ds.

Therefore, by the left-hand part of equation (25), for all x e R/Z, y € 'y\H and s > 1y,
we have

d(@ x ¢ (o @ uPh N, O @) =4 dx dur,\u(y) e *ds. (27

By the linearity of the pushforward of measures and by equation (22), the left-hand part of
equation (24), and equation (26), as t— + oo, we have

W x w—l)*<||mBM|| e ! > my Arp, ® Agrr,,y)

Y € Do\ o)
0<d(Hoo,y Hoo)< t—to

472 B
g T e ! Z Ar ® AFn,(r)CDf
re}-t—ro
_ 1
~d 0 T Z Ar ® Arn_(ryor- (28)
—Io

Since the product map ¥ X ¢ lisa homeomorphism from (I'W ™~ (v°®)) x (I' W,gJ“(—v'))
to (R/Z) x (TH(®Z")~1), its pushforward map on measures is continuous for the
weak-star convergence. Hence, Corollary 4.1 follows from equations (27) and (28) by
Theorem 3.3(1) applied to the families D¥ defined in equation (21). O

Remarks

(1) Using the final Remark of §3 and an approximation by linear combinations of
functions with separate variables, one could prove that there exist T’ > 0 and
¢ € N such that for every ¥ € Cf (R/Z x T'\G), we have an error term of the form
Oy, (e”‘/t [I¥]l¢) when evaluating (before taking the limit on the left-hand side) the
two sides of equation (17) on the function V. See also [Mar3] when n = 2 and [Li]
when n > 3 for an effective version of Marklof’s result.

(2) A version of Corollary 4.1 with congruences is possible. Let N € N — {0}, and let
['o[N] be the Hecke congruence subgroup of level N of I', preimage of the upper
triangular subgroup by the morphism of reduction modulo N of the coefficients.
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Up to replacing F; by {p/q € F; : ¢ = 0mod N}, to replacing I" by I'g[N] and to
replacing ®, by an averaging operator over cosets of ['g[N] in I" (coming from the
fact that the lattice I'o[/N] is no longer invariant under the Cartan involution g >
t¢~1), one could obtain as in [Marl, Theorem 2(B)] a joint partial equidistribution
of Farey fractions with a congruence assumption on their denominator and with an
error term. See also [Hee].

4.2. Equidistribution of complex Farey fractions at a given density. Let K be an
imaginary quadratic number field, with discriminant D, ring of integers Ok, finite group
of unit integers OIX< (which is equal to {1} unless Dx = —4, —3), and Dedekind’s zeta
function ¢k .

Let G = PSL,(C) and let I' be the Bianchi group PSLy(Ok). Forallr € Cand ¢t € R,
we consider the elements of G defined by

1 r e~ 0
n_(r):|:0 1i| and <I>t:|: 0 e’/2i|'

Let H = {n_(r) : r € C}. We denote by

e—i0/2 0
M={|: 0 ei9/2:|:0€]R}

the compact factor of the centralizer of the standard Cartan subgroup ®* = {®’ : t € R}
of G, which normalizes H. Note that both I" and M are invariant under the standard Cartan
involution g — ‘g~ !. Let

Ty =Ng(H)NT = (HM)NT

a b a 0 1 a
Al - 2 o ve)

which is a semidirect product (M N I")x (H N I'). The discrete group Iy admits a properly
discontinuously action % on the left on H so that H N T acts firstly by translations and
M N T secondly by conjugation: for alla € O, b € Ok and r € C, we have

O e R 1) S I

We see, as we may, 'y \ H contained in I'\G/M (as the image ("' " H)\H/(M NT) of
H in the set of double cosets). We endow 'y \ H with the induced measure ur,\gy of
a Haar measure on H by the branched cover H—TI"y\ H, normalized to be a probability
measure, which we also see as a probability measure on I'\G/M (with support 'y \ H).
We denote by O’K the semidirect product O; x Ok, which acts on the left, with kernel of
order two, on C by ((a, b), r) a®r + ab. Note that for every t € R, by equation (29) and
since @' centralizes M, the double class 'n_ (r)®’ M is well defined for every equivalence
class r € O \C. We endow the quotient space O} \C with the induced measure dx of the
Lebesgue measure on C by the branched cover C— O% \C, normalized to be a probability
measure.
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For every ¢ € R, we consider the subset F; of O% \C consisting of the complex Farey
fractions of height at most ¢'/?, defined by

Fr = /K\{gi p,q € Ok, pOx +qO0k = Ok, 0 < |q] Set/z}-

Note that the above set of fractions p/qg is indeed invariant under O .
Let ® : T\G/M—T\G/M be the Cartan involutive homeomorphism defined by
I'gM— T'g7Mm.

COROLLARY 4.2. For every ty € R, for the weak-star convergence of probability mea-
sures on (O \C) x ('\G /M), we have

1

lim —— A A
t—+o0 Card F;_, r® Arn_ o

}”E‘thfo

+00
=2 f (dx) ® (O (D) pry\1) € ds.
s

S=toy

This statement implies Corollary 1.2 when Dg # —4, —3, since then we have
O \C=0k\C=C/Ok and Ty = HNT. As a remark similar to the remarks at the
end of §4.1, one could obtain an error term under an additional regularity assumption, and
a joint partial equidistribution result for complex Farey fractions with their denominator
congruent to 0 modulo any fixed element N in Zx — {0}.

Proof. We mostly indicate the differences with the proof of Corollary 4.1. We now
consider X = Hi with coordinates (z, u) € Cx ]0, +oo[. The critical exponent of the
(non-uniform arithmetic) lattice I' of the orientation-preserving isometry group G of X
is now

or =2.

We denote by - the action of G by homographies on BOOH% = C U {o0}, by isometries
on H% through the Poincaré extension, and by the derived action on TI]HI%R. We now
fix the unit tangent vector v® = ((0, 1), (0, —1)) € TIIH%. The stabilizer of v® in G is
equal to M and is hence centralized by ®X. The orbital map & : g > g - v® now defines a
homeomorphism ¢ : I'\G/M—T'\T 'H3,. The order-two element § = [9 '] still belongs
to I". It normalizes M and ®&, and formulae (19) and (20) are still satisfied.

Now let Hoo = {(z, u) € H% cu > 1}. With @20 = {®' : ¢ > 1y}, we again have

0 Hoo =W () =(H) and W (—v*) = | ] 80! Hoo = F(H(@Z)7'S).
§=>10

(30)

The subgroup I'y is again equal to the stabilizer I  of the horoball H, in I'. We again
consider the locally finite I'-equivariant families of horoballs

Dt =D = (¥ - Hoo)yer-

https://doi.org/10.1017/etds.2023.116 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2023.116

22 J. Parkkonen and F. Paulin

The map y = [f; f] — y - 00 = p/q now induces, for every ¢ € R, a bijection from the
set {[y] € Py \N(I' =Py )/ TPy, : d(Hoo, v - Hoo) < t} to F;. With p,, the element of
8_1&[00 whose point at infinity is y - 0o, the endpoint map v : 9 }F’Hoo—ﬂC now induces a
homeomorphism ¥ : FH\8}F’HOO—>O’K \C, such that

lﬁ*(Apr) - AO’Kyoo

Let us compute the total mass of the induced Lebesgue measure d LebO’K\(C on O \C,
yielding dx after renormalization to a probability measure. Since the branched cover
O \C— 0% \Cis (|Og|/2)-sheeted outside the singular part and since Ok is generated
as a Z-lattice of C by 1 and (Dg + i~/]Dk])/2, we have

2 VIDk|
d Lebyy = —— ||d Leb, = .
l o.cll GH I ox\cll GH
Again by [PaP4, Theorem 9.11] or [PaP5, Proposition 20(2)], now with n = 3, we have
4 Dkl _ 4 Dkl
Yulop ) =4dLebo \c = — —dx and (¢ (o) = — = dur,m-
Ok Ok

Again by [PaP4, Theorem 9.10] or [PaP5, Proposition 20(1)], now with n = 3 and with
Humbert’s volume formula (see, for instance, [EGM, §§8.8 and 9.6]), we have

4
lmpwm|l = 4 Vol(S?) Vol(I'\H3,) = — 1Dk P2 ¢k (2).

Mertens’s formula for the quadratic imaginary number fields (see also [PaP3, Theorem
3.1]) gives, using the action of k € Og on (p, q) € Ox x Ok by horizontal shears
k-(p,q) = (p+kq),ast— + oo,

Card .F[_[O
2
|0k |

~

Card<(91<\{£ : p.q € Ok, pOk +qO0k = 0,0 < |gq| < e<’lo>/2}>
q

2
= WCard«?K\{(p, q) € Ok x Ok : pOk +qOg = Ok, 0 < |g|* < '~}
K

2n 2t —2to

T 052 tk @Dk

Since Ok has finite index in O, there are only finitely many elliptic elements in " up to
conjugation by I' N H whose fixed point set contains co as a point at infinity. There are
only finitely many I’y -orbits of images of Hoo by I' meeting Hoo. Hence, there exists
a finite subset F* of the set of double cosets Iy \I'/ T}y, such that for every element
[yl e Py \I'/ Dy, — F, we have

dHoo, ¥ - Hoo) >0 and m, = 1.
We have, similarly to equation (26), forall y e I' — I}y, and t € R,

(‘pil)*(AFg‘pV) = AFn_(y~o<>)<1>‘M
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and, forall y € 'y\H and s € R with s > 1y,

d((¢™De(ups MO @7°) = llop. || dpry\ (v) € ds

4 V/|Dk]| _

= ————dur,\u(y) e > ds.
|0k |

The end of the proof of Corollary 4.2 now proceeds like that of Corollary 4.1. [

4.3. Equidistribution of Heisenberg Farey fractions at a given density. Let K, Dk, Ok,
O, Lk be as at the beginning of §4.2. Let tr and n be the (absolute) trace and norm of K.
We denote by (a, «, c) the ideal of Ok generated by a, «, ¢ € Ok.

Let g be the non-degenerate Hermitian form —z9z2 — 2220 + |z1 |2 of signature (1, 2) on
C3 with coordinates (zg, z1, z2). Let G = PSU, = SU, /(U3 id) be the projective special
unitary group of g, where SU, = {g € GL3(C) : g o g =¢q, det g =1} and Us is the
group of cube roots of unity. Let I" be the image of SU, N SL3(Ok) in G, which is a
(non-uniform) arithmetic lattice in G, called the (projective special) Picard modular group

of K.
ay b ay b
Denoting by [aAﬂ] the image in G of (aAﬂ> € SU,, let
csd cd8d
1 w wy
H={n_(wp,w)=10 1 w :wo,weC,ZRewo=|w|2,
0 0 1
e’ 00 ¢ 0 0
f=1o'=| 0 1 0|:reR} andM=1{|0 Z° 0|:¢€C, |¢|=1
0 0 ¢ 0 0 ¢

Note that H, ®® and M are Lie subgroups of G, that M is the compact factor of the
centralizer in G of the standard Cartan subgroup ®® of G, and that the subgroup M ®X
normalizes the Heisenberg group H. The groups I' and M are invariant under the standard
Cartan involution

g g,
where *g is the image in G of the transpose-conjugate matrix of any matrix in SU,
representing g.
Let

U UV uUvg
gy =NgH)NT =MH)NT={]|0 u* u*v
0 O u

ueOg, v,v € Og
tr(vo) = n(v)

i

which admits a properly discontinuously action x on the left on H by

U Uv  uvg 1 w wo 1 u3(ﬁ +v) wo+ v+ wv
0 w2 @Wo|*x|0 1 wl=]0 1 Dw+v) |, @D
0 O u 0 0 1 0 1
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where H N T acts firstly by left translations and M N " secondly by conjugations on H.
The inclusion map H— G induces an identification between the quotient I'7\ H and the
image of H in '\G/M. We endow I'y\ H with the induced measure ur,\g of a Haar
measure on H, by the branched cover H—I"y\ H, normalized to be a probability measure,
which we also see as a probability measure on I'\G /M (with support I'y\ H).

For every ¢t € R, we consider the subset F; of I'y\ H consisting of the Heisenberg Farey
fractions of height at most e', defined by

a o a,a,c €Ok, (a,a,c) = 0Ok,

_ . 2
f;—FH\{n_<Z, c)' t2(a 8 = n(a), 0<n()<e t}.

Note that the above set of elements n_(a/c, a/c) is indeed invariant under I" 7, by equation
(31). Let ® : '\G/M—T\G/M be the Cartan involutive homeomorphism defined by
IgM— T *¢g~ M.

COROLLARY 4.3. For every ty € R, for the weak-star convergence of probability mea-
sures on ('g\H) x ('\G/M), we have
1

lim ——— Ar®A
t—+o0 Card J_'.t—to d rrotm

reFi—y

+00
=4 [ Gy © @ @) ) € ds,
s=Io
As a remark similar to the remarks at the end of §4.1, one could obtain an error term
under an additional regularity assumption, and a joint partial equidistribution result for
Heisenberg Farey points n_(a/c, @/c) modulo 'y with their denominators ¢ congruent to
0 modulo any fixed element N in Og — {0}.

Proof. We mostly indicate the differences with the proof of Corollary 4.1. We refer to
[Gol] as well as [PaP1, §6.1], [PaP6, §3] for background on complex hyperbolic geometry.
We follow the conventions of the latter reference concerning the normalization of the
sectional curvature and the choice of the Hermitian form with signature (1, 2).

We now consider X = Hé the Siegel domain model of the complex hyperbolic plane,
that is, the complex manifold

{(wg, w) € C?: 2Re wy — |w|* > 0},

endowed with the Riemannian metric
1
(2 Re wo — |w|

dsﬁHIz = 2)2((dwo—dw W) (dwo — w dw) + (2 Re wo — |w|?) dw dw ).
(32)

This metric is normalized so that its sectional curvatures are in [—4, —1]. The boundary at
infinity of HZ is

oo HE = {(wo, w) € C*: 2 Re wo — |w|* = 0} U {oo}.

Using homogeneous coordinates, we identify Hé U BOOH%: with its image in P?(C) by the
map (wg, w) — [wo : w : 1] and oo +— [1: 0: 0]. We denote by - the projective action
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of G on Hé U 80011-]1%, as well as its derived action on TI]HI?C. The holomorphic isometry
group of H%: is G (acting projectively on P?(C)).

The critical exponent of the (non-uniform arithmetic) lattice I' of G is now (see, for
instance, [CI, §6])

5 = 4.

We now fix v* = ((1, 0), (=2, 0)) € TIH%:, which is indeed a unit tangent vector with
footpoint x* = (1, 0) by equation (32). The stabilizer of v® in G is equal to M and hence
is centralized by ®R. The orbital map ¢ : g — g - v* now defines a homeomorphism
¢ : T\G/M—T\T'H2.

For every ¢ € R, the element ®' acts on Hé by the map (wo, w) — (e~ > wp, e w).
The geodesic line £ in H% such that £(0) = x*® and £/ (0) = v® is t — (e~27,0). Hence,
gt =0(t) = (—2e7 2", 0) = dp® (v*) = ' - v°. Therefore, by equivariance,

forallt e Rand g € G, wehave g'@(g) = @(gd).

00—1
The order-two element S = |: ? (1) 8] € I" acts by the map (wq, w) — (1/wo, —w/wg)

on Hé. It thus fixes the point x* = (1, 0) and acts by — id on TX-H%:. In particular, it maps
v® to —v°®. By equivariance,

forall g € G, wehave (@(g) = ¢(gS).
The element S centralizes M and normalizes ®X ; more precisely,
forallt € R, we have S®'S™' = &7,

Since S is the projective image of the matrix of the Hermitian form g = —zoz2 — 2220 +
z1]%, we have *g S g = S for every g € G, hence

forallg € G, wehave *g~'=5gs".

Forall x € I'\G and s € R, we again have ®(x®*) = O(x)®* andtop = ¢ 0 ©.
The (closed) horoball in Hé centred at co whose boundary 9, contains x* is

Heoo = {(wo, w) € HE: : 2 Re wy — |w|* > 2}.

The Heisenberg group H acts simply transitively on 3, and on 3}, which contains
=+v°®. Thus again with ®=0 = {®’ : t > 1y}, equation (30) is still satisfied. By for instance
[PaP6, p. 90], the stabilizer I3y in I' of the horoball H, as well as that of 8j1EHOO, is
equal to I'y. The I'-equivariant families of horoballs

D™ =Dt = (y - Hoo)ye[‘

are again locally finite, since oo is a bounded parabolic fixed point of I".
For every y € I' having a representative (whose choice does not change the following

claims) in SU,; with first column <§> € M3,1(Ok),wehave y ¢ Iy ifand only if ¢ # 0
(see, for instance, [PaP1, Eq. (42)]) and then,
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(1) since oo = [1 : 0 : 0], the point at infinity y - co is equal to (a/c, a/c);
(i) since H acts simply transitively on BOOH%: — {00}, there exists a unique r,, € H such
thatr, -0 =y - 00, and we have r, = n_(a/c, a/c);
(iii)) by [PaP1, Lemma 6.3], we have d(Hoo, ¥ - Hoo) = In [c] = % In(n(c)).
Therefore, by [PaP1, Proposition 6.5(2)] with Z = O, the map y +— r, induces, for all
t,to € R, a bijection from {[y] € Py \(I' = Py )/ TPy, : d(Hoo, v - Hoo) <t — o} tO
Fi—ty-

Again using the simple transitivity of the action of H on dlHs, we have a
I'y-equivariant homeomorphism 1; : 8}_7—[00—>H which associates to v € ajr”H,oo the
unique element 1;(1)) € H such that J(v) - (v®) = .

Forevery y € I' — Iy, with p,, the element of 817—[00 whose point at infinity is y - 0o,
the map IZ induces a homeomorphism ¢ : 'y \d }F’HOO—>F g\ H such that

Vi(Arp,) = Aryr, -

In the remainder of the proof of Corollary 4.3, we use the same normalization of the
Patterson—Sullivan measures (i) veH2 as in [PaP6, §4]. We denote by

5 — 1 ifx=y
Y710 otherwise
the Kronecker symbol.
LEMMA 4.4. We have

(1 +268pg.—3) [Dk|
410kl

lofell =

Proof. By [PaP6, Lemma 12(iv)] with n = 2, we have ||02:)Fi | =8 Vol(Iy, \Hoo), where
Vol is the Riemannian volume. Denoting as in [PaP6, §3], for every s € R,

Hs = {(wp, w) € ]H[%C :2Re wy — |w|2 > s},

we have Hoo = H> and the horoballs H, all have the same stabilizer I, = Iy fors € R.
By the comment following [PaP6, Eq. (11)], we have Vol(I'y, \Hso) = % Vol(Ty, \H1).
The result then follows from [PaP6, Lemma 16] which says that

(1 +25py,—3) |Dk| O
8105 '
Since we normalized i\ p to be a probability measure, it follows from Lemma 4.4
that forx € 'y \H,

Vol (T, \H1) =

(I +268pg,—3) | Dkl

) — (o1 (T ) —
W*(UD—)—((/) )*(O—D*)_ 4|O[>é|

MTy\H -
By [PaP6, Lemma 12(iii)] with n = 2 and by the Holzapfel-Stover volume formula (see
[PaP6, Lemma 17] for the appropriate normalization of the volume form), we have

n? 7 (14238p,-3) IDk>? ¢tk (3)
lmemll = =~ Vol(M) = % :03) _
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By [PaP6, Eq. (21)] and the comment following it, the index of H NI in 'y is equal
to |O%|/(1 + 2 8py,—3). The map from

{(aaa’C)GOKXOKXOK: <a’a’c)=0K }

tr(ac) =n(a),c #0

to H defined by (a, o, ¢) — n_(a/c, a/c) is |(’)Ix(|—t0—one onto its image. Hence, using the
(lifted linear) action of n_(wg, w) € H N T on (a, a, c) € Og x Og x Ok defined by

n_(wo,w)- (@ a,c)=@+wa+wyc,x+wc,c),

by [PaP6, Theorem 4], for every ty € R, we have, as t— + oo,

Card F;—;, = %
K
(a,a,c) = Ok
x Card|(HND)\3(a, @, c) €0 x Og xOkg :  tr(ac) =n(a)
0 <n(c) < e?!20
301428009 ¢B) armay

" 27 |03 Dkl ¢k ()

Since H N T has finite index in I'y = Iy and acts freely on 0H, there are only
finitely many elliptic elements in I" up to conjugation by I' N H whose fixed point set
contains 0o = [1 : 0 : 0] as a point at infinity. There are only finitely many I} -orbits of
images of Ho by I meeting Hoo. Hence, there again exists a finite subset F' of the set of
double cosets Iy, \I'/ Iy, such that for every [y ] € Iy \I'/ Iy, — F, we have

dHoo, ¥ - Hoo) >0 and my, = 1.
We have similarly, forall y e I' — Iy and t € R,
(@ Ds(Argp,) = Arp, o
and by Lemma 4.4, forall y € 'y \H and s € R with s > 1y,
d(@™ By DO 7)) = llop, || duryu(y) e ds

_ (1 +26pg,—3) | Dk|
4101

duru(y) et ds.
The end of the proof of Corollary 4.3 now proceeds like that of Corollary 4.1. O

4.4. Equidistribution of quaternionic Heisenberg Farey fractions at a given density.
In this section we write H for Hamilton’s quaternion algebra over R, with x — X its
conjugation, n : x > xX its reduced norm, tr : x — x + X its reduced trace. Let A be
a definite (A ®g R = H) quaternion algebra over Q, with discriminant D4. Let O be
a maximal order in A, with O its finite group of invertible elements. We denote by
ola, a, c) the left ideal of O generated by a, «, ¢ € O. See [Vig] for definitions.
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Let g be the non-degenerate quaternionic Hermitian form of Witt signature (1, 2) on the
right vector space H> over H with coordinates (zo, z1, z2) defined by
qg = —tr(zo 22) + n(z1).

With U, = {g € GL3(H) : g 0 g = g}, let G = PU, = U, /{£ id} be the projective uni-
tary group of g. Let I be the image of U; N GL3(O) in G, which is a (non-uniform)
arithmetic lattice in G.

ay ayb
Denoting by |« A g | the image in G of (oz A ﬂ) € Uy, let
csd csd

1 w wy
H=3in_(wop,w)=(0 1 w |:wp,weH, tr(wy) =n(w);,
0 0 1
e 0 0
PR={o'=| 0 1 0|:teR},
0 0 ¢
M= mu,U)=

S O =

0 0
U 0]|:u,UeH, n(u)=nU) =1
0 u

Since R is central in H, the subgroup M is the compact factor of the centralizer in G of the
standard Cartan subgroup ®® of G, and the subgroup M ®R normalizes the quaternionic
Heisenberg group H, since

m(u, U) n_(wg, w) m(u, U)_1 =n_(uwou,Uwu).

Since O is invariant under conjugation in H, the groups I and M are invariant under the
standard Cartan involution

g g7,
where *g is the image in G of the transpose-conjugate matrix of any matrix in U,
representing g.
Let
U uv  uvg %
Iy =Ne(H)NT =MH) AT =10 v vv|: “WUEO > BweO
tr(vo) = n(v)
0 O u
which admits a properly discontinuously action + on the left on H by (noting the lack of
commutativity)
uouv  uv 1 w wo 1 u+v)U u(vg+ wo+ vw)u
0O U Uv|x|0 1 w|=]0 1 Uw +v)u
0 0 u 0 0 1 0 0

(33)
1
The inclusion map H— G again induces an identification between the quotient I'; \ H and

the image of H in I'\G/M. We again endow I'y\ H with the induced measure pr,\ g
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of a Haar measure on H, normalized to be a probability measure, that we also see as a
probability measure on I'\G /M (with support 'y \ H).

For every t € R, we consider the subset F; of I'y\ H consisting of the quaternionic
Heisenberg Farey fractions of height at most €', defined by

a,a,c €0, pla,a,c)=0,

Fir=Th\ {n(a chach: tr(@c) = n(a)

0 <n(c) < 62’}.
Note that the above set of elements n_(a ¢!, @ ¢~') is indeed invariant under Tz,
by equation (33). Let ® : '\G/M—T'\G/M be the Cartan involutive homeomorphism
defined by TgM + T *g~ 1 M.

COROLLARY 4.5. For every ty € R, for the weak-star convergence of probability mea-
sures on (I'y\H) x ('\G/M), we have

1

li _ A A
[_)1?00 Card F,_,, r @ Ary oty

re‘thtO

+o0
= 100" / (r\H) ® (O (@) purm) € 0% ds.
S=to
As a remark similar to the remarks at the end of §4.1, one could obtain an error
term under an additional smoothness assumption, and a joint partial equidistribution
result for quaternionic Heisenberg Farey points n_(a ¢!, @ ¢™') modulo I'y with their
denominators ¢ congruent to 0 modulo any fixed element N in Z — {0}.

Proof. We mostly indicate the differences with the proof of Corollary 4.3. We refer
to [KiP, Mos, Phi] as well as [PaP8, §3] for background on quaternionic hyperbolic
geometry. We follow the conventions of the latter reference concerning the normalization
of the sectional curvature and the choice of the quaternionic Hermitian form with Witt
signature (1, 2).

We now consider X = HH%I the Siegel domain model of the quaternionic hyperbolic
plane, that is, the quaternionic manifold

{(wo, w) € H? : tr(wp) — n(w) > 0},
endowed with the Riemannian metric

1
ds?, = ——  _(n(dwo —
TH (trwg — n(w))? (@(dwo

This metric is again normalized so that its sectional curvatures are in [—4, —1]. The
boundary at infinity of HI2HI is

dw w) + (tr(wp) — n(w)) n(dw)).  (34)

BOOHI2HI = {(wo, w) € H? : tr(wp) — n(w) = 0} U {c0}.

Using right-homogeneous coordinates, we identify Hﬂz_]I U ZJOOHHZ_]I with its image in the right
projective plane IP’E(H) over H by the map (wg, w) — [wp : w: 1] and co +— [1:0:0].
We denote by - the left projective action of G on H%HI U 3ooH]1241, as well as its derived action
on T1H12H1'
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The critical exponent of the (non-uniform arithmetic) lattice I' of G is now (see, for
instance, [CI, Theorem 4.4(i)])

or = 10.

We again fix v* = ((1, 0), (—2,0)) € T'H? , which is indeed a unit tangent vector with
footpoint x* = (1, 0) by equation (34). The stabilizer of v*® in G is again equal to M and
is hence centralized by ®&. The G-equivariant orbital map & : g — g - v® now defines a
homeomorphism ¢ : F\G/M—)F\TIH]%I.

For every t € R, the element ®' acts on HI%I by the map (wg, w) — (e_ztwo, e~ 'w).
The geodesic line ¢ in H%H such that £(0) = x* and £/(0) = v® ist — (e~2!, 0). Hence, as
in the complex case (see the proof of Corollary 4.3),

forallt € R,and g € G, we have g'G(g) = ¢(g®").

00—-1{ . . . .
The order-two element S = [ ? (1) 8j| still belongs to I, it centralizes M and normalizes

®R | and it acts by the map (wg, w) — (wo_l, —w wo_l) on H%I' Since S is the projective
image of the matrix of the quaternionic Hermitian form g = —tr(zp z2) + n(z1),

forallg € G, wehave *g~ ' =Sg5 !
As in the complex case, forall g € G, € Rand x € '\G/M, we have
LP(g) =3(gs), SP'S' =07, lop=¢o® and OxP)=0Ox)>".
The (closed) horoball in HH%1 centred at co whose boundary 9, contains x*° is
Hoo = {(wo, w) € HJ%I s tr(wp) —n(w) > 2}

The quaternionic Heisenberg group H again acts simply transitively on 0Hso, and on
81 Hoo which contains +v*. Thus again with ®=0 = {®' : ¢ > ¢}, equation (30) is still
satisfied. By for instance the end of §3 in [PaP8], the stabilizer I’y in I" of the horoball
H oo, as well as that of 81_[;’-[00, is equal to I'y. The I'-equivariant families of horoballs

Dt =D = (v - Hoo)yeI‘
are again locally finite, since oo is again a bounded parabolic fixed point of T".

For every y € I' having a representative in U, with first column (é:z) € M31(0), we

have y ¢ Iy if and only if ¢ # 0 (see, for instance, [KiP], [PaP8, Eq. (3.3)]) and then
(i) since oo = [1: 0 : 0], the point at infinity y - 0o is equal to (a ¢!, « c b,

(i) since H acts simply transitively on BOOH% — {00}, there exists a unique r, € H such
thatr, -0 =y - 00, and we have r, =n_(a cHa c_l);

(i)  with Hy = {(wg, w) € H]%H :tr(wo) —n(w) = s} fors > 0, by [PaP8, Lemma 6.5]
where we take s = 2 so that Hy = Heo, We have d(Hoo, ¥ - Hoo) = % In(n(c)).

Therefore, by [PaP8, Proposition 4.2(ii)] with m = O, the map y +> r,, induces, for all

t, 10 € R, a bijection from {[y] € Dy \N(I' — Dy )/ Ty, : d(Hoo, ¥ - Hoo) <t — 1o} tO

Fr—ty-
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As in the complex case, we have homeomorphisms ¢ : 'y \d Jlr’;’-[oo—> 'y \ H such that

‘/f*(Apr) = Al"yry .

In the remainder of the proof of Corollary 4.5, we use the same normalization of the
Patterson—Sullivan measures (i), cH, as in [PaP8, §7].

LEMMA 4.6. We have
2
D4

Flle_— A
o541 = oo

Proof. By [PaP8, Lemma 7.2(iv)] with n = 2, we have ||afgi|| = 80 Vol(I’y  \Hoo),
where Vol is the Riemannian volume. By [PaP8, Lemma 7.1] and the arguments in its
proofs, and by [PaP8, Eq. (8.4)] for the last equality, we have
1 11 1
Vol(Py \Hoo) = T Vol(Fy, \0Hoo) = 0% Vol(Iy, \0H 1)) = > Vol(Fy, \H1)
1 Dj
25160 |O%2°
The result follows. O

Since we normalized i\ g to be a probability measure, it follows from Lemma 4.6
that forx € 'y \H,
2

A
64 |O% |2
Let my =24 if D4 is even, and m4 = 1 otherwise. By respectively Lemma 7.2(iii)

with n = 2 and Theorem 1.4 in [PaP8], we have, with p ranging over primes,

4 8

T T MA
lmemll = 18 Vol(M) = W 36.52.7

Va0 ) = (9" Dulof) = T \H -

[T @-v@*+ne* -D.

p|Dy
By the definition of 'y, the index of H N T in 'y is now equal to |©*|?/2. The map

from

{(a,ot,c)e(’)onO: ola,a,c) =0 }

tr(ac) =n(a),c#0

to H given by (a, o, c) — n_(a ¢ a el is |©*|-to-one onto its image. Hence, using

the (lifted linear) action of n_(wg, w) € H NI on (a, o, ¢) € O x O x O defined by
n_(wo,w) (@ a,c)=@+wa+wyc,x+wc,c),

by [PaP8, Theorem 1.1], for every 79 € R, we have, as r— + oo,

) ola,a,c) =0

Card Fi—yy = ——— Card|(H N )\ { (@, a, ©) eOxOx0: tr(ac) =n(w)
|O | 0 < Il(C) < eZl*ZZO
24.36.5.7 D%

~ 10[—10[0'
w8 ma |OX1* T1, p,(p = D(P?* + D(p? = 1)
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As in the complex case, there exists a finite subset F' of Iy \I'/ Iy such that for
every [y] € Py \I'/ Py, — F, we have

d(Hoor ¥+ Hoo) > 0.my =1, (9™ )u(Argrp,) = Ary,0im
and by Lemma 4.6, forall y € 'y \ H and s € R with s > 1y,

d((¢™ (e NO 7)) = llop. || dur,\u(v) 0% ds
2
D3
64 0% |2
The end of the proof of Corollary 4.5 now proceeds like that of Corollary 4.3. O

dpr, () e 1% ds.

4.5. Egquidistribution of non-archimedean Farey fractions at a given density. In this
section we give an arithmetic application of Theorem 3.3(3), proving a joint partial
equidistribution result for non-archimedean arithmetic points with given density on an
expanding horosphere in the quotient of a regular tree by a non-uniform arithmetic lattice.

We refer to [Gos, Ros] for the notions and complements below, as well as to [BPP,
§14.2] whose notation we will follow. Let K be a (global) function field of genus g over a
finite field IF; of order a positive prime power ¢, let v be a (normalized discrete) valuation
of K, let K, be the associated completion of K, let O, = {x € K, : v(x) > 0} be its
valuation ring, let 7, € K with v(;,) = 1 be a uniformizer of v, let g, be the order of the
residual field O, /7, Oy, let | - |, = gy () be the absolute value associated with v, and let
R, be the affine function ring associated with v. The simplest example, used in Corollary
1.3, is given by the field K = IF, (Y) of rational fractions over I, with one indeterminate Y,
g=0,v=vx: 5 > deg O — deg P forevery P, Q € [F,[Y] with Q # 0 the valuation
atinfinity, K, = Fq((Y_l)), the local ring O, = ]Fq[[Y_l]] of formal power series in Y1
m,=Y"1,q,=¢q,and R, = F,[Y].

Let G be the locally compact group PGL,(K,) = GL2(K,)/(K, id). We denote by
[¢ %] the image in G of (¢ %) € GLy(K,). Let I' = PGLy(R,) be the Nagao lattice in G
(see, for instance, [Wei]). We consider the subgroups of G defined by

H:{n_(r)=|:(1) ’i]:reKU},QDZz{d)":[é nqn}:nez},

and M = {[}°]: u € Ky, lul, = 1}. Note that M centralizes the standard Cartan sub-
group ®Z, that the diagonal subgroup M ®Z normalizes H, and that both I and M are

invariant under the standard Cartan involution g — g~ 1.

Let

Ty =NgH)NT = (HM)NT = [(1) z]:deR;,beRv},

which admits a properly discontinuously action x on the left on H by

r+b

[1 b]*[l r:|_l y
04”0 1] |y ¢
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The inclusion map H— G again induces an identification between the quotient I'z \ H and
the image of H in I'\G/M. We again endow I'y\ H with the induced measure pr,\ g
of a Haar measure on H, normalized to be a probability measure, which we also see as a
probability measure on I'\G/M (with support 'y \ H).

For every n € Z, we consider the subset F,, of 'y \ H consisting of the Farey fractions
of height at most q;} with respect to v, defined by

a a,ce Ry, aRy+cR, =R,
Fn=T -1-): .
" ”\{“ (c) ¢ #0,v(c) > —n }
Let ® :'\G/M—TI'\G/M be the Cartan involutive homeomorphism defined by
F'gM— T g7 M.

COROLLARY 4.7. For every ng € Z, for the weak-star convergence of probability mea-
sures on ('y\H) x ('\G/M), we have

1
lim ———— Z Ar @ Ap , o2y

n—+o0 Card F;,_p, T

n—nO

+00
=1 =g, g Y (urmm) ® (Ox (@72, urypn) g, 2"

m=n

Corollary 1.3 follows by considering the particular valued function field (Fy (Y), veo)
indicated above. As a remark similar to the remarks at the end of §4.1, one could obtain an
error term under an additional locally constant regularity assumption, and a joint partial
equidistribution result for non-archimedean Farey points n_(a/c) modulo I'y with their
denominators ¢ congruent to 0 modulo any fixed element N in R, — {0}.

Proof. We mostly indicate the differences with the proof of Corollary 4.3. We refer to
[Tit, Ser] for background on Bruhat-Tits trees, as well as to [BPP, §§15.1 and 15.2] whose
notation we will follow.

We now consider X = X, the Bruhat-Tits tree of (PGL,, K;), which is a regular
tree of degree g, + 1 endowed with a vertex transitive action of G. Note that I' acts
without inversion on X, by [Ser, I.1.3]. The set of vertices of X, is the set of homothety
classes [A] under K of O,-lattices A in the plane K, x K,, and g[A] = [gA] for every
g € G. We identify the boundary at infinity d-X, of (the geometric realization of) X,
and the projective line P (K,) = K, U {oo} by the unique homeomorphism such that the
(continuous) extension to d5,X, of the isometric action of G on X, is the projective action
of G on IP{(K,), that is, the action of G by homographies on K, U {oo}. We denote by -
the action of G by homographies on K, U {oo}, as well as the action of G on the space
GX, of (discrete) geodesic lines in X,,.

The critical exponent of the (non-uniform arithmetic) lattice I' of G is now (see, for
instance, [BPP, Eq. (15.8)])

8t = 1Inqy. (35)

The standard basepoint x® of X, is the homothety class [0, x O,] of the stan-
dard O,-lattice O, x O, in K, x K,. We consider the geodesic line v® € GX, with
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v*(0) = x°, v*(—00) = 00 € P1(Ky) and v°®(400) = 0 € P;(K,). The stabilizer of v®
in G is again equal to M. The G-equivariant orbital map ¢ : g — g - v® now defines a
homeomorphism ¢ : I'\G/M—T'\GX,.

Since v*(n) = [0, x 7, " O, ] for every n € Z (see, for instance, [BPP, top of p. 310])
and by equivariance (see also [BPP, Eq. (15.4)]),

foralln € Z, forall g € G, we have g"¢(g) = @(g ").

The order-two element S = [(1) ’é] still belongs to I', and it normalizes M and ®R more

precisely S ®"*S~! = ®~" for every n € Z. By equivariance, the antipodal map ¢ satisfies
Lt ¢(g) = @(gS) forevery g € G. Since the computation is independent of the ground field,
we have’g™! = § gS~! forevery g € G. Hence, to ¢ = ¢ 0 ® and O (xd") = O (x)d ™"
forallx e '\G/M and n € Z.

The group H fixes the point at infinity oo, preserves the horoball H, in X, centred
at co whose boundary contains x*®, and acts simply transitively on d,,X, — {o0} = K,
hence on BiHoo. Note that 0 _L’Hoo contains the geodesic ray v°®|[ooo and that 0 Hoo
contains (tv*)|1-c0,0]. In particular, we have 341_7'100 = {|[0,400[ : £ € W™ (V®)}.

Note that defining VeyenXy, éevenxv and GevenX, for the above basepoint x°® as just
before the statement of Theorem 3.2, we have 8} Hoo C \g/evean, since any two points
of the horosphere 0H o are at even distance from one another. Furthermore, I" preserves
VevenXyp. Indeed, note that in a simplicial tree, if two of the distances between three points
are even, then so is the third. The result then follows from [Ser, Corollary II.1.2], which
proves that the distance d(x*®, yx*) is even for every y € GL»(R,), since v(det y) = 0.

Each geodesic ray w € 3! Mo, can be extended to a unique element @ € GX, such
that w(+400) is the point at infinity of H . This elemerﬂ)e\longs to GevenXy, 1S equal to
(Nt )~ (w) with the notation NF of §2, and we define 31 Hoo = {0 : w € 31 Hoo}. With
®2"0 = {®" : n > ng}, we have

Worav) = | " 01 Hoo = | &'H 1 v* = F(H(@7")7'S).
n=ng n=ng
The subgroup I'y is again equal to the stabilizer I’y of the horoball Hy, in I', and
oo is again a bounded parabolic fixed point of I'. We again consider the locally finite
I'-equivariant families of horoballs

Dt =D = (y - /Hoo)yer'

Note that the support of the skinning measure 05, is contained in F\éevenXU, hence

ot > =0,
D irGamX, D7
By [Pau, Proposition 6.1] when K = F,(Y) and v = veo, and by [BPP, Lemma 15.1]

in general, for every y = [¢ 5] € T" with ¢ # 0, we have
d(Hoo, ¥ - Hoo) = =2 v(c) =2 Ing, [cly.

In particular, the distances d(Hoo, ¥ - Hoo) for y € T" are even and the endpoints of the
common perpendiculars between elements of D~ and Dt belong to VeyenX,. The map

y = [¢5] — n_(a/c) now induces, for every n € Z, a bijection from
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{ly]l € Ty NI =Ty )/ Byt d(Hoo, v - Hoo) < 21}

to F,. Denoting by p, the element of 8}}[00 whose point at infinity is y - 00 = a/c,
the map i : 8_}_7—[00—>H defined by w +— n_(w(+00)) now induces a homeomorphism
¥ : T\ Hoo— i\ H, such that

w*(AFpr) = AFl—[“—(V'OO)'

In the remainder of the proof of Corollary 4.7, we use the same normalization of
the Patterson—Sullivan measures (ix)xevx, as in [BPP, §15.3]. Since we normalized
WUry\H to be a probability measure, it follows from [BPP, Proposition 15.3(2)] that, for
x e'y\H,

-1
_ q°
Yu(0 ) = (@ Dulof) = pp

With ¢k the Dedekind zeta function of K (see, for instance, [Gos, §7.8] or [Ros, §5]),

by [BPP, Proposition 15.3(1)], we have

KT y\H- (36)

qv +1

qv .

By [BPP, Eq. (14.3)], the subgroup H NT =n_(R,) has index |R)|=¢g —1 in
I'y. The map from the set {(x,y) € Ry X Ry : xR, + YRy, = Ry, y # 0} to H given by
(x,y) = n_(x/y) is |R)|-to-one onto its image. Hence, using the action by shears
of R, on R, x R, defined by z- (x,y) = (x +zy, y), by [BPP, Corollary 16.2] with
G = GLy(Ry) and (xq, yo) = (1, 0) so that m, ,y, = ¢q — 1 by [BPP, Eq. (16.1)] with
the notation of that book, for every ng € Z, as n— + 0o, we have

Imemll =2 ¢k (=1)

1 xRy + YRy, =Ry
Card F,_, = —— C d(R { Y)ERy x Ry: 1 ! })
wd Fnono = g CrARA ) € R Ry < gremo
2g—2 .3
qg v 2n—2ng

T G-02@- Dtk P

For alln € Z and [y] € Iy \I'/ Iy, outside a finite subset, we have
d(Hoo, Y - Hoo) > 0, mV =1 and (go_l)*(Angnpy) = Al"ryq;,ZnM.

By equations (14), (35) and (36), with dm the counting measure on Z, for every ng € Z,
for y e 'y\H and m > ng, we have

d(((ﬁ*])*(MODt’zno IF\\g/ < NO(y (D*Zm)) — ||O'5+|| dMFH\H(y) e~ Ingy) 2m 4.,

qg—l —2m
= 1 durg\um () g, " dm.

The end of the proof of Corollary 4.7 now proceeds like that of Corollary 4.1, replacing
Theorem 3.3(1) by Theorem 3.3(3). L]
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