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INDUCED QUATERNION ALGEBRAS 
IN THE SCHUR GROUP 

RICHARD A. MOLLIN 

Let K be a finite, imaginary and abelian extension of the rational 
number field Q, and let M be the maximal real subfield of K. It is well 
known that each element of order 2 in S(K), the Schur group of K, is 
induced from an element of order 2 in B(M), the Brauer group of M\ 
i.e., if D is a quaternion division algebra central over K such that its 
class [D] in B(K) is in fact in S(K) then [D] = [B ®MK] where B is a 
quaternion division algebra with [B] G B{M). A natural question to 
ask is: "When is every element of S(K) of order 2 induced from 5(ikf)?M 

The main result of this paper is to provide necessary and sufficient 
conditions for this to occur when G(L/K)y the Galois group of L over K, 
is cyclic where L is the smallest root of unity field containing K. More
over we provide necessary conditions, as well as a conjecture, for the 
general case. 

1. Nota t ion and pre l iminar ies . For a field of characteristic zero 
the Schur group S(K) may be described as consisting of those 
equivalence classes in B(K) which contain a simple component of the 
group algebra KG for some finite group G. lî [A] Ç S(K) and 3P and 2, 
are X-primes above the rational prime p, then A ®K K& and A ®K K$ 
have the same index where K& denotes the completion of K at 3P (see 
[2] or [10]). We call the common value of the indices of A ®KK& for 
all imprimes 3P above p, the p-local index of A and denote it by \nAvA. 
Henceforth when we write a tensor product it shall be assumed to be 
taken over the center of the algebra in the left factor. For basic results 
pertaining to S(K) the reader is referred to [10]. The symbol ^ denotes 
equivalence in the Brauer group. If i2 is an T^prime above q then any 
reference to the decomposition of 21 in K/F (abelian) shall be described 
as the decomposition of q in K/F since the decomposition essentially 
depends on q and not on i2. For example if 31 is unramified in K/F we 
say q is unramified in K/F. Also for each rational prime q, we select a 
fixed prime 31 of F over q. We shall write Fq to mean the completion of 
F at i2. Similarly we fix a prime i2 of K above «2 and simply write 
KQ for K&. The Frobenius automorphism of q in K/F shall be denoted 
^"{q, K/F), and a generator of the inertia group of q in K/F, if it exists, 
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shall be denoted 6(q,K/F). The order of #~(q, K/F) will be denoted 
/(g, K/F) and the order of $(q, K/F) will be denoted e(q, K/F). 

If m is an integer and m — pat where p and t are relatively prime then 
we shall use the symbol \m\v = pa to denote the highest power of p 
dividing m. Finally en will denote a primitive wth root of unity. 

The results of this paper continue work begun in [3]- [6]. The author 
welcomes this opportunity to thank N.S.E.R.C. Canada for their support 
of this research, via University Research Fellowship U 0077. 

2. Preliminary results: A correction. We shall need a determina
tion of the maximum g-local index of elements in S(K)i. The case 
where €4 is in K has been covered by Janusz [1]. The case where €4 is 
not in K for the general case has been treated by Pendergrass [7]. How
ever there are certain errors in the latter work which have been corrected 
by Pendergrass in a correspondence with the author. With his permission 
we present corrected versions of the results. Since the list of notation is 
enormous we do not provide it here, but rather refer the reader to [7]. 
We list the corrections by page and line number in reference to [7]. 

The following corrects [7, Lemma 1.1, p. 424]. 

LEMMA 2.1. There are two possible forms for G/C: 
(1) G/C = (o7) where o-'(f) = ^r~l for r where 0 < r < s. 
(2) G/C = <p'> X W) where p'(f) = r 1 and </(f) = f2r+1 for some r 

where 0 < r ̂  s. 

Proof. 
Page 424, line 1 : We shall treat these two cases separately. First suppose 

that G/C is of form (1). Page 427, line 8: Now assume 
that G/C is of form (2). 

Page 430, line 1: If G/C is of form (1) then 
line 3: o-(f) = f2r_1 for some integer r, with 0 < r < s; 
line 6 : 0 = (7a(p)&, where £p is in C and 0 ^ a(p) < 2 ' ; 
line 12: If G/C is of form (2) then 
line 15: o-(f) = f2r+1 for some integer r where 0 < r ̂  s. 
line 18: <t> = pa '(p) aa^£p, where & is in C, 0 ̂  a'(p) < 2, and 

0 ^ a(p) < 2K 
line 19: V(x) = {(2T + 1)* - l ) / 2 r for any integer x. 

The following result is a correction of [7, Theorem 2.2, p. 430]. Although 
we do not directly use this theorem we present it with corrected proof 
because the subsequent theorem which we do use depends on it. 

THEOREM 2.2. Let a be a factor set on G with values in W, and let \p be 
the skew pairing from C X C into { — 1, 1} determined by a. Then 

%(a) = *(e(p)lV(p))nP(a), 

where Mp(«) is a root of unity of order dividing 2v(p) unless: 
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(i) G/C is of form (2) 
(ii) pnv) =ZÉ ( - l ) a ' ^ m o d 2 r + 1 

(iii) G is not a square in C. 
In this special case, nP(a) £ {—1,1}. Asa runs through all factor sets with 
values in W which determine \//, the element ^p(a) runs through all of its 
possible values. 

Proof. 
Page 431, line 13: Step 1. When G/C is of form (1), 

%(a) = MO,l)lh(f*)-

Page 432, line 9: Step 2. When G/C is of form (2), 

%(a) = 4,(0, ri)^*). 

line 23: Hence (T + a'(p)) = 0 mod 2T~\ 

Page 433, line 1: Where /i 6 { - 1 , 1} and /x = 1 whenever t^T + a'(p)) 
= 0 mod 2T for each i. Thus nP(ct) = /x * n is a 
2"(p)th root of unity unless 

s/ao ( - l ) a ' * , m o d 2 r + 1 

and 6 is not a square in C, in which case ixp(a) € 

line 5: Step 3. Each of the possible values of ixp(a) occurs for 
some factor set a which determines \p. 

Page 433, line 7: First suppose that we are in the special case. Let j be 
such that \TJ\ is even and tô is odd. If t — 0 pick Y = 1 
and replace yi by Çyj and €j by f~|T'|/2€^. Then N7, 
N8 and iV9 are satisfied, equation (2) is changed merely 
by multiplying both sides by f<o»/(p)-i>/2) (-«;>, and 
(7T7r'0 r + a ' ( p ) has been changed to - ( i r7r '0 r ( 3 ) + a ' ( p ) . 
Hence \p, /x0, and /xi are unchanged while /x has been 
changed to — /x- If t 9^ 0, then replace fij by — 0,, thus 
changing /x to —/x without altering ^, /x0 or JUI. 

Now suppose that we are not in the special case. If 
h 7* g, then v(p) = 0 so nP(a) can only have the value 
1. So assume that h 7e g. Let j be such that \TJ\ = 
e(p)tj. Then Tj = (pfw - l)/e(p) is odd. Switch e, 
to — ê  and observe that this leaves \p unaltered. How
ever, from equations (1) and (2) and the fact that 
/x = 1, we find that \xp has been changed to — /zp. 

This completes the proof of the theorem. 

In view of the above changes we get the following correction of [7, 
Theorem 2.3, p. 433]. 
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THEOREM 2.3. (A) / / G/C is of form (2) and p is a prime such that 
pf(v) =£ (_ i)a'(P) (mod 2r+1) and 6 is not a square in C, then there exists an 
element in S{K)2 with p-local index 2. 

The crossed product algebra B(p, a) = {L{ep)/K, a) where a determines 
the trivial skew pairing but makes nv(a) = — 1 has p-local index 2. 

(B) If p is not covered under (A) and p does not divide n then the 
maximum p-local index of an element is S(K)2 is max {2viP), N(p)}. 

The cyclic algebra D{p) = (K(ep),T, — 1) where (r) = G{K(eP)/K) 
has p-local index 2v{p) and l-local index 1 for all primes I T^ p. 

The crossed product algebra B(p,a) = (L(ep)/K,a) has p-local index 
N(p) if the skew pairing \p associated with a is such that ^(d(p)1rj(p)) has 
order N(p) and nP(a) has order less than N(p). 

(C) If p is not covered by (A) and p does divide n, then the maximum 
p-local index of an element in S(K)2 is 

max {2'<?\Ni(p),Ni(P)\. 

The cyclic algebra D(p) = (K(ep),6, —1) has p-local index 2v{p) and 
l-local index 1 for all primes I ^ p. 

The crossed product algebra A (a) = (L/K, a) made with a factor set a on 
G(L/K) having values in W, has p-local index N\(p) if the pairing \p 
associated with a has the property that \p(d, a~2tx(p)£p) has order N\(p) and 
HP(a) has order less than Ni(p). 

The crossed product B(p,q,a) = (L(eq)/K,a) has p-local index 
N2(p) if ̂  

(1) a is a factor set on G with values in W and the pairing \f/ associated 
with a satisfies the conditions: 

(a) *(r, 7) = 1 for r, y Ç C H G(L/K); 
(b) iK0, T 'W) has order N2(p) where (r) = G(L(eg)/L); 
(c) Up (a) has order less than N2(p); 

and: 
(2) q is an odd prime such that p is not a square modulo q. 

The major change of [7, Theorem 2.3, p. 433] is Theorem 2.3(A) above, 
which is the only part of the theorem that we will use in this paper. 
Relevant comments pertaining to Theorem 2.3 (C) will be made at the 
end of the paper. 

3. Maximal real subfields. Let K/Q be finite imaginary and abelian 
and let M denote the maximal real subfield of K. Furthermore, let 
L = Q(en) be the smallest root of unity field containing K. We may 
assume without loss of generality that n ^ 2 (mod 4) since Q(e2m) = 
Q(em) when m is odd. We let Q(e20 be the largest 2-power root of unity 
field in K with r ^ 1, and set 

n = 2sh = 2r+bh = 2 r+6£1
ai ptat 
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where the pi are distinct odd primes. Finally let: 

G(L/Q) = <p«> X (V) X <*i) X . . . X (<t>t) 

where u, v Ç {0, 1} and; 

p i €2s —> 6 2 s " " 1 ; l / ' : €2« —> € 2 s 5 ; 

p : cfc —» eh) \p: eh —> e^; 

0*- €piai ""* 4\-°i a n d <t>i'> £n/piai —> tnlviai 

where rt is a primitive root modulo £* and 0/*»' = 1 where 

hi = p ^ " 1 (p, - 1) for 1 g i £ *. 

The above notation will be maintained for the rest of the paper. 
Now we present for the first time necessary conditions for each element 

of order 2 in S(K) to be induced from S(M). 

THEOREM 3.1. If each element of order 2 in S(K) is induced from S(M) 
then either 

(a) e^isnotinK, or 
(b) €4 is in K and either 
(i) \K :Q(€20|2 = 1 or 

(ii) when h > 1 then 0 /" / 2 G G(L/K) for all i = 1, 2, . . . , t. 

Proof. We prove the contrapositive. Assume e4 is in K, \K: CK^O 12 > 1 
and when h > 1 then 0 ^ / 2 g G{L/K) for some i. If A = 1 then 
i£ = Q(e20 is forced. This contradicts the assumption \K: Q ^ O h > 1. 
Therefore h > 1, and we let 7 = #/*i/2 (? G(L/K). Since 7 corresponds 
to the Frobenius automorphism of infinitely many primes in L/Q> we 
shall let g be such a prime. By the choice of q we have q = 1 (mod 2s). 
Therefore, by [10, Theorem 8.6, p. 136] there exists [A] 6 5 ( 0 ( ^ 0 ) with 
i n d ^ = 2r. Set [B] = [i4]2r"2. By the choice of g we have [B ® K] £ 
S(K) with indqB 0 1 = 2. Assume there exists [C] Ç 5(M) with 
indçC = 2. Therefore [C 0 Q(en + en

-1)] is in S(Q(en + C/T1)) and has 
g-local index 2. By [10, Theorem 7.16, p. 131] such an element cannot 
exist. This contradiction yields the theorem. 

Now we show that restricting G = G(L/K) to being cyclic forces the 
conditions of Theorem 3.1 to become necessary and sufficient. 

THEOREM 3.2. Assume G is cyclic. Each element of order 2 in S(K) is 
induced from S{M) if and only if either: 

(a) €4 is not in K or 
(b) €iis in K and either 

(i) \K: Q(e2r)|2 = 1 or 
(ii) t = land V l / 2 £ G. 

Proof. Necessity is a special case of Theorem 3.1. Now we prove 
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sufficiency. First we assume (a), i.e., €4 is not in K. Let [A] Ç S(K) with 
y = {g: mdqA = 2}. If b = 0 then the result follows from [5, Theorem 
2.5, p. 173]. Therefore we may assume b > 0. First consider those g Ç <5̂  
for which 

l / ( 2 , * / G ) l * = 1 = k ( 2 , * / G ) k 

By [10, Theorem 7.2, p. 96] there exists [B] G S((?) with indqB = 2 = 
indœ£ and indpB = 1 for all p ^ g, oo. Therefore [5 ® M] Ç S(M) with 

ind^S ®i t f = 2 = ind£<g>Jkf 

since 

\f(Q,K/Q)\* = i = k(a,-s:/e)l., 
and 

mdvB ® M = 1 for all p ^ g, oo. 

Hence by [10, Theorem 8.1, p. 132] we have [{B ® M) ® K] £ S(M) ® K 
with g-local index equal to 2 and ^-local index equal to 1 for all p ^ g. 
We note that the oo-local index is 1 since K is non-real. We may now 
assume without loss of generality that Sf contains only primes q with 

\f{q,K/Q)\2> 1 or \e(q,K/Q)\2> 1. 

First consider the case \f(q,K/Q)\2 > 1. By [8, Theorem 3 (I)] we 
necessarily have e(q, L/Q) = 1; i.e., q is unramified in L. Set 

MM = Q (€*•<) H M for i = 0, 1, 2, . . . , t 

where p0 = 2 and a0 = 5. We claim that |Afff: ikf"ff
( *) 12 = 1 for some 

i = 0, 1, 2, . . . , t. Suppose 

\Mq: Mq^\2 > 1 for all i = 0, 1, . . . , /. 

S ince^ (q , M/Q) generates a cyclic group in M/Q then we must have 

\Mq: TMq™\2 > 1 

where TMq
(i) is the compositum of Mq

{i) for a l i i = 0, 1, 2, . . . , /. Now 
we show that this contradicts the hypothesis q Ç Sf. 

Set G — (<f>). Then we may assume that <t> = p\f/2d~2r where the order 
of (yp2d~2) = 2'-* divides the order of r € G(L/Q(**.)). Thus 

«(€2«) = €2«-* where A = 52d~2. 

Set ^ = J ^ g , L/Q) and / = /(g, K/Q). Since ^ ( g , L/rM<*>) has the 
form 

0 V 0 1 M l / 2 • • • • 0*M</2 

and JTf =Jr(L/K) then |Mff: n-M^I* > 1 implies that #~(L/K) = 
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<p2*. By [8, Theorem 3 (II) (b)] this implies q £ y , a contradiction. (We 
note that t should be c in [8, Theorem 3 (II)]). 

We have demonstrated that \Mq\ Mq
{i)\2 = 1 for some i. By [10, 

Theorem 7.4, p. 97] there exists [Bq] G S(M^) with indqBq = 2. Further
more, if q splits into an even number of primes in M(i) we may assume 
mdpBq = 1 for all p 5e q. If g splits into an odd number of primes in 
M(i) we may assume 

indtiBq = 2 = mdqBQ and mdpBq = 1 for all p ^ q, tt where tt is a 
prime with \Kti\ M(i)\2 > 1, and tt splits into an odd number of 
primes in M(i). 

Now TTQ[Bq ® M ] G 5(M) with ind„5fl ® ikT for each g ^ y such that g 
is unramified in L. Thus from [10, Theorem 8.1, p. 132] we have 

irq[(Bq ® M) ®K]£ S(M) ® K 

with g-local index equal to 2 for all q G <5̂  such that q is unramified in L. 
Now, since G is cyclic then at most one prime ramifies in L/K. Thus by 
[8, Theorem 3 (I)] there can be at most one ramified prime in Sf. Suppose 

\e{phL/K%> 1 = \f(Pj,K/Q)U. 

Then by [8, Theorem 3 (III)], pj G ^ if and only if there are an odd 
number of unramified q G £f with (pj/q) = — 1 where (/) is the Legendre 
symbol. However, wq[(Bq ® M) ® K] has g-local index equal to 2 for all 
unramified q G 5^- So by [8, Theorem 3 (III)], 

mdpjTQ
p(Bq.® M) ® K = 2 

if and only if there are an odd number of unramified q G £f with 
(Pj/Q.) = — 1 . We conclude: 

indP;,4 = indPi0rff(5ff ® M) ® X). 

Hence: [̂ 4] G »S(M) ® i£. This completes the proof of the sufficiency 
of (a). 

Now we assume (b) ; i.e., that e4 is in K. First we assume (i), i.e., 

\K: Q(e2r)U = 1. 

Let [A] G S(K) and q G ¥ w h e r e ^ is as defined in (a). By [10, Theorem 
7.4, p. 97] there exists [D] G 5(Ç(e2r + es*-"1)) with ind^Z) = 2 and if 
r > 2, then ind^Z) = 1 for all p ^ g. If r g 2 then C may be chosen 
such that indqD = indœD = 2 and indpD = 1 for all p ^ <?, oo . Now 
we have 

| # : O(€20|2 = 1 = \M: Q(e2r + e2-
1)W 
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Therefore [D ® M] 6 S(M) with indqD ® M = 2. By [9, Theorem 8.1, 
p. 132] we have |i£ff: Mq\2 = 1 which implies 

[(2? ® Af) ® i£] € S(M) ® i£ 

with 

indff(£> ® if) ® i£ = 2 and indr(Z> ® M) ® if = 1 

for all r ?± q. We note that indœ(Z) ® i f ) ® K — 1 since if is non-real. 
This completes the proof of the sufficiency of (b) (i). 

Now we assume (ii), i.e., / = 1 and <^V2 Ç G. Since e4 is in K then 
b = 0 is forced and so r = 5. Suppose first that 

| / (<Z,i?/Q)|2> l a n d | e ( 2 , # / Q ) l > > 1. 

Then by [10, Corollary 5.4] we have q > 2. Moreover |Afff
(i): 0<zU > 1 

for i = 0, 1 where Af(ï) is defined as in (a). Also q = pi is forced 
since \e(q, K/Q)\2 > 1 and q > 2. Thus L is the smallest cyclotomic 
field in which M is contained. Now we demonstrate the existence of 
[B] e S(M) with ind^B = 2. Since |Mff<°>: Q,|2 > 1 then \qf - 1|2 = 2r 

where/ = /(g, K/Q). A l s o J ^ , L/JST) g G2 since 

Since |2£ff: Mg\2 = 1 by virtue of q G 5, then 

0(q,L/K) = G(q,L/M) and CM = G(L/M(ev)) = G(L/K) = G. 

Therefore 9(g, L/M) (£ CM. Thus the hypothesis of Theorem 2.3 (A) is 
satisfied so there exists [B] Ç 5(M) with indgB = 2. By Theorem 2.3 (A) 
we may choose 

B = B(q,a) = (L(tq)/M,a) 

and since only q and 2 ramify in L(eq)/M then the only other possibility 
for non-trivial index of B is at 2. Now we have: [B ® K] £ 5(M) ® i£ 
with indff5 ® i£ = 2 and ind^B ® K = 1 for all p ^ g. We note that 
ind2£ ® i£ = 1 by [10, Corollary 5.4]. Now we may assume without 
loss of generality that all q G y satisfy either 

| e ( g , # / Q ) | 2 = l o r | / ( g , X / 0 ) ! 2 = 1. 

Thus |Afff: ifff
(f)|2 = 1 for some i = 0, 1. Now, by exactly the same 

argument as in the proof of (a) we get 

*9[Cq ®K]£ S(M) ® K 

with g-local index equal to 2 for all q £ Sf such that q is unramified in L. 
Now the only other prime at which wq[Cq ® K] can have non-trivial index 
is a.tpi. If pi ^ I (mod 2S+1) then, since 0(pi, L/M) g CM by the same 
argument as above, we have the existence of [BPl ® K] Ç 5(Af) ® K 
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with non-trivial index 2 exactly at ph by Theorem 2.3 (A). Thus either 

A~(Bpl®K)(irq(Cq®K)) 

or 

A ~ wqCg ® K. 

Now we may assume pi = 1 (mod ss+1)- By [8, Theorem III, p. 170], 
pi £ £f \l and only if there are an odd number of unramified q 6 y with 
(pi/0.) = — 1 and l(q) ^ r — X, (see [9] for the definition of l{q) and X). 
However irq[Cq ® K] has g-local index equal to 2 for all unramified 
q e y . So by [9, Theorem (III) , p. 170] mdPlirt(Cq ® K) = 2 ii and 
only if there are an odd number of unramified q £ y with (pj/q) = — 1 
and l(q) ^ r — X. We conclude 

indpu4 = indpi(7TgCff ® X) . 

Hence [A] Ç 5(M) ® X. This proves the theorem. 

The following was obtained in [5, Theorem 2.6]. We isolate it since it 
may be of independent interest. We remind the reader that n ^ 2 
(mod 4). 

COROLLARY 3.3. If K = Q(en) then all elements of order 2 in S(K) are 
induced from S(M) if and only if n is odd or a power of 2. 

We conclude with the conjecture that the conditions of Theorem 3.1 
are necessary and sufficient in general. 

We were unable to make more progress in the general case because of 
new problems with [7] which is the only paper in the literature dealing 
with the case where €4 is not in K. We have verified that Theorem 2.3 (A) 
is correct and this is the only portion of Theorem 2.3 which we have used 
in this paper. However we maintain that Theorem 2.3 (C) is false, which 
is the reason for referring to [8] for the ramified case. 

The following is a counterexample. 
LetJST = Q(V5, v ^ T ^ ) ; then L = Q(e4.5.13). Let 

G(L/0(€5.1S)) = (P) 

G(L/0(€4.is)) = <*5>;and 

G(L/0(€4.B)) = <«13). 

Set C = (</>52) X (</>i32). A generator of the inertia group of 5 in 
G = G(L/K) is 9(5) = </>5

2, and the Frobenius automorphism of 5 in G 
is 0i36. On the other hand/(5, K/Q) = 2 and 52 = 1 (mod 8) so Theorem 
2.3 (A) does not apply. Now??(5) = <£i36, (see [7, p. 430] for the definition 
of 77). Thus the order, Ni(5), of G(5)iy(5) in C/C2 is 2. By Theorem 
2.3 (C) there exists [A] € S(K) withind5^ = 2. However by [10, Theorem 
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8.1, p. 132] we have A ~B <g> K where [B] 6 5 ( Q ( V 5 ) ) with ind55 = 2, 
and so 

|^ 5 : 0 5 ( V ^ ) | 2 = 1, 

a contradiction since/(5, K/Q) = 2. This completes the counterexample. 
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