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TILTING COMPLEXES AND CODIMENSION FUNCTIONS OVER
COMMUTATIVE NOETHERIAN RINGS

MICHAL HRBEK®, TSUTOMU NAKAMURA® anDp JAN STOVICEK

Abstract. In the derived category of a commutative noetherian ring, we
explicitly construct a silting object associated with each sp-filtration of the
Zariski spectrum satisfying the “slice” condition. Our new construction is based
on local cohomology and it allows us to study when the silting object is tilting.
For a ring admitting a dualizing complex, this occurs precisely when the sp-
filtration arises from a codimension function on the spectrum. In the absence
of a dualizing complex, the situation is more delicate and the tilting property
is closely related to the condition that the ring is a homomorphic image of
a Cohen—Macaulay ring. We also provide dual versions of our results in the
cosilting case.
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§1. Introduction

Rickard’s theorem [105] states that derived equivalences between categories of modules
over rings are fully governed by compact tilting complexes. While these are ubiquitous in
representation theory, it is well known that any derived equivalence boils down to a Morita
equivalence whenever one of the rings happens to be commutative (e.g., [12, Prop. 5.14]). As
a consequence, in commutative algebra, the classical tilting theory reduces just to studying
progenerators of the module category. However, there is a much richer supply of large
(= possibly non-compact) tilting objects. They were first introduced in the module-theoretic
incarnation by Colpi and Trlifaj [36] and Angeleri Hiigel and Coelho [7]. Psaroudakis and
Vitéria [103] and Nicolds, Saorin, and Zvonareva [94] introduced large silting and tilting
objects in triangulated categories, where they naturally generalized the concepts of compact
silting objects (see [1], [71]) and large silting complexes (see [14], [119]). In contrast with the
classical setting, the endomorphism ring of a large tilting module is typically not derived
equivalent to the original ring. However, if the tilting module is “good,” then one obtains
a triangulated equivalence after localizing the derived category of the endomorphism ring
(see [23]). This discrepancy can be measured by a recollement (see [11, §5], [24], and [32],
[33]). Silting objects are defined as those inducing t-structures in a natural way, and the
heart of such a t-structure is an abelian category having a projective generator. Under mild
assumptions, the inclusion from the heart of a silting t-structure to the derived category
extends to a derived equivalence if and only if the silting object is tilting (see [103]). An
analogous dual theory exists for cosilting and cotilting objects, for which the hearts are
abelian categories having an injective cogenerator (in fact, the cosilting hearts are often
Grothendieck categories); see Section 2 for more details. We also remark that recently a
mutation theory for large silting and cosilting objects has been developed in [13]; pure-
injective cosilting objects play an important role there, and mutation for such objects
encompasses mutation for compact silting complexes in the classical context (see [1], [71]).
The theory is meaningful in the setting of the present paper as well (see [13, Exam. 4.11]
and the last paragraph of Section 2.1.6).

Let R be a commutative noetherian ring. A lot of structural information about the
derived category D(R) is known to be controlled by the Zariski spectrum Spec R. Neeman
[86] proved that there is a canonical bijection between the localizing subcategories of D(R)
and the subsets of Spec R. Alonso Tarrio, Jeremias Lépez, and Saorin [4] classified the
compactly generated t-structures in D(R) by using the sp-filtrations of Spec R (= the
filtrations of specialization closed subsets of Spec R); see (2.16). The compactly generated
t-structures induced by silting objects have also been classified in terms of sp-filtrations of
Spec R. For tilting modules, this was essentially achieved by Angeleri Hiigel, Pospisil, the
third author, and Trlifaj [16], and in general, by Angeleri Hiigel and the first author [10]
(see (2.20)). On the other hand, explicit constructions of the silting objects inducing these
t-structures are known only in rather limited instances (see [8, §3] and [101]).

The first main goal of this paper is to provide such a construction for sp-filtrations
of special type, which we call slice sp-filtrations. The slice condition asserts that in each
step of the filtration we are only allowed to remove at most a zero-dimensional (=“thin”)
layer of prime ideals. Such sp-filtrations are rather ubiquitous (see Example 3.3 and the
next paragraph). The philosophy behind these filtrations is akin to the notion of the
slice filtration in equivariant or motivic homotopy theory (see Remarks 3.2 and 4.3).
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In particular, the slice condition is sufficient for the Bousfield localization and colocalization
functors induced by the consecutive members of the sp-filtration to decompose objects into
“computable pieces.” Our construction of silting objects is also related to the method
that builds tilting modules and complexes from ring epimorphisms in the representation
theoretical context (see, e.g., [17, Th. 3.5] and [10, §5]). To successfully produce a silting
object, the existing constructions need to impose a strong homological restriction on the
ring epimorphism(s) appearing there, while the slice condition can be viewed as a suitable
geometric analog. See the end of Section 4 for a more detailed discussion.

To state our first main result, we remark that there is a bijection between the sp-filtrations
® of Spec R and the order-preserving functions fg : Spec R — Z U {00, —oo}. Then @ is a slice
sp-filtration if and only if it corresponds to a strictly increasing function fg : Spec R — Z
(see Remark 2.11 and (3.1)).

THEOREM 1.1 (Theorem 4.6). Let R be a commutative noetherian ring, and let ® be a
slice sp-filtration of Spec R. Then

To:= P S"PRI,R,
peSpec R

is a silting object in D(R), and this induces the t-structure whose aisle is
Vo :={X € D(R) | widthgr(p,X) >n VneZ Vp € &(n)}.

In general, the tilting property is not easily read from the silting t-structure alone, as the
vanishing of negative self-extensions is typically not tested by orthogonality properties with
respect to any set of compact objects. Our explicit construction of silting objects enables
us to study this question:

When s the silting object Tg tilting?

In fact, if T is tilting, then @ is necessarily a codimension filtration (i.e., fg is a codimension
function on SpecR); see Proposition 6.10. This makes a limitation on R because the
existence of a codimension function implies R is catenary. Our second main result shows
that, for rings which are nice enough in a certain sense, T is tilting for any codimension
filtration ®.

THEOREM 1.2 (Theorems 4.7 and 7.5). Assume one of the following conditions hold:

(1) R admits a (strongly pointwise) dualizing complex.
(2) R is a homomorphic image of a Cohen—Macaulay ring of finite Krull dimension.

Let @ be a codimension filtration of Spec R, which exists under the assumption. Then Ty is
a tilting object in D(R).

Note that R can have infinite Krull dimension under the condition (1) of Theorem 1.2.
When a (strongly pointwise) dualizing complex D for R exists, R has finite Krull dimension
if and only if D has finite injective dimension. In this case, we refer to D as a classical
dualizing complex (Remark 2.14). We also remark that, for rings of finite Krull dimension,
(1) is strictly stronger than (2). Indeed, the existence of a classical dualizing complex implies
that R is a homomorphic image of a Gorenstein ring of finite Krull dimension. This fact
(originally conjectured by Sharp [112]) is due to Kawasaki [69] (Theorem 7.6(1)).
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Given a classical dualizing complex D for R, we know that it is a cotilting object in
the bounded derived category D?g(R) (Remark 7.7). Under this interpretation, Kawasaki’s
result characterizes homomorphic image of Gorenstein rings of finite Krull dimension in
a tilting theoretic way. His other work [70] provides a necessary and sufficient condition
for a commutative noetherian ring to be a homomorphic image of a Cohen—Macaulay
ring (Theorem 7.6(2)), while this characterization itself looks far from tilting theory.
Nevertheless, it turns out that his work is closely related to the tilting property of Ty
for a codimension filtration ®, and it actually makes sense to ask the next question:

Is Ty tilting if and only if R is a homomorphic image of a Cohen—Macaulay ring?

An important viewpoint to study this question is flatness of the endomorphism ring of T
over R. Indeed, an essential ingredient of our proof of Theorem 1.2 under the assumption (2)
is that Endpg)(Te) is flat whenever R is a Cohen-Macaulay ring of finite Krull dimension
(Proposition 6.21). Furthermore, if R is a one-dimensional commutative noetherian ring,
then it has a codimension filtration ®, and Ty is always tilting (Theorem 6.5). In this case,
the endomorphism ring can explicitly be computed as follows:

S™'R 0
Endpr)(Ts) = | ( H Rn)®prS 'R H R | 5 (1.1)
memSpec R meEmSpec R

where S stands for the complement of the union of all non-maximal prime ideals and
Ra stands for the m-adic completion of the local ring R, (Example 6.8). Evidently,
Endp(r)(Ts) is flat over R, and in fact, every one-dimensional ring satisfies the condition
(2) of Theorem 1.2 by results of Kawasaki (Theorem 7.12). More generally, given any
commutative noetherian ring R with a codimension filtration ®, the flatness of Endp g)(To)
implies that all the formal fibers of all the localizations of R are Cohen—Macaulay
(Proposition 7.15). This fact along with a result of Kawasaki (Theorem 7.6(2)) enables
us to show the next theorem. Although Kawasaki’s result requires that R is universally
catenary, perhaps surprisingly, this follows from the tilting property of Tg (Proposition
7.14).

THEOREM 1.3 (Theorem 7.18). Let R be a commutative noetherian local ring with a
codimension filtration ®. The following conditions are equivalent:

(1) Ty is tilting and Endp(ry(Ts) is a flat R-module.
(2) R is a homomorphic image of a Cohen—Macaulay local ring.

It is natural to ask if we can get rid of the second condition from (1) of Theorem 1.3
so that Cohen-Macaulay homomorphic images can be determined purely by the tilting
property of Tg. Namely, we are interested in the following question:

Is Endp(g)(Ts) flat as an R-module whenever Ty is tilting?

We will show that the answer is affirmative for any ring R of Krull dimension two (Theorem
7.22). Note that this is the least dimension in which rings may not be homomorphic images
of Cohen-Macaulay rings (see Theorem 7.12 and Remark 7.21).

Up to now, we have focused on the silting case, but the last three sections provide
the cosilting counterparts for all of the results mentioned so far. Most of them can not
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be deduced by formally dual arguments, while it is actually efficient to start with silting
objects, because we can translate each silting object T to a cosilting object RHomp (T, E)
in D(R) by an injective cogenerator E in Mod R (see (2.21)). We further equivalently replace
each cosilting object RHompg (T, E) by a more explicit one Cy (Definition 5.1) using local
duality and Matlis duality (see Theorem 5.2 and its proof).

Given a slice sp-filtration ®, we obtain the cosilting object Cp as mentioned above, and it
induces a t-structure in a natural way. This assignment is compatible with the classification
of compactly generated t-structures in D(R) based on the sp-filtrations of Spec R (see [4]).
When R admits a classical dualizing complex D, D gives a codimension function (Section
2.5.3), from which we obtain a codimension filtration ®. Then the t-structure induced by
Cs is precisely the compactly generated t-structure in D(R) which restricts to the Cohen—
Macaulay t-structure in D]fg(R) with respect to D in the sense of [4, §6] (see Remark 7.7).
Even if a dualizing complex is not available, as far as R admits a codimension filtration
®, we obtain the heart of the t-structure in D(R) induced by Cg, and this heart, up
to equivalence, does not depend on the choice of the codimension filtration. We call this
canonical abelian category the Cohen—Macaulay heart (Definition 7.9). As far as R has
finite Krull dimension, Cg is cotilting if and only if the inclusion from the Cohen—Macaulay
heart induces a derived equivalence. Moreover, if R is local and of Krull dimension 2, we can
verify that Cg is cotilting if and only if R is a homomorphic image of a Cohen—Macaulay
local ring (Corollary 7.24), as in the silting case.

The paper is structured as follows: In Section 2, we gather required facts and notions from
several different topics: the silting theory in triangulated categories, localization theory of
D(R), depth and width over commutative noetherian rings, sp-filtrations of Spec R, and
dualizing complexes. We also recall the technical notions of cofiltrations and Lukas lemma
for complexes which is required to complete the proof of Theorem 1.1. Section 3 introduces
slice sp-filtrations and codimension filtrations, and we provide a rather concise proof for
Theorems 1.1 and 1.2 restricted to rings admitting a classical dualizing complex (Remark
3.14); for this, the infinite completion of Grothendieck duality (Theorem 2.18) plays a key
role. The goal of Section 4 is to establish Theorem 1.1 in full generality, which demands a
more technical approach. In Section 5, we deal with the dual setting for cosilting objects,
and in Section 6, we study the flatness of the endomorphism ring of both tilting and cotilting
objects induced by codimension functions. Finally, in Section 7, we consider rings which
are homomorphic images of Cohen—Macaulay rings and finish the proofs of Theorems 1.2
and 1.3. The questions listed above are restated for the silting and cotilting case both
(Questions 7.8 and 7.19(2)), and they are affirmatively answered for local and nonlocal
rings, respectively, of Krull dimension at most two.

§2. Preliminaries

CONVENTION. Throughout this paper, subcategories of a given category are assumed
to be full, additive, and closed under isomorphisms.

2.1 Silting objects in derived categories

We begin with recalling basic facts on (co)silting objects in the sense of [94] and [103].
Some of the facts work well in more general triangulated categories, but we confine ourselves
to the case of unbounded derived categories of rings.
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2.1.1.

Let R be a ring, and let D(R) be the unbounded derived category of the category of all
right R-modules. We denote by ¥ the suspension functor on D(R). For a class C of objects
in D(R) and a set I of integers, define the following subcategories of D(R):

Ct:={X € D(R) | Hompg)(C,X"X) =0 VC € C Vi € I'} and
110 :={X € D(R) | Homp ) (X,2'C) =0 YC € C Vi€ I}.

The role of the set I will often be played by symbols of the form n, >n, <n, >n, <n,
and # n, interpreted in the obvious way, where n is an integer. For example, Ct» := C+(n}
and C1t>n := Cttiezi>ny If C = {X} for a single object X € D(R), we use X7 and +/X
instead of {X}*7 and +7{X}, respectively.

2.1.2.

A t-structure in D(R) is a pair (U,)) of subcategories satisfying the following axioms
(see [25]):

(t-1) Hompry(U,V)=0forall U el and V €V,
(t-2) for any X € D(R) there is a triangle

U—-X—-V-=>XU

with U €eld and V € V, and
(t-3) XU CU.

The subcategory U is called the aisle of the t-structure, and V is called the coaisle. A
consequence of the axioms is that V =40 and U = 1oV. In particular, the aisle and the
coaisle both are closed under direct summands, and the former is closed under coproducts,
while the latter is closed under products. Moreover, (t-3) is equivalent to

(t-3") ¥"lycCy

under the other two axioms.

If (U,V) is a t-structure, then the triangle in (t-2) is functorially unique up to
isomorphism. More precisely, the inclusions from ¢ and V into D(R) admit a right adjoint
u:D(R) — U and a left adjoint v : D(R) — V), respectively, and the counit v — Idp(g) and
the unit Idp gy — v of these adjunctions yield a triangle

uX - X - 0X — YuX (2.1)

for every X € D(R), and this triangle can be identified with the triangle in (t-2) via the
isomorphisms U = uX and vX =% V induced by adjointness. Note also that the essential
images Imwu and Imv coincide with U and V, respectively, and the kernels Keru and Kerwv
coincide with V and U, respectively (see, e.g., [68, Prop. 4.1.4]).

The intersection H =U NXV is called the heart of the t-structure (U4,V). It is shown in
[25, Th. 1.3.6] that the heart of a t-structure is an abelian category such that its exact
structure is induced by the triangles belonging to the heart. In addition, the truncation
functors u and v of the t-structure give rise to a cohomological functor H% :D(R) — H,
which can be defined as the composition uoYovoX 1. See also [67, §10.1] for details.
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For each n € Z, there is a canonical t-structure (D="(R),D>"(R)) in D(R), where
DS"(R):={X €D(R)| H(X)=0Vi>n}and D”"(R) :={X e D(R) | H(X) =0Vi <n}.
We say that a t-structure (U,V) is intermediate if there are integers n < m such that
D<"(R) CU C D="(R). We also call such a t-structure l-intermediate in case the integers
satisfy m —n <[ for some nonnegative integer l. A t-structure (U,V) is called nondegenerate
provided that [, ,X"U =0 and (), ., X"V = 0. It is straightforward to check that any
intermediate t-structure is nondegenerate. Nondegenerate t-structures are well-behaved in
the sense that they are fully determined by the induced cohomological functor HY, to the
heart (see [25, Prop. 1.3.7] or [67, Prop. 10.1.10]).

A t-structure (4,V) in D(R) is called stable if ©~'U CU, or equivalently, if both ¢/ and V
are triangulated subcategories of D(R). The notion of stable t-structures can be essentially
identified with the notion of Bousfield localizations (see Section 2.2).

A t-structure (U4,V) in D(R) is called compactly generated if V = S*o for some set S
of compact objects in D(R). Recall that an object in D(R) is compact if and only if it is
isomorphic to a bounded complex of finitely generated projected R-modules (see [87, 2.1.3];
see also [27, Th. 2.2]).

REMARK 2.1. If a t-structure in D(R) is compactly generated, then its heart is
a Grothendieck category by [107, Th. D]. In fact, this is a locally finitely presented
Grothendieck category by [106, Th. 1.6].

2.1.3.

An object T € D(R) is called silting if the pair (T+>°,T+<0) is a t-structure in D(R).
Dually, an object C' € D(R) is cosilting if (+<0C,+>°C) is a t-structure in D(R). Given a
silting object T (resp. a cosilting object C), it is easily seen that T'€ T+>° (resp. C € +>0(C).
A t-structure is called silting (resp. cosilting) if it is induced by a silting (resp. cosilting)
object as above. All silting t-structures and cosilting t-structures are nondegenerate (see
[103, Prop. 4.3]).

Silting objects T and T” are said to be equivalent if the induced t-structures (T+>°, T+ <0)
and (T"+>0,T"+<0) coincide. Similarly, cosilting objects C and C” are said to be equivalent
if the induced t-structures (+<0C,+>°C) and (+<0C’,+>°C") coincide.

If an object X satisfies Add(X) = Add(X’) (resp. Prod(X) = Prod(X"’)) for a silting
(resp. cosilting) object X', then X is a silting (resp. cosilting) object equivalent to X', and
the converse is also true (see, e.g., [103, Lem. 4.5]), where we denote by Add(X) (resp.
Prod(X)) the subcategory of D(R) consisting of all objects being direct summands of a
coproduct (resp. of a product) of copies of X.

LEMMA 2.2. An object T € D(R) is silting if and only if the following conditions hold:

(1) TeTt>o,
(2) T+2=0, and

(3) T+>0 is closed under coproducts.
Proof. See [103, Prop. 4.13]. U

LEMMA 2.3. A pure-injective object C € D(R) is cosilting if and only if the following
conditions hold:
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(1) Cet>oC,
(2) t2C' =0, and
(3) 1>0C is closed under products.

Proof. The assumptions imply by [15, Lem. 4.8] that there is a t-structure of the
form (U,~>°C) in D(R). Since C € +>°C and U = Lo (+>0C) = L=<o(+>00), it follows that
U C +=<oC. It remains to show the converse inclusion. Let X € +<0C and consider the
triangle uX — X — vX — YuX with uX € Y and vX € +>°C. Since both X and uX
belong to +<0C, we see that vX € +<0C. But then vX € t<oCN+1>0C = +2C = 0. Therefore,
X=ZuXel. O

REMARK 2.4. Alonso Tarrio, Jeremias Lépez, and Souto Salorio [3, Th. 3.4] proved
that, for an object X in the unbounded derived category of a Grothendieck category, there
exists a t-structure whose aisle is the smallest subcategory containing X and closed under
extensions, suspensions, and coproducts. This fact, which is essential for [103, Prop. 4.13],
has been extended by Neeman [93, Th. 2.3] to well generated triangulated categories.
Consequently, we may replace D(R) in Lemma 2.2 by a well-generated triangulated
category. On the other hand, the proof of Lemma 2.3 will work when D(R) is replaced
by a compactly generated triangulated category 7 as [15, Lem. 4.8] is proved for 7.

Let X = (... > X1 = X - X1 — _.)) be a complex of R-modules. We say that X
is bounded above (resp. bounded below) if X =0 for i > 0 (resp. i < 0). If X is bounded
above and below, it is called bounded.

PROPOSITION 2.5. Let T be a bounded complex of projective R-modules. Then T is a
silting object in D(R) if and only if the following conditions hold:

(1) Add(T) CT+>°, and
(2) all bounded complexes of projective R-modules belong to the smallest triangulated
subcategory of D(R) containing Add(T).

Proof. See [14, Exam. 2.9(4) and Prop. 4.2] or [6, Prop. 5.3]. 0

PRrOPOSITION 2.6. Let C be a bounded complex of injective R-modules. Then C is a
cosilting object in D(R) if and only if the following conditions hold:

(1) Prod(C) C +>°C, and
(2) all bounded complexes of injective R-modules belong to the smallest triangulated
subcategory of D(R) containing Prod(C).

Proof. This is stated in [6, Prop. 6.8(2)] with a sketch proof, and the “if” part follows
from [78, Prop. 3.10]. Let us prove the “only if” part in a little more detail. Assume that C
is a cosilting object in D(R). Then we have the t-structure (+<0C,+>°C) and C € +>°C, so
(1) holds. By assumption, we have C € D”™(R) for some integer n. Thus $!C € D”"(R) for
all i <0. It follows that +<0C D Lo D>"(R) = D="(R). Applying (=)' to this inclusion,
we have +>0C C D”"(R), which implies (2) by [121, Prop. 2.10]. 0

If a bounded complex T of projective R-modules (resp. a bounded complex C' of injective
R-modules) satisfies the two conditions in Proposition 2.5 (resp. Proposition 2.6), then T’
(resp. C) is called a silting complex (resp. a cosilting complex); see, e.g., [6, Defs. 5.1 and
6.1]. By the propositions, a silting (resp. cosilting) complex is a silting (resp. cosilting)
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object in D(R), but in general, the latter may not be isomorphic to any bounded complex
of projective (resp. injective) modules (see Example 5.5).

REMARK 2.7. Let 7 be a triangulated category with small coproducts (resp. small
products), and let Sy be a subcategory of 7 closed under small coproducts (resp. small
products). Let & be the smallest triangulated subcategory of T containing Sp. Then,
for any object X € S and any cardinal s, the coproduct X(*) (resp. the product X*)
belongs to S. This fact follows from the construction of S by [73, §3.3, Lem. (1)] along
with [88, Prop. 1.2.1 and Rem. 1.2.2]. It also follows that S is a thick subcategory, that
is, a triangulated subcategory closed under direct summands (see, e.g., [6, Lem. 3.6]).
Hence we have S = thick(Sy), where thick(Sp) denotes the smallest triangulated subcategory
containing Sg and closed under direct summands.

By the above observation applied to 7 := D(R), Proposition 2.5(2) is equivalent to the
condition that R € thick(Add(7')). Dually, Proposition 2.6(2) is equivalent to the condition
that E € thick(Prod(C)), where FE is an injective cogenerator of Mod R.

Let | be a positive integer. By an I-term silting complex (resp. an Il-term cosilting
complex), we mean a silting (resp. cosilting) complex concentrated degrees from k to [+ k—1
for some integer k. If an object X in D(R) is isomorphic to a silting (resp. cosilting) complex,
then X is called a bounded silting object (resp. a bounded cosilting object); cf. [103, Def.
4.15 and Prop. 4.17]. A silting (resp. cosilting) object X in D(R) is isomorphic to an I-term
silting complex (resp. an I-term cosilting complex) if and only if the induced t-structure is
(I —1)-intermediate (see [14, Def. 4.1 and Lem. 4.5] and [103, Lem. 4.5 and Prop. 4.17]); in
particular, X is a bounded silting object (resp. a bounded cosilting object) if and only if
the induced t-structure is intermediate.

2.1.4.

A silting object T is called of finite type provided that there is a set S of compact objects
in D(R) such that T+>0 = S+o. A cosilting object C is called of cofinite type provided that
there is a set S of compact objects in D(R) such that +>°C = S*°. Any bounded silting
object in D(R) is of finite type by Proposition 2.5 and [78, Th. 3.6], while any bounded
cosilting object is pure-injective by Proposition 2.6 and [78, Prop. 3.10].

A silting t-structure of finite type refers to a t-structure which is induced by a silting
object of finite type, and a cosilting t-structure of cofinite type refers to a t-structure which
is induced by a cosilting object of cofinite type. We remark that there is a known equality:

cosilting t-structures nondegenerate
of cofinite type = ¢ compactly generated » . (2.2)
in D(R) t-structures in D(R)
The inclusion “C” is clear, and the converse inclusion follows from [15, Th. 3.5] and
Remark 2.1.
2.1.5.

Let S be a commutative ring, and let R be an S-algebra, that is, R is a ring endowed
with a ring homomorphism S — R whose image is contained in the center of R. Let E be an
injective cogenerator of Mod S and denote by (—)* the contravariant functor RHomg(—, F)
from D(R) to D(R°P), where R°P is the opposite ring of R. Given a silting object 7" of finite
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type in D(R), T is a cosilting object of cofinite type in D(R°P). This assignment gives rise
to an injection from the equivalence classes of silting objects of finite type in D(R) to the
equivalence classes of cosilting objects of cofinite type in D(R°P). Moreover, this injection
restricts to a bijection from the equivalence classes of bounded silting objects in D(R) and
the equivalence classes of bounded cosilting objects of cofinite type in D(R°P). See [10, Th.
3.3]. Note that every bounded silting object is of finite type as mentioned in Section 2.1.4.

2.1.6.

Let T' € D(R) be a silting object and denote by Hp the heart of the t-structure
(T+>0,T1<0) induced by T. Then Hr has a projective generator (see [103, Prop. 4.3]),
and the inclusion Hp < D(R) extends to a triangulated functor D (Hry) — D(R) called a
realization functor (see [103, Th. 3.11]). This can be regarded as a functor D”(Hy) — D"(R)
between the bounded derived categories if the silting object T is bounded (see [103, Lem.
4.14]). The realization functor is in principle not unique and depends on the choice of an
“f-enhancement” of D(R). See [103, §3] for details. We also remark that the existence of
a realization functor D(Hr) — D(R) between the unbounded derived categories has been
established in [118, §6].

The dual theory for a cosilting object C' € D(R) is also available in the references above.
We note that if the cosilting object C' is bounded, then not only does the associated heart
‘He admit an injective cogenerator, but it is in fact a Grothendieck category (see [78, Prop.
3.10]). This fact more generally holds as far as the cosilting object C' is pure-injective (see
[75, Th. 4.6]), where recall that every bounded cosilting object is pure-injective as mentioned
in Section 2.1.4.

If the cosilting object C' is of cofinite type, then C' is pure-injective (see [75, Th. 4.6])
and Hc¢ is a locally finitely presentable Grothendieck category (Remark 2.1). In general,
a bounded cosilting object may not be of cofinite type (see [78, Exam. 3.12]), but if R
is a commutative noetherian ring, then every pure-injective cosilting object in D(R) is of
cofinite type as shown by the first and second authors (see [62, Cor. 2.14]). All the cosilting
objects we consider for commutative noetherian rings in this paper are of cofinite type, and
so the induced hearts are locally finitely presentable Grothendieck categories.

2.1.7.

A silting object T € D(R) is called tilting provided that Add(T) C T+<°. Assume that
T is a bounded silting object, and let D (#7) — D"(R) be a realization functor. Then T
is tilting if and only if the realization functor is a triangulated equivalence; see [103, Cor.
5.2] (which is stated for a realization functor with respect to a specific f-enhancement [103,
Exam. 3.2], but its proof works for any f-enhancement of D(R)). The realization functor
D(H7) — D(R) due to Virili is also a triangulated equivalence if and only if T is tilting
(see [118, Th. 7.12]).

We remark that a similar theory so far does not seem to be fully developed for silting
objects which are not bounded. It at least holds that, given a silting object T'€ D(R) and
a realization functor D”(Hr) — D(R), T is tilting if and only if the realization functor is
fully faithful (see [103, Prop. 5.1]).

A cosilting object C is called cotilting provided that Prod(C) C +<°C. There are analo-
gous results about realization functors and derived equivalences (see the references above).
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If a silting (resp. cosilting) complex X is a tilting (resp. cotilting) object in D(R), then
X is called a tilting complex (resp. a cotilting complex). A bounded tilting object (resp.
a bounded cotilting object) X € D(R) means a bounded silting object (resp. a bounded
cosilting object) which is tilting (resp. cotilting) in D(R).

REMARK 2.8. An R-module M is tilting (resp. cotilting) in the sense of [7] if and only if
M is a bounded tilting object (resp. a bounded cotilting object) in D(R) by Proposition 2.5
and [119, Cor. 3.7] (resp. Proposition 2.6 and [121, Prop. 2.6]). If a tilting (resp. cotilting)
module has projective (resp. injective) dimension at most n, then it is called n-tilting (resp.
n-cotilting).

2.2 Bousfield localization

A triangulated functor A : D(R) — D(R) is called a (Bousfield) localization functor if
there exists a morphism 7 : Idp(g) — A such that Anp: A — A2 is invertible and An = n\.
If \:D(R) — D(R) is a localization functor, then (Ker\,Im\) is a stable t-structure. In
particular, Im A (resp. Ker\) is a reflective (resp. coreflective) subcategory, that is, the
inclusion functor ImA < D(R) (resp. Ker A — D(R)) admits a left (resp. right) adjoint,
where A can be naturally regarded as the left adjoint D(R) — Im A. Conversely, given a
stable t-structure (£,C), by definition, the inclusion functors £ < D(R) and C — D(R)
admit a right adjoint v: D(R) — £ and a left adjoint A : D(R) — C respectively, where =y
and A are triangulated (see [88, Lem. 5.3.6]). Further, if \ is interpreted as the composition

D(R) LN RN D(R), then the functor A : D(R) — D(R) is a localization functor. Dually, if
is interpreted as the composition D(R) - £ <+ D(R), then the functor v : D(R) — D(R) is
a colocalization functor, that is, the counit morphism € : v — Idpr) satisfies that e : vy
is invertible and e = 7. See [74, Prop. 4.9.1] for details.

A triangulated subcategory of D(R) is called localizing (resp. colocalizing) if it is closed
under small coproducts (resp. small products). Given a subcategory X, the pair (X, X'10)
is a stable t-structure if and only if X is a coreflective localizing subcategory; similarly, the
pair (10X, X) is a stable t-structure if and only if X is a reflective colocalizing subcategory.
A localization functor A : D(R) — D(R) is called smashing if it commutes with small
coproducts, or equivalently, if Im A is closed under small coproducts. In this case, Ker A
is called a smashing subcategory.

Now, assume that R is a commutative noetherian ring. The theorem of Neeman [86,
Th. 2.8] asserts that localizing subcategories of the derived category D(R) are in bijective
correspondence with subsets of the Zariski spectrum Spec R. If W C Spec R is the subset
corresponding to a localizing subcategory L, then L is the smallest localizing subcategory
containing the small set {x(p) | p € W}, where k(p) = R, /pR,. Thus, it also follows that
every localizing subcategory of D(R) is coreflective (see [74, §8§5.1 and 7.2]). In other words,
(L, L+0) is a stable t-structure.

This correspondence can be described by using an invariant in D(R). The support of a
complex X € D(R) is the set

supp X := {p € Spec R | k(p)@EX # 0}.

Note that supp X = ) if and only if X =0 in D(R) by [86, Lem. 2.12]. For each W C Spec R,
the subcategory

Ly :={X € D(R) |suppX C W}
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is localizing, and the bijection due to Neeman is given by W +— Lyy. As mentioned above,
Ly is coreflective, so the inclusion functor Ly — D(R) admits a right adjoint, which we
denote by v : D(R) — Ly, . Since the pair (L, Li;?) is a stable t-structure, the inclusion
Eévo — D(R) admits a left adjoint, which we denote by Aw : D(R) — Eévo. Regarding
this functor as the composition D(R) Aw, L2 < D(R), we obtain a localization functor
Aw : D(R) — D(R). By [86, Th. 3.3], the localization functor Ay is smashing if and only
if W is specialization closed, that is, W is an upper subset of the poset (SpecR,C), or
equivalently, W is an arbitrary union of Zariski closed subsets of Spec R. To understand
Aw from another viewpoint, let us use a dual invariant to the notion of support.
The cosupport of a complex X € D(R) is the set

cosupp X := {p € Spec R | RHompg(x(p),X) # 0}.

Note that cosupp X = () if and only if X =0 in D(R) by [86, Th. 2.8]. For each W C Spec R,
the subcategory

C" .= {X € D(R) | cosupp X C W}

is colocalizing (and in fact every colocalizing subcategory of D(R) is of this form by [92]).
Since the localizing subcategory Lyye for W€ :=Spec R\ W is generated by {x(p) |p € W¢},
we have

Lyt =C".

Denote by A" : D(R) — C"W the left adjoint to the inclusion functor CV = L% < D(R),

that is,
A= e,

By definition, (Ly<,C") is a stable t-structure in D(R), so we have the approximation
triangle

weX - X 5 AW X 5 Sy X (2.3)

for every X € D(R).
If Wy CW C SpecR, then Ly, C Ly, so we have

TWorw = yw, = ywyw, and AVOAW = 3o o \WAW (2.4)

by a standard argument (see [84, Rem. 3.7(i)] and [85, Rem. 2.7(ii)]).
If V C SpecR is a specialization closed subset, then the following equalities hold:

L0 = Lye=C"" =1ocY, (2.5)

which can be deduced from [86, Th. 3.3].

A subset W C Spec R is called generalization closed if its complement W€ is specialization
closed. If we take the generalization closed subset U(p) := {q € SpecR | q C p} for a prime
ideal p, then

Y(p) = RHomp(Ry,—) and AV = _@pR, (2.6)

(see, e.g., [84, p. 2584] and [85, (2.8)]).
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For an R-module M, define Supp M := {p € SpecR | M, # 0}, which we refer to as the
classical support of M. Let V be a specialization closed subset V. and denote by I'y :
Mod R — Mod R the functor that assigns to each R-module M the submodule I'y M :=
{z € M | Supp Rz C V'}(see [52, Chap. IV, §1, Variation 1]). It is well known that

v 2RIy and AV =2 RHomg(RI'yvR,—) (2.7)

(see [77, Prop. 3.5.7] and [28, Prop. 8.3]). Note that (RI'vR)®k X 2 RI'vX for every
X € D(R) (see [77, Prop. 3.5.5(ii)]), and so AV : D(R) — D(R) is a right adjoint to 7y :
D(R) — D(R), by (2.7) and tensor-hom adjunction.

If we take the Zariski closed subset V' (I) :={p € SpecR | I C p} for an ideal I, then

Y 2RI and AV =LA, (2.8)

where I'; is the I-torsion functor liﬂnNHomR(R/I",—) and Al is the I-adic completion
functor Jim ((—®rR/I"). The first isomorphism of (2.8) follows from the isomorphism

I'r=Tyo of functors Mod R — Mod R (see [52, Chap. V, Cor. 4.2] or [53, Chap. II, Exer.
5.6]). The second isomorphism of (2.8) follows from (2.7) and the isomorphism

LA’ = RHomg(RI';R, ), (2.9)

which is known as Greenlees—May duality ([50]); see [77, §4] or [108, Cor. 9.2.4]. In
particular, this fact ensures that LA’ : D(R) — D(R) is a right adjoint to RI'; : D(R) —
D(R). Moreover, there are isomorphisms

RI;LA? ~RI'; and LA'RI; =LA’ (2.10)

see [108, Th. 9.1.3] (cf. [2, Cor. 5.1.1]). More generally, we have vy AV &y and AV yy 2 AV
for a specialization closed subset V' by a formal argument using (2.3) and (2.5).

Let I be an ideal of R and « = x1,...,2; be a system of generators of I. For each x;,
consider the complex (R — R,,) concentrated in degrees 0 and 1, where the map R — R,, is
the localization R — S~!R with respect to the multiplicatively closed subset S generated by
;. The (estended) Cech complex with respect to @ is the complex C(z) := @, (R — Ry,).
For every X € D(R), there is a natural isomorphism

RI; X = C(x)®rX (2.11)
in D(R) (see, e.g., [77, §3.1]).

NoOTATION 2.9. For each p € Spec R, we fix once and for all a system of generators
x =m1,...,7; of p, and write C(p) := C(x).

2.3 Depth and width
Let R be a commutative noetherian ring, and let X be a complex of R-modules. The
infimum and supremum of X are defined as

inf X :=inf{neZ| H"(X) #0} and supX :=sup{n € Z | H"(X) # 0},

respectively, where inf X = co and supX = —oco if X is acyclic (i.e., H"(X) =0 for all
i €Z). Let I be an ideal of R, and take a system of generators = x1,...,z; of I. For each
x;, consider the complex (R 2y R) concentrated in degrees —1 and 0. The Koszul complex
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with respect to x is the complex K(z) := Q) (R > R). By [46, Ths. 2.1 and 4.1], the
following hold:

inf RI'; X = inf RHompg(R/I,X) = inf Homp (K (x),X) and (2.12)

sup LA’ X = sup ((R/I)®% X) = sup (K (x)®rX). (2.13)
The I-depth and I-width of X are defined as
depthp (I, X) :=inf R['; X and widthg(I,X) := —supLA’ X,

respectively. If R is a local ring with maximal ideal m, the depth and width of X are defined
as

depthyp X :=depthp(m, X) and widthg X := widthg(m, X),

respectively.
For a specialization closed subset W of Spec R, the W-depth of X is defined as

depthr (W, X) :=inf RI'y X

(see [52, Chap. IV, §2]). Given an ideal I of R with V(I) C W, we have RI'y(nRI'w =
RI'y () (see (2.4) or Remark 4.2). Hence inf RI'w X < infRI'7X = depthg(/,X). Con-
versely, if there is an integer n such that n <inf RI'y ()X for every ideal I with V(I) C W,
then n <inf RI'y X since for each complex Y, 'Y can be written as %V(I)CWPIY in

the category C(R) of complexes of R-modules, where I runs through all ideals of R with
V(I) CW. Thus it holds that

depthp (W, X) = inf{depthr({,X) | V(I) CW}. (2.14)
By using (2.14) and [46, Props. 2.10 and 2.11], we can easily deduce that
depth (W, X) = inf{depthp X, [p € W} = inf{depthpy(p,X)|p € W}. (2.15)

A similar phenomenon to the above can not be expected for width and a specialization
closed subset W. Nevertheless, we define the W-width of a complex X € D(R) as

widthr (W, X) := —sup A"V X,

where A" X =2 RHomz(RI'w R, X) in D(R) (see (2.7)). If W = V(J) for some ideal J, then
widthp(W, X) = widthg(J,X) by (2.8). In general, there is an inequality

supLA' X <sup A\ X
for every ideal I with V(I) CW by (2.4), and hence
width(W, X) < inf{widthg (I, X) | V(I) C W}.

As described in Remark 2.10, there are a specialization closed subset W and a complex X
such that sup X < sup AW X, while sup LA’ X < sup X for every ideal I with V(I)CW, so
it can happen that

widthp(W, X) < —sup X < inf{widthp(I,X)|V(I) C W}.
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REMARK 2.10. Recall that there is a (commutative noetherian) integral domain R of
finite global dimension such that the projective dimension of R over R is greater than
one (see [66, Th. 2] or [97, §6]). Letting W := Spec R\ {(0)}, we obtain a triangle

RHompg (R (o), X) = X = A" X — YRHompg (R g), X)

in D(R), where yweX = RHomg(R(),X) (see (2.3) and (2.6)). Since the projective
dimension of R is greater than one, we can choose X as an R-module such that
sup RHompg(R(p),X) > 1, and then sup AW X > 0 by the above triangle. Thus it happens
that 0 =sup X <sup AWV X.

2.4 Sp-filtrations

Let R be a commutative noetherian ring. An sp-filtration of SpecR is a map ¢ :Z —
25pec R guch that ®(n) is a specialization closed subset of Spec R and ®(n) 2 ®(n+1) for
every n € Z. An sp-filtration ® is nondegenerate if | J,,., ®(n) = Spec R and (,,c, ®(n) =0,
where the former condition is equivalent to ®(n) = Spec R for some n € Z, since R has only
finitely many minimal prime ideals.

REMARK 2.11. To each sp-filtration ®, assign a function fg : Spec R — Z U {—00, 00}
given by

fo(p) :==sup{neZ|ped(n)}+1

for each p € Spec R. By definition, fe is order-preserving, that is, p C q implies fo(p) <
fo(q). Then the assignment ® — fg yields a bijection from the sp-filtrations of Spec R to
the order-preserving functions Spec R — ZU {—00,00}.! The inverse map is described as
follows. To each order-preserving function f : Spec R — ZU{—00,00}, assign an sp-filtration
®s : Z — Spec R given by

®¢(n) :={p € SpecR | f(p) > n}

for each n € Z.
Notice that non-degeneracy of an sp-filtration ® is equivalent to that the function fs :
Spec R — ZU{—00,00} corestricts to a function Spec R — Z.

By [4, Ths. 3.10 and 3.11], there is a bijection

sp-filtrations| ., [ compactly generated
_> .
of SpecR t-structures in D(R) [’

(2.16)
given by ® — (Us,Vs), where

Up :={X € D(R) | SuppH"(X) C ®(n) Yn € Z} and

Vo :={X € D(R) | depthz(®(n),X) >n Vn € Z}.

To describe a set of compact objects generating each t-structure (Usp,Vs), we use the
following notation.

L The authors naturally reached this fact in order to formulate Theorem 1.1, while Ryo Takahashi had
also noticed this bijection (in relation with [39]) and he recently reported it as well (see [115, Prop. 4.3]).
He kindly suggested that the authors more emphasize the bijection, and his suggestion actually clarified
their work; for example, (3.1) was added after that.

https://doi.org/10.1017/nmj.2024.1 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2024.1

16 M. HRBEK ET AL.
NOTATION 2.12. For each p € Spec R, we fix once and for all a system of generators
T =11,...,2; of p (as in Notation 2.9), and write K(p) := K ().
Let ® be an sp-filtration of Spec R, and let
S :={X""K(p)|neZype®(n)}.
Using (2.12) and (2.15), we can show that
S3° = Va. (2.17)

In particular, the t-structure (Us,Vs) is (compactly) generated by Sg. (2.17) is stated in
[114, Prop. 4.14] (cf. [4, Cor. 3.9 and Th. 3.10]).

We remark that an sp-filtration ® is nondegenerate if and only if the t-structure (Usp,Vs)
is nondegenerate (see the proof of [10, Th. 3.8]). Hence, combining (2.2) and (2.16), we
obtain the bijection

nondegenerate cosilting t-structures
sp-filtrations p = of cofinite type (2.18)
of SpecR in D(R)

given by ® — (U, Vs).

We can also classify silting t-structures of finite type by using nondegenerate sp-
filtrations as in [10, Th. 3.8]. For the reader’s sake, we here give a more direct proof
of this fact, describing the classification explicitly. Let ® be an sp-filtration. Applying
(—)* :==Homp(—, R) to each object in Sp, we obtain the set of compact objects

S = {E"(K(p)") [n€Z,p € ®(n)}.

By [114, Th. 4.15], the assignment ® — (10(S310),S310) yields a bijection from the
sp-filtrations to the compactly generated co-t-structures in D(R).? Further, there is a
t-structure in D(R) of the form (Sito,(S;+0)1e) by [114, Th. 3.11] (see also [10, Th.
3.1 and Lem. 3.2] and the two paragraphs after [10, Exam. 2.9]). Then we see that
the assignment ® — (S3L0,(S;10)10) yields an injective map from the sp-filtrations to
the t-structures in D(R). The t-structure (SjL°,(S510)10) is nondegenerate if and only
if it is induced by a silting object, which is of finite type by definition (see [6, Th.
4.11]). Moreover, non-degeneracy of the t-structure (S0, (S510)*°) is equivalent to non-
degeneracy of ®; this fact follows from [10, Th. 3.1 and Lem. 3.2] along with (2.16) and
(2.18). Therefore, the map given by ® — (Si1o, (S510)10) restricts to an injective map
from the nondegenerate sp-filtrations to the silting t-structures of finite type. On the other
hand, given a silting t-structure (), ) of finite type, there is a compactly generated co-t-
structure of the form (+°).,)) by [1, Th. 4.3] (see also the third paragraph of [10, p. 688]).
Then [114, Th. 4.15] implies that (10, ) = (+0(S;10),S510) for some sp-filtration @, so
that (Y, W) = (Sj10,(S510)10). Now, we define

Vo :={X € D(R) | widthg(p,X) > n ¥n € Z ¥p € (n)},

2 We here follow the definition of co-t-structures in [10, §2.5]. If one follows [114, Def. 4.2], the above
co-t-structure should be just written as (1°(Si1°),2"1(S510)).
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and remark that
Sito=Ys (2.19)

for each sp-filtration ® (see (2.13) and the proof of [114, Th. 4.15]). Then it follows from
the above argument that there is a bijection

nondegenerate silting t-structures
sp-filtrations p = of finite type (2.20)
of SpecR in D(R)

given by ® — (Va, Vg°).

Given a nondegenerate sp-filtration ®, the t-structures (Usp,Vs) and (y@,y;()) are
induced by some cosilting object C' and some silting object T, respectively, by (2.18) and
(2.20), but the classifications do not concretely tell us what C' and T are in general. One of
our main purposes is to explicitly realize such a cosilting object and a silting object under
some assumption on P.

We will first deal with the silting side in Sections 3 and 4. When we next deal with the
cosilting side in Section 5, it will be important to know that the injection mentioned in
Section 2.1.5 becomes bijective for any commutative noetherian ring R. That is, there is a

bijection
equivalence classes of equivalence classes of
silting objects of finite type p == < cosilting objects of cofinite type (2.21)
in D(R) in D(R)

given by T +— T", where (=)' := RHompg(—,F) and E is any injective cogenerator F
in ModR (see [10, Th. 3.8] and the last paragraph of Section 2.1.6). This bijection is
compatible with (2.18) and (2.20) in the following sense: If T is a silting object with
(T+>0, T4<0) = (Vg,V3") for a nondegenerate sp-filtration ®, then T is a cosilting object
with (t=0(T+),+>0(T*)) = (Us,Vs) (see [10, Ths. 3.2 and 3.3], (2.17), and (2.19)).

REMARK 2.13. Let S, R, and E be as in Section 2.1.5. Then R is a tilting object
of finite type in D(R) and it induces the standard t-structure (D<°(R),D”°(R)), while
R* := RHomg(R, E) is a cotilting object of cofinite type in D(R°P) and it induces the
(shifted) standard t-structure (D<"!(R°P), D~ *(RP)).

If R is a commutative noetherian ring and S = R, these t-structures can be described by
a nondegenerate sp-filtration, as explained above. Indeed, take the sp-filtration ® defined by
®(n) := Spec R for n < —1 and ®(n) := 0 for n > —1. Then (D="Y(R),D”"Y(R)) = (Usp,Vs)
clearly, so (D="(R),D”°(R)) = (Vs,Y3°) by (2.21).

2.5 Dualizing complexes

Let R be a commutative noetherian ring. We state here various facts about dualizing
complexes. We allow them to have infinite injective dimension, following Neeman’s approach
[90, Def. 3.1].
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2.5.1.

We say that a complex X of R-module is cohomologically bounded if H'(X) =0 for all
i < 0 and i > 0. We denote by D})g (R) the subcategory of D(R) formed by cohomologically
bounded complexes X with finitely generated cohomology modules.

A complex D € D]fog(R) is called a dualizing complex for R if the functor
RHompg(—,D) : D(R)°® — D(R) induces a duality D]f°g(R)°p = D]fog(R), or equivalently,
if for every X € le’g(R), we have RHompg(X,D) € DFg(R) and the canonical morphism
X — RHompz(RHompg(X,D),D) is an isomorphism (see [90, Prop. 3.6]).

REMARK 2.14. Recall that a complex D of R-modules is called a pointwise dualizing
complex for R if Dy, = Ry,®grD is a dualizing complex for R, at each point p € SpecR. A
complex D of R-modules is a dualizing complex in our sense if and only if D is a pointwise
dualizing complex and cohomologically bounded. This characterization is due to Gabber
(see [37, Lem. 3.1.5]) and he called a complex satisfying the latter conditions a strongly
pointwise dualizing complex, as stated in [90, Footnote 1]. See also [19, Th. 6.2.2], where
the above characterization is recovered.

We say that a dualizing complex is classical if it is isomorphic to a bounded complex of
injective modules. A complex of R-modules is a classical dualizing complex if and only if it
is a pointwise dualizing complex and R has finite Krull dimension (see [52, Chap. V, Cor.
7.2, and Prop. 8.2]). In the literature, dualizing complexes usually refer to classical ones.

If D is a pointwise dualizing complex, then, for each p € Spec R, there is a unique integer
dp(p) such that Ext%’z(p)(n(p),Dp) # 0 (see [52, pp. 282 and 287]). Moreover, it holds that

RI,D, =292 EL(R/p) (2.22)

for each p (see [52, Chap. V and Prop. 6.1]), where Er(R/p) stands for the injective hull
of R/p over R.

If D and D’ are dualizing complexes for R, then there is an invertible complex L € D(R)
(in the sense of [19, §5]) such that D = D'®%L in D(R); see [90, Lem. 3.9] and [19, Prop.
5.1] (cf. [52, Chap. V, Th. 3.1]). In particular, if R is local and admits a dualizing complex
D, then D is uniquely determined in D(R) up to shift and isomorphism.

NotaTIiON 2.15. If R is a local ring having a dualizing complex, we denote by Dpr a
dualizing complex for R such that inf Dg = 0.

REMARK 2.16. Suppose that R admits a dualizing complex D.

(1) If S is a multiplicatively closed subset of R, then ST'R®rD is a dualizing complex for
S~IR.

(2) If R islocal and m is the maximal ideal of R, then I§®I§ D=~ R®pDp Dy in D(R)
and in D(R) (see [52, Chap. V, Cor. 3.5] and [79, Th. 8.14]), where R := A™R.

(3) If R— A is a homomorphism of commutative noetherian rings such that A is finitely
generated as an R-module, then RHomp(A,D) € D}jg (A) is a dualizing complex for A
(see Remark 2.14 and [19, Cor. 6.2.4]). If R is a Gorenstein ring (i.e., Ry has finite
injective dimension over Ry, for every maximal ideal m), then R itself is a dualizing
complex for R (by Remark 2.14 and [52, Chap. V, Th. 9.1]), and hence, given any ideal
I of R, RHomp(R/I,R) € D]fog(R/I) is a dualizing complex for R/I.
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If (R,m) is a local ring, then Risa homomorphic image of a regular local ring by Cohen’s
structure theorem (see [79, Th. 29.4(ii)]), so R admits a dualizing complex (see [52, p. 299]).

2.5.2.

Recall that a complex X of R-modules is called minimal if every homotopy equivalence
X — X is an isomorphism in C(R) (see [20, p. 397]). A complex X of R-modules is called
K-projective (resp. K-injective, K-flat), if the functor Hompg(X,—) (resp. Homp(—,X),
—®prX) from C(R) to C(R) preserves acyclicity of complexes (see [113]). Suppose that R
admits a dualizing complex D. According to the proof of [52, Chap. I, Lem. 4.6(3)], one
can construct a K-injective resolution D — I such that [ is a minimal complex of injective
modules with I” =0 for n <inf D (see also [72, Appendix B]).

It essentially follows from (2.22) and the structure theorem of injective R-modules (see
[79, Ths. 18.4 and 18.5]) that

"= @ Er(R/p)

peSpec R
dp(p)=n

for every n € Z. This well-known fact can be verified by noting that R,®r— and I', send
every minimal complex of injective R-modules to a minimal complex of injective R-modules
(see Remark 4.2 and [72, Lem. B.1]). If R is local and D = Dp (as in Notation 2.15), then
dp(p) =dimR—dim R/p (see Section 2.5.3).

2.5.3.

A strictly increasing chain py C p; € -+ C p,, of prime ideals in SpecR is said to be
saturated if, for each ¢ with 0 <i < n, there is no prime ideal g such that p, T q C p;41.
A function d: Spec R — Z is called a codimension function on SpecR if it satisfies that
d(p1) =d(po) +1 for every saturated chain py C p; of length 1 in Spec R (see [52, p. 283]).
Clearly, this definition is equivalent to that d(p,) = d(pog) +n for every saturated chain
po S p1 C -+ Cp, of arbitrary length n in Spec R. One can also characterize a codimension
function as a function d : Spec R — Z satisfying d(p2) —d(p1) = ht(p2/p1) for any inclusion
p1 C p2 in Spec R, where ht(p2/p1) is the height of the prime ideal po/p; of R/p;.

Existence of a codimension function on Spec R implies that R is catenary (see [52, p.
284]), that is, whenever p and q are prime ideals with p C g, every saturated chain starting
from p and ending at q has the same length. When a codimension function d on Spec R
exists, d + ¢ is a codimension function on SpecR as well for any constant ¢ € Z, and d
is uniquely determined up to constant if Spec R is connected (e.g., [69, Def. 5.1]). More
precisely, given two codimension functions d and d’ on Spec R and a connected component
S of SpecR, d —d’ is constant on S.

If R admits a pointwise dualizing complex D, the function given by p — dp(p) is a
codimension function (see (2.22) and [52, p. 287]). There are cases where R may not admit
a (pointwise) dualizing complex but a codimension function exists. Indeed, if R is Cohen—
Macaulay (i.e., depthp Ry = dim Ry, for every maximal ideal m), the height function ht :
Spec R — Z is a codimension function by [79, Th. 17.4(i)] (see also the proof of [79, Th.
17.4(ii)]). Moreover, if R is catenary and local, the assignment p — dim R —dim R/p defines
a codimension function. We also remark that, when R is a one-dimensional ring, the height
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function and the function given by p — dim R — dim R/p are both codimension functions,
but R may not admit a dualizing complex (see Remark 6.16).

EXAMPLE 2.17. Let k£ be a field.

(1) Let R :=Ek[z]][y] and p := (1 —2y). Then ht(p) =1 and dimR/p =0, so dimR —
dimR/p = 2 > ht(p). Note that R is a dualizing complex for R and dg = ht. Since
Spec R is connected, a codimension function on Spec R is unique up to a constant.
Thus the function Spec R — Z given by q + dim R —dim R/q is not a codimension
function.

(2) Let R:=k[z,y,z]]/(xy,xz). Then dimR = 2, and p := (y,2z) C R is a minimal prime
ideal, while dim R/p = 1. Hence dim R—dim R/p =1 > ht(p) = 0. The ring R is catenary
and local, so the function Spec R — Z given by q — dim R —dim R/q is a codimension
function. Thus the height function ht : Spec R — Z is not a codimension function, since
Spec R is connected.

2.54.

The existence of a dualizing complex allows us to use a powerful method, by which we
can prove Theorems 1.1 and 1.2(1) under additional yet mild conditions in a very efficient
way (see Remark 3.14). We denote by Proj R (resp. Inj R, Flat R) the category of projective
(resp. injective, flat) R-modules. For an additive subcategory A of Mod R, we denote by
K(A) the homotopy category of complexes of modules in A. The pure derived category
D(Flat R) of flat R-modules is defined as the Verdier quotient category of the homotopy
category K(Flat R) by the subcategory of pure acyclic complexes of flat modules (i.e.,
acyclic K-flat complexes of flat modules). If we regard Flat R as the exact category in a
natural way, then D(Flat R) is the derived category of Flat R in the sense of [31, §10].

Under the existence of a classical dualizing complex D (being a bounded complex of
injective modules), Iyengar and Krause [63, Th. 1] showed that the triangulated functor
Dopr— : K(ProjR) — K(InjR) is an equivalence, where its quasi-inverse is given by
composing Homp (D, —) : K(Inj R) — K (Flat R) with a right adjoint K(Flat R) — K(Proj R)
to the inclusion K(ProjR) — K(Flat R).

On the other hand, Neeman [89, Th. 1.2 and Facts 2.14] proved that the canonical functor
K(ProjR) — D(Flat R) is a triangulated equivalence (for any ring) and pointed out that
D®pr—:K(ProjR) — K(Inj R) factors through the quotient functor K(Flat R) — D(Flat R)
(see [89, Facts 2.17)).

As a consequence, if D is as above, then D@ r—: D(Flat R) — K(Inj R) is a triangulated
equivalence whose quasi-inverse is given by Hompg(D,—) : K(Inj R) — D(Flat R). In fact,
Neeman [91, Cor. 3.19] extended the triangulated equivalence D®&pr— : K(ProjR) —
K(Inj R) to the case that D is a (strongly pointwise) dualizing complex (see Remark 2.14).

In conclusion, we have the following fact.

THEOREM 2.18 [63], [89], and [91]. Let R be a commutative noetherian ring.
(1) The canonical functor
K(ProjR) — D(Flat R)

18 a triangulated equivalence.
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(2) Assume that R admits a dualizing complex D and that D is a bounded below complex
of injective R-modules. Then the functor

Der—:D(Flat R) — K(InjR)
18 a triangulated equivalence whose quasi-inverse is given by
Homp(D,—) : K(InjR) — D(Flat R).

REMARK 2.19. There is a fully faithful functor D(R) — D(Flat R), which is the compo-
sition of the canonical embedding D(R) < K(Proj R) with the equivalence K(ProjR) =%
D(Flat R) by Theorem 2.18(1). Given any K-flat complex X of flat R-modules and
a K-projective complex P € K(ProjR) with a quasi-isomorphism P — X, the functor
D(R) — K(ProjR) replaces X by P, and the mapping cone of the quasi-isomorphism
P — X is pure acyclic. Hence P and X are identified in D(Flat R). Then we see that the
image of X by the functor D(R) — D(Flat R) is X up to isomorphism.

On the other hand, the canonical functor K(Flat R) — D(R) naturally induces a trian-
gulated functor D(Flat R) — D(R), which yields the canonical map Homp (pia; gy (X,Y) —
Homp(g)(X,Y), where X and Y are complexes of flat R-modules. Suppose that X
and Y are K-flat. Then this canonical map is bijective (as observed in the proof of
[81, Th. 5.5] for schemes). Indeed, by the previous paragraph, we have the canoni-
cal bijection Hompgy(X,Y) = Hompriat r)(X,Y), and, composing it with the map
Homp (piat ) (X, Y) = Homp gy (X,Y), we obtain the identity map on Hompg)(X,Y); the
last fact can be easily verified because we may assume that X and Y are K-projective
complexes of projective R-modules.

2.6 Lukas lemma for complexes

We here recall the Lukas lemma, which makes first extension groups vanish under some
conditions. We use this technical lemma to handle arbitrary commutative noetherian rings
of possibly infinite Krull dimension and their arbitrary sp-filtrations (cf. Remark 3.14 and
Footnote 6).

Let R be an arbitrary ring and X € C(R), where C(R) is the category of complexes of
right R-modules. Let C be a subcategory of C(R). A C-cofiltration of X is an inverse system
(Xa,Ta,p | a < <6) formed by an ordinal § and epimorphisms 7, 5 : Xg — X, in C(R)
indexed by a < 8 < ¢ such that the following conditions are satisfied:

(i) Xs=X,
(i) @a@f Xo = X for each limit ordinal 8 <4, and
(iii) Xo € C and Ker(my,a+1) € C for every a < 6.

See [47, Def. 6.34(1)].
LEMMA 2.20 (Lukas lemma). Let X,Y € C(R) and
C:={Z € C(R) | Extg gy (X, Z) =0}.
If Y has a C-cofiltration, then Y € C.

Proof. See [A47, Lem. 6.37], which is proved for modules, but the proof also works for
complexes. 0
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We close this section by giving an interpretation of this lemma from the view point of
the derived category. What we need for this purpose is the equivalence Homp gy (X,Y) =
0 Extlc(R)(EP,Y) =0 for X,Y € C(R) and a K-projective resolution P — X such that
P consists of projective modules (cf. [43, Cor. 3.3]). We state this classical fact in a better
way, which is also well known to specialists.

Given X,Y € C(R), there is a canonical morphism Homg gy (X,Y) — Exté(R)(EX,Y)
of abelian groups, which assigns to each chain map f: X — Y the equivalence class of
the canonical exact sequence 0 — Y — Cone(f) — XX — 0. The exact sequence splits
if and only if f is null-homotopic (see [43, Lem. 3.2]), and the image of the canonical
morphism Homg(g)(X,Y) — Ext};(R)(ZX,Y) is the subgroup Exté(R)7dw(ZX, Y') formed
by the equivalence classes of degreewise split exact sequences. Thus, there is a canonical
isomorphism Homg (g (X,Y) = Exté( R),dw(2X,Y), where K(R) stands for the homotopy
category of complexes of R-modules. For a complex P of projective R-modules, we have
Exté(Rde(EP, Y)= Exté(R)(EP,Y), so if we further assume that P is a K-projective
resolution of X, then there are canonical isomorphisms

Homp (g (X,Y) = Homy () (P,Y) 2 Extg ) (SP,Y). (2.23)

COROLLARY 2.21. Let X,Y € D(R), and consider the subcategory X° of D(R). Let
C be the subcategory of C(R) formed by all objects in X0, that is, C :={Z € C(R) |
Homp(g)(X,Z) =0}. If Y has a C-cofiltration, then Y € Xto.

Proof. Let P be a K-projective resolution of X such that P consists of projective R-
modules. By definition, we have Hompg)(X,Z) = Homgg)(P,Z) for all complexes Z,
so C ={Z € C(R) | Homg (P, Z) = 0}. It follows from (2.23) that C = {Z € C(R) |
Exté( r)(XP,Z) =0}, and hence, if ¥ has a C-cofiltration, then the Lukas lemma yields
Y €C, or equivalently, Y € X 1o, U

§3. Slice sp-filtrations and codimension filtrations

In the rest of this paper, R denotes a commutative noetherian ring unless otherwise
specified. For a subset W of SpecR, dimW denotes the supremum of lengths of strict
chains of prime ideals in W. In particular, dim(Spec R) is the Krull dimension of R, which
is denoted by dim R as before. Note that if W is empty, then dim W = —oo by definition.

DEFINITION 3.1. Let ® be an sp-filtration of Spec R. We call ® a slice sp-filtration of
Spec R if it is nondegenerate and dim(®(n)\ ®(n+1)) <0 for all n € Z.

Slice sp-filtrations are precisely the filtrations used in [52, Chap. IV, §3] for the definition
of Cousin complexes.

REMARK 3.2. The authors of the present paper would like to adopt “slice”? (rather than
“Cousin”) to avoid a possible confusion with other notions of sp-filtrations (see Remark 3.4).
After this choice, the authors noticed that the terminology “slice filtration” is used in
the context of equivariant or motivic homotopy theory (see, e.g., [51], [54], [56], and [117]).
A basic idea behind slice filtrations is very similar to our motivation of Definition 3.1 (see

3 This terminology was initially brought from [85, Def. 7.6], which introduces a family of zero-dimensional
subsets of Spec R satisfying some conditions for a given finite-dimensional subset W to calculate the
Bousfield localization functor A¥Y on D(R), and the authors of [85] called it a system of slices of W. The
conditions of this notion also imitate the definition of the filtrations in [52, Chap. IV and §3].
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Remark 4.3). However, our definition is not precisely compatible with the slice filtrations in

)

that area. We leave the prefix “sp-” so that the reader can distinguish ours from the other.
On the other hand, we remove the prefix from the filtrations considered in Example 3.3

for simplicity because we think there is no worry of confusion.

Recall that there is a bijective correspondence between the sp-filtrations of Spec R and
the order-preserving functions Spec R — Z U {00, —c0}, and this restricts to a bijective
correspondence between the nondegenerate sp-filtrations of Spec R and the order-preserving
functions Spec R — 7Z (see Remark 2.11). In fact, a nondegenerate sp-filtration ® is a slice
sp-filtration if and only if its corresponding function fg is strictly increasing, that is, p C q
implies fg(p) < fo(q). Hence, we have the following commutative diagram:

nondegenerate order-preserving
sp-filtrations , —— functions
of SpecR SpecR — 7Z
U U (3.1)
slice strictly increasing
sp-filtrations ; —— functions
of SpecR SpecR — 7Z

As observed in (2.18) and (2.20), the silting t-structures of finite type and the cosilting
t-structures of cofinite type are classified by using the nondegenerate sp-filtrations. We will
explicitly construct a (co)silting object that induces the (co)silting t-structure corresponding
to each slice sp-filtration.

ExAMPLE 3.3. A typical example of a slice sp-filtration is ®y; defined by the height
function ht : Spec R — Z as in Remark 2.11. We call ®y; the height filtration of Spec R. If
R admits a codimension function d: Spec R — Z, then ®4 is also a slice sp-filtration, which
we call a codimension filtration of Spec R.

The grade function gr: Spec R — Z is a natural example of an order-preserving function
that may not be strictly increasing, where gr(p) := depth(p, R). We call the sp-filtration ®,,
the grade filtration of Spec R. Note that gr <ht in general (see [30, Prop. 1.2.14]), and the
equality holds (or equivalently, gr is strictly increasing) if and only if R is Cohen—Macaulay
(see [30, Prop. 1.2.10(a)]).

REMARK 3.4. An sp-filtration ® of Spec R is said to satisfy the weak Cousin condition
if the following condition holds: For any n € Z and any strict inclusion p C q in Spec R such
that p is maximal under q (i.e., p C q is a saturated chain), q € ®(n) implies p € (n—1).
See [4, p. 332, Def.]. If the converse implication also holds, then @ is said to satisfy the
strong Cousin condition (see [4, p. 331, Rem.]).

Under the existence of a classical dualizing complex (resp. a pointwise dualizing complex),
the weak Cousin condition characterizes the case when the t-structure corresponding to ®
via (2.16) restricts to a t-structure in ng(R) (resp. D¢g(R)); see [4, Th. 6.9 and Cors. 3.12
and 6.10]. Here, Dy, (R) stands for the subcategory of D(R) formed by complexes with
finitely generated cohomology modules.

In general, a nondegenerate sp-filtration satisfying the weak Cousin condition need not
be a slice sp-filtration. Conversely, a slice sp-filtration need not satisfy the weak Cousin
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condition. In fact, a slice sp-filtration satisfies the weak Cousin condition if and only if it is
a codimension filtration. One can also directly check that a nondegenerate sp-filtration is a
codimension filtration if and only if it satisfies the strong Cousin condition. In conclusion:

nondegenerate sp-filtrations slice sp-filtrations . . .
e e codimension filtrations
of Spec R satisfying = ¢ of Spec R satisfying the ) = of Spec R
the strong Cousin condition weak Cousin condition P

DEFINITION 3.5. Let ® be a nondegenerate sp-filtration of Spec R. We define
To:= P S@PRILR,,

pESpec R
which is an object in D(R).

REMARK 3.6. Let p € SpecR. It follows from (2.9), (2.11), and tensor-hom adjunction
that there is an isomorphism

RHompg(RT, Ry, —) = LAPRHompg(R,, —)

of functors D(R) — D(R). If m is a maximal ideal, then RI'Rm = RI'w R in D(R) (see,
e.g., Remark 4.2), and so LA™ 2 RHomgz(RI'wR,—) = LA"RHompg(Ry,—) as functors
D(R) — D(R).

For each X € D(R), the inclusion suppp RI', X, C {p} holds by (2.11). In particular, we
have suppp RI'y R, = {p}. It then follows from the previous paragraph that we also have
cosuppp LAPRHompg (R, X) C {p}.

We will show that Ty is a silting object inducing the t-structure (Vg,YVg°) in D(R) for
every slice sp-filtration ® of Spec R. For this, we at least need to show that T $>° = Vs,
whence it follows that (T $>°, (T $>°)J—0) is a t-structure. However, it is still unclear if the
equality (T$>0)¢0 = Tégo holds, so we have to further show that T is silting in D(R) after
all. By Lemma 2.2, this is equivalent to showing the following conditions: (1) T € T$> o
(2) T3> =0; (3) T$>° is closed under coproducts. The second condition is not difficult to
check thanks to a result of Neeman.

LEMMA 3.7. Let ® be a nondegenerate sp-filtration. The object Ty generates D(R), that

is, Tg" = 0.
Proof. Since supppTe = Spec R by Remark 3.6, it follows from [86, Th. 2.8] that the
smallest localizing subcategory containing Tg is D(R), or equivalently, Téz =0. O

Showing the remaining two conditions (for Te with a slice sp-filtration ®) requires
technical arguments. Since we have Sj10 = Vg by (2.19), the third condition follows once
we verify the equality Té” = Vg, and this step is necessary in any case as mentioned above.
To compare these two subcategories, let us here give useful descriptions of Téﬁo and V.
For every object X € D(R) and every integer n, we have natural isomorphisms

Homp ) (Te,2"X) 2 [[ Homp g (S*PRI,R,, 5" X)
pESpec R
=~ J] H°RHomp(s"*®RI,R, 5"X)
peSpec R

=~ H H" %O LAPRHompg(R,, X)
pESpec R
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by Remark 3.6. Hence, Homp g (T, X" X) = 0 for all n > 0 if and only if it holds that
H”_f‘b(p)LApRHomR(Rp,X) =0 for all p € SpecR and all n > 0, or equivalently, we have
supLAPRHompg(Ry, X) < —fo(p) for all p € Spec R. Therefore

T3>° = {X € D(R) | widthg, RHomp(Ry, X) > fa(p) Vp € Spec R}. (3.2)
On the other hand, for any X € D(R), the following bi-implications hold:

widthg(p,X) >n Vn € Z Vp € (n)
& widthp(p,X) >sup{ne€Z|p e ®(n)} Vp € SpecR
< widthg(p, X) > fo(p) Vp € SpecR.

As a consequence,
Vo ={X € D(R) | widthg(p,X) > fs(p) Vp € Spec R}. (3.3)

It will be shown in Proposition 4.5 that T$>O coincides with Vg, but this is not easy. An
essential difficulty comes from non-exactness of the colocalization functors Hompg(R,, —).

It is also a delicate problem to verify the first condition T € T$>“. We provide two
approaches for this. To get the full generality, we use the Lukas lemma (Lemma 2.20) and
combine it with various facts on Bousfield localization functors (see Section 4). If R admits
a dualizing complex, then Theorem 2.18 enables us to efficiently prove the first condition
as explained below.

Let ® be a nondegenerate sp-filtration of Spec R and assume R admits a dualizing
complex D, which we may regard as a bounded below complex of injective R-modules.
By (2.11), and using Notation 2.9, we have

Tox @ HOCE), (3.4)
pESpec R
in D(R), where C(p), = R,®rC(p). Moreover, it follows from (2.11) and (2.22) that
D®R2f¢(p)é(p)p = e =do®) pr(R/p) (3.5)

in D(R) for every p € SpecR. Since (3.5) is an isomorphism between bounded below
complexes of injective modules, it can be realized as an isomorphism in K(Inj R). Collecting
the isomorphisms in K(Inj R) for all p € Spec R, and taking the coproduct of them, we obtain
an isomorphism

@ D®sz¢(p)é(p)p o @ sfe®)=do®) Br(R/p) (3.6)
peSpec R pEeSpec R
in K(Inj R).
PROPOSITION 3.8. Let R be a commutative noetherian ring with a dualizing complex

and ® a nondegenerate sp-filtration of Spec R. Then the following hold.

(1) Add(Ts) C T$>° if and only if ® is a slice sp-filtration.
(2) Add(Ts) C Tet#° if and only if ® is a codimension filtration.

Proof. Let D be a dualizing complex for R, and regard D as a bounded below complex
of injective R-modules. For the sake of brevity, we write simply T, f and d instead of T4,
fs and dp, respectively.
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Let ¢ be a cardinal and n be an integer. By definition, we have

Homp ) (T,2"T*) 22 [ Homp g (S PRI, Ry, £"T)).
pESpec R

Fix p € Spec R. It follows from (2.11) and Remark 2.19 that

qgeSpec R

gHomD(FlatR)(Ef(p)O(p)w @ E”“(q)é(q)é”))-
qESpecR

Furthermore, using Theorem 2.18(2), (3.5), and (3.6), we have

HomD(FlatR)<Ef(p)é(p)P’ @ En+f(q)é(‘1)g%))
qeSpec R

= Hom 1m; ) (S " D2 RC(p)y, DoR( ) T 0C(@)F))
qESpecR

~ Homg(inj ) (Z 0140 (R /p), €D En+f(q)—d(q)ER(R/q)(%))

qeSpec R
= Hommg (1n; ) (ER (R/p), @ yntf(a)—f(p)— d(CI)+d(P)E‘R(R/q)(%))

qESpec R
= Homg (1 r) (ER R/p), ( D EZ‘]“JIEE(R/OI)(”Q)
€L qESpecR
n+f(q)—f(p)—d(q)+d(p)=i
=~ Homg (1) ) (ER R/p), & Er(R/ q)(”)>
qgeSpecR
n+f(q)—f(p)—d(q)+d(p)=0
= Homg (1 r) (ER(R/P) D R(R/Q)(”)> ;
qeEV(p)

n+f(q)— f(p) d(q)+d(p)=0

where the last isomorphism follows from Remark 3.9(1).
As a consequence, there is an isomorphism

Homp g (T,5"T*)) =[] Homx g <ER(R/P) & ER(R/CI)(%)> :
peSpec R qeV(p)
n+f(q)—f(p)=d(q)—d(p)

Then we see from Remark 3.9(1) that
Add(T) C T+ < there is no p C q in Spec R such that n+f(q) —f(p) =d(q) —d(p).

Now, let us complete the proof.

(1): Suppose that ® is a slice sp-filtration, or equivalently, f is strictly increasing (see
(3.1)). Take any inclusion p C q in Spec R. Then f(q) —f(p) > d(q) —d(p) by Remark 3.9(2).
Therefore, n+f(q) —f(p) > d(q) —d(p) for every n > 0. This implies Add(T) C T+>° by the

above equivalence.
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Conversely, suppose that Add(T) C T+>°. If the order-preserving function f : Spec R — Z
is not strictly increasing, then there is a strict inclusion p C ¢ in Spec R such that f(q) —f(p) <
d(q) —d(p) by Remark 3.9(2). So, setting n:= —f(q) +f(p) +d(q) —d(p) > 0, we have the
equality n+f(q) —f(p) = d(q) —d(p), and then Add(T) € T+~ by the above equivalence.
This is a contradiction. Hence f must be strictly increasing.

(2): Suppose that ® is a codimension filtration, or equivalently, f is a codimension
function. Take an inclusion p C q in SpecR. Then f(q) —f(p) = d(q) —d(p) by Remark
3.9(2). Thus Add(T) C T+#° by the above equivalence.

Conversely, suppose that Add(T) C T+#°. By (1), the function f : Spec R — Z is strictly
increasing, so f(q) —f(p) > d(q) —d(p) for every inclusion p C q in Spec R by Remark 3.9(2).
If the inequality f(q) —f(p) > d(q) —d(p) occurs for some inclusion p C q in Spec R, then
setting n := —f(q) +f(p)+d(q) —d(p) <0, we have the equality n+f(q) —f(p) =d(q) —d(p).
Hence Add(T) € T+ by the above equivalence, but this can not happen as we supposed
that Add(T) C T+#°. Thus we have f(q) —f(p) = d(q) —d(p) for every inclusion p C q in
Spec R, that is, f is a codimension function. U

REMARK 3.9. We here summarize two elementary facts used in the above proof.

(1) Letp,q€ SpecR. Then Homp(Er(R/p), Er(R/q)) # 0 if and only if p C q. The “if” part
follows because there is a nonzero R-linear map Fr(R/p) — Er(R/q) that extends the
composition of the canonical map R/p — R/q and the given map R/q— Er(R/q). The
“only if” part follows because Fr(R/q) is g-local (i.e., the canonical map Er(R/q) —
Er(R/q)q is bijective) and Er(R/p) is p-torsion (i.e., the canonical map I'y Er(R/p) —
Er(R/p) is bijective); see [79, Th. 18.4(v) and (vi)]. Indeed, this fact implies that there
is no nonzero R-linear map from Er(R/p) to any coproduct of g-local R-modules for
all q € Spec R with q ¢ V(p).

(2) Let p,q € Spec R with p C q. Since R is noetherian, there is a saturated chain

P=qg0SCn S s - SCar=q

in Spec R. Then the inequality f(q) —f(p) > k holds for each strictly increasing function
f: Spec R — 7Z. Moreover, if a codimension function d exists, then d(q) —d(p) = k by
definition. In fact, under the existence of a codimension function d, an order-preserving
function f : Spec R — Z is strictly increasing if and only if f(q) —f(p) > d(q) —d(p) for
every inclusion p C q in Spec R. Note also that we simply have f(q) —f(p) =d(q) —d(p)
when p =q.

We say that an sp-filtration ® of Spec R is bounded if there are integers s and ¢ such that
®(s) =SpecR and ®(t) =0 (cf. [4, §5.1, Def.]), or equivalently, such that s < fg(p) <t for
all p € Spec R. Every bounded sp-filtration is nondegenerate by definition.

In the rest of this section, using Proposition 3.8, we establish a short proof for the claims
in Theorems 1.1 and 1.2, provided that R admits a classical dualizing complex and ® is a
bounded slice sp-filtration (see Remark 3.14).

LEMMA 3.10. Assume that R has finite Krull dimension. Let ® be a bounded sp-filtration
of Spec R. Then Tg is isomorphic to a bounded complex of projective R-modules in D(R).

Proof. For each p € SpecR, RI', R, is isomorphic to a complex of flat R-modules
concentrated in degrees from 0 to ht(p) (see Remark 3.11). Since ht(p) < dim R < oo and
® is bounded, Tg is isomorphic to a bounded complex of flat R-modules. Then the lemma
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follows from [104, Part II, Cor. 3.2.7], which states that every flat R-module has projective
dimension at most dim R. O

REMARK 3.11. Let (R,m) be a commutative noetherian local ring, and take a system
of parameters @ = x1,...,x4 of R, where d =dim R (see [79, §14]). If I is the ideal generated
by @, it has the same radical as the maximal ideal m, so that I'; =Ty, (see [64, Prop. 7.3]).
Thus we have a natural isomorphism

RI.X =2 C(x)®rX

for every X € D(R) by (2.11), where C(z) is a complex of flat R-modules concentrated in
degrees from 0 to d.

Let R be an arbitrary commutative noetherian ring, and take p € Spec R. Regard
RI'yg, Ry, € D(R,) as an object in D(R) via the (fully faithful) scalar restriction functor
D(R,) — D(R). Then we have a natural isomorphism

in D(R) (cf. [64, Prop. 7.15(3)]). Moreover, by the first paragraph, RI'yg, R, is isomorphic
in D(R,) to a bounded complex of flat R,-modules concentrated in degrees from 0 to
dim R, = ht(p). Therefore RI'yR, is isomorphic in D(R) to a bounded complex of flat
R-modules concentrated in degrees from 0 to ht(p).

EXAMPLE 3.12. SpecZ has a slice sp-filtration which is not bounded.* For this, choose
a function f : SpecZ — Z such that f((0)) =0 and f((p)) = p for every prime p. Then f is
strictly increasing, as f((0)) < f((p)) for every prime p, so the sp-filtration ®¢ corresponding
to f is a slice sp-filtration, but this is not bounded.

LEMMA 3.13. Assume that R admits a classical dualizing complex. Let ® be a bounded
sp-filtration of SpecR. Then R € thick(Add(Tg)). Therefore, all bounded complezes of
projective R-modules belong to thick(Add(Ts)).

Proof.  We first show that thick(Add(Te)) = thick(Add(X)) for X :=€D,cq,cc r RIp Rp-
Let I be the image of the function fg : Spec R — Z. By assumption, I is a finite set.
Setting X; := @fé(p):i RI',R,, we can write T = P, Y X,. Then it follows that Ty €
thick(Add(X)) and X € thick(Add(7Ts)).

Next, let D be a classical dualizing complex and assume that D is a bounded complex
of injective R-modules. Let d be the codimension function associated with D, that is,
d:=dp (see (2.22)). The above argument implies that thick(Add(7s)) = thick(Add(X)) =
thick(Add(Ts,)), where Ty, = @pESpecRZd(p)RFPRp‘ Hence it suffices to show R €
thick(Add(Ts,)).

In the rest of the proof, using (3.4), we regard T, as @pespeCREd(p)C’(p)p. By Remark
2.19, we have the canonical embedding D(R) — D(Flat R) and this sends T, to Tg,. In
addition, the canonical embedding D(R) < K(InjR) sends E := D, cs,0c p Er(R/p) to E.
By (3.6), the equivalence D®r— : D(Flat R) =5 K(InjR) in Theorem 2.18(2) sends Tg,
to E. Hence this equivalence induces an equivalence thick(Add(Ts,)) == thick(Add(E))
of the subcategories of D(R). Since thick(Add(FE)) contains all bounded complexes

4 This does not conflict with [4, Cor. 4.8(3)], which implicitly assumes the weak Cousin condition. See also
Remark 3.4.
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of injective R-modules, we have D € thick(Add(E)). The quasi-inverse Hompg(D,—) :
K(InjR) = D(Flat R) sends D € K(InjR) to Homg(D, D) € D(Flat R), so it follows that
R= HOHIR(D, D) S tthk(Add(Tq;.d))

The second claim follows from Remark 2.7. 0

REMARK 3.14. Assume R admits a classical dualizing complex. Then Proposition 3.8
implies, in conjunction with Proposition 2.5 and Lemmas 3.10 and 3.13, that Ty is a silting
object in D(R) for every bounded slice sp-filtration ®, and that Ty is a tilting object in
D(R) for every codimension filtration ®. Hence Proposition 3.8 gives a quite reasonable
approach to know whether Ty can be silting and tilting. Having established the silting
property of T for a bounded slice sp-filtration ®, it is also not difficult to show the equality
T$>° = Vs by a direct argument. Indeed, since T is a bounded silting object, it is of finite
type (see Section 2.1.4), and therefore T$>° = Vg for some nondegenerate sp-filtration
@’ by (2.20). It remains to show that ® = &', or equivalently, fs = fg,. Fix q € SpecR.
Since RHompg(Rq,k(q)) = k(q), it follows that widthg, RHompg(Rq, Xk(q)) = —i for all
i € Z. In addition, widthg, RHompg (R, ~(q)) = oo whenever q # p € Spec R. Thus, we have
Yik(q) € T$>° if and only if —i > fg(q) by (3.2). On the other hand, given p € Spec R with
p C q, we have width(p, Sk (q)) = —i for all i € Z, and if p Z q, then widthg(p, Lk(q)) = co.
Hence, it follows from (3.3) that X¢k(q) € Vg if and only if —i > fg/(q). Since T$>° = Vo,
it has been shown that —i > fg(q) if and only if —i > fg/(q) for all i € Z. In other words,
fo(q) =fo/(q). Therefore ® = @',

In the next section, for any slice sp-filtration ® of Spec R, we will prove the equality
T$>° = YV and that Ty is silting in D(R) without any additional assumption (see Theorem
4.6). Tts proof is independent from Proposition 3.8, while we will need it and Proposition
3.8(2) both to prove Theorem 4.7. We also mention that, by Theorem 4.6 and Proposition
6.10(1), the assumption on the existence of a dualizing complex in Proposition 3.8 can be
removed from (1) and from the “only if” part of (2).

84. Proof of Theorem 1.1

Let R be a commutative noetherian ring. To prove Theorem 1.1 in full generality, we
need to treat a possibly larger dimension (as defined below) than dim R. Given a subset
W C Spec R, we denote by max W (resp. min W) the set of maximal (resp. minimal) elements
in the poset W.

We recursively define specialization subsets W, of SpecR for each ordinal « in the
following way. First, let Wy be the set of maximal ideals of R. If W, is defined for some
ordinal «, and W, C Spec R, then we put W1 := W, Umax(Spec R\ W,,). If 8 is a limit
ordinal and W, is defined for every a < 3, then we put Wz :=J,, 5 Wa. In this way, we
obtain the least ordinal ¢ satisfying Ws = Spec R. Writing Kdim R for §, we call it the large
Krull dimension of R.

By construction, W, is specialization closed for every a < KdimR, and W, C Wjg
whenever a < § < Kdim R. Moreover, Kdim R = § is always a successor ordinal because
R has only finitely many minimal prime ideals.

If dim R is infinite, we may interpret it as the first infinite ordinal, in terms of the
definition of dim R. Under this convention, we always have dim R < Kdim R, and the equality
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holds if dim R is finite. We remark that Kdim R could be uncountable in general (see [48,
Cor. 8.14, and Th. 9.8]).

The main task of this section is to show the equality T$>O = Y for a slice sp-filtration
® of Spec R. To this end, for an ordinal @ < Kdim R, we define the following subcategories:

V@,0) = {X € D(R) | widthr(p, X) >n Vn € Z Vp € &(n) "W, },
V(oo = {X € D(R) | widthg, RHomp(Ry, X) > fo(p) Vp € Wa},
(/&)70[) ={X € D(R) | widthr(V,X) >n Vn € ZVV C ®(n)NW,}.
Note that V in the last definition is assumed to be specialization closed. We will show

V@,a) = ygq, @) = y{&) ) for every ordinal a@ < Kdim R by using transfinite induction
(Proposition 4.5). The only trivial inclusion is: y('gp ) C V(®,a)- Notice also from (3.3) that

V@,0) = 1X € D(R) | widthg(p, X) > fa(p) Vp € Wa}. (4.1)

We start with the following lemma. For simplicity, we will write a triangle X — Y —
Z—=YXinDR)as X Y > Z =+, throughout the rest of the paper.

LEMMA 4.1. Let Vy CV be specialization closed subsets of Spec R. If dim(V '\ V) <0,
then there is a triangle of the form

[[ LA’RHomg(R, X)—AVX —»AY%X 5
peVA\Vy

for every X € D(R).

Proof. We first remark that the canonical morphism RI'y, R = RI'y; RI'v R — RI'y R
yields a triangle

RI'v,R—RIvR— (P RI,R, 5
PGV\VO

(see Remark 4.2). Next, let X € D(R), and apply RHompg(—,X) to the above triangle.
Then we obtain the following triangle:

H RHomR(RFpRp,X) — RHomgr(RI'y R, X) — RHompg(RI'y, R, X) Ry
peV\Vo

Hence we have the triangle in the lemma by (2.7) and Remark 3.6. 0

REMARK 4.2. For the reader’s convenience, we here summarize some basic facts on a
complex I of injective R-modules; part of them are used in the proofs of Lemma 4.1 and
Proposition 4.5.

For each n € Z, we may write I" = @pespeCRER(R/p)(“g) by some cardinals pj (see
[79, Th. 18.5]). Given a multiplicatively closed subset S C R, the canonical chain map I —
I®RrS™'R is degreewise split surjective, where each map I™ — I"®zS~! can be identified
with the canonical surjection @pespeCRER(R/p)(“g) — @Dpns—o Er(R/p)#). Moreover,

® The large Krull dimension of R is greater than or equal to the “classical Krull dimension” of R in the sense
of [48, p. 48]. To obtain the latter ordinal, we only need to choose (U, 3 Wa)Umax(Spec R\, .3 Wa)
instead of Ua<5 Wea when Wy is defined for each limit ordinal 5. Then we see that the difference of
the two ordinals is up to one. We define Kdim R as above because it is slightly better for our transfinite
induction in the proof of Proposition 4.5.
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for a specialization closed subset V, the nth component of the canonical chain map I'vv 1 — I
can be identified with the canonical injection €D,y Er(R/p)#) — Dpespecr Er(R/p)#s).

~

If Vo CV are specialization closed subsets of Spec R, then the canonical morphism I'y, =
I'y,I'vy = I'y of functors induces a degreewise split exact sequence

0Tyl —TyI—TyI/TyI—0, (4.2)

where (I'vI/Tv,I)" = @yevvi Er(R/p)*). Assume dim(V/Vp) < 0. Then we have a
decomposition I'vI/I'vyI = @,y /v, I'plp as complexes (see Remark 3.9(1)). If I is
K-injective, then (4.2) clearly realizes the triangle

RI'v, X - RIvX » P RILX, 5 (4.3)
peV\Vy

in D(R) for every complex X quasi-isomorphic to I. In particular, letting I be an injective
resolution of R, we may put X := R in (4.3).

In fact, the triangle (4.3) exists for any complex X € D(R) by the isomorphism
(RT'wR)®% X = RI'y X for a specialization closed subset W (see [77, Prop. 3.5.5(ii)]).
More precisely, (4.2) realizes (4.3) whenever I is a complex of injective modules that is
quasi-isomorphic to a given complex X, because RI'yy I 22 'y, I holds without K-injectivity
on I (see [77, Lem. 3.5.1]).

REMARK 4.3. Given specialization closed subsets Vy C V' of Spec R, we have the triangle
% +
YWo v X = v X = A0y X —

by (2.3), where yy,7vX =y, X by (2.4). If dim(V/Vp) <0, we see from (2.7) that the
above triangle coincides with (4.3). It is also possible to deduce the isomorphism A0y X =
@p ev\v, RIpXp from a more formal argument.

We may regard the composite functor Ao 4y as an analogue of a “slice functor” in [51,
§2.2]; which is used to decompose spectra in that context into computable pieces called
slices (see [51, §1] and also [57, §4]). In our case, the condition dim(V '\ V) <0 yields such
a computable situation, and this fact leads to the definition of our slice sp-filtrations.

For the proof of the next proposition, we make a remark.

REMARK 4.4. Let X € D(R). For an integer n and a specialization closed subset
V C SpecR, widthr(V,X) > n if and only if supRHomgz(RI'yvR,X) < —n, that is,
H'RHomg(RI'vR,X) = 0 for every i > —n. The last condition is equivalent to that
Hompg)(RI'v R, »=mX) =0 for every i > 0, and we can rewrite this as the single equality:

[[Homp(s) (" "RIv R, X) =0.
i>0

Hence it holds that

widthp(V,X) >n< X € (@szrV@ Lo,

i>0
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Now, let @ be a slice sp-filtration of Spec R. It then follows, for an ordinal o < Kdim R,
that

X €Vpa e X e (@I RIVR)> ¥ C o)W, VneZ
i>0

eXe (@( D (@zn—imv@))m.

neEZ “VC®(n)NW, >0
This will allow us to use the Lukas lemma via Corollary 2.21.

PrOPOSITION 4.5. Let ® be a slice sp-filtration of SpecR. For each ordinal o <
Kdim(R), we have the equalities

Vo) = Vo0) = V@)

Proof. For brevity, we simply write Yy, ),, and Y/ instead of V(¢ ), y(’,i, o) and yggb o)
respectively. We proceed by transfinite induction on o < Kdim R. If o =0, then W{ consists
of the maximal ideals of R. Hence, for every V C W), we have

IT vA™ = J] LA"RHomp(Rm, —) = A
meVv pev
by Remark 3.6 and Lemma 4.1 applied to V and Vj := (). Thus the equality Yy = )j holds.
The equality Yy = ) follows from the first isomorphism above and (4.1).
We next establish the successor step. Assume that Y, = Y/, = )/ for some ordinal
a < KdimR. For the desired equality Yo41 = V1 = V4,1, it suffices to show that

«

Vot1 € Vi1 C VI because V! | C Va1 by definition. Let X € YVoq1. Note that
Yat1 C Vo =Y., =Y by definition and assumption. Moreover, since X € V11 C V.,
X €V,  widthp, RHomp(Ry, X) > fo(p) ¥p € Wa 1 = WaU(Wayr \ Wa)
& widthg, RHompg (Rp, X) > fo(p) Vp € Woyr \ Wa.

We have dim(W,4+1\ W, ) =0 by construction, so dim(V \ W,,) < 0 for any integer n and
any specialization closed subset V' C ®(n) N W,41. Thus Lemma 4.1 yields the triangle

[ LAPRHomp(R,, X)—AYX = AV Wex 5 (4.4)
peV\Wy

Now, take q € W41\ W, and put n:=fs(q) —1, so that V(q)NW, =V (q)\ {q} and
q€ ®(n). Then q € ®(n)NWy,41, and hence widthg(q, X) > n since X € Y, 1. Furthermore,
® is a slice sp-filtration, so dim(®(n) \ ®(n+1)) <0, and this along with the inclusion V(q) C
®(n) implies that V(q)\ {q} C ®(n+1). In particular, we have V(q)NW, =V (q)\{q} C
O(n+1)NW,, so widthg(V(q) N Wy, X) >n+1 since X € Vo1 C VY. We have observed
that

sup \@DX < —p and supA\V@OWex « —p_1.
By (4.4) applied to V(q) C ®(n) N W,41, we obtain the triangle
LAYRHomp(Ry, X) — AV (@O X 5 \V@Wa x Ty

It then follows that sup LA"RHompg(Rq,X) < —n, that is, widthg, RHompg(Rq, X) > f(q).
We have shown that X € )/, (see the previous paragraph). Thus Vo1 € V1.
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To prove the remaining inclusion Y/, ; C Y/, take X € Y/, . Let V. C ®(n)NW,4 be
a specialization closed subset for an integer n € Z. Since X € Y/, 1 C Y, =Y/!and VN, C
®(n)NW,, it follows that widthgr(V NW,,X) > n. On the other hand, if p € V'\ W,, then
peP(n)NWarr as V C ®(n)NWeq1. Thus we have widthgr, RHompg(Ry, X) > fo(p) >n
by definition and assumption. We have observed that

supA\'"We X < —n and supLAPRHomg(R,,X) < —n.

Thus we have supAVX < —n by (4.4), that is, widthg(V,X) > n, and hence X € Y7,
Therefore, the inclusion Y/, 1 C v 11 follows.

Finally, let us establish the limit step of the induction.® Let 8 < Kdim R be a limit
ordinal, and suppose that Y, = Y, = V., for all a < 3. Since Wz =, 5 Wa, it follows
that Vg = ﬂa<6 Y, and yg = ﬂa<6 Y!,. Thus we have V3 = yg. For the remaining equality
yg =% it suffices to show that y/; C yg because yg C Y3 by definition. Take X € y/é. We
first observe that X (p) := LAPRHompg(Ry, X) € Yj for an arbitrary p € Spec R. Let n be an
integer and V' C ®(n) NWjs be a specialization closed subset. Recall that cosuppz X (p) C {p}
(Remark 3.6). If p ¢ V, (2.5) implies that AY X (p) = 0, that is, widthg(V, X (p)) = co > n.
If pe V, then A\V X (p) = X(p), so

widthr(V, X (p)) = —sup X (p) = widthg, RHompg(Rp, X) > fa(p) > n.

Thus X (p) € V5.

We next show that there is a complex Y such that X =Y in D(R) and Y has a C-
cofiltration, where C denotes the subcategory of C(R) formed by all objects in yg . If this
is done, then Corollary 2.21 implies that X =Y € yg (see Remark 4.4), so y//@ C yg. Hence
the proof will be completed.

To this end, take K-injective resolutions R — I and X — J such that I and J consist of
injective R-modules. Then X = RHompg(R,X) = Homg(/,J) in D(R). We put

Y :=Homg(I,J) and Y, :=Hompr(T'w, I,J)

for each o < Kdim R, where RHomg(RI'w,_ R, X) =Y, in D(R). Consider a direct system
formed by the canonical chain maps ¢, : I'w, I — I'y, I for all « <v < §=Kdim R, where
every o, is degreewise split injective (see Remark 4.2) and hﬂa < 5FWQI STyl =1
in C(R). Then we obtain the inverse system (Yy,7,, |a <v <J) formed by 74, :=
Hompg(ta,y,J) for all @ <wv < ¢, where every 7, is degreewise split surjective and
Y = Hompg(1,J) = LHomR Tw,I,J)= I'&nY
a<s a<é

in C(R). If v is a limit ordinal, then W, =
and hence Y, = L - Y,.

We remark that y“ is closed under products since AV = RHomp(RI'yR,—) for any
specialization closed subset V' C Spec R. Moreover,

[ Xtm)= J] RHomp(RIWR,X)= [ Homg(Twl,J) = Homp(Tw,I,J) =Y,
meWy meWy meWy

W, by definition, so 'y, I = hﬂa<u r

a<v

6 If dim R is finite, then dim R = Kdim R, so the limit step can be omitted.
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in D(R) by Remarks 3.6 and 4.2. Since we know that X (p) € Vg for all p € Spec R, it follows
that Yo =[], e, X (m) € Vg, that is, Yy € C. To observe that the kernel of 7, o+1 belongs
to C for each a < §, consider the degreewise split exact sequence

a,a+1

0— D, I =5 Py T =Ty I/Tw, I —0.

Applying Hompg(—,J) to it, we obtain the exact sequence

ﬂa,a+1

0= Homr(I'w,, I/Tw,1I,J) = Yop1 ——— Y, —0. (4.5)
Sending this to D(R), we obtain the triangle in Lemma 4.1 applied to W, C W41 (see the
proof of the lemma). Furthermore, putting Y (p) := Homp(I'y I, J), we have
Homp(Tw,1I/Tw,I,7)= [ Homg[T,L,J)= [ Y
PEWa+1\Wa PEWH4+1\Wa
in C(R) (see Remark 4.2). As a consequence, there are isomorphisms

II Y®= JI LARHomg(R,X)= [J] X®

PEWat1\Wa PEWa4+1\Wa PEWH4+1\Wa

12

in D(R). Since the last one belongs to Vg, so does the first, and hence [ [ ¢y, \w, Y (p)
Kerm, o+1 € C. Therefore, we have shown that the inverse system (Y, ma,, | @ <v <9) is
C-cofiltration, as desired.

o

We now prove one of the main results of this paper (Theorem 1.1).

THEOREM 4.6. Let R be a commutative noetherian ring, and let ® be a slice sp-filtration
of SpecR. Then Tg is a silting object in D(R) such that (Té”,TéSO) = Vs, V3°).

Proof. Since Ws = Spec R, we have V(¢ 5y = Vs for 6 = Kdim R, and T$>° = yg(w by

(3.2). Thus T$>° = Y4 by Proposition 4.5. In particular, Té” is closed under coproducts
by (2.19). By Lemma 3.7, we have Tp2 = 0. Hence it remains to show that Ty € T$>° (see
Lemma 2.2).

Since T’ $>° = Vs is closed under coproducts, it suffices to show that Sfe®RT, R, € Vs
for each p € Spec R. Thus, if we observe that

widthg(q, 2" ®RI,R,) > n

for any n € Z and q € ®(n), then the proof will be completed.
It follows from (2.13) and (2.11) that

widthg(q, 2" PRI, R,) = —sup (R/q) @% X PIRT, R, = —sup PRI, (R, /q,). (4.6)

Moreover, we have supRI'y (Ry, /q,) =supRIyr, (Ry/qp) =dim Ry, /qp (see [30, Th. 3.5.7 and
p. 413]). Since @ is a slice sp-filtration, we also have dim(R,/q,) =ht(p/q) < fa(p) —fa(q)
(see Section 2.5.3 and Remark 3.9(2)). Then

sup 2 PVRT, (R, /q,) = supRI, (R, /a,) — fa () < —fa(q).
Therefore
widthp(q, 2 PRI, R,) > fo(q) > n
by (4.6), as desired. O

https://doi.org/10.1017/nmj.2024.1 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2024.1

TILTING COMPLEXES AND CODIMENSION FUNCTIONS 35

The next theorem is also part of our main results (Theorem 1.2(1)). Recall that a
dualizing complex in our sense may have infinite injective dimension (see Section 2.5).
Moreover, if D is a dualizing complex, then dp is a codimension function (see Section
2.5.3), so ®4,, is a codimension filtration of Spec R.

THEOREM 4.7. Let R be commutative noetherian ring with a dualizing complez, and let
® a nondegenerate sp-filtration of Spec R. Then Ty is a tilting object in D(R) if and only
if ® is a codimension filtration of Spec R.

Proof. This follows from Lemma 2.2, Theorem 4.6, and Proposition 3.8(2). U

As mentioned in Remark 3.14, Theorems 4.6 and 4.7 can be proved in a simpler way if
® is bounded and R admits a classical dualizing complex.

REMARK 4.8. If (R,m) is a d-dimensional Cohen-Macaulay local ring, then RI', R =
Y 9HIR by [30, Th. 3.5.7], where H.R := HRI' R is called the dth local cohomology
module of R with respect tom.

Suppose that R is a (possibly nonlocal) Cohen-Macaulay ring. Then R, is a Cohen—
Macaulay local ring for each p € SpecR by definition. Thus RI', R, = Z_ht(p)Hgt(p)Rp
for every p € Spec R, where H;lt(p)Rp = Hht('T’)Rl“pRp = HSEX:R" Ry,. Therefore, for every

nondegenerate sp-filtration ® of Spec R, we have

To= P TPORMR,> @ stE R R
pESpec R pESpecR

in D(R).

The following is a corollary of Theorem 4.6. Notice that it does not assume the existence
of a dualizing complex.

COROLLARY 4.9. Let R be a Cohen—Macaulay ring and ® a codimension filtration. Then
Ts is a tilting object in D(R).
In particular, Ty, = @pESpecRHll;t(p)Rp s a tilting object.

Proof. First, T :=Tg is a silting object by Theorem 4.6. Thus it remains to show that
Add(T) € T+<°. Write SpecR as a disjoint union S; LI---11S, of connected components.
Letting T; := @pesi Eﬁb(p)RFpRp, we can write T = ®1§i§n T;. By assumption, fg is a
codimension function on Spec R, while the height function ht is a codimension function on
Spec R as well since R is Cohen-Macaulay (see Section 2.5.3). Therefore, ht —fg is constant
on each component S;. Then we see from Remark 4.8 that each T; is isomorphic to a stalk
complex, that is, a complex concentrated in some degree. Since modules do not admit
nontrivial negative self-extensions, it follows that Add(T;) C T;1<°. Moreover, we also have
Add(T;) C T;** whenever i # j (see Remark 4.10). Hence we have Add(T) € T+<°, as
desired. [

REMARK 4.10. For any commutative noetherian ring R, Spec R decomposes into a
finite disjoint union Spec Ry LISpec Ry U---LISpec R,, of connected components Spec R; and
we have an isomorphism R =% [[,_,., R; of rings (cf. [53, Chap. II, Exer. 2.19]). This
isomorphism yields an equivalence from Mod R is to the product category II<;<, ModR;,
and so D(R) is equivalent to the product category [[,<;<, D(R;) as well. In particular, if
X; € D(R;) and X; € D(R;) and i # j, regarding X; and X as objects in D(R), we have
Add(X;) C X;12. See also (2.5).
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If d and d’ are different codimension functions on SpecR, then the two t-structures
(Vs d,y;:) and (Vo d,,y;:,) in D(R) are different. However, if we restrict them to each
derived category D(R;), then this difference can be omitted up to shift, since d —d’ is
constant on the connected component SpecR;. In other words, we have Yo, ND(R;) =
X" (Va, ND(R;)) = (X" Ve, ) ND(R;) for some integer m. An important consequence is that
the heart Vs, ﬁE(yéf) of the t-structure (Vg,, y;;)) is equivalent to the heart Vs, ﬁE(yé;f/)

of the other t-structure (Vo , fgj/). Therefore, if R admits a codimension function d, then

Vo d,yéj) is the t-structure (induced by Ts,) such that its heart does not depend on the
choice of d, up to equivalence.

By the same token, although the silting objects Tg, and Tg, are not equivalent in
general, RHompg(Te d,Té:)) and RHompg(Ts,,, T, q(:;)) are isomorphic as objects of D(R) for
any cardinal s. Consequently, the silting object T, is tilting if and only if Ts,, is tilting.
If this is the case, then Endpg)(Te,) = Endp(g)(Ts, ) as rings.

These facts can be also stated focusing on the cosilting side.

As essentially observed in the proof of Corollary 4.9, once a module M (over any ring R)
is silting in the derived category D(R), then M is tilting in D(R) (cf. [119, Cor. 3.7]). We
should remark that, although tilting modules in the sense of [7] are tilting objects in the
derived category D(R) (Remark 2.8), silting modules in the sense of [14] need not be silting
objects in D(R); a silting module is defined to be the cokernel of a morphism P~ — P? of
projective modules such that the 2-term complex (0 — P~! — PY —) is a silting object in
D(R) (see [14, Th. 4.9.]).

We will later observe that every 2-term silting complex over a commutative noetherian
ring is a tilting object in the derived category (Theorem 6.18).

REMARK 4.11. Let R be a Cohen—Macaulay ring of finite Krull dimension. Then the
R-module T := @pGSpecRHlﬁm(p)RF is a bounded tilting object in D(R) by Lemma 3.10
and Corollary 4.9, and therefore it is a tilting module (Remark 2.8). In fact, the tilting
module T is good in the sense of [23, Def. 1.2], that is, there is an exact sequence of the
form 0 - R— Ty — 11 — --- — T, — 0 where T; is a direct summand of a finite coproduct
of copies of T for all i =0,...,n. Indeed, the Cousin complex C(R) for R (in the sense of
Sharp [109]) gives such an exact sequence (see [109, Ths. 3.5 and 4.7] and [111, Th.]), where
C(R)™' =R and C(R)" = Do (p)=i H;lt(p)Rp for 0 <14 <d (see also [49, Prop. 2.8.2(5)]).

As a consequence, [23, Th. 2.2] is available for T' = @pespecRHx?t(p)Rp- In particular,
letting S := Endg(7"), the functor RHompg(T,—) : D(R) — D(S) is fully faithful (see [23,
Th. 2.2(2)]), and the essential image of this functor is £+0 C D(S), where £ is the kernel
of the functor —®E%T : D(S) — D(R) (see [23, Cor. 2.4]).

If dim R = 1, the projective dimension of T is equal to one by Lemma 3.10 and [104,
Part II, Th. 3.2.6] (see also [83, Th. 4.9]), so the result [32, Th. 1.1] is available, producing
a recollement linking D(S) with D(R) and the derived module category of a suitable ring.
In addition, we can compute S = Endg(7T") explicitly as the lower triangular matrix ring in
Example 6.8. More generally, when R has any finite Krull dimension, there is a recollement
linking D(.S) with D(R) and the derived category of dg modules over a suitable dg algebra
(see [24, Prop. 5.2] and the four paragraphs preceding it).

It is also possible to describe derived equivalences induced by good tilting modules by
using techniques of contramodules over a topological ring (see [100]). The endomorphism
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ring S = Endg(T) admits a naturally induced linear topology called the finite topology,
and the category Ctra S of right contramodules over the topological ring S is an abelian
category (see [100, §§6.2 and 7.1]). There is a natural forgetful functor CtraS — Mod S,
and T being good implies that the functor induces a fully faithful functor D(CtraS) —
D(S) between the unbounded derived categories. Moreover, the functor RHompg (T, —) :
D(R) — D(S) naturally restricts to a triangulated equivalence D(R) =% D(Ctra5), and
this further restricts to an equivalence Hp = Ctra .S, where Hr is the heart of the tilting
t-structure induced by T. See [100, Prop. 8.2]; also cf. [100, Cor. 6.3, Th. 7.1, and Prop. 7.3].
Note that the equivalence Hpr =% CtraS induces the triangulated equivalence D(Hp) =
D(Ctras).

We now have the triangulated equivalence RHompg(T,—) : D(R) = D(Ctra.S), while
we also have the realization functor D(H7) — D(R) (due to Virili) that is a tri-
angulated equivalence as T is a tilting module (Sections 2.1.6 and 2.1.7). At least
when restricted to the respective bounded derived categories, we can choose a real-
ization functor D"(H7) =% DP(R) so that it is compatible with the other equivalence
RHomp(T,—): D (R) =% D"(CtraS), under the identification D" (#H7) 2 D"(CtraS). This
fact is explained in the recent preprint [60] (see the proofs of [60, Prop. 4.6 and Th. 4.7] in
particular).

In [60], the above-mentioned results of [100] have been generalized from good tilting
modules to a large class of tilting complexes, which includes our tilting complexes available
by Remark 3.14 and Theorem 7.5 (see [60, §§3—4]).

We close this section by attempting to explain how Definition 3.5 is natural in terms
of a more general approach that can yield silting objects under suitable assumptions. The
reader may freely skip this part. We also remark that the explanation below does not mean
that our results in this section can be deduced from other existing results.

Let R be any ring and assume that there is a decreasing chain of smashing subcategories
of D(R) indexed by the integers: ... 2 L,,_1 2L, 2 L,,41 2 .... Denote by A, the localization
functor D(R) — D(R) with Ker\,, = £,, for each n € Z. Since application of \,, makes the
canonical morphism Idpry — An41 invertible, we can identify S, := A, R with A, Sy 1.
Then we have the canonical morphism S,4+1 — ApSp+1 = S,. Embed this morphism to a
triangle Sy,+1 — Sy = Th *sin D(R), and put T':= P, ., X" T},. If, for each n, the morphism
R — S, can be regarded as a homological ring epimorphism, .5,, is of projective dimension
at most one over R, and the chain of smashing subcategories is nondegenerate in the sense
that (,czLn =0 and (U,czLn)** =0, then T is a silting object in D(R) (see [17, Th.
3.5] and [10, Prop. 5.15]).

Now, let R be a commutative noetherian ring. Given a silting t-structure of finite type, we
have its corresponding nondegenerate sp-filtration ® by (2.20). Then we obtain a decreasing
chain of smashing subcategories by putting L, := Lg(,), and this chain is nondegenerate
in the above sense. Assume & is a slice sp-filtration, and consider the object T :=
@D, X" T, of D(R) constructed as above. We can observe that T;, = Xvg ) Ap(nt1) R =
SVe(m AT R 2 SAP(HD gy R (see (2.3) and [26, Prop. 6.1(3)]). Since dim(®(n)\
®(n+1)) <0 for each n € Z, it follows from Remark 4.3 that Z)\q’("“)cfy@(n)R =
D,cv, XRIp Ry, where Uy, := ®(n)\ ®(n+1). Therefore, we have T, = P, or;, SR, Ry
Since ® is nondegenerate, each p € Spec R belongs to U, if and only if n+1 = fg(p), and
thus we arrive to the expression T'= P, cgpec R 2fe(RT, R, of Definition 3.5.
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85. Cosilting objects corresponding to slice sp-filtrations

Let R be a commutative noetherian ring, and let ® be a slice sp-filtration of
Spec R. In this section, we give an explicit description of a cosilting object inducing the
t-structure (Up,Vs). Although (2.21) can translate Theorem 4.6 into the cosilting case,
this is not the best formulation for us. We more carefully dualize each summand of
To = Dpespec R 2RI, R,. We start with an observation on local duality and Matlis
duality.

We first treat a (commutative noetherian) local ring R with maximal ideal m and residue
field k, and assume that R admits a dualizing complex Dp (see Notation 2.15). Set d :=
dim R. There is a canonical isomorphism

RI'wR = Hompg(Dg,X Eg(k)) (5.1)
in D(R) by local duality (see [52, Chap. V, Th. 6.2]). Moreover, there is a canonical

isomorphism Hompg(Eg(k), Er(k)) = R := A™R by Matlis duality (sce [64, Th. A.31]).
Since Dp € DFg(R) and Dp®rR = Dy in D(R) by Remark 2.16(2), application of

RHomp(—,X"?Ex(k)) to (5.1) yields a natural isomorphism
RHomp(RI'wR, X" "Eg(k)) = D5, (5.2)

in D(R) by a standard argument (see [45, (1.4)]). In fact, (5.2) holds without the existence
of Dg, as explained below.

Let (R,m,k) be a local ring that may not admit a dualizing complex. The m-adic
completion R of R is a d-dimensional local ring with maximal ideal m = mR and residue
field R/@ 2k (see [79, p. 63]). By [77, Cor. 3.4.4], there is a canonical isomorphism

(RTwR)®% R =~ R R (5.3)

-~

in D(R). Since Eg(k) = E5(k) = Hom (R, E5(k)) in Mod R and Mod R (see [64, Th. A.31)),
(5.3) and tensor-hom adjunction yields the natural isomorphisms
RHom g (RI'w R, Er(k)) = RHom ;((RI'w R) @% R, E5(k)) = RHom 5 (RTg R, Ex(k)),
(5.4)

in D(R). Recall that R admits a dualizing complex D 7> 50 the isomorphism (5.2) holds for

R. Combining this fact with (5.4), we see that (5.2) holds for R.

Let us next give a version of (5.1) that also works without a dualizing complex. Regard
RI:R as an object in D(R) by the scalar restriction functor D(R) — D(R). We have
canonical isomorphisms

Rl R~ RILWR 2 (R[WR)®% R~ RIx R (5.5)
in D(R), where the first is an isomorphism induced by the canonical morphism R — R (see

[77, Cor. 3.4.5.] or [30, Prop. 3.5.4(d)]), the second is given by (2.11), and the third is (5.3)
sent to D(R). On the other hand, since R admits a dualizing complex Dz, the isomorphism

(5.1) holds for R, and we can send it to D(R). Combining this fact with (5.5), we obtain a
canonical isomorphism

RIwR =~ Homg(Dgs, S Ex(k)) (5.6)
in D(R).
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We ﬁnally treat an arbitrary commutative noetherian ring R. Let pe Spec R and
write Rp = APR,, which is a complete local rlng with maximal ideal pRp and residue
field Rp/pRp = k(p), where ht(p) =dim R, = dlme. Recall that Er(R/p) coincides with
Eg,(k(p)) (see [79, Th. 18.4(vi)]). Regard RI'yr, R, and RHomg, (RT'yr, Ry, ER, (5(p)))
as objects in D(R) by the (fully faithful) scalar restriction functor D(R,) — D(R). They
naturally coincide with RI'y R, and RHomg(RI', Ry, Er(R/p)) respectively. Therefore, we
can deduce from (5.2) and (5.6) that there are canonical isomorphisms in D(R):

RHomg(RT, Ry, Er(R/p)) = Eht(”)DRAp, (5.7)

RT, R, = Hom ;- (Eht(p)Da,ER(R/p)). (5.8)
These isomorphisms lead us to the following definition.

DEFINITION 5.1. Let ® be a nondegenerate sp-filtration of Spec R. We define

— ht(p)—f.
Cp = H »ht(p) @(P)DRA‘J’
pESpec R

which is an object in D(R).

THEOREM 5.2. Let R be a commutative noetherian ring, and let ® be a slice sp-filtration
of Spec R. Then Cg is a cosilting object in D(R), which corresponds to the silting object Tg
via (2.21), so that (+<0Cs,1>°Cs) = (Us, V).

Proof. Let E be an injective cogenerator in Mod R. By Theorem 4.6, Ty is a silting
object of finite type in D(R), and hence its dual T := RHompg(Ts,E) € D(R) is a
cosilting object by (2.21). What remains to show is that Prod(T} ) = Prod(Cs) (see Section
2.1.3). Since Ty = [ cgpecr ™ P (R Ry) ™, it suffices to prove that Prod((RTyRy) ™) =
Prod(th(p)DRAp) for each p € Spec R. This follows from (5.7) and Remark 5.3. 0

REMARK 5.3. Let p € Spec R and X a complex of Ry-modules. Then X+~ Hompg(X, F)
in D(R), and Homg(X, F) = Hompg, (X,Homg(Ry, E)) in C(R). Notice that Hompg (R, E)
is an injective cogenerator in Mod Ry, while Er(R/p) = Eg,(x(p)) is an injective cogen-
erator in Mod R, as well (see [64, Th. A.20 and Lem. A.27]). Hence the product closure
of Homp(Ry,E) and that of Er(R/p), taken in Mod R, C Mod R, are the same. Then
it is easily seen that the product closure of X = Hompg, (X,Hompg(Ry,E)) and that of
Hompg(X, Er(R/p)) = Hompg, (X, Er(R/p)), taken in D(R,) C D(R), are the same.

We do not know if the correspondence (2.21) can translate the tilting condition into
the cotilting condition; indeed, there is no way to check these conditions by using sets of
compact objects. However, we can directly prove a dual result to Theorem 4.7.

THEOREM 5.4. Let R be commutative noetherian ring with a dualizing complex, and let
® be a nondegenerate sp-filtration of Spec R. Then Cg is a cotilting object in D(R) if and
only if ® is a codimension filtration of Spec R.

Proof. Let D be a dualizing complex for R. We may assume that D is a bounded below
complex of injective modules. Moreover, for each p € Spec R, we may interpret Df; as a

complex of injective ]/%\p—modules concentrated in degrees from 0 to ht(p) (see Section 2.5.2).
By Remark 2.16 (1) and (2), Rp® rD = Rp® R, Dy is also a dualizing complex for Rp Recall
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that a dualizing complex for the local ring Rp is unique up to shift and isomorphism in
(Rp) In addition, since Rp is flat over R, Rp® rD consists of injective R-modules by
[42, Th. 3.2.16], and so does DA Hom 5 (Rp,D ) by tensor-hom adjunction. Note that

inf(R,®zD) = inf(D,) = d(p) — ht(p), Where d:= dD, and thus inf(S4®-ME) R pD) = 0.
Hence we can check using (2.22) and (5.5) that there is a quasi-isomorphism

d(p)—ht(p)
2Dt R @pD — Dy
in C(R). Applying Hom IS (—,D N ) to this, we get the natural quasi-isomorphism
d(p)—ht(p) 5
Homg (Dg, D) = Hompg (2 (p) t(p)Rp®RD,DRAp)
since D R is K-injective. Furthermore, we have the standard isomorphism in C(R):

Hompg (S~ Ry@prD, D) = Homp (8P~ P)D, D).

Composing the last two chain maps and the canonical quasi-isomorphism é\p —
Hom g~ (D ,Dg )We have the quasi-isomorphism

Ry — Homp (3P~ "0) D D). (5.9)

The both sides are bounded above complexes of flat modules, so the mapping cone of this
morphism is a pure acyclic complex of flat modules, that is, an acyclic complex of flat
modules whose cycle modules are flat. Let f :=fg. By (5.9), we have the quasi-isomorphism
Ed(p)_f(p)]/%\p — Hompg(D, Eht(P)_f(p)DRAp) for each p € Spec R. Hence we obtain the induced
quasi-isomorphism

H Zd(P)*f(P)Rp_) H HomR(D,Eht(p)ff(p)Da)
peSpec R pESpec R

whose mapping cone is a pure acyclic complex of flat modules. Set C':= Cg, and note that C
is a bounded below complex of injective R-modules (since f = fg has a lower bound by non-
degeneracy of ®; see the first paragraph of Section 2.4). We can interpret the right-hand side
of the above quasi-isomorphism as Homp(D,C), so that we have the quasi-isomorphism

[[ =@~ ®R, - Homa(D,C), (5.10)
pESpec R

which can be regarded as an isomorphism in the pure derived category D(Flat R).
Now, since C is K-injective, there is a canonical isomorphism

Hompg)(C*,C) = Homk 1 r)(C, C) (5.11)

for any cardinal . Furthermore, by (5.11), Theorem 2.18(2), (5.10), Remark 2.19, and
(2.5), we have the following isomorphisms:
HomD(R)(C”,C') = HOHIK(IHJ' R) (C%, C)
= HomD(Flat R) (HOHIR(D, C%)v HOHlR(D, C))
= HomD(Flat R) (HomR(-Da C)%7 HOIIIR(D, C))
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gHomD(FlatR)< H Ed(q)—f(q)ﬁ\q%7 H Zd(p)—f(p)]/%\p>

qESpec R pESpec R
H Homp (piat ) < H Zd(Q)*f(Q)fg\q%, Ed(p)f(P)é\p>
pESpec R q€Spec R
H Homp g, ( H Ed(q)—f(q)a”’Zd(p)—f(p)]’%\p>
pESpec R q€Spec R
H Homp (g < H Ed(q)f(cl)jg\q%,z;d(!@)f(n)jé;)7
pESpecR qeV(p)

where ]/%: e clat = U@ NV for every q € SpecR by (2.6) and (2.8); note also that
LAPR, = R, (see [77, p. 69]).

Let us prove the “if” part of the theorem. Suppose that ® is a codimension filtration.
Then it is a slice sp-filtration, so Cg is a cosilting object in D(R) by Theorem 5.2. Further,
f is a codimension function, so we have d(q) —d(p) = f(q) —f(p) for any inclusion p C q in

Spec R. Thus
HOIIID(R)(C EnC H HOIHD(R)< H Rq ,2”Rp>
peSpec R qeV(p)
[T Hompio( ] B Ritoma(En(R/p). En(A/p)
pESpec R qeV(p)
[T Homou (( TT B")eh Bntr/o).s"Enrfp)) -
peSpec R qEeSpec R

whenever n # 0, where ]/%\p =~ Hompg (Er(R/p), Er(R/p)) by Matlis duality. Therefore,
Prod(C) C *<0(C, so C is cotilting in D(R). The “only if” part can be shown by modifying
this argument (cf. the proof of Proposition 3.8) or follows from Proposition 6.10(2). 0

We remark that Q@ (Q/Z) is a cotilting object of cofinite type in D(Z) such that it
induces the standard t-structure in D(Z), but its character dual Homz(Q® (Q/Z),Q/Z) is
not a silting object in D(Z) (see [5, §3.3]). Thus, the assignment C' +— C' does not provide
a formal way to obtain a silting object from a cosilting object of finite type C' € D(R) for a
commutative noetherian ring R. This is the reason why we first studied the silting case and
deduced the cosilting case, even though the latter is often more tractable than the former
when we work with large modules.

In fact, the Z-module Q@ (Q/Z) is (not only cotilting but) tilting of finite type in D(Z)
(see Example 5.5), and hence Homz(Q @& (Q/Z),Q/Z) is cotilting of cofinite type by (2.21).

ExaMPLE 5.5. Suppose that R is a Gorenstein ring with possibly infinite Krull
dimension. Then R itself is a dualizing complex (see [52, Chap. V, Th. 9.1] and Remark
2.14). The codimension function dg associated with the dualizing complex R coincides with
the height function (see [79, Th. 18.8]). For the height filtration ®y, we have

To,= P Er®/fp) and Co,= [[ Ry

peSpec R peESpec R
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in D(R). The first isomorphism follows from (2.22), and the second follows from Remark
2.16(1) and (2). As we explain in the two remarks below, Tg,, (resp. Cg,,) naturally
induces the subcategory of all Gorenstein injective (resp. Gorenstein flat) modules as the
tilting (resp. cotilting) class. This was well known in the case when the Krull dimension is
finite (Remark 5.6), but it turns out the finiteness assumption assumption is not necessary
(Remark 5.7).

REMARK 5.6. Let R be an Iwanaga-Gorenstein ring, that is, a (possibly noncommu-
tative) noetherian ring with finite injective dimension as a left and right R-module. Let
0—-R—1I1°— ... = I" — 0 be a minimal injective resolution of R as a right R-module. It is
well known that the coproduct T := @,,.,, I* is an n-tilting right module (see [5, Exam.
5.7]). Thus C := Homgz(T,Q/Z) is an n-cotilting left module (see Sections 2.1.4 and 2.1.5).
The tilting class T := {M € Mod R | Ext’»(T, M) =0 Vi > 0} induced by T coincides with
the class of Gorenstein injective right modules (see [80, Cor. 4.7] and [42, Cor. 11.2.2]), and
the cotilting class C := {M € Mod R | Ext’qe, (M,C) = 0 Vi > 0} induced by C coincides
with the class of Gorenstein flat left modules (see [42, Th. 10.3.8]). If R is commutative
(so R is a Gorenstein ring of Krull dimension n), then the tilting module 7' is nothing but

@pESpecR ER(R/p)

REMARK 5.7. Let R be a (commutative) Gorenstein ring of infinite Krull dimension,
and set T':= D, cspec p Er(R/p) and C:= HpespecRR\P' It follows from Corollary 4.9 (resp.
Corollary 5.9) and Example 5.5 that T (resp. C) is tilting (resp. cotilting) in D(R), but
this has infinite projective (resp. injective) dimension. Therefore T (resp. C) is not a tilting
(resp. cotilting) module in the classical sense (see Remark 2.8). However, T (resp. C) is an
oco-tilting (resp. co-cotilting) object in Mod R in the sense of Positselski and Sfovicek (see
[99, §2]). More precisely, setting 7 := T+>NMod R and C := +>°CNMod R, we can show
that (T,7T) (resp. (C,C)) is an oo-tilting pair (resp. an oo-cotilting pair) in Mod R (see [99,
§3]). Let us briefly explain how this fact can be checked.

We first show that 7 (resp. C) coincides with GZ (resp. GF), the class of Gorenstein
injective (resp. Gorenstein flat) R-modules. Recall from [58, Th. 3.6] that M € Mod R
is Gorenstein flat if and only if M := Homy(M,Q/Z) is Gorenstein injective. On the
other hand, it follows from [35, Th. 1.1] that if M is Gorenstein injective, then M™T is
Gorenstein flat. Hence [41, Lem. 1] implies that M is Gorenstein injective if and only if
M™ is Gorenstein flat. As a consequence, (GZ,GF) is a duality pair over R in the sense of
[59, Def. 2.1] (see also [58, Th. 3.7]), so that GZ is closed under pure submodules by [59,
Th. 3.1]. Further, GZ is closed under taking direct products and direct limits by [35, Th.
1.1] and [41, Th. 1]. Thus GZ is a definable class (see [102, §3.4.1]), and so the class {M €
ModR | M+ € GT} is definable as well (cf. [10, Rem. 2.4] and [102, Th. 1.3.15]). Moreover,
GF={M eModR|M* €GZ}and GZ={M € Mod R|M™* € GF} by the above observation.
Since GZ (resp. GF) is definable, a standard argument (cf. [61, Lem. 3.5]) shows that
M € ModR is Gorenstein injective (resp. Gorenstein flat) if and only if My, is Gorenstein
injective (resp. Gorenstein flat) in Mod Ry, for all maximal ideals m of R. Hence, noting that
Er(R/p)= ERr,(k(p)) and C' = HpESpecRé\P is equivalent to T = Hompg (7T, Homy(R,Q/Z))
as cotilting objects in D(R) (see the proof of Theorem 5.2 and Example 5.5), we can deduce
from [42, Th. 10.3.8] and tensor-hom adjunction that M € Mod R belongs to C if and only
if M is Gorenstein flat, that is, C = GF. We have T = {M € ModR | Mt € C} by (2.17),
(2.19), and [10, Lem. 2.5], so it follows that 7 ={M € ModR | M* € GF} =G7T.
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Now, (T,7) = (T,GZ) is an oo-tilting pair in Mod R by the above argument and [99,
Exam. 6.4]. Moreover, we can directly show that (C,C) = (C,GF) satisfies (i*)-(iii*) in [99,
p. 311], and (C,GF) also satisfies (iv*) by [58, Th. 3.7]. Thus, to see that (C,C) is an
oo-cotilting pair in Mod R, it remains to show that (C,C) satisfies (v*). For this purpose,
it suffices to show that, for any M € GF, there exists an injection M — N such that
N € Prod(C)NMod R. This follows because there exists an injection from M to a flat R-
module F' by definition and the pure-injective envelope of F' is a direct summand of some
object in Prod(C)NMod R (see [42, Th. 5.3.28 and Cor. 6.7.2] and [65, Rem. 7.8]).

REMARK 5.8. By local duality (5.1), any commutative noetherian local ring admitting
a dualizing complex Dp (Notation 2.15) is Cohen—Macaulay if and only if Dy is quasi-
isomorphic to an R-module, which is called a canonical module of R and denoted by wg (cf.
[52, Chap. V, Prop. 3.4] and [30, §3.3]). The canonical module is unique up to isomorphism.
Suppose that R is a (possibly nonlocal) Cohen-Macaulay ring. Then R, is a Cohen—
Macaulay local ring for each p € Spec R by definition, and so is ]/%\p (see [79, Th. 17.5]).

o Therefore
p

Cop = H Eht(P)—%(P)wé\

P

Hence D~ is quasi-isomorphic to w
P

pESpec R
in D(R) for every nondegenerate sp-filtration ® of Spec R.
The following is a corollary of Theorem 5.2.

COROLLARY 5.9. Let R be a Cohen—Macaulay ring, and let ® be a codimension filtration.
Then Cg is a cotilting object in D(R).
In particular, Cyp,, = HpESpeché; is a cotilting object in D(R).

Proof. By Theorem 5.2, Cg is a cosilting object in D(R), so it only remains to
check that Prod(Cg) C +<0Cg. This follows from a parallel argument to the proof of
Corollary 4.9. 0

REMARK 5.10. Let R be a commutative noetherian ring. For each p € Spec R, DRAp is

quasi-isomorphic to a complex of injective }/B\p—modules concentrated in degrees between
0 and ht(p) (see Section 2.5.2). The canonical ring homomorphism R — R, — ]/%\p is flat,
and then it easily follows that every injective ]/%;—Irlodule is injective over R. Therefore, if
dim R < co and ® is a bounded sp-filtration of Spec R, then C is isomorphic in D(R) to
a bounded complex of injective R-modules. In particular, Cg,, isomorphic in D(R) to a
bounded complex of injective R-modules concentrated in degrees from 0 to dim R.

REMARK 5.11. Let R be a commutative noetherian ring, and let n be an integer with
n > 1. By [16, Th. 4.2], there are bijections among the equivalence classes of n-tilting
modules, those of n-cotilting modules, and the characteristic sequences of length n (see
[16, Def. 3.1]). Each characteristic sequence Y := (Y7,...,Y},) constitutes the sp-filtration
Oy with &y (—1) =SpecR, ¢y (0) =Y1,..., Py(n—1) =Y, and &y (n) = 0. By [18, Cor.
3.5] and (2.21), an n-tilting (resp. n-cotilting) module corresponding to the characteristic
sequence Y induces the t-structure in D(R) corresponding to the sp-filtration &y via
(2.20) (resp. (2.18)); see also the first sentence of [16, §4]. In general, an sp-filtration ®
comes from a characteristic sequence Y = (Y1,...,Y,,) if and only if the order-preserving
function fe : Spec R — Z U {o0, —oo} corestricts to fg : Spec R — {0,1,...,n} and fg < gr (see
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Example 3.3). This fact essentially follows from [16, Lem. 4.1] (see also [18, Cor. 3.5] and
[39, Def. 1.1 and Th. 1.2]).

As mentioned in [16, p. 3499], the classification [16, Th. 4.2] does not concretely describe
(co)tilting modules corresponding to each characteristic sequence. However, if R is a Cohen—
Macaulay ring of finite Krull dimension d, then our Corollaries 4.9 and 5.9 can explicitly
give the d-tilting module @pESpeCRH;lt(p)RP and the d-cotilting module Hpespechﬁ;'
The tilting (resp. cotilting) module is a new example as far as d > 0 (resp. d > 1) and
it corresponds to the characteristic sequence (Y1,...,Yy) given by Y; := @ (i — 1). The
cotilting module for the case d =1 is available in [38, Exam. 6.12], which also covers non-
affine noetherian schemes.

In fact, given a commutative noetherian ring R and a slice sp-filtration ® of Spec R, it
directly follows from the definitions of depth and Cohen-Macaulay rings that the silting
object Ty is isomorphic in D(R) to an R-module if and only if R is Cohen—Macaulay
and @ is the height filtration. By (2.21), the same fact holds true for the cosilting
object Cg. As a consequence, Ty (resp. Cg) is equivalent to a tilting (resp. cotilting)
module if and only if R is Cohen—Macaulay of finite Krull dimension and ® is the height
filtration.

§6. Endomorphism rings of (co)tilting objects induced by codimension
functions

In this section, we study the endomorphism rings of the tilting object and the cotilting
object corresponding to a codimension filtration.

Let R be a commutative noetherian ring. Let p € Spec R and 3¢ be any cardinal. There
are standard isomorphisms

RHomg(RT, Ry, RT, RY”) = RHom g (RT, Ry, RY”) = RHomp, (RTy g, Ry, RY?)

in D(R), and the last object coincides with LAP® (R,(J%)) = APy (RE,%)) = AP (R,(J%)) by (2.9).

Hence we have a natural isomorphism

RHomp(RI', Ry, RI,RY?) = RS (6.1)

in D(R). Since the right-hand side has neither positive nor negative cohomologies, (6.1)
can be naturally identified with an isomorphism

Homp(g) (RT, Ry, RT, RY?) 2 RV (6.2)
in D(R). If =1, (6.2) is of the form
Endp ) (RT,R,) = Ry, (6.3)

which is an isomorphism of rings. For later use, let us verify the last fact in more detail.
It suffices to treat the case when R is local and p is the maximal ideal m. Consider the
canonical ring homomorphism f: R — Endpg)(RI'wR), and compose it with the standard
isomorphisms
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Endp(gr)(RI'mR) = Hompp) (RT'w R, RI'w R)
= HOH]D(R) (RFmR, R)
~ RHomp(RIwR, R)

in D(R). Then we obtain a natural morphism R — RHomp(RI'R,R), which is in fact
induced by the canonical morphism RI'y, R — R under the identification R = RHompg (R, R).
Thus the morphism R — RHompg(RI'w R, R) coincides with the canonical morphism R —
LA™R = R via (2.9) applied to I :=m (see, e.g., [108, Prop. 7.5.16]). We see from this
observation that the composition of f: R — Endp(gr)(RI'wR) and the isomorphism g :
Endpg)(RI'mR) = R of R-modules given by (6.3) is just the completion map ¢: R — ]?i,
that is, ¢ = gf. Moreover, we can naturally extend f to a ring homomorphism h : R—
Endp(r)(R['mRin) = EndD(R)(RFmﬁ,), that is, f = he (see (5.5)). Since ¢ = gf, we have
c= ghc. Hence Idz = A™(c) = A™(gh)A™(c) = A™(gh), but clearly A™(g) = g and A™(h) =h
because the domains and the codomains are m-adically complete. Consequently Idz = gh.
This means that the ring homomorphism 5 : R— Endp(gr)(RI'mRy) is the inverse map to

the isomorphism g : Endpg)(RI['mR) = R of R-modules. Therefore g is an isomorphism
of rings, and so is (6.3), as desired.
Let p C q be a chain in Spec R and s a cardinal. Although computing RHompg(RI', Ry,

RFng%)) is not easy in general, we can explicitly do this if the chain is saturated by the
theorem below, which is formulated in a more general situation. To prove it, we recall the
natural isomorphism

AP = LAP (- 2% R,) (6.4)
of functors D(R) — D(R) for any p € Spec R (see [85, Cor. 3.7]).

THEOREM 6.1. Let p € SpecR and W C min(V (p) \ {p}). Let > be any cardinal. Then
there is a natural isomorphism

RHomp(RT, Ry, @ SRIGRE) = AP ((T] BY),)
qeEW qew

in D(R).
Proof. Put Vi :=V(p)\{p}, and consider the approximation triangle
’)/VOR — 'yv(p)R — )\VOCVV(p)R i),

where Yy, v ()R = 7R by (2.4) and )\VOCVV(p)R = RI'yR, by Remark 4.3. Putting

X = @qEWRFng%) and applying RHompg(—,XX) to the above triangle, we obtain the
following triangle:

RHompg(Xyy, R, X X) — RHomp(RI'y Ry, XX) — RHompg (yy () R, XX) 5. (6.5)

Let W*° be the generalization closure of W (i.e., the smallest generalization closed subset
containing W). Since X € L= = C"* by (2.5), there is a canonical isomorphism

RHompz (71, R, X) = RHomz (A" 1, R, X). (6.6)
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Consider the approximation triangle
we +
’Y(Wg)c’yVOR—)’yVOR—) A ’)/VOR —,

where e R = VpEyeny, 1t (see, e.g., [26, Prop. 6.1]. Since the composition
Ve )enve 8 = Yy o R = 1, R is the canonical one, letting V; = (W*)ENV,, we may
regard the above triangle as the approximation triangle

’}/VlR — ’}/VOR — )\Vlc’}/VOR j—) .

Note that Vo\Vi =VonVE=1, NAW® =W and dim W < 0 by assumption. Hence )\Vlc'yVOR =
@D cw RI'gRq by Remark 4.3. This fact and (6.6) yield the natural isomorphisms

RHompg (v, R, X) = RHomg(EP RT4R, X) = || RHomg(RTRy, X). (6.7)
qEW qeW

Since dim W < 0, we have
RHomp(RI4 Ry, X) 2 RHom z(RT Ry, RT4 RY™) (6.8)
for each g € W by (2.5) and the second paragraph of Remark 3.6. Therefore
RHompz(yv, R, X) 2= [[ RHomg(RI,Rq, RUGRYY) = ] R, (6.9)
qew qeEW

where the first isomorphism holds by (6.6) to (6.8) and the second holds by (6.1).
Now, we remark that

)\{p}RHomR(VV(p)R,EX) POV Enxy > \Piynx ~ LAP(@ E(RFngz))p) =0
qeW

by (2.4), (2.7), and (6.4), where the last equality holds because (RFqR‘(]M)),J =0 for every
q € W. Hence, applying AP} to (6.5), we obtain the isomorphism

AP RHomp (29, R, 2X) 2% MPYRHomp(RI, Ry, £X) (6.10)
induced by the canonical morphism RI'y R, = AVo Y (p) R — Yyv, R. Notice that
MPIRHompz(RI, Ry, ©X) =2 LAPRHomg(RT, Ry, £ X) = RHomp(RT,R,, £X), (6.11)

where the first isomorphism follows from (6.4) along with the isomorphism RHompz(RT', Ry,
YX) = RHomg(RI',R,,XX), and the second follows from Remark 3.6. Thus combining
(6.9) to (6.11), we obtain a natural isomorphism

RHompz(RT,R,, 2X) = AP(( [ RY))p)- 0
qeWw

NOTATION 6.2. For each p € SpecR, we write AP = AP(—®prR,), which is a functor
Mod R — Mod R. Moreover, for a subset W C Spec R with dimW < 0, we write AW =
[Tpew AP. If W =10, then AW is the zero functor.
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COROLLARY 6.3. Assume that R admits a codimension function d. For each n € Z, set
Wy, :={p €SpecR|d(p) =n}, T(n) :=D,cw, "R Ry, and Y (n) :=T(n) ST (n+1). Let
s be any cardinal. Then there is an isomorphism

RHompg (Y (n),Y (n)*)) = AW (RC)) @ AWn+1 (RCD) @ AWn AWns1 (RG) (6.12)

in D(R) for any n € Z, and this is induced by the following collection of natural

isomorphisms:
AWi(R), (n<i=j<n+l),
RHomp(T(7),T(j)%)) = { AWnAWnt1(R*), (i=n, j=n+1), (6.13)
0, (i=n+1, j=n).

Proof. Let i and j be integers. There are natural isomorphisms

RHomp(T(i),T(j)*)) = [] RHomg(RT, Ry, @ £/ RT,RY?)

peEW; qeWw;
~ [] RHomg(RI,R,, €D ¥ 'RI,RY)
peW; aeV(p)NW;

in D(R), where the second isomorphism follows from (2.5).
If i=j and p € W;, then V(p)NW; = {p}, so we have

RHompz(T(i),T(i))*)) = [ RHomp(RI,R, RT,RY) = [ AP(RP)) = AY:(R%)
peW; peWw;

by (6.1). This shows the first isomorphism of (6.13).
If (4,j) = (n,n+1) for some integer n, then we have

RHomg(RILR,, €P SRIGR) 2 AP(( I RU),)
qeEV (P)NWp 41 qeEV (p)NWit1

= AP T RS

qEWn 41
— APAW"“(R(%))

for every p € W,, by Theorem 6.1, where the second isomorphism holds because

( I B )werrmt=( ] (B @rR/pY),=0
qEWn+1\V (p) qEWn1+1\V (p)

for all £ > 1. Hence there is a natural isomorphism

RHompg(T(n),T(n+1)*7) = T APAY+ (R*)) = AW» AWrir(RI)
peEW,

in D(R), from which the second isomorphism of (6.13) follows.
If i > j and p € W;, then V(p)NW; =0, so

RHomp(7'(i),T(j)*)) =0

in D(R). This shows the third case of (6.13). 0
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COROLLARY 6.4. Let R, Y(n), and » be as in Corollary 6.3. Then there is a natural
isomorphism

RHom (Y (n), Y (1))  Homp ) (¥ (n), ¥ (n) )
in D(R) for any n € Z. The right-hand side is a flat R-module.

Proof. This follows from Corollary 6.3. See also Remark 6.22 for the second
statement. O

If dimR <1, a codimension function d on SpecR always exists; for example, choose
d as the height function ht : Spec R — Z or the function defined by the assignment p —
dim R —dim R/p.

THEOREM 6.5. Assume that the Krull dimension of R is at most one. Let ® be a
codimension filtration ® of Spec R. Then Tg is a tilting object in D(R).

Proof. By Theorem 4.6, Ty is a silting object in D(R). To show that Ty is tilting, we
may assume that @ is the height filtration (see the last paragraph of Remark 4.10). Then
the theorem follows from Corollary 6.4. U

For the proof of the next theorem, we make a remark.

REMARK 6.6. Let R be any commutative noetherian ring and W C Spec R with dim W <
0. For each q € W, let hy: Ry = Endp(g)(RI'qRy) be the canonical ring isomorphism given
by (6.3/).\ Let n be an integer and X := P,y Z"RIyRy. Take any element (rq)qew of
[Tyew Bq = AW R. Then we have the coproduct Dyew X" hq(rq) : X — X of morphisms
Y"hg(rq) : E"RIGRq — E"RI' R,. Since

Endp)(X) 2 [[ Endpg)(RTRy)
qeW

by (2.5), the assignment (rq)qew — @qepw X" hq(rq) induces a ring isomorphism

AV R = T] Rq = Endpg)(X). (6.14)
qew

This gives the first isomorphism of (6.13) if W =W,,, X =T(n), and s» = 1. Note that if
W =, then the both sides of (6.14) are the zero ring.

Let U C SpecR with dimU < 0. Let us observe that AYAW R has an (AW R,AYR)-
bimodule structure. Regard the (commutative) R-algebra AW R as a left A" R-module.
Each element a € AW R induces an R-homomorphism AW R %5 AW R, and it is sent to an
R-homomorphism by the functor AV : Mod R — Mod R. Hence we can define the a-action
on AYAWR as the induced map AY(a-): AYAWR — AYAWR, so AYAWR is a left AW R-
module. On the other hand, we may interpret A? as a functor Mod R — Mod R, — Mod}/%\p
for each p € Spec R (see, e.g., [65, Rem. A.11]). Thus AY = [[pep AP is a functor Mod R —
Mod AYR. In particular, the (commutative) ring AV R naturally acts on AYAW R from the
right. As a consequence, AV AW R has an (A" R, AV R)-bimodule structure. Indeed, given
a€ AR, be AR, and 2 € AYAW R, we have (az)b= (AY (a"))(z)b= (AY(a"))(xb) = a(zb),
where the second equality holds because AY(a-) : AYAWR — AYAWR is a morphism in
ModAY R, that is, an AY R-homomorphism.
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THEOREM 6.7. Let R, W,,, and Y (n) be as in Corollary 6.3. For each n € Z, there is a
natural isomorphism

_( AWR 0
EndD(R) (Y(n)) = (AW"AW"+1R AWn+l R)

of rings.
Proof. By definition and the third case of (6.13), we have the ring isomorphism

~ End ( )(T(n)) 0
Endpr (Y () = (HomD(R)](DT}?n),T(n‘f‘ 1)) Endpg)(T(n+ 1))> '

Moreover, by the first and the second cases of (6.13), we have the following isomorphisms
of R-modules:

A" R~ Endpry(T(n)), (6.15)
A1 R~ Endp g (T'(n + 1)), (6.16)
AVr AWr1 R =~ Homp gy (T(n), T(n+1)). (6.17)

Here, (6.15) and (6.16) are isomorphisms of rings by (6.14). Thus it remains to show
that, through (6.15), (6.16), and (6.17), the (AW»+1R, AW»R)-bimodule structure on
AWn AWnt1 R agrees with the (Endp(g)(T'(n+ 1)),Endp(g)(T(n)))-module structure on
HOIDD(R)(T<TL>,T(TL—|- 1))

Take pe W,. Let W:=V(p)NW, 11 and X := @qewRFqRq. By the proof of Corollary
6.3, we have a natural isomorphism

RHompg(RI,R,,YXX) = RHomgr(X"RI', Ry, T'(n+1)) (6.18)

in D(R). Let Vp:=V(p)\ {p}. Since W C minVp, we have a natural morphism
RHompg (X9, R, XX) - RHomgp(RI', Ry, X X), (6.19)

which is the first morphism of (6.5). Moreover, there is a natural isomorphism
AY R~ RHompg (S, R, X X) (6.20)

by (6.9). By construction, the left A" R-action on AW R agrees with the left Endpg)(X)-
action on RHompg(Xyy, R, XX), through (6.20) and the ring isomorphism AW R ~%
Endp(g)(X) given by (6.14). Composing (6.18), (6.19), and (6.20), we obtain a natural
morphism

AR — RHompg(X"RT, Ry, T(n+1)) (6.21)

in D(R). We remark that, by (6.10) and (6.18), the morphism (6.19) becomes an
isomorphism upon application of AP}, Furthermore, we have AMPYAWR =~ APAWR =~
APAWn+1 R in D(R) (see (6.4) and the proof of Corollary 6.3). Thus, application of AP} to
(6.21) induces a natural isomorphism

APAWr+1 R > RHomp(S"RI, Ry, T(n+1)) (6.22)
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in D(R) (see also (6.11)). By construction, the left AW»+! R-action on APAWn+1 R agrees
with the left Endpg)(T'(n+1))-action on RHompg(X"RI', Ry, T'(n+1)) through (6.16) and
(6.22). Taking the product of (6.22) for all p € W,,, and using (6.13) (or Corollary 6.4), we
obtain the following natural isomorphisms:

A" AWri R TT RHompg(S"RT,R,, T(n+1))
peEW,
~RHompg(T(n),T(n+1))
= Hompg)(T'(n),T(n+1))

in D(R), whose composition is nothing but (6.17). By construction, the left A"»+1 R-action
on AWr AWn+1 R agrees with the left Endpgy(T(n+1))-action on Hompg) (T'(n), T'(n+1))
through (6.16) and (6.17).

We next show that the right A"~ R-action on AW»AWn+1R agrees with the right
Endp(g)(T'(n))-action on Hompg)(T'(n),T(n+ 1)) through (6.15) and (6.17). Since the
isomorphism (6.17) restricts to the isomorphism

APAW 1 R > Homp gy (S"RIp Ry, T(n+1)) (6.23)

of Ry-modules for each p € W,,, it suffices to show that the right ]/%;—action on APAWn+1 R
agrees with the right Endp(g)(X"RI'p Ry )-action on M := Homp ) (X"RI, Ry, T(n+1))
through (6.3) and (6.23). .

The right Rp-action on AP AW»+1 R induces an Ry-action on M through (6.23). Further, M
has the right Endpg)(X"RI'y Ry )-action, which can be regarded as an ff\p—action through
(6.3). Consequently, M has two (right) é\p-module structures extending its Ry-module
structure. Then the two ]/%Z\p—module structures coincide by [65, Prop. A.15]. This argument
shows that the right ]/%\p—action on APAWr+1 R agrees with the right Endpgr)(X"RIp Ry )-
action on M through (6.3) and (6.23).

We denote by mSpec R the set of maximal ideals of R. The following partly generalizes
[32, Exams. 7.5 and 7.6(2)] and [100, Exam. 8.4].

EXAMPLE 6.8. In the setting of Theorem 6.5, we can explicitly compute the endo-
morphism ring Endpg)(Ts) of the tilting object Te. By Remark 4.10, we may assume
that ® is the sp-filtration ®4 for the codimension function d : Spec R — Z given by
p— dimR—dimR/p (see Remark 2.11). If dimR =0, then T = [[, g ecpflp = R, s0
Endp(r)(Te) = R. Hence assume dimR = 1. In the notation of Corollary 6.3, we have
Te = T(0)® T(1) = Y(0), where W; = mSpecR and Wy = SpecR\ W;. Then Ao =
[Tpew, (—®rRy), and this functor coincides with —®@rSTIR, where S = R\U,ew, P (see,
e.g., [79, §8, Th. 8.15, and Rem. 2]). By Theorem 6.7, we obtain the description (1.1) of
Endpr)(Te). If R=1Z, (HmEmSpecZZ‘;)@ZQ is known as the ring of finite adeles.

The endomorphism ring Endp(g)(7s) does not depend (up to isomorphism) on the
choice of a codimension filtration, but if the height filtration is chosen as ®, then one
would apply Theorem 6.7 (and Corollary 6.3) to d := ht. In this case, and if Spec R is not
connected, Theorem 6.7 could give a slightly different description of the endomorphism
ring:
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SR
Endpr)(Te) = | ( [[ Rw)®rS™'R ] Ra |-

ht(m) 1 ht(m)=1

where S is the complement of the set of height-zero prime ideals. If R is Cohen—Macaulay,
S is the set of nonzero divisors (see [79, Ths. 6.1(ii) and 17.3(i)]), so ST1R is the total
quotient ring.

The next result allows us to partly dualize the tilting condition to the cotilting condition.

PROPOSITION 6.9. Let p C q be prime ideals of R and let 3¢ be a nonzero cardinal. For
each i € Z, the following conditions are equivalent:

(1) H'RHompg(RI,R,, R R{™) =

(2) H'RHompg(RI,Ry, RIGR,) = o

(3) H"W™'RI, (R, ®k D) =0.

(4) Hi‘ht(q)+ht(p)RHomR(D’i Dg)=0.
(5)

5 Hi—ht<q>+ht<p>RHomR(D D) =0.

Proof. For any complex X of Ry,-modules and any complex Y of Rq-modules, there is
a standard isomorphism RHomp(X,Y’) = RHomg, (X,Y’). Hence, it is enough to treat the
case when (R,m k‘) is a local ring, q is the maxnnal ideal m, and p is a prime ideal of the
local ring R. Then R =R.In addition, we may regard Dy as a bounded complex of ﬁnltely

generated R-modules. Noting that Er(k) = Ez(k) is an injective cogenerator in Mod R (see
[64, Lem. A.27 and Th. A.31]), we have

H'RHomp(RT, Ry, RTw R*)) =0

& H 7M™ RHomp(RT, Ry, XM ™R, R*)) =0

& H"™WRHomp(RTy Ry, Hom (D g, Er(k)) ™)) =

& H"™WRHomp(RI'y Ry, RHom z(D g, Er(k) ) =0

& H "W RHom (R, R, ®F D, Er(k)™) =0

& HM"™-(RIL,R,@% Ds) =0,
where the second bi-implication follows from (5.8) as RI,R™) = (RI',R)*), the third

follows as Dp consists of finitely generated R-modules and E r(k)*) is injective, and the
fourth follows by the adjunction

-®%Dp
D(R) .  D(R).

RHOmﬁ(Dﬁ,f)

Then it is seen that the equivalences among (1)—(3) hold.
Next, we recall that, for any finitely generated R-module N, the functor N®gz— :

Mod R — Mod R commutes with products because R is noetherian. Thus we have a natural
isomorphism

Dp®zR* ™ D% (6.24)
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~

in C(R). Using this, (5.7), and (2.11), we obtain natural isomorphisms

§®§R”,Dé\p)

RHomR(D]’%,DE;) =~ RHompg(D
=~ RHompg(D 7@z R*, 2" RHomp(RL, Ry, Er(R/p)))
= 3~ MO RHomg (R Ry @5 (D@ R*), Er(R/p))
= E_ht(p)HomR(C'(p)p®RD§®§§%,ER(R/IJ))
in D(R), where Er(R/p) = Eg,(k(p)) is an injective cogenerator in Mod R, and the last
Homp can be replaced by Hompg, . Therefore we have

Hifht(m)+ht(P)RH0mR(D%,Dé\p) =0

& H' "™ Homp, (C(p)y@r D@5 ", Er(R/p)) =0
& H" ™ (O (p)p@rD @ R7) =0

& HM™ (O (p)y®rDp) =0

& HMWY(RI,R, @% D5) =0,

where the third bi-implication follows since R is a faithfully flat R-module. This shows
that the equivalences among (3)—(5) hold. 0

PROPOSITION 6.10. Let ® be a nondegenerate sp-filtration of Spec R.

(1) If Te is a silting object in D(R), then ® is a slice sp-filtration. If Ty is a tilting object
in D(R), then ® is a codimension filtration, and so R admits a codimension function.

(2) If Cs is a cosilting object in D(R), then ® is a slice sp-filtration. If Cy is a cotilting
object in D(R), then ® is a codimension filtration, and so R admits a codimension
function.

Proof. (1): Let T:=Tg and f :=fg, where fg : Spec R — Z is the order-preserving function
corresponding to ® (Remark 2.11). Suppose that T is silting. Then T' € T+>° by Lemma
2.2, Take any saturated chain p C q in Spec R and consider the direct summand

X := RHomp(Zf®RI,R,, 2 WRT,R,)

of RHomp(T,T). If f(p) = f(q), then Theorem 6.1 implies that X = S~AP(R;@rR,) # 0
in D(R). Thus H'RHompg(T,T) # 0, but this contradicts that T € T+>°. Therefore f = fg
is strictly increasing, that is, ® is a slice sp-filtration (see (3.1)).

Next, suppose that T is tilting. Then f is strictly increasing by the above argument. If
f is not a codimension function, there is a saturated chain p C g such that f(q) —f(p) > 1.
Putting n :=f(q) —f(p), we have

RHomp (PRI, R, S WRI,R,) = RHomp (R, Ry, S"RIGR,) =2 X" AP (Ry®@RR,)

by Theorem 6.1. Hence H ""'RHompg(T,T) # 0 and —n+ 1 < 0, but this contradicts that
T € T+<o. Thus f = fg is a codimension function, that is, ® is a codimension filtration.
(2): Let C := Cp and f :=fp. Suppose that C is cosilting. Then C € +>°C (see
the first paragraph of Section 2.1.3). Take any saturated chain p C q in SpecR.
By Theorem 6.1, RHomgr(RI',R,,RI'GR,) = EilAp(EE@RRp) in D(R), and hence
H'RHomp (R, Ry, RIGR,) # 0. It then follows from Proposition 6.9, applied to i = 1,
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that Hl—ht(q)—i—ht(P)RHomR(Dﬁ;,Dé\p) #0, that is, HlRHomR(th(q)Da,Eht(p)Dé;) £ 0.
If f(p) = f(q), RHomg(Cy,Cy) contains

RHomR(Eht(q)_f(q)DR\ ’ Eht(P)—f(P)DR\p) = RHomR(Eht(q)DR\ , Eht(p)Dé\p)
a q

as a direct summand. Thus H'RHompg(C,C) # 0, but this contradicts that C' € +>°C.
Therefore f = fg is strictly increasing, that is, ® is a slice sp-filtration.

Next, suppose that C' is cotilting. Then f is strictly increasing by the above argument. If
f is not a codimension function, there is a saturated chain p C q such that f(q) —f(p) > 1.
Putting n :=f(q) —f(p), we have

Y = RHomR(Eht(q)_f(q)Dﬁ 7 Eht(P)—f(p)Dﬁ) = Z”_ht(tht(p)RHomR(Dﬁ D).
q P q P

Recall that H'RHompg(RI, Ry, RI'(Ry) # 0 by Theorem 6.1. Hence Proposition 6.9,
applied to i = 1, yields HPht(tht(MRHomR(DE,DRAp ) # 0. Therefore
q

H"Hly = Hl—ht<q>+ht<P>RHomR(DRA,DRAp) #£0,
q

where —n+1 < 0. Then C ¢ C*+<0 as Y is a direct summand of C, but this contradicts
that C is cotilting. Thus f = fg is a codimension function, that is, ® is a codimension
filtration. [

Theorem 6.11 and Corollary 6.12 are cotilting versions of Theorem 6.1 and Corollary 6.4,
respectively.

THEOREM 6.11. Let p € SpecR and W Cmin(V (p)\ {p}). Let s be any cardinal. Then
there is a natural isomorphism

ht(q)—ht(p)—1 ¢ ~ ht(q)—ht(p)—1 3«
RHomp( [ s@-"® Da,Dé\p):HomD(R)(HEt(q) o) D%, D)
qgeEW %

in D(R). Moreover, the right-hand side is a flat R-module.

COROLLARY 6.12. Assume that R admits a codimension function d. For eachn € Z, set
Wy, :={p € SpecR | d(p) =n}, C(n) :=[],cw, th(P)_"DRAp ,and Y (n):=C(n)@C(n+1).
Let s be any cardinal. Then there is a natural isomorphism

RHomp(Y (n)”,Y (n)) = Hompg)(Y(n)”,Y(n))
in D(R). Moreover, the right-hand side is a flat R-module.

It will be seen in the proof of Corollary 6.12 that RHompg(C'(n)*,C(n+1)) =0, so
Endp(g)(Y'(n)) naturally becomes an upper triangular matrix ring. However, the proof of
Theorem 6.11 will show that a more concrete description of the right-hand side in Theorem
6.11 is more complicated than that of Theorem 6.1. Hence, for the cotilting side, we do not
give a result like Theorem 6.7 (see also Example 6.15).

Corollary 6.12 yields the next theorem. As already mentioned, there is no formal way to
dualize the tilting condition to the cotilting condition, so we can not deduce this theorem
directly from Theorem 6.5.

THEOREM 6.13. Assume that the Krull dimension of R is at most one. Let ® be a
codimension filtration ® of Spec R. Then Cs is a cotilting object in D(R).
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Proof. By Theorem 5.2, Cg is a cosilting object in D(R). To show that Cg is cotilting,
we may assume that @ is the height filtration (see Remark 4.10). Then this theorem follows
from Corollary 6.12. O

Let R be as in Theorem 6.13 and ® the height filtration. Then Cp = HpespecRDRA‘,v and

in the derived category D(R), we may interpret Cp as a complex of injective R-modules
concentrated in degrees 0 and 1 (see Remark 5.10). Hence, instead of using Corollary 6.12,
one can also complete the proof of Theorem 6.13 by the following result due to Pavon and
Vitéria. For its proof, see also [98, Rem. 4.8] and Remark 6.20.

THEOREM 6.14 [98, Cor. 5.12]. Let R be a commutative noetherian ring and C a 2-term
cosilting complex over R. Then C'is a cotilting object in D(R).

Let us now prove Theorem 6.11 and Corollary 6.12. For this purpose, we remark that

COSUPP R Df%\p ={p} (6.25)

for each p € Spec R. Moreover, given a subset W of SpecR, Y € CW, and p € Spec R with
WnNU(p) =0, we have

RHomp(X,Y) =0 (6.26)

for every complex X of Ry-modules because X € L) = LoCV by (2.5) and CW CCV, where
V:=U(p)°¢. We will also need the fact that, for any p € Spec R, there is a quasi-isomorphism

C(p)orDg, =X~ ER(R/p) (6.27)

of complexes of I/%\p—modules (see (2.11), (2.22), and (5.3)).
Proof of Theorem 6.11. Let X := quwEht(q)’ht(p)’lD%. By (5.2), we have
q

RHompg(X, Dp ) = RHomp, (X ©F S" (PRI, Ry, Er(R/p)). (6.28)

Note that FEgr(R/p) = Eg,(s(p)) is an injective cogenerator in ModR, and

X @k shtG)RI, R, = SMPIRI, X, in D(R) by (2.11). Hence, it suffices to show that

St (PRT, X, is isomorphic to an injective R-module in D(R) (see [42, Th. 3.2.16]).
Consider the approximation triangle

e X = X = Xp 5, (6.29)

where X, = AUP) X by (2.6). Since W C U(p)¢ by assumption, it follows from (6.25) and
(6.26) that RHomp(Ry, X ) = 0. Thus application of RI'yRHompg(R,,—) to (6.29) yields
the natural isomorphism

RI, X, ~% SRI, RHomg(Ry, Y0 (e X ). (6.30)

Moreover, by (2.8)—(2.10), tensor-hom adjunction, and [26, Prop. 6.1], there are natural
isomorphisms

RI'yRHomg(Rp, vy (p)-X) = R RHomg(RI'y, R, RHompg (Ry, Yy (p)eX))
= RI'yRHomg(Ry, RHomp(RI'y R, vy (p)- X))
= RFPRHOHIR(RP, RHOIHR(RFp R, 7V(p)ﬂU(p)CX))
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= RFPRHOHIR(RFP R, RHomR(RP,'yV(p)mU(p)cX))
= RFpRHomR(Rp,'yv(p)mU(p)cX).
Thus, we can rewrite (6.30) to
RFpo = ERFPRHOHIR(RP,’yv(p)mU(p)cX). (631)

Since X € C"" and V(p)NU@p) NW* = (V(p) \ {p}) NW* = W, we have natural

isomorphisms

Wt X ZWenue X =Yy maueeme X = @) RT RHompg(R,, X)
qew

in D(R), where the second and the third isomorphisms follow from [85, Prop. 3.21] and [84,
Th. 3.12], respectively. Moreover, we see from (6.25) and (6.26) that

RI'RHompg (R4, X) = RFqRHomR(Rq,th(q)’ht(p)’lD%) = zhtW)*ht(p)*erquA‘].
Thus, we can rewrite (6.31) to

R, X, = 5"~ MERE, RHomp(R,, ) RT4DE ). (6.32)
qew !

Now, using (2.11), (6.24), and (6.27), we compute

Il

RI' D7 )@rDZ-

—~

)®R(D}/%; ®]§\qRq )

I

C(q
C(q

12

(C(@)®rDg )@ 5 Rq
=~ 5" Bp(R/q)@ 5 Ry
in D(R). Combining this with (6.32), we have

ht(p) p p N: § t(q)RFpI{IIOIllR(lgpﬂ @ q Jj\R)
by RI', X q
qeEWw

=T'yHomp(Ry, @ ER(R/CI)@)}?QEI )
qew
in D(R), where the second isomorphism holds because the R-modules Er(R/q)® i ]/%;%

and HomR(Rp,@qGWER(R/q)@)RAq J/-'i\q%) are both injective (see [42, Ths. 3.2.9 and 3.2.16]).

Therefore, it follows from Remark 4.2 that Eht(p)RFpo is isomorphic to an injective R-
module, as desired. U

Proof of Corollary 6.12. Let 4 and j be integers. There are natural isomorphisms

RHomR(C(i)”,C(j))% H RHOHIR( H Eht(Q)—iDg\q,Eht(P)—jDRAp)

peW; qeWw;

~Y ht —1 Vel ht —7

~ J] RHomg( [ ="@ D%-.% (®) 'Dg),
peW; geV (p)NW;

where the second isomorphism follows from (2.5) and (6.25).
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If i =7 and p € W;, then V(p)NW; = {p}, so we have

RHomp(C(i)*,C(i) = [] RHomp(D% D) = 11 Homp ) (D%, D), (6.33)
peWw; peW;

where the second follows from (2.11), (5.7), (6.24), and (6.27) because
> _\~ > _ht(p)
RHomp (D%, Dg:) = RHomp(RI, D7, 2™ Br(R/p))
= RHompg(Er(R/p)®g Ry , Er(R/p))
= HomR(ER(R/p)@)ﬁp R, ,Er(R/p)).
The last R-module is flat since ER(R/p)®é\p]/%\p% is injective over R (see [42, Ths. 3.2.9 and

3.2.16)).
If (i,j) = (n+1,n) for some integer n, then we have

RHompg(C(n+1)*,C(n)) = [] RHomg( ] zh“q)*n*lp;f?q,zht(p)*npa)

pewW, qeEV (p)NWy 11

= [] RHomg( ] zh“q)—ht“’)—lD%,Da)
peEW, qEV (P)NWhi1

~Y ht —h —1 s

=~ [[ Hompr( J[  sh@® D%-.Dg:)
peW, qeV (p)NWh41

in D(R), where the third isomorphism holds by Theorem 6.11, which also shows that the
last R-module is flat.
If ¢ < j and p € Wj, then V(p) NW; =0, so

RHomg(C(i)*,C(j)) =0
in D(R). We have completed the proof. 0

EXAMPLE 6.15. Let R be a one-dimensional Gorenstein ring. The cotilting object Cg,,,
for the height filtration ®y is of the form ([ Ty ()0 Bp) ® (I Lig(m)=1 Fim) (see Example 5.5),

where Hht(p):O‘l/—{:’ = I Th(p)=0 Ltp can be identified with the total quotient ring Q(R) of R.
By [120, Lem. 4.1.8] or by the proof of Corollary 6.12 applied to s =1 and Matlis duality,
we can verify that there is a natural ring isomorphism

—~

Q(R) Homp( [[ Rm,QR))

ht(m)=1

0 I B

ht(m)=1

EndD(R) (C@ht) =

REMARK 6.16. By [44, Prop. 3.1], there exists a one-dimensional local domain that does
not admit a dualizing complex (see also [110, Th. 3.8] and [96, Prop. 3.7]). Thus Theorems
6.5 and 6.13 are not covered by Theorems 4.7 and 5.4. A principle hidden here would be
that R is a homomorphic image of a Cohen—Macaulay ring. We will discuss this theme in
the next section.

REMARK 6.17. The existence of a codimension function is not essential for Corollaries
6.3 and 6.4 as explained in the following: Let R be a commutative noetherian ring and fix
an integer n. Let W,, and W,, 1 be subsets of Spec R with dimW,, <0 and dim W,,4; <0.
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Assume that W,, NV (q) =0 for any q € W,,.1 and that any chain p C q in W,, UW,, 41 is
saturated. Set T'(i) := @, ey, X' RIp Ry for i =n,n+1 and Y(n) := T(n) @ T(n+1). Then
we have the isomorphisms in Corollaries 6.3 and 6.4, and the second claim of Corollary 6.4
also holds.

Similarly, letting W, and W, +1 be as above, and setting C(2) := [,y Eh‘"(p)_iDl,%Ap
for i=n,n+1 and Y(n) :=C(n)®C(n+1), we have the isomorphism in Corollary 6.12,
and the second claim of the corollary also holds. So the existence of a codimension function
is not essential for the corollary.

The next result is the silting counterpart of Theorem 6.14.

THEOREM 6.18. Let R be a commutative noetherian ring, and let T be a 2-term silting
complex over R. Then T is a tilting object in D(R).

It is possible to deduce Theorem 6.18 from Theorem 6.14 of Pavon and Vitdria by some
duality argument, but we here prove Theorem 6.18 in a more direct way. There does not
seem to be any duality argument which recovers the cosilting result Theorem 6.14 from
Theorem 6.18.

REMARK 6.19. Assume d :=dimR < co. If p is minimal, then RI',R, = R, in D(R),
so RI'y R, is isomorphic to a bounded complex of projective R-modules concentrated in
degrees from —d to 0 (see the proof of Lemma 3.10).

If m is maximal, then RI'y Ry, 2 RI' R in D(R) (see Remark 3.6). Let € = x1,...,24
be a sequence of elements in R such that their images in Ry, form a system of parameters
of Ry, where dy, = dim Ry, (see Remark 3.11). Let I be the ideal generated by @. Then
Ruw /IRy, is an Artinian local ring, so we see that the (Zariski) closed subset V' (I) of Spec R
decomposes into the disjoint union of V(m) and another closed set V(.J), where V(J) may
be empty (i.e., J may be R). Hence, I't ZI'y(;) Z Ty m) @y () T @Iy as functors
Mod R — Mod R; the second isomorphism easily follows from Remark 4.2. Thus, RI', R
is a direct summand of RT';R = C(z) in D(R). Since C(x) is isomorphic in D(R) to a
bounded complex of projective R-modules concentrated in degrees from 0 to dy, = ht(m)
(see, e.g., [40, Lem. 6.9]), so is RI'w R = Ry R

When d = 1, the above observation implies that, in D(R), Tg,, = @pESpeCREht(p)RFPRP
is isomorphic to a complex P of projective R-modules concentrated in degrees from —1 to

m

0, and P is a 2-term silting complex by Theorem 4.6. Thus one may also use Theorem 6.18
to complete the proof of Theorem 6.5 instead of Corollary 6.4.

REMARK 6.20. Silting and cosilting modules were introduced in [14] and [29] as
module-theoretic alternatives to 2-term silting and cosilting complexes. The assignment
X — H°X induces a bijection between equivalence classes of silting (resp. cosilting)
complexes concentrated in degrees —1 and 0 (resp. degrees 0 and 1) and equivalence classes
of silting (resp. cosilting) modules.

Over a commutative noetherian ring R, any cosilting module M in Mod R cogenerates a
hereditary torsion pair with torsion class Mod RN M, and in fact, all hereditary torsion
pairs in Mod R are of this form. Then cosilting (resp. silting) modules in Mod R are, up to
equivalence, in bijection with specialization closed subsets of Spec R. Under this bijection, a
cosilting (resp. silting) module M corresponds to a specialization closed subset W such that
for any ideal I we have Homp(R/I,M) =0 (resp. (R/I)®rM =0) if and only if V(1) CW.
Moreover, if T is a silting module corresponding to a specialization closed subset W, its
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dual T = Homp(T,E) by any injective cogenerator E is, up to equivalence, a cosilting
module corresponding to W. See [9, Cors. 3.7 and 4.1, Lem. 4.2, and Th. 5.1] for details.

This classification of (co)silting modules is compatible with (2.18) and (2.20) in the
following sense: If C' is a 2-term cosilting complex concentrated in degrees 0 and 1, then the
sp-filtration ® associated with C' by (2.18) satisfies ®(—1) = Spec R and ®(1) =) (see the
references in the last paragraph of Section 2.1.3), and ®(0) corresponds, up to equivalence,
to the cosilting module H°C via [9, Th. 5.1]; see [22, Prop. 2.8] (cf. [61, §5.2]). By duality
(2.21), we have a 2-term silting complex T such that the cosilting complex Tt is equivalent
to C, and @ is the sp-filtration associated with 7' by (2.20). Since the cosilting module
(H°T)* = HO(T™) is equivalent to H°C, the silting module H°T corresponds to ®(0) via
[9, Th. 5.1].

Proof of Theorem 6.18. We need to show that 7(*) C T*<o for any cardinal . By
shifting T appropriately, we can assume that 7T is a complex of projective R-modules
concentrated in degrees —1 and 0. Clearly, Homp g (T, YITG)) =0 for any i < —1, so we
only need to show Homp g (T, X7 17(9)) = 0. Note that

Homp g (7,57 T)) = Homp(H T, (H'T)).

Therefore, it is enough to show that there is no nonzero R-homomorphism from H°T to
H-IT.

Denote by Gen(H"T) the class of all epimorphic images of all coproducts of copies of
the module H°T in Mod R. The specialization closed subset W corresponding to H°T via
[9, Th. 5.1] (see Remark 6.20) is determined by the property that Gen(H°T) equals the
class of all R-modules M with M = IM for any ideal I satisfying V(I) CW. If W =0,
the classification implies that the silting complex T is equivalent to the tilting complex R.
Hence we may assume W # (). Take an arbitrary f € Homgz(HT,H'T).

Suppose first that R is local and let N denote the image of f in H~'T. By definition,
N belongs to Gen(H°T), so N =pN for any p € W. Since N is contained in the projective
R-module T, we can find a nonzero R-homomorphism g: N — R whenever N is nonzero,
but then Nakayama Lemma implies that the image of ¢ is zero; consequently N must be
zero. Hence f is zero as well.

If R is nonlocal, Ty, is a 2-term silting complex over Ry, for each maximal ideal m (see
[61, Lem. 6.3]). Then the induced map

fORRm : (H'T)®rRym 2 HY(Ty) — H Y (Tyw) = (H 'T)®rRm

is zero for each maximal ideal m by the previous paragraph. This implies that the image of
f is zero, so that f is zero, as desired. O

We close this section by showing the following result, which will be used in the next
section.

PROPOSITION 6.21. Let R be a Cohen—Macaulay ring of finite Krull dimension, and let
® be a codimension filtration of Spec R. Let s be any cardinal. Then the following hold:

(1) Homp g (T¢>,Tg‘)) s a flat R-module. In particular, the canonical ring homomorphism
R — Endp(g)(Ts) is faithfully flat.

(2) Homp g (CF,Cs) is a flat R-module. In particular, the canonical ring homomorphism
R — Endp(g)(Cs) is faithfully flat.
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Proof. In view of Remark 4.10, we may assume that Spec R is connected. Then the
codimension function fg : Spec R — Z coincides with the height function ht : Spec R — Z up
to shift (see Section 2.5.3). So we may assume that ® is the height filtration.

(1): By Corollary 4.9, we have

To= @ SMORNR, = P HPER,
peSpec R peSpec R

in D(R) and the corollary also shows that there is a natural isomorphism
RHomg(Te, T") = Homp ) (Te, T (6.34)
in D(R). Moreover,
RHomz(Ts, Ty”) =[] RHomp(RI,R,, ™M@ 1))

pESpec R
~ J] LA’RHomg(R,, X~ ™" 7))
pESpec R

by Remark 3.6. Each component LAPRHompg(R,, 2~ M®)T, g{)) is isomorphic in D(R) to
an Ry-module M (p) by (6.34), and any product of flat modules is flat since R is noetherian
(see [42, Th. 3.2.24]). So once we show that M (p) is a flat R-module for each p € SpecR,
Homp g, (T@,Té,%)) will be a flat R-module.

Recall that R, and T, g{) are isomorphic to bounded complexes of flat R-modules in
D(R) (see Lemma 3.10 and its proof). Hence, RHompg(R,, Z_ht(p)Tq()%)) is isomorphic to a
bounded complex of flat R-modules, but it can be further replaced by a bounded complex
F of flat Ry-modules because RHomp (R, E_ht(p)Té,%)) = RHompg(R,, E‘ht(P)Té)%))@)RRp.
Then we have

LAPRHomp (R, S~ "0 T 2 LAPF > APF

in D(R), where APF is a bounded complex of p-adic completions of flat R,-modules.
Note that the modules constituting AP F' can be identified with p-adic completions of free
Ry-modules (see [42, Lem. 6.7.4]). Thus, according to [83, Lem. 1.5], the complex APF
decomposes as a coproduct F' @ F” in C(R) such that x(p)®g, F” has zero differential and
F” is contractible (i.e., isomorphic to the zero complex in K(R)). As a consequence, M (p)
is isomorphic to F’ in D(R). By a version of the Auslander-Buchsbaum formula (see, e.g.,
[46, Th. 2.4]), we have

depthp M (p) = depthp Ry +infr(p)@r, I,
where depthg R, = dim R, since R, is Cohen—Macaulay. Hence
depthp M (p) —dim Ry, = infr(p)@r, F'.

If we show depthp M(p) > dim Ry, then infx(p)®g,F’ >0, and this means that F” is
concentrated in nonnegative degrees because x(p)®@g, F” has zero differential, F consists of
p-adic completions of free Ry-modules, and x(p)®@r, AP (R,(J“)) >~ k(p)® for any cardinal .
Thus, noting that x(p) ®%p M(p) = k(p)®r, F' in D(R,) by construction, we can conclude
that the complex F’ is concentrated in degree zero. In particular, F” is a flat R-module and
M(p) = P,
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Hence it remains to show the inequality depthp M(p) > dim R,,. This follows from the
following equalities:

depthp M(p) =inf RHompg(k(p), M (p))

— inf RHomp(k(p), LAPRHom (R, £~ "0 7))

= inf RHomp(RTyk(p), RHomp (R, X ht(p)Téf‘)))

= inf RHompg(k(p), RHompg(R,, X ht(p)Té”)))
(k(p) &F Ry, S~ MO TL))
( p) ht(p)T(”f)))
(K(p), E

h P
ht(P)@qespecR t(q)R( ))

= inf RHomg(x

(
(
= inf RHom g (x(
= inf RHompg (k(p
> ht(p) =dimR,,.

The second statement of (1) follows from (6.3) because Endg(Tp) contains [, o Rﬁ;
as a direct summand and [[,cgpec RR\P is a faithfully flat R-module (see [79, Ths. 4.6 and
8.14]).

(2): As assumed, ® is the height filtration, so that

II 2= II «g

peSpec R pESpec R

by Corollary 5.9. The corollary also shows that
RHOmR(Cg,Cq>) = HOIIID(R) (Cg,C«1>) (6.35)
in D(R). Moreover, using (5.2), we have

RHompg(Cy,Ce) = [[ RHomp(Ci e I"®RI,R,, Er(R/p)),
peSpec R

where RHomp in the right-hand side can be replaced by RHomg,, and Er(R/p) =
ERg, (k(p)) is an injective cogenerator in Mod R,,. For each p € Spec R, CF oL Eht(p)RFpRp
is isomorphic in D(R) to an Rp-module N(p) by (6.35). Thus, Hompg)(CF,Cs) is the
product of Hompg(N(p), Er(R/p)) for all p € SpecR. So once we show that N(p) is an
injective R-module for each p € Spec R, then Hompg)(CF,Cs) will be a flat R-module.

Since dimR < oo and @ is the height filtration, Cp = HpESpeCRwé; is an R-module
of finite injective dimension (Remark 5.10). It follows that CF®gR, is an Ry,-module of
injective dimension bounded by dim R, = ht(p) (see [21, Cor. 5.5]). Thus CZ @%RT, R, =
RI',(C5®RrRy) is isomorphic in D(R) to a bounded complex of injective R-modules
concentrated in degrees from 0 to ht(p) (Remark 4.2). On the other hand, we know that
Cx @4 2RI, R, is isomorphic in D(R) to the module N (p), so

inf Of @2 RI', R, = inf RT, (C¥®RR,) > ht(p).

Consequently, there is an injective R-module E such that RI',(CF®rR,) is isomorphic in
D(R) to ¥~ "(®) E. This fact in turn shows that N(p) = SMFIRE, (CZ®rR,) = E, so N(p)
is an injective R-module.

The second statement of (2) follows similarly as in (1); see the second paragraph of the
proof of Corollary 6.12 and use Matlis duality. O
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REMARK 6.22. An R-module M is called cotorsion if Exth(F,M) =0 for any flat
R-module. A flat cotorsion R-module means an R-module which is flat and cotorsion. It is
known that an R-module M is flat cotorsion if and only if M is isomorphic to a product
[pespec r Tps Where Ty is the p-adic completion of a free Ry-module (see [42, Th. 5.3.28]).
We see from Corollary 6.3 that the right-hand side of the isomorphism in Corollary 6.4
is in fact a flat cotorsion R-module. Similarly, the right-hand side of the isomorphism in
Theorem 6.11 is a flat cotorsion R-module.

More generally, Hompg) (T@,Té%)) and Hompg)(CF,Cs) in Proposition 6.21 are not
only flat but cotorsion as R-modules. Indeed, the proof of Proposition 6.21(1) shows that
Homp (g, (T@,Tg‘)) is isomorphic to the direct product Hpespec rM(p). By Remark 3.6,
each M (p) belongs to C{P}, and then [85, Lem. 4.2] implies that M(p) is cotorsion. So
the product [[,cgpec g M (p) is cotorsion. To see that Homp r)(CF,Ce) is cotorsion, recall
from the proof of Proposition 6.21(2) that Homp g (C§,Cs) is isomorphic to the product
[Toespec r Homr(N (p), Er(R/p)). Then each Hompg(N(p), Er(R/p)) is pure-injective (see
the proof of [42, Prop. 5.3.7] or [102, Prop. 4.3.29]), so it is cotorsion (see [42, Lem. 5.3.23]).
Thus [[,cspec p Homp (N (p), Er(R/p)) is cotorsion.

§7. Homomorphic images of Cohen—Macaulay rings

We proved in Corollaries 4.9 and 5.9 that if R is a Cohen—Macaulay ring and ® is a
codimension filtration of Spec R, then Ty is tilting and Cg is cotilting. In this section,
we will show that every homomorphic image of R inherits this property whenever R is a
Cohen—Macaulay ring of finite Krull dimension (Theorem 7.5). This fact will lead us to the
deep theme on characterizing homomorphic images of Cohen-Macaulay rings. Indeed, it
will turn out that this theme is closely related to the tilting and the cotilting conditions on
Te and Cg, respectively (Theorem 7.18 and Corollary 7.24).

We begin with an elementary observation on sp-filtrations via change of rings. Let
p: R — A be a homomorphism of commutative noetherian rings, and let f : SpecA —
Spec R be the canonical map induced by ¢. Let ® be an sp-filtration of Spec R, and
define f~1® :Z — 2574 a5 the map given by n > f~1(®(n)). Clearly, f~'® is an sp-
filtration of Spec A. Moreover, if ® is nondegenerate, then so is f~!®. Indeed, we have
Nz @) = F~H(ez ®(0) = F1(8) = 0 and g /~1(@(0) = £~ (U ez ®()) =
f~1(Spec R) = Spec A.

Recall that there is a canonical homeomorphism f~1{p} =% Spec A®prk(p) for each
p € SpecR (see [79, p. 47]). Suppose ¢ is finite, that is, A is finitely generated as an
R-module. Then the fiber f~*{p} over p is a (possibly empty) finite set and dim f~*{p} <0
since the ring AQgrk(p) is Artinian.

LEMMA 7.1. Let p: R— A be a finite homomorphism of commutative noetherian rings,
and let f:Spec A — Spec R be the canonical map induced by . If ® is a slice sp-filtration
of Spec R, then f~1® is a slice sp-filtration of Spec A.

Proof. Let ® be a slice sp-filtration of Spec R. If B, Q € f~1(®(n))\ f~H(®(n+1)) and

P C Q, then f(P),f(Q) € P(n)\P(n+1) and f(P) C f(Q). It follows that f(P) = f(Q)
because ® is a slice sp-filtration. Putting p := f(B) = f(Q), we have B, Q € f~{p} and
P C N, but then P =9 as dim f~1{p} =0. 0
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Let R be a commutative noetherian ring. In the rest of the section, by an R-algebra, we
will mean a commutative R-algebra for simplicity. A module-finite R-algebra will mean a
(commutative) R-algebra A with structure map ¢ : R — A such that ¢ is finite. Assume
(R,m, k) is a local ring and let A be a module-finite R-algebra with structure map ¢: R — A.
Let f:Spec A — Spec R be the canonical map induced by ¢. The set of maximal ideals of A
equals the fiber f~!(m) over m, and there is a canonical bijection between this and that of
the Artinian ring A/mA = A®gk; in particular, A is semi-local. It then follows that there
is a natural isomorphism

RlnaA2 @) RIpdg
PEmSpec A

in D(A) (see Remarks 3.9(1) and 4.2). Let = x1,...,z, be a system of generators of m.
Since RT'» R = C(x) in D(R), regarding —®% A as a functor D(R) — D(A), we obtain a
natural isomorphism

(RTnR)@% A= C(z)ok A= C(x)orA
in D(A). The ideal mA of A is generated by ¢(x) = ¢(x1),...,9(zy), sO
C(x)orA=C(p(x)) = RlyaA
in D(A). As a consequence, there is a canonical isomorphism

(RTwR)@A= P RIpAy (7.1)
PEmSpec A
in D(A).

We next remark that there is a canonical isomorphism A®pR = [[ycnspeca Ap Of
rings (see [79, Ths. 8.7 and 8.15]). Notice from this isomorphism that each Z; has
a canonical ring homomorphism from R, by which Ay is a module-finite R-algebra.
Regarding RHompg(A,—) and RHomp(Ag,—) as functors D(R) — D(A), we have a
canonical isomorphism

RHomg(A,Dp) =  [] RHomp(Ay,Dp) (7.2)
PEmSpec A

in D(A) because
RHompg(A,Dg) = RHompg(A,Hom (R, D)) = RHom s (A@gR, Dy).

Moreover, we can regard RHomE(Z;,DE) as a dualizing complex for Z; since 71; is a
module-finite R-algebra (see Remark 2.16(3)).

LEMMA 7.2. Let R be a commutative noetherian ring, and let A be a module-finite
R-algebra. Let f : Spec A — Spec R be the canonical map induced by the structure map R— A
and let ® be a nondegenerate sp-filtration of Spec R. Then there are natural isomorphisms
To @3 A= Ti14 and RHomp(A,Cp) =2 Ci-14 in D(A).

Proof. Since Ty = @pegpecn =" PRIpRy and Co = [[egpec g 2P P D, this
lemma follows from (7.1) and (7.2). Note that, given p € Spec R, we have fg(p) =f;-14(B)
for every B € f~1(p) (see Remark 7.3). O
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REMARK 7.3. Let ® be a nondegenerate sp-filtration. Let fs : Spec R — Z and f;-14 :
Spec A — Z be the functions associated with ® and f~'®, respectively (Remark 2.11). For
each P € Spec A, we have

fr1e(B) =sup{n e Z|Pe f71(@(n))} +1=sup{n e Z| f(P) € D(n)} +1="fa(f(P)).

Therefore, the function f;-14 : Spec A — Z is just the composition of f:SpecA — Spec R
and fg : Spec R — Z. The same fact holds for any sp-filtration, replacing Z by ZU{—o00,00}.

PROPOSITION 7.4. Let R be a commutative noetherian ring of finite Krull dimension,
and let A be a module-finite R-algebra. Let f:Spec A — Spec R be the canonical map induced
by the structure map R— A, and let ® be a bounded sp-filtration of Spec R. For any cardinal
», there are canonical isomorphisms in D(A):

RHomp(Te, Ty”) % A= RHoma(Ty-10, T 7)),
RHompg(CF,Cp) @5 A = RHomy (Cf-1g,Cr-19).

Proof. By Lemma 3.10, Ty is isomorphic in D(R) to a bounded complex P of projective
R-modules. We have standard isomorphisms

Homp (P, P*))®rA = Homg(P, P @z A) = Homa(PRRA, P¥)@rA)

in C(A) (see, e.g., [34, Prop. 2.1(vi)] for the first isomorphism). On the other hand, Cg is
isomorphic in D(R) to a bounded complex I of injective R-modules by Remark 5.10. We
have standard isomorphisms

Homp(I”,I)®prA = Hompg(Homp(A,17),I)) = Hom 4 (Hompg(A,I”),Hompg(A,I))

in C(A) (see, e.g., [34, Prop. 2.1(ii)] for the first isomorphism). Notice that both
Homp(P, P*)) and Homp(I*,I) are bounded complexes of flat R-modules, so

RHompg(Tp, TS) @% A = Homp (P, PO R A,
RHomg(C%,Cs) @% A= Homp(I*,I)®gA
in D(A). Moreover, Lemma 7.2 implies that
Hom (P&rA, P* @A) = RHoma(Ty-10, T 7)),
Hom (Hompg(A,I”),Homg(A,I)) =2 RHom(C}l14,Cr-10)

in D(A). This completes the proof. 0

Recall that every Cohen—Macaulay ring admits a codimension function (e.g., the height
function); see Section 2.5.3. Moreover, if R is a Cohen-Macaulay ring, then the polynomial
ring R[z1,...,x,] is also a Cohen—-Macaulay ring for every n > 1 (see [79, Th. 17.7]). Hence,
whenever A is an algebra over a Cohen—Macaulay ring R such that A is finitely generated
as an R-algebra, then A admits a codimension function.

THEOREM 7.5. Let R be a Cohen—Macaulay ring of finite Krull dimension, and let A
be a module-finite R-algebra. Let ® be any codimension filtration of SpecA. Then Ty is
tilting and Cg is cotilting in D(A). Furthermore, both the A-modules Hompy) (T@,Té%))
and Homp4)(CF,Ce) are flat for any cardinal .
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Proof. In view of Remark 4.10, it suffices to show the claims for some codimension
filtration of Spec A.

Let f:SpecA — Spec R be the canonical map induced by the structure map R — A.
Let ¥ be a codimension filtration of Spec R. By Lemma 7.1, ® := f~1U is a slice sp-
filtration of Spec A. Hence, Ty is silting and Cg/ is cosilting in D(A) by Theorems
4.6 and 5.2. Corollaries 4.9 and 5.9 yield the natural isomorphisms RHompg(7Ty, T, é,%)) =
Homp g (T\I,,Té,%)) and RHomg(CF,Cy) = Homp ) (CF,Cy) in D(R) for any cardinal s.
By Propositions 6.21 and 7.4, we have the following isomorphisms in D(A):

RHom 4(Te:, T)) = RHom g (Ty, T ) ©% A = Homp ) (T, TS )@ R A,
RHomy (CF,Cor) = RHomp(CF,Cy) ®F A = Homp g (Cg, Cu )@ RA.

Hence, it follows that Tq(f) €Ty=" and C% € +<0Cg:. Thus, Ty is tilting and Cg/ is cotilting
in D(A). Then Proposition 6.10 implies that ®’ is a codimension filtration of Spec A. In
view of Remark 4.10, we can without loss of generality assume that ® = ®’. Moreover,
we see from the above isomorphisms that RHomA(T@Té%)) = Hompa)(Ts,T. g{)) and
RHom 4 (CF,Cs) = Homp4)(CF,Cs) in D(A). The right-hand sides of these isomorphisms
are flat A-modules because Homp (g)(Tw, T, é,%)) and Hompg)(CF,Cy) are flat R-modules
by Proposition 6.21 again. U

The above proof shows that, under the assumption of the theorem, f~!W is a codimension
filtration of Spec A whenever ¥ is a codimension filtration of Spec R. By the paragraph
before the theorem, R is also a homomorphic image of a Cohen—Macaulay ring of finite
Krull dimension, and hence it is in fact possible to reduce the proof to the case when the
structure map R — A is surjective. In this case, it is obvious that f~!W is a codimension
filtration by Remark 7.3.

A commutative noetherian ring R is said to be universally catenary provided that any
commutative algebra A over R is catenary whenever A is finitely generated as an R-algebra.
When R is local and p € Spec R, the ring E@Rm(p) is called the formal fiber of R over p. A
formal fiber of R means the ring R® rk(p) for some p € Spec R. We now recall the following
deep result due to Kawasaki.

THEOREM 7.6 [69, Cors. 1.2 and 1.4] and [70, Th. 1.3].

(1) A commutative noetherian ring R admits a classical dualizing complez if and only if it
is a homomorphic image of a Gorenstein ring of finite Krull dimension.

(2) A commutative noetherian local ring R is a homomorphic image of a Cohen—Macaulay
local ring if and only if it is universally catenary and all the formal fibers of R are
Cohen—Macaulay.

(3) A commutative noetherian ring R is a homomorphic image of a Cohen—Macaulay ring
if and only if it admits a codimension function and satisfies the following conditions:
(i) R is universally catenary.

(ii) all the formal fibers of all the localizations of R are Cohen—Macaulay.
(iii) the Cohen—Macaulay locus of each finitely generated R-algebra is Zariski open.

Theorems 7.5 and 7.6 make us have a naive question:

Can we characterize homomorphic images of Cohen—Macaulay rings by
(co)tilting objects?
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If we replace “Cohen—Macaulay rings” by “Gorenstein rings of finite Krull dimension,”
this question is affirmatively solved by Kawasaki in the following sense: A classical dualizing
complex for R is a cotilting object in the bounded derived category D}’g(R) (see Remark
7.7), and the existence of a dualizing complex is equivalent to that R is a homomorphic
image of a Gorenstein ring of finite Krull dimension by Theorem 7.6(1).

REMARK 7.7. Assume that R admits a classical dualizing complex D. Since the
contravariant functor RHompg(—, D) : D]f:’g(R) — D}fjg (R) yields a duality, it transforms the
standard t-structure in D})g(R) to a t-structure in D}’g(R), which can be written as

(DY (R)n*=0D,Dg,(R)N*+>°D).

In [4], this t-structure is called the Cohen—Macaulay t-structure with respect to D.

Since D € +#0D, the description of the Cohen-Macaulay t-structure implies that D is a
cotilting object in D?g(R) in the sense of [103]. Further, if D can be taken as an R-module
and of finite injective dimension, it is a cotilting (R, R)-bimodule in the sense of [80].

Let d be the codimension function associated with a dualizing complex D. The Cohen—
Macaulay t-structure with respect to D extends to a compactly generated t-structure in
D(R), and this is nothing but (Us,, Vs,) (see Remark 3.4 and [4, §6.4]). In general, D is
not a cotilting object in D(R), while Theorem 5.2 shows that the t-structure (Us,, Va,) is
induced by Cg,, which is cotilting in D(R) by Theorem 5.4. However, Theorem 5.2 more
generally shows that Cg, is silting and (Us,, Va,) = (+<0Cs,,>°Cyp,) for any commutative
noetherian ring R admitting a codimension function d on Spec R. This observation naturally
motivates us to replace the existence of a dualizing complex by the cotilting property of
Cgp, to determine whether R is a homomorphic image of a Cohen-Macaulay ring or not.

As a precise formulation of the above question, we suggest the following.

QUESTION 7.8. Let R be a commutative noetherian ring with a codimension function
d. Is R a homomorphic image of a Cohen-Macaulay ring if and only if T, is tilting (resp.
Cs, is cotilting) in D(R)?

DEFINITION 7.9. Let R be a commutative noetherian ring with a codimension function
d. Motivated by Remark 7.7, we call the heart of the compactly generated t-structure
(Usp,,Va,) the Cohen-Macaulay heart of R. Although changing the codimension function
results in a different compactly generated t-structure in D(R), its heart remains equivalent
(Remark 4.10), so the Cohen-Macaulay heart is well-defined up to equivalence.

If dim R < oo and d is a codimension function on Spec R, then Cg, is a bounded cosilting
object by Theorem 5.2 and Remark 5.10. Hence, we see from Sections 2.1.6 and 2.1.7 and
Remark 7.7 that the cotilting part of Question 7.8 with dim R < oo is equivalent to the
following:

QUESTION 7.10. Let R be a commutative noetherian ring of finite Krull dimension
and assume that R admits a codimension function. Let H be the Cohen—Macaulay heart
of R, and let D”(H) — D"(R) be a realization functor. Is R a homomorphic image of a
Cohen—Macaulay ring if and only if the realization functor is a triangulated equivalence?

REMARK 7.11. We may also replace the realization functor in Question 7.10 by the
realization functor D(H) — D(R) (due to Virili) between the unbounded derived categories
(see Section 2.1.7).
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Theorem 7.5 shows that the “only if” part of Question 7.8 (and Question 7.10) holds true
when R has finite Krull dimension. Moreover, if R has Krull dimension at most one, then
R is always a homomorphic image of a Cohen—Macaulay ring of finite Krull dimension (see
Theorem 7.12). Therefore, in terms of Theorems 6.5 and 6.13, the above questions holds
true as far as dim R < 1. We will later show that the “if” part of the question holds true
when R is a two-dimensional local ring (see also Remark 7.21).

The next theorem is a direct consequence of [70].

THEOREM 7.12. Let R be a commutative noetherian ring of Krull dimension at most
one. Then R is a homomorphic image of a Cohen—Macaulay ring of finite Krull dimension.

Proof. 1If dim R =0, there is nothing to show. So we may assume dim R = 1. Note that R
has a codimension function (e.g., the height function), and [70, (QU)] holds for any finitely
generated R-module. By [70, Th. 1.4], (i)—(iii) of Theorem 7.6(2) hold if and only if for any
finitely generated R-module M, all the cohomologies of the Cousin complex C (M) of M (in
the sense of Sharp [109]) are finitely generated, where

C(M) = (0— i oo, b M= dean, Cokerdgy, — 0)

pESpec R
ht(p)=0

and dX/[l is the morphism induced by the localization maps M — M, and d%( M) is the canoni-
cal surjection. Notice that Coker dc( M) is naturally isomorphic to @Pmespec r(Coker dc( M))

ht(m)=1
because
Cokerdg(y, = H'RI'vM = P H'RIwMy
meSpec R
ht(m)=1

for V:={m € SpecR | ht(m) =1} (see Remark 4.2). This justifies the above description of
C (M) (see [70, Def. 5.1]). Then the possibly nonzero cohomology of C' (M) is only Ker da%M),
which is finitely generated. Therefore, we can conclude by Theorem 7.6(3) that R is a homo-

morphic image of a Cohen—-Macaulay ring, where the Cohen-Macaulay ring is constructed
so that it has finite Krull dimension (see [69, p. 123], [70, p. 2738], and [79, Th. 15.7]). [
In the rest of this section, we discuss what can be deduced from the condition that Tg
is tilting or Cy is cotilting.
Suppose R has finite Krull dimension. Recall that R is said to be equidimensional

provided that dim R = dim R/p for every minimal prime ideal p of R.

LEMMA 7.13. Let R be a commutative noetherian ring, and let p C q be a chain in
Spec R. Assume that the cohomology of RI', (RP®RD§C’) is concentrated in some degree n.
Then n = dim Ry —dim Ry /p Ry and the local ring Rq/pRy is equidimensional.

Proof. By assumption, H'RT, (RP®RD]§(]) =0 for all i # n. Regard Dé\q as a bounded
complex of injective Rq-modules that is minimal (see Section 2.5.2). By Remark 5.10,
Dy is also a complex of injective R-modules, so RI',(Ry,®rD g ) = FP(RP®RD1§;) =
Fqu (Rpy®@RrD g ) in D(R). In the rest of the proof, we write R and p for Ry and pR,,
respectively. Then H'Ty(R,®prDp) =0 for all i #n in D(R). We are going to show that
n=dimR—dimR/pR and R/pR is equidimensional.
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Let f: Specﬁ — Spec R be the canonical map induced by the completion map R — R.
We remark that every minimal element P in V(pﬁ) belongs to f~1(p). Indeed, we have
p CPNR and the ring homomorphism R — R is flat, so the going-down theorem (see [79
Th. 9.5]) gives an element Q € Spec R with Q C 9 and p = QN R, but then Q € V(pR), s
the minimality of 3 yields Q =*B. Consequently p =B N R, that is, B € f~1(p).

Now, since the complex Dy is minimal in C(ﬁ), its 7th component can be written as

Dp= D BB/
sPeSpec R
i=d—dim R/

for every ¢ € Z, where d := dim R. Noting that I'y =T" as functors Mod R — Mod ]/%, we

have

V(pR)

Ty(Ry@rDE) P ER(R/P), (7.3)
PESH(p)
i=d—dim R/

where f~1(p) C V(pR) (see also Remark 4.2). Since every minimal element 9 in V(pﬁi)
belongs to f~!(p), the nontrivial components of I'y (Ry® gD 7) appear precisely from degree
d—dim R/pR onwards. Notice from (7.3) that the complex I'py(Ry®rDpg) is also minimal
in C(R), so we have

inf [y (Ry®r D7) = d—dim R/pR = dim R — dim R/pR. (7.4)

Since H'T,(Ry®rDp) in D(R) for all i # n, it follows that n = dim R —dim R/pR.

To show that }AZ/ p}/i is equldlmensmnal suppose that there exists a minimal element 3
in V(pR) such that dlm(R/f,B) < dim(R/pR). It follows from the second paragraph of the
proof that ng@ rltp = ch Then we have natural isomorphisms in C(R)

ﬁm@ﬁrpﬁ(Rp(gRD ) R‘}:}@RF DA = ZdlmR/m dlmRE (R/m)7

where these isomorphisms follow from Remark 4.2 and minimality of Dz. The above
isomorphisins shovz that Rp® EFP a(Dp®gRR,) has nontrivial cohomology in degree
m :=dimR —dim R/B, but m > dimR —dimR/p = n. This is a contradiction because
H™(Rp@aly(Ry®rDg)) = Rp@pH™T'p(Ry®@rDp) =0 in D(R). [

ProOPOSITION 7.14. Let R be a commutative noetherian ring, and let ® be a codimension

filtration of Spec R. Assume Tg is tilting or Cg is cotilting in D(R). Then R is universally
catenary.

Proof. 1t suffices to show that Ry is universally catenary for each q € SpecR (see,
e.g., [116, Tag 0AUN]). The local ring R, is universally catenary if and only if I/%\q /pé\q
is equidimensional for each p € Spec R with p C q (see [79, Th. 31.7]). For such a chain
p C q, there is an integer n such that H"RFP(R9®RDRA‘1) =0 for all ¢ # 0 by assumption

and Proposition 6.9. Then Lemma 7.13 implies that fi\q /pf%; is equidimensional, as
desired. 0

By a stalk complex, we mean a complex X concentrated in some degree n, that is, X* =0
whenever ¢ # n.
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ProrosITION 7.15. Let R be a commutative noetherian ring, and let p C q be a chain
in Spec R. The following conditions are equivalent:

(1) RHomg(RI',R,,RI'GRy) is isomorphic in D(R) to a stalk complex of a flat R-module.
(2) RFp(Rp®RDRAq) is isomorphic in D(R) to a stalk complex of an injective R-module.
(3) RHomR(Da,DE;) is isomorphic in D(R) to a stalk complex of a flat R-module.

Under each condition, the formal fiber /i(p)®Rq]/%; is Cohen—Macaulay.

Proof. We may assume that R is a local ring and q is the maximal ideal m. We remark
that there are natural isomorphisms

RHomp (R, Ry, R['\wR) = RHom (S (™R, (R,®rD5), E5(k)) (7.5)

RHomp(Dg, D) = RHomp, (S 0RL (Ry@rDp), Er, (5(6))  (7.6)

in D(R) (see the proof of Proposition 6.9).

Suppose that the left-hand side of (7.5) is isomorphic in D(R) to a stalk complex of a flat
R-module. Since E5(k) is an injective cogenerator in Mod R, RI',(R,®gDp) is isomorphic
in D(}AE) to a stalk complex, so there are an R-module M and an integer n such that
SR, (Ry@rD5) = %" M in D(R). It follows that Hom (M, E5(k)) is a stalk complex
of a flat R-module. In other words, M is flat as an R-module, and this is equivalent to that
M is injective as an R-module (see Remark 7.16). Thus the implication (1)=-(2) follows.

To see the converse implication, suppose that RI'y(R,®rDp) is isomorphic in D(R)
to a complex of an injective R-module. Then there are an R-module M and an integer n
such that ZM(WRIT,(R,©rDg) = "M in D(R). Since $"M is isomorphic in D(R) to
RI',(Ry,®rDp), it follows that M is injective as an R-module. Then the left-hand side
of (7.5) is isomorphic in D(R) to Homp (X" M, E5(k)), which is a stalk complex of a flat
R-module by Remark 7.16. Hence we have (2)=(1).

Next, suppose that RI'y (R,®rDp) is isomorphic in D(R) a stalk complex of an injective
R-module. Note that the injective R-module is also an injective Ry-module because we may
regard RI'y(R,®rDp) as a complex of Ry-modules in D(R). Letting M be the injective
Ry-module, we have SMPRI, (Ry®pDg) = X" M in D(R,) for some integer n. Hence the
right-hand side of (7.6) is isomorphic in D(R) to Homp, (X" M, Eg, (k(p))), which is a stalk
complex of a flat R-module. Thus the implication (2)=-(3) follows.

To see the converse implication, suppose that the left-hand side of (7.6) is isomorphic
in D(R) to a stalk complex of a flat R-module. Note that the flat R-module is also a
flat R,-module. Since Egr,(k(p)) is an injective cogenerator in Mod Ry, it follows that
ShtPRT, (R,®rDg) is isomorphic in D(R,) to a stalk complex of an injective Rp-module.
In other words, RI',(R,®rDg) is isomorphic in D(R) to a stalk complex of an injective
R-module. Thus we have (3)=(2).

Finally, we show that x(p)® rR is Cohen—Macaulay, assuming that RT p(Rpy®rDpg) is
isomorphic in D(R) to a stalk complex of an injective R-module. We remark that there are
natural isomorphisms in D(R):

RHompg(R/p,RT,(Ry®rDg)) = RHomg(R/p, Ry®@rDg)
= Hompg, (k(p), Ry®rDp)
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>~ Homg, (m(p),Home®R§(Rp®R§, Ry,®rDpg))
= HomRP®R§(H(p)®R§, RP®RD§).

The last complex is a dualizing complex for #(p)® R because £(p)@ xR is a homomorphic
image of R,® Rﬁ and Ry®rDp is a dualizing complex for R,® R}AB. By assumption, the
cohomology of RHompg(R/p, RI'n(R,®rDg)) is concentrated in some degree, and the same
holds for the dualizing complex for x(p)® Rﬁ by the isomorphisms above. This implies
that k(p)® rR is a Cohen Macaulay ring by local duality (5.1) applied to the local ring
(H(p)@RE)m for each B € Spec(k(p)®rR). U

REMARK 7.16. Let (R,m,k) be a commutative noetherian local ring, and let M be an
R-module. For any finitely generated R-module N, we have standard isomorphisms

Tor; (N, Hom (M, E4(k))) = Tor?(N@R]/%, Homz (M, E5(k)))

=~ Homp(Ext’s (N®rR, M), E5(k))

= Hom z(Extly (N, Homp (R, M)), E5(k))

=~ Hom g (Exts (N, M), Ex(k))
for all 7 > 0, where the second isomorphism follows from [42, Th. 3.2.13] and the first and
third holds since R is flat over R. Since E(k) is an injective cogenerator in Mod R, it
follows from the above isomorphisms that the R-module M is injective over R if and only
if Homz(M, E5(k)) is flat over R.

COROLLARY 7.17. Let R be a commutative noetherian ring, and let ® be a codimension
filtration of Spec R. Assume that at least one of the following conditions is true:

(1) Ty is tilting in D(R) and Endp(g)(Ts) is a flat R-module.
(2) Csg is cotilting in D(R) and Endp(g)(Cs) is a flat R-module.

Then all the formal fibers of all the localizations of R are Cohen—Macaulay.

Proof. 1f (1) holds, then RHompg(7T3,Te) is isomorphic in D(R) to the flat R-
module Endpg)(Ts). Furthermore, for any inclusion p C g, we have that the object
RHompg(RI',R,,RI'4Ry) is, up to a suitable shift, a direct summand of RHompg (T, 7). It
follows that RHompg(RI',R,,RI'gR,) is isomorphic to a stalk complex of a flat R-module
in D(R). Then Proposition 7.15 yields that the formal fiber x(p)®g, j%\q is Cohen—Macaulay.

The proof is completely analogous when the assumption (2) is satisfied instead. U

Now we are ready to prove Theorem 1.3 together with its cotilting counterpart.

THEOREM 7.18. Let R be a commutative noetherian local ring with a codimension
filtration ®. The following conditions are equivalent:

(1) Ty is tilting and Endp(gry(Te) is a flat R-module.
(2) Csg is cotilting and Endp(gr)(Ce) is a flat R-module.

(3) R is a homomorphic image of a Cohen—Macaulay local ring.

Proof. Theorem 7.5 yields both the implications (3)=(1), (2).

Conversely, if we assume either one of the assumptions (1) or (2) then R is universally
catenary by Proposition 7.14 and Corollary 7.17 shows that the formal fibres of R are
Cohen—Macaulay. Since R is local, the condition (3) follows by Theorem 7.6(2). [
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QUESTION 7.19. Let R be a commutative noetherian ring.

(1) Let T be a tilting object (resp. C' be a cotilting object) in D(R). Is Endpg)(T) (resp.
Endp(g)(C)) flat as an R-module?

(2) Is the answer to (1) affirmative at least in the case T'= Ty (resp. C' = Cg) for a
codimension filtration ® of Spec R?

REMARK 7.20. By Theorem 7.18, an affirmative answer to Question 7.19(2) implies an
affirmative answer to Question 7.8 for all local rings.

By Theorem 7.5, Question 7.19(2) holds true whenever R is a module-finite algebra over
a Cohen—Macaulay ring of finite Krull dimension. Moreover, Corollaries 6.4 and 6.12 show
the validity of Question 7.19(2) when R is a commutative noetherian ring of Krull dimension
at most one; Question 7.19(2) is also verified by Theorems 7.5 and 7.12 in this case. We will
show that Question 7.19(2) holds true when R is a two-dimensional ring (Theorem 7.22).

REMARK 7.21. There is a two-dimensional commutative noetherian local domain such
that its generic formal fiber is not Cohen-Macaulay (see [55, Prop. 4.5]). There is also a
two-dimensional commutative noetherian local domain which is catenary (by definition)
but not universally catenary and whose formal fibers are (geometrically) regular (see [82,
Exam. 2]; see also [95, Exam. 2.6]). These rings admit codimension functions but are not
homomorphic images of Cohen-Macaulay rings by Theorem 7.6(2).

The next theorem affirmatively answers Question 7.19(2) in the case of a ring of Krull
dimension two.

THEOREM 7.22. Let R be a two-dimensional commutative noetherian ring with a
codimension filtration ®. Then:

(1) If Ty is tilting, then Endpg)(Ts) is flat as an R-module.
(2) If Cs is cotilting, then Endpg)(Cs) is flat as an R-module.

To prove this theorem, we make a remark.

REMARK 7.23. Let R be a commutative noetherian ring of finite Krull dimension, and
let p be a minimal prime ideal of R. Assume that X is a bounded complex of flat R,-
modules and Y a bounded complex of flat R-modules. If RHompg(X,Y) is concentrated
in some degree, then RHomp(X,Y) is isomorphic in (D(R)) to a flat R-module. Indeed,
X and Y are isomorphic to bounded complexes of projective R-modules by [104, Part II,
Cor. 3.2.7]. Thus RHompg(X,Y) is isomorphic to a bounded complex of flat R-modules.
By assumption, we have RHompz(X,Y) = X" M for some Ry,-module M and n € Z. Then
Y"M 2 F, and thus M has finite flat dimension over R,. Since p is minimal, R, is Artinian,
so that every flat Ry,-module is projective (see [76, Ths. 23.20 and 24.25]). Consequently
M has finite projective dimension over Ry, which is bounded by dim R, =0 (see [104, Th.
3.2.6]). Therefore M is a projective Rp-module. In particular, M is a flat R-module, as
desired.

Similarly, if X is a bounded complex of injective R-modules, Y a bounded com-
plex of injective Rp-modules, and RHomp(X,Y’) is concentrated in some degree, then
RHompz(X,Y) is isomorphic to an Ry,-module of finite projective dimension over R, so the
R,-module is projective. Hence RHomp(X,Y") is isomorphic in D(R) to a flat R-module.
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Proof. Let d be the codimension function on Spec R such that ® = ®&4. In view of Remark
4.10, we may assume that Spec R is connected. Moreover, since dim R = 2, we may assume
that d takes values in the interval {0,1,2}.

(1): Suppose that Tg is tilting. Let us use the notation of Corollary 6.4: W, =
{p € SpecR | d(p) = n} and T'(n) = B,y T"RILRy. Then To = T(0) € T(1) & T'(2).
By the proof of Corollary 6.3, we have Homp)(T(i),T(j)) = 0 if 7 > j. Hence
the R-module Endpg)(Te) is the direct sum of Hompg)(7(0),7(0) & T(1) @ T(2)),
Hompg)(7(1),T(1) ©T(2)), and Hompg)(T(2),7(2)). By Corollaries 6.3 and 6.4, it
suffices to show that Hompp)(7'(0),7(2)) is a flat R-module. Note that each p € Wy is
necessarily a minimal prime of R and

peWo
Then Homp gy (7'(0),7(2)) is flat as an R-module by (2.11) and Remark 7.23.

(2): This follows from a parallel argument to (1). Use Remarks 5.10 and 7.23, Proposition
6.9, and Corollary 6.12. U

We conclude the paper by the following result, which affirmatively answers Question 7.8
(and Question 7.10) in the case of a local ring of Krull dimension two.

COROLLARY 7.24. Let (R,m,k) be a two-dimensional commutative noetherian local ring
with a codimension filtration ®. Then the following conditions are equivalent:

(1) To is a tilting object in D(R).
(2) Cs is a cotilting object in D(R).
(3) R is a homomorphic image of a Cohen—Macaulay local ring.

Proof. By Theorem 7.5, the condition (3) implies (1) and (2). Conversely, assuming
either (1) or (2), we obtain (3) from Theorems 7.6(2) and 7.22, Proposition 7.14, and
Corollary 7.17. 0
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