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SOME C*-ALGEBRAS WITH OUTER DERIVATIONS, II 

GEORGE A. ELLIOTT 

1. In this paper we shall consider the class of C*-algebras which are inductive 
limits of sequences of finite-dimensional C*-algebras. We shall give a complete 
description of those C*-algebras in this class every derivation of which is inner. 

THEOREM. Let A be a C*-algebra. Suppose that A is the inductive limit of a 
sequence of finite-dimensional C*-algebras. Then the following statements are 
equivalent: 

(i) every derivation of A is inner; 
(ii) A is the direct sum of a finite number of algebras each of which is either 

commutative, the tensor product of a finite-dimensional and a commutative with 
unit, or simple with unit. 

2. Remark. There are two consequences of the above result which may hold 
more generally. Let A be a C*-algebra which is the inductive limit of a sequence 
of finite-dimensional C*-algebras, and suppose that every derivation of A is 
inner. Then 

(1) every derivation of each quotient of A by a closed two-sided ideal is 
inner, and 

(2) A is the direct sum of a commutative algebra and an algebra with unit. 
It is known (see [9]) that (2) need not hold without some additional restric
tion for a C*-algebra A having only inner derivations, but it is conceivable 
that the restriction of separability is strong enough (see [4]). Added in proof. 
This is the case; see Akemann, Elliott, Pedersen, Tomiyama, Amer. J. Math, 
(to appear). 

3. LEMMA. Let A be a C*-algebra which is the inductive limit of a sequence of 
finite-dimensional C*-algebras, and suppose that every derivation of A is inner. 
Then every primitive quotient of A is simple with unit. 

Proof. By [4, 2], every primitive quotient of A has a unit. This is also 
established in the course of the following proof that every primitive quotient 
of A is simple. 

Let P be a primitive ideal of A, and suppose that / is a closed two-sided 
ideal of A containing P. We must show that I is equal to P or to A. 

There exists an increasing sequence A\ Ç A2 Cj . . . of finite-dimensional 
sub-C*-algebras of A with union dense in A. By [1, 3.1], VJnI C\ An is dense 
in I. Denote the unit of I C\ An by en, n = 1 , 2 , . . . , and set en+i — en = /„,; 
fn is a projection permutable with each element of An. 
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If all except finitely many/w are in P then (JnI C\ An has a unit modulo P. 
By continuity this is also a unit for / modulo P. Hence by primitivity of P, 
I = P or I = A. 

Suppose that infinitely many/^ are not in P. We shall arrive at a contradic
tion. Passing to a subsequence of i i Ç i 2 C , . . , we may equally well 
suppose that no fn is in P. If X = (Xn) is a bounded sequence in C, then for 
each x (z A the series 

/ J ^n \ JnX %Jn ) 

is convergent. Indeed, if k is large enough that ||x — xc|| < e(2 supw|Xn|)
-1 for 

some xe Ç ̂ 4 ,̂ then 

[ k+Â ~l II 

W=A; + 1 JH 

/ J *^njn i X X e < € , 

where [a, b] = ab — ba. Therefore by the hypothesis that every derivation of A 
is inner, for every bounded sequence X = (Xw) in C there exists y\ £ A such 
that 

oo 

X ^ ( / > - */n) = 3 ^ - X x̂, X £ A. 
n=l 

Representing A/P faithfully as an irreducible C*-algebra of operators, we find 
that for each bounded sequence X = (\n) in G, the image y\ of y\ in A/P 
differs from the operator J2n=i^nfn by a scalar. Since for each bounded sequence 
^ = O^n) m C we have 

2^/ ^nfn\ 

it follows that the set of operators 

= SUpn |X„|, 

{̂ x|X = (\n) a bounded sequence in C} 

is not norm separable. This contradicts the separability of A. 

4. LEMMA. Let A be a C*-algebra which is the inductive limit of a sequence of 
finite-dimensional C*-algebras, and suppose that every derivation of A is inner. 
Then every primitive ideal of A of infinite codimension is a direct summand. 

Proof. Let P be a primitive ideal of A of infinite codimension. We must show 
that P + P' = A, where P' is the annihilator of P. If P + P ' ^ A, then, 
since by 3, ^4/P is simple, P ' = 0. Therefore it is enough to show that P' ^ 0. 

There exists an increasing sequence A\ C A2 Q . . . of finite-dimensional 
sub-C*-algebras of A with union dense in A. Denote by en the unit of P H An, 
and by gn the complement of en in An. The increasing sequence (A\ + P)/P CI 
(A2 + P)/P £ . . . of sub-C*-algebras of A/P has union dense in A/P. Since 
A/P is of infinite dimension it follows that the dimension of (An + P)/P 
tends to infinity. Since (An + P)/P is isomorphic to AJAn C\ P which in 
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tu rn is isomorphic to gnAn, n = 1, 2, . . . , we have dim gnAn —• oo. Hence, 

passing to a subsequence of Ai Q A2 Ç . . . we may suppose tha t dim gnAn 

is strictly increasing. 
Suppose t ha t P' = 0. Then for each w = 1, 2, . . . there is an m = w(w) ^ 

w + 1 such t ha t ewg„v4w is isomorphic to gnAn. Passing to a subsequence of 
Ax Q A2 Q • • • (e.g., ^ i £ i « ( i ) Q Am(m(1)) C . . .) we may suppose t ha t 
raO) = w + 1; t ha t is, t ha t en+1gnAn is isomorphic to gni4n, n = 1, 2, . . . . 

Fix w = 1, 2, . . . . Since dim gnAn > dim gn_iAn-i there is a projection 
jj ç. gnAn, O ^ / n V gn> s u c r i t h a t / / is permutable with each element of 
gn_ii4n_i. Since the quotient map A -^ A/P is injective on gnAn, the image of 
fn' in A/P is a nonscalar projection. By 3, A/P is simple; the image o f / „ ' in 
A IP is therefore noncentral . Hence, for some m' = m'in) ^ w,/n ' is noncentral 
in gm>Am>. R e p l a c i n g / / by gm>fn' G gm'Am> and passing to a subsequence of 
-4i £ A2 Q • • • (e.g., ^ i ^ ^m'(i) ^ ^«'(«'(l)) £ . . . ; here we are assuming 
t h a t ra'(&) has been defined for all fe = 1, 2, . . . ) , we may suppose t h a t m ' = n; 
t h a t is, t h a t / » ' is noncentral in gnAn. This entails t ha t \\fn'xn - xnfn'\\ = 1 
for some xn G gnAn with ||*n | | = 1. Since g„en_i = gnen = 0, we have 
fn'en-iAn-i = 0. Therefore / / is permutable with each element of An-i. Set 
en+1fn' = fn. Then / n G ^4n+i and fn is permutable with each element of An^. 
Since en+ignAn is isomorphic to gw,4n, we have \\fnxn - xnfn\\ = 1. Moreover, 

fn = fngrfin+l = / n&A+l fe i+ l - O = / n f e + 1 ~ ^ ) -

L e t x = (Xw) be a bounded sequence in C. Then the same remark as in 3 
shows t ha t for each x G A the series 

CO 

Z_j XW(/WX — XJn) 
n=l 

is convergent. Hence there exists y\ G A such tha t 

oo 

YJ K(fnX ~ Xfn) = 3 ^ - XJX, X £ A. 

With X = (Xn) a bounded sequence in C denote by b\ the derivation of A : 

x »-» y\X — xy\. Then for n = 1, 2, . . . , 

I N I è | |ÔX(XJ|| ^ \\{en+l - ^ ) ô X ( x J f e + l - O H = 11 *»(/»*» - Xnfn)\\ = [Kl-

Moreover, | |ôx | | ^ 2||yx | | . Thus , 

supn|X„| S 2 |bx| | . 

Since A is separable the set 

{yx\\ = (Xw) a bounded sequence in C} 

is norm separable. From the preceding inequality it follows tha t the linear 

space 
{X = (Xn) a bounded sequence in Cj 
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is separable in the norm ||X|| = supw|Xw|. This is known not to be t rue, and the 
supposition P' = 0 is therefore inconsistent with the hypotheses. 

5. L E M M A . Let A be a C*-algebra which is the inductive limit of a sequence of 
finite-dimensional C*-algebras, and suppose that every derivation of A is inner. 
Then there are only finitely many primitive ideals of A of infinite codimension. 

Proof. Suppose t h a t infinitely m a n y primit ive ideals Pu P 2 , . . . of A have 
infinite codimension, and denote by 7i, 72, . . . the annihi lators of Pu P2, . . . . 
Then by 4, for each n = 1, 2, . . . A = Pn + In. Since by 3 each In is simple, 
if n 9e n! then InIn> = 0. 

There exists an increasing sequence Ax Q A2 Q . . . of finite-dimensional 
sub-C*-algebras of A with union dense in A. For each n = 1, 2, . . . , In has 
infinite dimension, so In C\ An ^ In. Since In is a direct summand of A, there 
exists a noncentral projection fn in In which is not in In C\ An, and which is 
permutable with each element of An. 

Claim. T h e sequence of inner derivat ions of A determined by 2^=i / w , 
k = 1, 2, . . . , converges simply to an outer derivat ion of A. Convergence 
follows from the fact t h a t fn is permutable with each element of An, n = 
1 , 2 , . . . , and t ha t t h e / w are mutual ly orthogonal projections ( they belong to 
orthogonal ideals). Suppose t h a t the limit, <5, clearly a derivat ion of A, is inner, 
determined by y G A. For each n = 1, 2, . . . , since In is simple and /„. is a 
noncentral projection in In, there exists xn G In of uni t norm such tha t 

ll$(*n)|| = WfnXn ~ Xnfn\\ > 1/2. 

Since fn is permutable with each element of An, xn also may be chosen to be 
permutable with each element of An. On the other hand, there exists y() in 
some Ano such t ha t \\y — y0\\ < 1/4. Then we have 

| |5(*no) | | = \\y*no - Xnoy\\ = 11 (j ~ J^m ~ Xm(j ~ ^ o ) | | < 2 ( 1 / 4 ) = 1 / 2 . 

This is a contradict ion, whence b mus t be outer . 

6. L E M M A . Let A be a C*-algebra which is generated by its projections. Suppose 
that Pr im A is separated, and that A has a unit. Then the centre of A is generated 
by its projections. 

Proof. By [6, Theorem 4.1], the functions /*-» | |x + /| | on Pr im A with 
x G A are continuous. Since A is generated by its projections the functions 
/ H-> \\e + /|| with e a projection in A separate points of Pr im A. By [2, 8.16], 
for every projection e in A there exists a central projection e' such t h a t e' + 
t = \\e + t\\, t G Pr im A. I t follows t h a t the centre of A is generated by its 
projections. 

7. Remark. In 6 it is not necessary to assume t h a t A has a unit . T h e assump
tion t h a t Pr im A is separated, however, cannot be omit ted (W. Green, pr ivate 
communica t ion) . 

8. Proof of Theorem 1. (ii) => (i). Since a derivat ion is zero on central 

https://doi.org/10.4153/CJM-1974-018-6 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1974-018-6


C*-ALGEBRAS 189 

idempotents it is enough to consider the cases tha t A is either commutat ive , 
the tensor product of a finite-dimensional algebra and a commutat ive algebra 
with unit , or simple with unit . T h e first case is covered by [11, Corollary 2.2], 
the second by [3, 1] (for example), and the third by [8]. 

(i) => (ii). By 3, 4 and 5, A is the direct sum of finitely many simple algebras 
with uni t together with an algebra having only finite-dimensional primitive 
quotients . By [4, 3], the direct summand of A with only finite-dimensional 
primitive quotients is a finite direct sum of homogeneous algebras of finite 
order each of which is either commutat ive or with unit . By [6, Theorems 4.2, 
4 .1 , 3.3 and Lemma 4.3], together with [5, Theorem 3.1] and 6 above, each 
direct summand of A which is homogeneous of finite order is either com
muta t ive or the tensor product of a finite-dimensional algebra and a commuta
tive algebra with unit . 

9. Application. Let G be a countable, locally finite discrete group. Suppose 
t h a t every derivation of the C*-algebra of G is inner. Then the commuta tor 
subgroup of G is finite. 

T o see this it is enough by [7, Theorem 1] to show tha t the left regular 
representation of G is not of type I I . Since G is locally finite, the left regular 
representation of G determines a faithful representation of C*(G), the C*-
algebra of G (this can be seen directly or by using the fact t ha t G is amenable) . 
Again because G is locally finite, C*(G) satisfies the hypothesis of 1. Since 
C*(G) has a one-dimensional quotient (corresponding to the trivial represen
tat ion of G), by 1, C*(G) has a nonzero commutat ive direct summand. So, 
therefore, also does the von Neumann algebra generated by the left regular 
representation of G. 

This answers negatively a question of Sakai (see [10, Problem 3]). 
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