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FAMILIES OF ELLIPTIC CURVES WITH
TRIVIAL MORDELL-WEIL GROUP

ANDRZEJ DABROWSKI AND MALGORZATA WIECZOREK

Fix an elliptic curve y2 = x3 + Ax + B, satisfying A, B G Z, A ^ | 5 | > 0. We
prove that the associated quadratic family contains infinitely many elliptic curves
with trivial Mordell-Weil group.

INTRODUCTION

Let E(A,B) : y2 = x3 + Ax + B (A,B € Z, 4A3 + 27B2 / 0) be a fixed
elliptic curve over Q. The deep theorem of Mazur [5] tells us that E(A, B)(Q)tors (the
torsion subgroup of the Q-points) is one of the 15 groups: Z/nZ (n = 1, . . . , 10,12),
Z/2nZ©Z/2Z (n = 1,2,3,4). In any particular case, it is not difficult to determine
E(A, B)(Q)tors explicitly. In some cases one can calculate the torsion part for infinitely
many given curves at once (see [8]).

Our first observation (Proposition 2) is that the torsion part E(A,B)(<Q)tOTS

(A ^ 0) contains no point of order 5 or 7. It easily generates new examples of
quadratic families of elliptic curves (without complex multiplication) with prescribed
torsion subgroups.

Our second application is the existence of infinitely many elliptic curves with trivial
Mordell-Weil group in a wide class of quadratic families (Corollary 2). It is a pretty
combination of our calculations, with recent results of Kolyvagin [3], Bump-Friedberg-
Hoffstein-Iwaniec-Murty-Murty [2], and the modularity conjecture completely settled
by Wiles-Taylor-Diamond-Breuil-Conrad [1]. The result should be compared with [6],
where the authors proved the existence of infinitely many elliptic curves (with complex
multiplication) with no rational points except the origin.

1. ELLIPTIC CURVES WITH NO RATIONAL TORSION POINT OF ORDERS 5 AND 7

The following result is well known (see [9, Exercise 8.13a]).
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PROPOSITION 1 . Let E/Q be an elliptic curve over Q with a rational torsion

point of order ^ 4. Then E has an equation of the form

(1) y2 + uxy + vy = x3 + vx2

with u,v € Q.

The family (1) can be rewritten into the following form:

(2) E(u,v):

Let E = E{A, B) : y2 = x3 + Ax + B {A,B € Z, 4A3 + 27B2 ^ 0) be an elliptic
curve over the rationals. Our first observation is the following

PROPOSITION 2 . Assume that A^O . Then the torsion part E{A,B)(Q)tOTa

contains no point of order 5 or 7.

PROOF: The proof is based on the parametrisation of torsion structures [4, Table
3]. Namely, elliptic curves (over Q) having the specified torsion subgroup all lie in a
1-parameter family. We know [4], that E(A, B)(Q) contains a point of order 5 if and
only if E(A, B) is of the form (2) with u = 1 — v. Comparing the coefficients we obtain

v4 + 12v3 + Uv2 - Ylv + 1 + 48A = 0

and

v66 + 18v5 + 75t>475t>4 + 75u2 + 18t> + 1 - 25335 = 0.

Take A » 1. Then the first equation has no integer (hence rational) solutions in
v. Now E(A,B) is isomorphic to E(Ad4,Bd6) (d = 1,2,...), hence we can replace

J4»lbyA^0.

Elliptic curves having the torsion subgroup Z/7Z lie in a family

and the same method shows that E(A, B)(Q) has no rational torsion point of order 7
f o r , 4 > 0 . D
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2. FAMILIES OF ELLIPTIC CURVES WITH TRIVIAL MORDELL-WEIL GROUP

Let, as usual, E = E(A, B) : y2 — x3 + Ax + B be an elliptic curve. For each
O ^ r f e Z consider its quadratic twist

Ed = E(A, B)d :y2 = x3 + d2Ax + d3B.

If ^d (Q) tors i s isomorphic to Z/2Z or Z /2Z© Z/2Z, then, using [4] we see that Ed

has an equation of the form y2 = x3 + ax2 + bx, or equivalently, we have

It leads to the following equation in a:

(3) a3 + 9Ad2a + 27Bd3 = 0.

Our next observation is the following

PROPOSITION 3 . Fix integers A,B, satisfying A^ \B\ > 0. Also fix a non-
zero integer d. Then the equation (3) has no rational solutions in a.

PROOF: The substitution a (-»• Zdx leads to the equation x3 + Ax + B = 0 with
no real solution (when A ^ \B\ > 0, of course). D

COROLLARY 1. Fix non-zero integers A, B satisfying A ^ | 5 | > 0, and a posi-
tive integer r. There are infinitely many square-free integers d having exactly r prime
factors such that E(A, B)d(Q)tors = (0).

PROOF: Combine Propositions 2 and 3, and remark that E(A,B)d possesses Q-
rational points of order 3 only for a finitely many d's (see [7]). D

COROLLARY 2 . Fix an elliptic curve E{A,B), with A ^ \B\ > 0. There are
infinitely many d 's for which E(A, B)d(Q) - (0).

PROOF: Combine Corollary 1, and a recent result that there are infinitely many d's
such that L(E(A, B)d, l) ^ 0 (see, for example, [2] and references there), Kolyvagin's
result [3], and Wiles-Taylor-Diamond-Breuil-Conrad's result [1]. D

EXAMPLE. E : y2 = x3 + 5x + 1. Here A = 527 = 17 • 31. One easily checks that
£(Q)tors = Z/3Z (= {(0,1), (0,-1), oo}). Proposition 3 implies that Ed(Q) has no
point of order 2. Now Ed (d square free) may possess a rational torsion point of order
greater than 2 only for d = ±17, ±31, ±527. Again, using Proposition 2, we see that
is has no point of order 5. Reducing modulo 5 we conclude that Ed(Q)tOTa C Z/3Z in
all these cases, and a short calculation shows ^d(Q)tors are all trivial.
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