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HOMOLOGICAL PROPERTIES OF SF RINGS

AHMAD SHAMSUDDIN

A ring R is said to be left SF if all simple left R-modules are flat. We study some
homological properties of such rings and find situations in which these become von
Neumann regular.

1. INTRODUCTION

A ring R is said to be left SF if all simple left R-modules are flat. It has been
conjectured by Ramamurthi [9] that such rings are necessarily von Neumann regular.
This conjecture has been verified in a number of situations—see, for example, (3, 6,
8, 9, 12, 13, 14|, and no counterexample to it is presently known. The purpose of
this note is to study some homological properties of such rings and discuss situations
in which this conjecture is true. Thus we show that if all the principal right ideals of
a left SF ring R are projective, then R is von Neumann regular. And when a left SF
ring R has weak global dimension at most 1 and is right coherent, we show that R is
von Neumann regular.

Next we turn to discuss the question of the vanishing of the Jacobson radical of a
left SF ring R. We prove that if any power J™ of the radical J is finitely generated as a
left ideal of the ring, then J® = 0. If R is left self-injective and Jg is pseudo-coherent,
then R is von Neumann regular.

It was shown in Theorem 1.3 of [13] that if a left SF ring satisfies ACC on principal
left ideals then R is semi-simple Artinian. We prove, more generally, that if R is a
subring of a ring all of whose cyclic flat left modules are projective, then R is semi-
simple artinian.

Throughout the present note, the right R-module M}'{ = Homgz (M,Q/Z) will
denote the character module of the left R-module M, and rad (g M) will denote the
Jacobson radical of the left R-module M. The singular submodule of a module g M
is denoted by Z(rM). Thus, Z(gR) stands for the left singular ideal of R, whichis a
two-sided ideal of R. We write J for the radical of the ring itself. The right annihilator
(respectively left annihilator) of an element z € R is denoted by r(z) (respectively
{(z)). wd M stands for the weak dimension of M.
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2. HoMoLoGICAL PROPERTIES OF SF RINGS

A ring R is said to be right Rickart if for every =z € R, the right ideal r(z) is
generated by an idempotent, or equivalently, zR is projective.

THEOREM 2.1. A left SF right Rickart ring is von Neumann regular.

PROOF: Let z € R and let rad R/Rz = L/Rz. Put r(z) = eR where e = €% and
set f =1—e. If I is a maximal left ideal of R and z € I then z = za for some a € I
because R/I is a flat left R-module. Hence 1 —a € r(z) and so f = fa € I. This
implies that f € L. Note that

R/Rz = (Re + Rz)/Rx @ (Rf + Rz)/Rz,

so because (Rf + Rz)/Rz is superfluousin R/Rz, we see that R = Re + Rz. Since
ze = 0, we see that, indeed, R = Re ® Rz. Hence all principal left ideals of R are

direct summands of R, whence R is von Neumann regular. 0

Recall that a module g M is said to be pseudo-coherent if each of its finitely gen-
erated submodules is finitely presented. A finitely generated pseudo-coherent module
is said to be coherent. If gR is coherent, then we say that R is left coherent. It is
well-known that a ring R is left coherent if and only if the direct product of every
family of flat right R-modules is flat; see, for example, [1, Theorem 19.20]. Recall also
that the weak global dimension of a ring is at most 1 if and only if all submodules of
flat modules are flat.

A submodule A of a module g B is said to be pure in B if for every right R-module
P, the homomorphism P® A — PQ® B is injective. An epimorphism f: A — B is said
to be pure if Ker f is purein A. It is well-known that epimorphisms onto flat modules
are pure (see, for example, [2, Proposition 4, p.15]), and a finitely presented module
M is pure projective in the sense that for every pure epimorphism f : A — B, every
homomorphism g : M — B lifts to a homomorphism g: M — A; see [11].

LEMMA 2.2. Let R be a semi-primitive ring and let g M be a finitely presented
module such that M/rad M is flat. Then M is projective.

Proo¥F: Consider the pure exact sequence

f
0 —— Kerf » F » M/radM —— 0

where F is a free R-module. Since M is pure projective, there is § : M — F such
that f@ = n, where # : M — M/rad M is the canonical projection. It follows that
F = K +1Im# where K = Ker f and it is easy to verify that K N Im#8 = 0 because
6(rad M) C radF = 0. Hence F = K ®Im#8 and so M/rad M = F/K = Im# is
projective. This shows that rad M = 0 and so M is projective. 0
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PrOPOSITION 2.3. A right coherent left SF ring with weak global dimension

< 1 is von Neumann regular.

PROOF: Suppose M is a finitely presented left R-module. It follows from [1,
Proposition 9.16] that M/rad M embeds in a direct product of flat modules, whence
embeds in a flat module, so it is necessarily flat. In particular, R/J is a flat R-module
so that J = 0. It follows from Lemma 2.2 that all finitely presented modules are
projective. This implies that R is von Neumann regular. 1

3. THE JACOBSON RADICAL OF A LEFT SF RING

If M is aleft R-module, we shall write M* for the right R-module Hompg (M, R).

The trace of M is the two-sided ideal T(M) defined as >, Im f. The module M is
fem

a generator if and only if T(M) = R.

ProrPosITION 3.1. Suppose that R is a left SF ring. Let gk M be a finitely
presented module with Homp (M, R/I) # O for a maximal left ideal I of R. Then
T(M)¢I.

PRrROOF: Let f : M — R/I be a non-zero homomorphism and denote by = :
R — R/I the canonical map. Because M is pure projective, there is a homomorphism
g: M — R such that mog = f. This shows that R =Im(g)+ I = T(M) + I so that
T(M)¢ZI. 0

COROLLARY 3.2. Suppose that R is a left SF ring. If M is a finitely presented
module such that Homg (M, R/I) # 0 for every maximal left ideal I of R, then M is
a generator. Hence with A = End pM, R = End M, .

COoROLLARY 3.3. The Jacobson radical of a left SF ring cannot contain a non-
zero two-sided ideal, finitely generated as a left ideal. In particular, if J™ # 0 then J™
and Z(Rg) are not finitely generated as left ideals.

COROLLARY 3.4. If R is a simple left SF ring, then every non-zero finitely
presented module is a generator.

PROPOSITION 3.5. If R isleft SF and J is finitely generated and projective
as a right ideal, then J = 0.

PROOF: Let (Ix),c, denote the set of all maximal left ideals of R. Since R/Ix
is flat, JIx = J NIy = J for each A € A. As Jg is finitely generated projective,
J2=J-NIr»=JIr»=J, whence J =0 by Nakayama’s lemma. a0

Next, we consider rings R for which R/J is von Neumann regular, for example,
left self-injective rings. We need the following result, taken from Morita [7, Lemma
1.5].
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LEMMA 3.6. Let R be aring and gM an R-module. If P is the annihilator of
M in R then gM is flat if and only if pypM is flat and for all z € P, 0 =zR®rp M.

THEOREM 3.7. Let R be a ring for which R/J is von Neumann regular and Jg
is pseudo-coherent. If R is left SF then R is von Neumann regular.

PROOF: Let (Ix),¢, denote the set of all maximal left ideals of R and let My =

R/I\. Put M = [][ M, so J is the annihilator of M in R. To show that g M is
A€EA
flat, it suffices to show that zZR®r M = 0 for all £ € J. But this is true because zR

is finitely presented and so tR®g M = [] R ®r My = [[ zM) = 0. The sequence
€A PYTN

O—»R/J—»HMA—->Q—>O
A€A

(where @ = Coker R/J — [] M) is purein R/J-mod, so it is pure in R-mod. Hence
A€A

R/J is a flat left R-module and so J = 0, which proves the result. 1]

4. REMARKS

1. SuBRINGS OF CFP RINGS. We say that a ring R is left CFP if every cyclic flat left
R-module is projective. We make the following observation.

PROPOSITION 4.1. A left SF subring R of a left CFP ring S is semi-simple
Artinian.

PROOF: Let M be a simple left R-module. Then S ®g M is a cyclic flat S-
module, whence it is projective. It now follows from Jgndrup [5, Theorem 3.1] that

rM is projective, whence R is semi-simple Artinian. 0
It is possible now to generalise Theorem 3.1 of [13], in the following fashion.

THEOREM 4.2. Let R be aleft SF subring of a ring S. Then R is semi-simple
Artinian if
(a) S is semi-perfect, or
(b) S is Morita equivalent to a domain, or
(c) every ascending chain of principal left ideals of S terminates, or
(d) every descending chain r(z1) 2 r(x2) D ... terminates, or
(e) every ascending chain £(z,) C £(z2) C ... terminates.

PROOF: In each case, S is left CFP. Specifically, (a) follows from the well-known
fact that semi-perfect rings are characterised by the statement that every finitely gen-
erated module has a projective cover, and from the fact that every projective cover of
a flat module is an isomorphism. To see (b), we note that Jgndrup [5] shows that for
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n-firs, every n-generated flat module is projective. In particular, any 1-fir (that is, a
domain) is left CFP, hence so is also any ring Morita equivalent to it. Note that (c)
follows also from [5] as well. Now the same proof used in [13, Theorem 3.1} to show
(5) = (1) and (6) = (1) in this reference can be used to prove that, if S satisfies
either of the conditions in (d) or (e), then it is left CFP. The result now follows from

the previous proposition. 0

2. LEFT SEMI-ARTINIAN LEFT SF RINGS. It was observed in [3] that for a left semi-
Artinian ring (that is, every non-zero left R-module has a simple submodule), the weak

dimension of a module My can be computed as
wd Mg = sup{n | 3 a simple module g X such that Torf (M, X) # 0}.

This result had already been obtained in [8], and it immediately implies that a left SF

left semi-artinian ring is von Neumann regular.

3. SUBRINGS OF MATRIX RINGS. Let V be a vector space over a field F of countable
dimension. We ask whether left SF subrings of Endp V' are von Neumann regular. The
following observation is useful in determining that certain known subrings of this ring
are not SF, hence not von Neumann regular.

PROPOSITION 4.3. Suppose that R is left SF. If R is a subring of a ring S,
and if ¢ € R is left invertible in S, then it is left invertible in R.

ProoF: If Rz # R, then Rz C I for some maximal left ideal I of R. Then
z =za forsome a € I. If yz =1 for some y € §,then a=1,s0 I = R. Thisisis a

contradiction. 0
Call an element f € End pV locally nilpotent if V = |J Ker f*. If f is locally
n=1

nilpotent, then 1 — f is invertible, with inverse 1 + f + f2 +... . For example, if V
has a basis {ej,ez,... }, then the linear transformation given by

(*) fle) =0, fles)=ein ifi>1

is locally nilpotent. Denote by B(F) the ring of all Ry X R¢ matrices with entries in a
field having only finitely many non-zero entries in each row and column. Since B(F')
contains f defined by (%), it is not left SF. Similarly, the ring constructed by Tjukavkin
in [10] is not left SF.

4. FP-INJECTIVE RINGS. Recall that a module g M is said to be FP-injective if for
every finitely presented module pF, Exty (F,M) = 0. The ring R is said to be left
FP-injective if gR is FP-injective. For example, all von Neumann regular rings are
right and left FP-injective. We have
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PROPOSITION 4.4. Suppose that R is a left SF ring for which every finitely
presented module has zero radical. Then R is left FP-injective.

PROOF: Suppose P is a finitely presented module. Let (I»),., denote the set of
all maximal left ideals of R. Then we have a commutative diagram

P

|7

R —2 . I R/IH
A€EA
where f is injective and g is an epimorphism. Since the direct product of pure epimor-
phisms is also a pure epimorphism, it follows that g is a pure epimorphism. Since P is
pure projective, there exists a homomorphism & : P — R* such that gh = f. Now kA
is necessarily injective, so P is torsionless. Thus all finitely presented left R-modules

are torsionless, whence R is right FP-injective, by [4, Theorem 2.3]. 0
If pA and gB are modules such that gA is finitely presented, then we have an

epimorphism

() Tor (B*, A) — Ext (4, B)*

which is an isomorphism if R is left coherent. It follows that if M}, is flat then g M is
left FP-injective. If R is left SF then we can say more. In this case, if g§ is any simple
module, then S+ is a direct summand of R*, so S, is flat and hence (}) implies that
rS 1s FP-injective. In particular, this implies that R is semi-primitive. To see this,
suppose A is a non-zero superfluous finitely generated left ideal of R. Then rA has a
maximal submodule g B, whence we have an exact sequence

0—-A/B—->R/B—R/A—0

with R/A finitely presented and A/B simple.  The sequence splits because
Ext (R/A,A/B) = 0, in contradiction with the assumption that A is superfluous in
R (so that A/B is superfluous in R/B.) This proves that rad R = 0. -
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