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The Closure Ordering of Nilpotent Orbits
of the Complex Symmetric Pair
(SO pig, SO, X SO,)

Dragomir Z. Bokovi¢ and Michael Litvinov

Abstract. The main problem that is solved in this paper has the following simple formulation (which
is not used in its solution). The group K = O,(C) x O4(C) acts on the space M, 4 of p X q complex
matrices by (a, b) -x = axb™!, and so does its identity component K = SO,(C) x SO4(C). A K-orbit
(or K9-orbit) in M, p,q 18 said to be nilpotent if its closure contains the zero matrix. The closure, O, of
a nilpotent K-orbit (resp. K%-orbit) © in My 4 is a union of O and some nilpotent K-orbits (resp. K-
orbits) of smaller dimensions. The description of the closure of nilpotent K-orbits has been known for
some time, but not so for the nilpotent K°-orbits. A conjecture describing the closure of nilpotent K°-
orbits was proposed in [11] and verified when min(p, q) < 7. In this paper we prove the conjecture.
The proof is based on a study of two prehomogeneous vector spaces attached to O and determination
of the basic relative invariants of these spaces.

The above problem is equivalent to the problem of describing the closure of nilpotent orbits in
the real Lie algebra so0(p, q) under the adjoint action of the identity component of the real orthogonal
group O(p, q).

1 Introduction

Let Gy be an almost simple real Lie group (not necessarily connected), G its identity
component, and g its Lie algebra. The orbits of G in gy under the adjoint action are
known as the adjoint orbits. If they consist of ad-nilpotent elements, then we refer
to them as the nilpotent adjoint orbits. It is well known that there are only finitely
many of them. In the representation theory of such groups it is important to know
the closures of the nilpotent adjoint orbits (see e.g. [2, Chapter 10]). The description
of these closures is known in almost all cases. We refer the reader to the monograph
[2] for many of the known facts and the important references. The cases where Gy
is of exceptional type have been all treated by the first author in a series of papers
[5]-[10].

Surprisingly, there is an infinite series of classical groups for which the answer was
not known so far. This is the case of the groups Gy = O(p, q), with p,q > 1. More
precisely, one should assume here that p or q is even. The point is that if one replaces
the group G) = SO(p, q)° with the full orthogonal group Go = O(p, q), then the
description of the closure of nilpotent O(p, g)-orbits in the Lie algebra go = so(p, q)
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is known (see e.g. [11] for more details), and if both p and g are odd, then the O(p, q)-
orbits in g are the same as the adjoint orbits. A conjecture describing the closures of
the adjoint nilpotent orbits in so(p, q) has been proposed in loc. cit. and was verified
for min(p, q) < 7. The main objective of this paper is to prove this conjecture.

Choose a Cartan decomposition gg = so(p,q) = o + po, let g = T+ p be its
complexification, and let G = O,(C), n = p + g, be the complexification of Gy =
O(p,q). Let K = O,(C) x O,4(C) be the normalizer of f in K, and K° = SO ,(C) x
SO4(C) its identity component. By using the Kostant-Sekiguchi bijection (see [16],
[2], [17]) from nilpotent GJ-orbits in gy to nilpotent K°-orbits in p, which is known
to preserve the closure relation (see [1]), the closure ordering problem for nilpotent
GY-orbits in gy is translated into the same problem for nilpotent K°-orbits in p. The
conjecture in [11] was formulated in this latter setting, and our proof will also use
the same setting. As a K-module, p is isomorphic to the module M, ;, mentioned
in the abstract, but this simple reformulation of the problem is not conducive to its
solution.

In the next section we recall known facts about the parametrization of nilpotent
orbits of K? in p. Almost all of this material is taken from [11].

In Section 3, which is very short, we recall the main results of [11] and state the
conjecture made there.

In Section 4 we describe two important prehomogeneous vector spaces (PVs)
(4.1) and (4.4) attached to a nilpotent K%-orbit in p. We also describe the method,
developed in the papers of the first author [5, Proposition 3.1], [8, Proposition 7.1]
and the joint paper [11, Proposition 1], which was used to determine the closure or-
dering of nilpotent adjoint orbits in noncompact real forms of exceptional complex
Lie algebras.

In order to be able to apply the same method, it is imperative to obtain the full list
of the basic relative invariants of the two PVs mentioned above. This is accomplished
in Section 5, with most of the proofs delegated to the appendix.

In Section 6 we give our proof of the conjecture.

In Section 7 we define, following a recipe of V. Kac [13], a relative invariant of
the prehomogeneous vector space (4.1) and obtain the prime factorization of it. The
zero set of this particular relative invariant is exactly the singular set of the PV just
mentioned.

In Section 8 we give several illustrative examples and state some open problems.

2 Parametrization of Nilpotent Orbits

In this section we give the basic definitions and state some well known facts which
will be used throughout the paper. For more details, examples, and motivation see
(2], [11].

Let V be an n-dimensional complex vector space, f: V x V. — C a nondegener-
ate symmetric bilinear form and G = O(V, f) the orthogonal group of (V, f). Fix
an involution § € G (6 # 1), and denote by V,, (resp. V},) the +1-eigenspace (resp.
—1-eigenspace) of . Let p = dim(V,) and g = dim(V}). As V, and V}, are or-
thogonal to each other, the restriction f, (resp. f;) of f to V,, x V, (resp. Vj, X V)
is nondegenerate. Denote by K the centralizer of 6 in G, and by K° its identity
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component. We have K = K, x K, with K, = O(V,, f,) and K, = OV, fp),
and K° = K¢ x K} with K¢ = SO(V,, f,) and K = SO(V}, fp).

The Lie algebra g = so(V, f) of G consists of the linear operators u: V.— V
satisfying f(u(x),y) + f(x,u(y)) = 0 forall x,y € V. This condition can be
also expressed as u* = —u, where u* denotes the adjoint of u with respect to the
form f. The Lie algebra f of K is the centralizer of § in g, ie., T = {u € g :
u(Vy) C Vau(Vy) C Vy}. Thust = §, @ f, where f, = so(V,, f;) and f, =
s0(Vy, fp). We denote by Ad (resp. ad) the adjoint representation of G (resp. g) on g.
As a K-module (under the restriction of Ad), g decomposes as g = £ @ p, where p =
{ueg:ulV,) CVy,ulVy) CV,}.

Remark 2.1 Note that if § is replaced by —6, then f and p remain the same, but V,,
and V}, get interchanged, p and g get interchanged, etc. In order to be able to use the
symmetry argument, i.e., to replace 6 by —6, we do not assume that p > q.

The nilpotent G-orbits in g are parametrized by the Young diagrams with 7 cells
(or, equivalently, partitions of 1) such that each row of even length occurs an even
number of times. We refer to such diagrams (resp. partitions) as the orthogonal Young
diagrams (resp. orthogonal partitions). An orthogonal Young diagram (or the corre-
sponding partition) is very even if it contains no rows of odd length. The nilpotent
G-orbits in g are connected, except those which correspond to the very even parti-
tions, in which case they have two connected components. The nilpotent G°-orbits
in g are exactly the connected components of the nilpotent G-orbits.

An orthogonal ab-diagram is an orthogonal Young diagram whose cells are filled
with letters a and b subject to the following two conditions:

(1) in each row the letters a and b alternate,
(ii) the rows of even length are split into pairs of rows of equal length and, in each
pair, one of the rows begins with the letter a and the other with b.

As we only use orthogonal ab-diagrams, from now on we shall refer to them as the ab-
diagrams. Two ab-diagrams are said to be equivalent if one can be obtained from the
other by permuting the rows. The collection of the equivalence classes of ab-diagrams
will be denoted by D. The subcollection consisting of (the equivalence classes of) ab-
diagrams having exactly n cells with p a’s and q b’s is denoted by D(p, q).

We consider equivalent ab-diagrams as being the same, i.e., we identify an ab-
diagram with its equivalence class. We write a concrete ab-diagram as a sequence of
its rows. A row of length 2k + 1 with a (resp. b) in the first cell is written as (ab)*a
(resp. (ba)kb). The pair of rows of even length 2k, one starting with a and the other
with b, is written as (ab)*, (ba)*. If X and Y are arbitrary ab-diagrams, then X +Y
denotes the ab-diagram obtained by writing Y below X and rearranging the rows
of this extended diagram. We say that two ab-diagrams are disjoint if they have no
COMmMon rows.

Denote by N the nilpotent variety in p, i.e, N = {u € p : u" = 0}. The K-
orbits in N are parametrized by D(p, q) and those of K° are precisely the connected
components of the K-orbits. Since [K : K°] = 4, a K-orbit in N may have 1, 2 or
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4 connected components. Let N/K (resp. N/K°) denote the set of K-orbits (resp.
KP°-orbits) in N.

We now describe the correspondence between D(p,q) and N/K. Let u € N.
Define a Jordan chain for u to be a sequence of nonzero vectors vy, v, . .., vk such
that u(v;) = v for 1 < i < kand u(vy) = 0. We say that k is the length of this
chain, and that v; (resp. v¢) is the top (resp. bottom) vector of this chain. If moreover
each v; € V, UV} then we say that this Jordan chain is graded. By replacing each
v; by the letter a if v; € V, and by b if v; € V), we obtain an alternating sequence
of these letters to which we refer as the type of this graded Jordan chain. A Jordan
chain for u is said to be maximal if it cannot be extended to a larger one. This is
the case if and only if the top vector of the chain is not contained in the image of u.
A graded Jordan basis for u is a basis of V' consisting of graded Jordan chains for u
(necessarily maximal). They always exist. Let us choose one of them. Then we form
the Young diagram by creating a row of length k for each maximal Jordan chain of
length k, say v1, . . ., vk, contained in this basis. We temporarily fill the cells of this row
(successively from the left to the right) by the vectors vy, ..., vx. Finally we replace
each of the vectors, say v, in the resulting diagram by the letter a if v € V, and by b if
v € V. We obtain an ab-diagram, say X, which is independent (up to equivalence) of
the choice of the graded Jordan basis for u. Then the K-orbit containing u is denoted
by Ox. The trivial orbit {0} corresponds to the ab-diagram consisting of n rows of
length 1, with cells filled with p a’s and q b’s.

If Oy, O, are members of N/K (or N/K°) and O, is contained in the closure of
O,, then we write O; < O,. This defines a partial order on N/K (resp. N/K°) called
the closure ordering. The closure ordering “<” on N/K corresponds to a natural
combinatorially defined partial order on D(p, q), which we denote again by “<”.
This combinatorial partial order is defined as follows.

If X € D(p,q) denote by X’ the diagram obtained from X by deleting the first
column. Set X¥ = X and define recursively X"V = (X®)/ for k > 0. In particular,
XM = X’. For any such diagram Y, denote by 1,(Y) (resp. n,(Y)) the number of
a’s (resp. b’s) in Y. For X, Y € D(p,q) we write X < Y if 1, (X®Y < n,(Y®) and
1p(XR) < n,(YW) for all k > 0. The relation “<” makes D(p, q) into a partially
ordered set.

If X,Y € D(p,q) are distinct and X < Y then we write X < Y. If X < Y and
there isno Z € D(p, q) such that X < Z < Y, then we write Y — X and say that
X isachild of Y, or that Y is a parent of X. We shall also refer to a pair (X, Y), with
X — Y, as an elementary move X — Y. We define similarly the relation “<”, the
children, parents, and elementary moves in the partially ordered sets (N/K, <) and
(N/K?, <).

We point out that if X — Y is an elementary moveand X = P+ Z,Y = Q + Z,
then P — Q is also an elementary move. On the other hand, the converse of this
statement fails (we leave to the reader to supply a counter-example).

It is a known fact that the partially ordered sets (D(p, q), <) and (N/K, <) are
isomorphic, and that an isomorphism is provided by the map that sends X to Ox.
The Hasse diagram of these two partially ordered sets is denoted by I'(p, g). (See
Section 8 for an example.) Each X € D(p, q) is represented by a node in I'(p, q). If
X — Y forsome X,Y € D(p,q), then the node X is placed in I'(p, g) higher than
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the node Y and these two nodes are joined by a line. The Hasse diagram of (N/K, <)
is essentially the same as I'(p, q). We just have to replace each node X € D(p, q) by
the corresponding node Ox € N/K.

The set N/K (and N/K®) can be also parametrized by using the characteristics
introduced by Dynkin. In order to explain this, we fix a basis {a;,a5,...,a,} of V,
and a basis {b;, by, ..., by} of V}, such that f(a;,a;) = 6i1jp1 for1 <i,j < pand
f(bi,bj) = diyjqn for 1 < i, j < g, where J;; is Kronecker’s delta and we identify
linear operators on V with their matrices with respect to this basis. Denote by b, the
Cartan subalgebra of f, consisting of the diagonal matrices. These diagonal matrices
diag(hi, hy, ..., hy) satisfy h; + hyy—; = 0 for 1 < i < p. The centralizer of b, in Kg
is the maximal torus T, which consists of all diagonal matrices in K°. Denote by N,
the normalizer of T, (or b,) in K,. The Weyl group of (f,,b,) is W, = (N, N K?)/T,.
We set W = N,/T,. Clearly W, is a normal subgroup of W and the quotient group
W /W, is trivial if p is odd, and has order 2 if p is even. We introduce the real form
(by)r of b, consisting of the diagonal matrices as above with /; € R. Define the closed
Weyl chamber C, C (b,)r by the inequalities

(2.1) hi > hiy, 1< <Kk,

if p = 2k + 1 is odd, and by

(2.2) hi > hiy, 1<i<k—=2
and
(2.3) M1 > |l

if p = 2kis even. If p is odd we set C; = C, while if p = 2k is even we define
C» C (b,)r by inequalities (2.2) above and

(2.4) hy_1 > he > 0.

Define similarly by, Tj, etc., and seth) = b, x by, T = T, x Ty, etc.

If Oy is nontrivial, there exists a unique element Hy € C* = C}; x C} such that
[Hy, Ex] = 2Ex for some nonzero element Ex € Ox. If Oy is the trivial orbit, define
Hx = 0.

Definition 2.2 We refer to this element Hy as the characteristic of X (or of Ox).

It is well known that different K-orbits in N have different characteristics. Denote
by (Hx), (resp. (Hx)p) the component of Hy in b, (resp. by).

The eigenvalues (i.e., the diagonal entries) of (Hx), and (Hx); can be easily de-
termined. For this purpose insert in each cell of X an integer as follows: if a row has
length k then we insert successively in the cells of that row the integers

k—1,k—3,k—5,....5-k3—k1—*k
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Then the integers written in all a-cells (resp. b-cells) are the eigenvalues of (Hx),
(resp. (Hx)p). The order in which these eigenvalues occur on the diagonal is deter-
mined uniquely by the condition that Hx € C*.

The group W*/W permutes transitively the connected components of Ox. The
element Ex, as described above, is not unique but all such elements lie in the same
connected component of Ox. We refer to this particular connected component as the
basic component of O.

If p = 2kis evenlet x, € N, be the linear operator which interchanges the vectors
ar and a4 and fixes all the other a;’s. If g is even define x;, € N, similarly. We use
the left and/or right superscripts, roman I and II, to label the connected components
of Ox. The precise rule that governs the use of these superscripts is given in the next
definition and is identical to the one used in [11].

Definition 2.3 We introduce the following notation for the connected components
of the K-orbit Ox C N by considering four possibilities:

(i) Both (Hy), and (Hy), have 0 eigenvalues: Then Oy is connected and we do
not need any new notation.

(ii) (Hx), has no 0 eigenvalue but (Hx), does: Then p is even and Ox has two
connected components. The basic component will be denoted by 'Oy, and the
other one by 'Oy = Ad(x,)('Ox).

(iii) (Hyx), has a 0 eigenvalue but (Hx), does not: Then g is even and again Ox has
two connected components. The basic component will be denoted by O%, and
the other one by O = Ad(x;)(O%).

(iv) Hx has no 0 eigenvalues: Then both p and g must be even and Ox has four
connected components. The basic component will be denoted by '0%, and the
remaining three are 10, = Ad(x,)(0%), 10} = Ad(x,)(*0%), and "0} =
Ad(x,x)(1O%). Furthermore, in this case we set

IOX :Iokulog’ HOX :Hog(UH(rg%’
o} =0} ulel, ol ='otuNol.

If p (resp. q) is odd then the left (resp. right) superscripts I, II are not used. In
particular if p and g are odd then all K-orbits in N are connected.

Let us also introduce the characteristics for the K°-orbits in N. The characteristic
Hy of Oy is also the characteristic of the basic component of Ox. In case (ii), the char-
acteristic of Oy is Ad(x,)(Hy). In case (iii), the characteristic of O¥ is Ad(x;,)(Hx).

Finally, in case (iv), the characteristics of the orbits TOL, TOL, 1O are

Ad(x,)(Hx), Ad(xp)(Hx), Ad(xexp)(Hx),

respectively. All these characteristics belong to the closed Weyl chamber C = C, x Cy,
and different orbits have different characteristics.

The left (resp. right) superscripts I and II depend on the choice of the basis {a;}
of V, (resp. {b;} of V},). If p = 2k is even then there are exactly two K?-orbits of
maximal isotropic subspaces of V, and the left superscripts I, Il depend on the orbit

https://doi.org/10.4153/CJM-2003-046-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2003-046-3

Closure Ordering of Nilpotent Orbits 1161

to which the subspace spanned by {a,,...,a;} belongs. If this subspace is chosen
from a different orbit, then the left superscripts I and II get interchanged. The same
phenomenon occurs with the right superscripts when g is even.

3 The Closure Ordering Conjecture

In this section we state the main conjecture from [11] and recall some basic results
proved there.

A conjecture describing the closure ordering in N/K° was proposed in [11] and
verified when min(p,q) < 7. In order to state this conjecture, we introduce a few
more terms and then give the basic definition of the diagram A(p, q).

A vertex X of I'(p, q) is stable (resp. unstable) if the K-orbit Oy is connected (resp.
disconnected). An unstable vertex X is an a-vertex (resp. b-vertex) if the linear opera-
tor (Hyx), (resp. (Hx)p) is nonsingular. Equivalently, X is an a-vertex (resp. b-vertex)
if the middle letter of each row of odd length (if any) in X is a b (resp. a). If X is both
an a-vertex and a b-vertex, then we say that it is an ab-vertex. Thus X is an ab-vertex
if and only if it has no rows of odd length, i.e., the corresponding partition is very
even. An a-vertex that is not a b-vertex will be called a proper a-vertex. One defines
similarly a proper b-vertex.

We remark that if X and Y are ab-vertices, then X 4 Y (i.e., X — Y does not
hold). The same is true if X is a stable vertex and Y an ab-vertex.

Definition 3.1 A(p, q) is the diagram which is obtained from I' = I'(p, q) by the
following modifications.

Step 1 For every vertex pair (X, Y) such that X — Y and X or Y is unstable erase the
linein I' joining X to Y.

Step 2 Replace each node X by as many nodes as there are connected components in
Ox and label them by these components.

Step 3 Insert two or four lines for each line that was erased in Step 1. For this purpose
reconsider all pairs (X, Y) from Step 1 and perform the indicated action:

(i) X stable and Y unstable: Join Ox to each of the nodes corresponding to the
connected components of Oy.

(ii) X unstable and Y stable: Join each of the nodes corresponding to the con-
nected components of Ox to Oy.

(iii) X aproper a-vertex and Y a proper b-vertex: Join each of 'Oy, 'Oy to each of

0, Of.
(iv) X a proper b-vertex and Y a proper a-vertex: Join each of O}, O¥ to each of
19, 1
Y> Y-

(v)  XandY proper a-vertices: Join 'Oy to 'Oy, and "Ox to "Oy.
(vi) X andY proper b-vertices: Join Ok to O}, and OF to O¥.
(vii) X a proper a-vertex and Y an ab-vertex: Join 'Oy to 'O} and '0¥, and "0 to
1oL and TOW.
(viii) X a proper b-vertex and Y an ab-vertex: Join O% to !0} and "0}, and O¥ to
Ioll and IlolI
Y Y-

https://doi.org/10.4153/CJM-2003-046-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2003-046-3

1162 D. Z. Pokovi¢ and M. Litvinov

(ix) X an ab-vertex and Y a proper a-vertex: Join !0} and 'O¥ to 'Oy, and O}
and 1OY to 10Oy.

(x) X an ab-vertex and Y a proper b-vertex: Join 0% and MO to O}, and 'O}
and 0¥ to Ol

We can now state the conjecture.

Conjecture 3.2 ([11])  The diagram A(p, q) is the Hasse diagram of the partially
ordered set (N/K°, <).

In addition to the closure ordering “<” on N/K?, introduce the new partial order
“<” on the same set N/K°. It is defined by postulating that its Hasse diagram is
A(p, q). The conjecture can be reformulated as follows: The two partial orders “<”
and “=<” are the same. We quote the following basic result:

Theorem 3.3 ([11, Theorem 1]) If 0,0, € N/K® and O; < O, then O, < O,.

Next we introduce the concept of pure pairs of nodes in I'(p, q).

Definition 3.4 1f X,Y € D(p,q) are a-vertices with Y < X, and ifY < Z < X
implies that Z is an a-vertex, then we say that (X,Y) is a pure a-pair. One defines
similarly pure b-pairs. A pure pair is either a pure a-pair or a pure b-pair.

We remark that if (X, Y') is a pure pair, then X and Y cannot be both ab-vertices.
In the next important definition we introduce the concept of splitting for pure
pairs.

Definition 3.5 A pure a-pair (X,Y) splits if 104 N Oy = 10y (or, equivalently,
0y N Oy = "Oy). Similarly, a pure b-pair (X, Y) splits if 0% N Oy = O}

Remark 3.6 Let (X,Y) be a pure b-pair. Theorem 3.3 implies that O} > O and
OF 5 O Hence, the condition Ok N Oy = O} is equivalent to O} N Oy c OL.
If X is an ab-vertex, then it is also equivalent to 10 N Oy € OL. Indeed, we have
K, -10% = 0% and K, - O}, = O). Analogous statements are valid for pure a-pairs.

Our proof of the conjecture will be based on the following reduction result.

Theorem 3.7 ([11, Theorem 2])  In order to prove the above conjecture, it suffices to
show that every pure pair in I'(p, q) splits.

4 Two Prehomogeneous Vector Spaces Attached to an ab-Diagram

In this section we describe two important prehomogeneous vector spaces (PV) at-
tached to an ab-diagram X € D(p, q). We refer the reader to [14], [15] for an expo-
sition of the theory of PVs.

Let H = Hy, the characteristic of X, and let H, (resp. Hj) be its restriction to V,
(resp. V). In this section, we denote by O the basic connected component of Ox. We
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use the standard notation for the centralizers and for the connected component of
the identity. Thus Zx(H) denotes the centralizer of H in K, and Zx (H)? its identity
component. We have

Zx(H) = Zx,(H,) X Zx,(Hp), Zx(H)° = Zx,(H,)® x Zx,(Hp)".
Introduce the eigenspaces of H in V,, and Vy:
Vu(H, k) = {v €V, : H») = kv}, keZ,
Vy(H, k) ={veV,:H(v)=kv}, kel

Fach nonzero V,(H, k) is a simple Zx(H)?-module with one exception: If p is even,
say p = 2m, and the dimension of V,(H, 0) is 2, then this 2-dimensional module is
not simple. Each of the 1-dimensional subspaces spanned by a,, or a,,11 is a submod-
ule. The analogous assertions are valid for the subspaces Vj,(H, k).

Next introduce the eigenspaces of ad(H) in f and p:

9n(0,j) ={X € t:[H,X] = jX}, j€ELZ,
on(l, ) ={X €p:[H,X] = jX}, jeZ
The first prehomogeneous vector space attached to O is
(4.1) (Zx(H)’, 0u(1,2)).

This PV is regular and its generic orbit coincides with Ox N gy (1,2) = O Ngy(l,2).
We say that an element E is a generic element of g (1, 2) if it belongs to this generic
orbit. Denote by fi, ..., f, the basic relative invariants of this PV and let S; be the
hypersurface in gy (1,2) defined by f;. The singular set (i.e., the complement of the
generic orbit) S of this PV is the union of these hypersurfaces.

We now introduce the subspaces

(4.2) au(i,> k) = @ outi, j), i=0,1k>0.
j=k

For i = 0, these subspaces are subalgebras of f. Denote by Qg the parabolic subgroup
of K° whose Lie algebra is qg = g5(0,> 0). Wheni = 1 and k = 2, the above
decomposition gives the natural projection
(43) e gH(lvzz)_}gH(laz)

The second PV attached to X is
(4.4) (Qu,8u(1,>2)).

Its generic orbit is OxNgy(1, > 2) = ONggy(1, > 2) and its singular set S is the union
of the hypersurfaces S;,i = 1,. .., r, defined by the polynomial functions f; = fiomx.
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The Zx(H)°-varieties S; are all quasi-homogeneous (i.e., they possess an open
dense orbit). This follows from the finiteness of the set of orbits of Zy(K)? in g (1, 2).
On the other hand the Qy-varieties S; are not necessarily quasi-homogeneous (see
Section 8 for examples). Nevertheless (see [8, Proposition 7.1]) for each i there ex-
ists a unique K°-orbit O; such that SN 0O;is open and dense in S;. The orbits O;,
i=1,...,r,are not necessarily distinct (again see Section 8).

Definition 4.1 The dominating orbit of the hypersurface $; is the unique K°-orbit
O; whose intersection with §; is open and dense in ;.

Recall that O is the basic component of Ox. The closure of O can be expressed as

(4.5) 0=K-gu(1,>2),

see [5, Theorem 3.1], and 9O = O \ O (the boundary of 9) is given by
00 = JK"-$..
i=1

Each child of O occurs among the O;’s but an O; does not have to be a child of O (see
Section 8 for an example).

There is a natural direct decomposition of (4.1) which we are going to describe.

First of all, the H-eigenspace decompositions of V,, and V;, induce a direct de-
composition of Zx(H)°. Let z € Zx(H)® be arbitrary. The eigenspace V,(H, k) is
z-invariant and let z, x be the restriction of z to this subspace. Then z, _z}, = 1 for
k € Z, where * denotes the adjoint operation with respect to a suitable restriction of
the form f,. In particular, z,o € SO (V,(H,0)). One defines similarly the restriction
zpx of z to V;(H, k), and these restrictions have similar properties as z, ;. We now
introduce the subgroups

Z,(H,k) = {z€ K’ tzpi =1, i # £k},
Zb(H,k) = {Z € Kl? 1Zpi = 1, i 7é :tk},
for k > 0. Note that Z,(H,0) = SO(Vu(H, O)) , and that, for k > 0, the natural

projection map Z,(H, k) — GL(Va(H , k)) is an isomorphism. Similar assertions
hold for the groups Z,(H, k). The direct decomposition that we need is:

Zg(H)® = Z(H), x Z(H), x Z(H)y,

where

(4.6) Z(H)a = Za(H, 0) X Zy(H, 2) X Zo(H,4) x ---
(4.7) Z(H),=Z(H,1) x Z(H,3) x Z(H,5) X -+ -,
(4.8) Z(H)p = Z,(H,0) x Z,(H,2) X Zy(H,4) X - -+,
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and Z(H,2k+1) = Z,(H,2k + 1) x Z,(H, 2k + 1).

Next, the H-eigenspace decompositions of V,, and V}, also induce a direct decom-
position of gy (1,2). Let u € gy(1,2) be arbitrary. Then u maps V,(H,k — 1) into
Vy(H,k+ 1) and V,(H, k — 1) into V,(H, k + 1) for each k € Z. We denote the first
of these restrictions by u, x and the second one by uy . Since u* = —u, we have

(4.9) Up | = —u;"k.

All these restrictions of u can be distributed over four infinite sequences as shown in
the following diagram. (For simplicity, we write V (k) and V,(k) instead of V,(H, k)
and V,(H, k), respectively.)

Ug,—3 Up,—1 Ua,1 Up3

- Va(—4) = Vip(=2) = Va(0) — V3(2) — Va(4) — -

Up,—3 Up,1 Ug3

D V(—4) Z2V,(<2) B2 V(0) 25 V,(2) LV, (4) — -

Ua0

C— Vi (=3) 2 V(-1) 25 vy (1) 22 V,() — - -

Upo

D Va(=3) EEV(—1) 25 V(1) 25 v (3) — - -

For k > 0, denote by gy(1,2, 2k + 1), the subspace of gy (1, 2) consisting of all u
for which all of the above restrictions are 0 except for u, 5¢+1 and 1y _px—;. Similarly,
for k > 0, denote by gg(1, 2, 2k + 1), the subspace of gy(1, 2) consisting of all u for
which all of the above restrictions are 0 except for uy k1 and u, ;. Finally, for
k € Z, denote by gy (1,2, 2k) the subspace of gy (1,2) consisting of all u for which
all of the above restrictions are 0 except for u,x and u ;. All these subspaces of
ar(1,2) are Zg (H)?-submodules and the projection maps

g1(1,2,2k + 1), — Home(Va(H,2k), Vy(H, 2k +2))
gn(1,2,2k + 1), — Homc (Vy(H, 2k), Va(H, 2k +2))

g1(1,2,2k) — Homc(Va(H, 2k — 1), Vy(H, 2k + 1))

are isomorphisms of Zx (H)°-modules.
We obtain the direct decomposition:

(4.10) ou(1,2) = gu(1,2), ® gu(1,2), @ gu(l, 2)s,
where
(411) gH(la z)a = gH(la 27 l)a S gH(l,Z, S)b S gH(la 27 S)a bD--- )
(4.12) au(1,2) = > 8n(1,2,2k),
kezZ
(413) gH(la 2)b = gH(la 27 1)b b gH(la 27 3)11 b gH(la 27 S)b ST
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Finally we can write down the desired direct decomposition of (4.1):

(4.14)  (Zx(H)",01(1,2))
= (Z(H)uugH(172)a> X (Z(H)e7gH(172)e) X (Z(H)b7gH(172)b) .

In order to construct the basic relative invariants of (4.1), it suffices to consider sep-
arately the three factors in this decomposition.

5 Construction of Basic Relative Invariants

Let X € D(p,q) and let H = Hy, the characteristic of X. We denote by r(X) the
number r of basic relative invariants f;, ..., f,, of (ZK(H)O7 an(1, 2)) . Our objective
in this section is to compute r = r(X) and construct the basic relative invariants. We
obtain an explicit formula for » whose proof is based on the following result, a special
case of [15, §4, Proposition 19], [14, Proposition 1.2.4].

Proposition 5.1 IfE € gy(1,2) is generic, then r = dim(Z/Z'Zg), where Z =
Zx(H)®, Z' is the derived subgroup of Z, and Z, the stabilizer of E in Z.

As mentioned in the previous section, it suffices to consider the following three
cases:

(1) gu(1,2) = gy(1,2), i.e, X is a b-vertex and has no rows of even length,
(i) au(1,2) = gu(1,2),, i.e., the partition associated to X is very even,
(iii) gp(1,2) = gu(l,2)p, i.e., X is an a-vertex and has no rows of even length.

Due to symmetry of (i) and (iii), we can dismiss case (iii).
This suggests that we split X into three pieces:

(5.1) X = X(a) + X(e) + X(b),

where X(a) consists of the rows of X of odd length having the letter 4 in the middle
cell, X(e) consists of the rows of X of even length, and X(b) of the remaining rows
of X. Thus X is an a-vertex iff X(a) = &, and a b-vertex iff X(b) = &. In case (ii),
all eigenvalues of H are odd integers. In the other two cases, they are even integers.
Moreover, the eigenvalues of H, are congruent to 0 (resp. 2) modulo 4 in case (i)
(resp. (iii)).

Definition 5.2  We attach to X the following three integers:

(1) pa(X) = my + d,, where 2m, + 1 is the length of the first row of X(a) and
0, = 0 except when X(a) has exactly two rows and these two rows have different
lengths, in which case §, = 1.

(ii)  pe(X) = 2m, — d,, where 2m, is the length of the first row of X(e) and d, is the
number of different row-lengths of X(e).

(iii) pp(X) = my + dp, where 2my, + 1 is the length of the first row of X(b) and
0p = 0 except when X(b) has exactly two rows and these two rows have different
lengths, in which case §, = 1.
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If, say X(a) = @, then p,(X) = 0.

We can now state the main result of this section.

Theorem 5.3 Let X € D(p,q) and H = Hx. Then the number of basic relative
invariants of(ZK(H)O, an(1, 2)) is given by 1(X) = pa(X) + pe(X) + pp(X).

Since r(X) = r(X(a)) + r(X(e)) + r(X(b)) , it suffices to prove that r(X(a)) =
pa(X), r(X(e)) = p.(X) and r(X(b)) = pp(X). These proofs will be given in the
next two propositions. Moreover we shall list the basic relative invariants for the
cases X(a) and X(e).

Proposition 5.4 If X = X(a), then r(X) = p,(X).

Proof In this case, (Zx(H)",gu(1,2)) is of the type considered in the first sub-
section of the appendix. Hence we need only apply Proposition 9.2 and the remark
following its proof.

Denote by s the number of rows of X and by 2m + 1 the length of its first row.
The subspaces gy (1, 2,4k + 1), are nonzero for 0 < k < m/2 and the subspaces
oy (1,2, 4k + 3); are nonzero for 0 < k < (m — 1)/2. Hence there are exactly m
nonzero summands in the direct decomposition (4.11). It is shown in the appendix
(see Proposition 9.2 and the remark following it) that 7(X) = m, except when s = 2
and the two rows of X have different lengths, in which case r(X) = m + 1. Hence,
r(X) = pa(X) holds. |

We shall now list the basic relative invariants for this case by using the results
proved in the appendix.

Since we assume that X = X(a), we have V(H,2i) = V,(H,2i) for i even and
V(H,2i) = V,(H,2i) for i odd. Denote by d,; the dimension of V(H,2i). Let
u € gy(1,2) be arbitrary. Define the linear transformations uy, us, us, ... and vy, v3,
vs,... by

Uy = Ugy, U3 =Up3, U5 = U5,...

V1 = Ug1, V3 =Up3Ug1, V5= Ugs5Up3Ug1,-..
and the polynomial functions F, 5 gu(1,2) — C, k > 1, by
Fook(u) = det(var—1v3_1),

where the determinant is taken with respect to some fixed bases of V (H, —2k) and
V(H, 2k). If these spaces are 0-dimensional, then we adopt the convention that F,
is the constant 1. It is also convenient to define F,; = 1. The polynomial F, 5 is a
relative invariant of (4.1) and the associated character is y,t(z) = det(zy;)?, where
z € Z(H), = Zx(H)? and zy, z;, z4, - . . are its components with respect to the direct
decomposition (4.6).
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If dor—> > dor, k > 1, then F, 5 is irreducible, with an exception which will be
discussed below. On the other hand, if dyr—, = dox > 1, k > 1, then F, 5 is the
product of F, 5x—, and the square of the determinant function det(us;—).

First assume that if s = 2 then the two rows of X have the same length. Then the
basic relative invariants are:

(1) Fapk if dag—sy > doy.
(ii) faor(u) = det(ug—1) if dox—p = dox > 1.

Let us now consider the excluded case: s = 2 and the second row of X has length
2k + 1, k < m. In this case both p and g are even and the space V,(H, 0) has di-
mension 2 with the basis {a, /5, a,/2+1}. Let vax1(ap2) = §cand varyi(ap241) = nc,
where ¢ is a basis vector of the 1-dimensional space V (H, 2k+2). Then a simple com-
putation shows that F, yx42(#) = 2£n. The basic relative invariants are the same as
above in the general case except that F, 3¢, has to be replaced by the two multilinear
relative invariants & and 7.

Proposition 5.5 If X = X(e), then r(X) = p.(X).

Proof In this case, (ZK(H)O, au(l, 2)) is of the type considered in the second sub-
section of the appendix. Hence we need only apply Proposition 9.5.

All rows of X have even length, the underlying partition is very even, p = q is
even, and all eigenvalues of H are odd integers. In particular, the number of rows of
X is even, say 2s. Denote by 2m the length of the first row of X and by d the number
of different row-lengths in X. Thus p.(X) = 2m — d. On the other hand, it is shown
in the appendix (see Proposition 9.5) that 7(X) = 2m — d. [ |

Let us list the basic relative invariants for this case. Let u € gy(1,2) be arbitrary
and define linear transformations wa, k > 0, by

Wo = Ugo, W2 = UppUgoUp,—2, W4 = UgaUprUgoUp,—2Ug—4,-.. .

Note that for k even, wy,: V,(H,—2k — 1) — V,(H,2k + 1), and for k odd,
wy: Vy(H, -2k — 1) — V,(H,2k + 1). The four spaces Va(H,:I:(Zi — 1)),
Vi (H, +(2i — 1)) have the same dimension, which we denote by dy;_,1 > 1.

Define the polynomial functions F,xs1: 9 (1,2) — C, k > 0, by Fepp1(u) =
det(wyi), where the determinant is taken with respect to some fixed bases of the do-
main and co-domain of wy;. If these spaces are 0-dimensional, then we adopt the
convention that F, 5,1 is the constant 1. The polynomial F, 5¢; is a relative invariant
of (4.1) with the character x,i41 given by Xox+1(2) = det(z,54+1) det(zp 2k41)-

If dyk—1 > doks1, k > 1, then F, 5i4 is irreducible. On the other hand, if dyr—; =
dy+1 > 1, k > 1, then F, 54y is the product of F,,r—; and the two determinant
functions, det(u,2¢) and det(u, ) if k is even, or det(uy ) and det(up, o) if k is
odd.

The basic relative invariants are:

(1) Feoper ifdog—1 > dprn 1 <k<m—1)ork =0;
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No. p Q

1| (ab)*a, (ba)* b (ab)**, (ba)? k> 1

2 (ba)Zk“b, (ab)Zka (ab)2k+1, (ba)2k+1 k>0

3 | (ab)*, (ba)™, (ab)™™, (ba)*™ | ((ba)*~'b)’, ((ab)*"a)” | k> m >0
4| (ab)+1 (ba)?+, ((ab)*a)”, ((ba)*™'b)* | k>m>0

(ab)ZmH7 (ba)2m+1

5| (ab)*a, (ba)*"'b (ba)*~1b, (ab)*"a k>m>1
6 | (ba)**1b, (ab)*™a (ab)*a, (ba)*"* b k>m>0
7 | (ab)*a, (ab)>™, (ba)™" (ba)*=1b, ((ab)?"a)’ | k>m>0
8 | (ba)?*1b, (ab)**!, (ba)*"*! | (ab)*a, ((ba)*"*1b)’ k>m>0
9 | (ab)**, (ba)**, (ba)*"~'b ((ba)*='b)° (ab?™a | k>m>1
10 | (ab)®*!, (ba)***1, (ab)*"a ((ab)*a) 2, (ba)?" b k>m>0

Table 1: Disjoint minimal pure b-pairs (P, Q) in I'(p, ).

(ii) e‘fzkﬂ(u) = det(u,_o¢) and f:zkﬂ(u) = det(ug o) if dyk—1 = doks1 and k is
even (1 < k < m);

(iii) fe‘fzkﬂ(u) = det(up2¢) and ]"eljzk+1(u) = det(up, k) if dpk—1 = doks1 and kis odd
(1<k<m).

The basic relative invariants of PV (4.1) when X = X(b) are defined analogously
to the case when X = X(a), but we will then use the subscript b instead of a. In the
general case, X = X(a) + X(e) + X(b), the basic relative invariants of PV (4.1) are just
the relative invariants of the three pieces X(a), X(e) and X(b). This is a consequence
of the decomposition (4.14).

The basic relative invariants of PV (4.4) are obtained from those of (4.1) by com-
posing the latter with the projection map mx. We shall use the hat to denote these
relative invariants. For instance, we have £, ,; = 0.2 O X, fu,z,- = fa2i 0 Tx.

6 Proof of the Closure Ordering Conjecture

The objective of this section is to prove the closure ordering conjecture (3.2).
We say that a pure pair (X,Y) is minimal if X — Y, i.e., Y is a child of X in the
diagram I'(p, q). Every minimal pure b-pair (X, Y) has the form

X, Y)=({P+Z,Q+2),

where P, Q, Z are orthogonal ab-diagrams and (P, Q) is a disjoint minimal pure b-
pair. These latter pairs have been enumerated in [11, Table 8]. For the convenience
of the reader, we reproduce it here (Table 1).

We say that a pure pair (X,Y) is maximal if there is no pure pair (P, Q) such that
Q<Y <X<Pand(P,Q) # (X,Y).

The diagrams Q are written in this table in abbreviated form. For instance, the
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symbol ((ba)*~'b) ? in the row for type 3 stands for two identical rows of type
(ba)*—1p,

We need some additional notation. Let X € D(p, q). The eigenspaces V,(Hx, 1)
and V(Hy, i) were introduced in Section 4. We now set V(Hy,i) = V,(Hx,i) +
Vi(Hy, i) and define

ViHx, k) =Y V(Hyx,i), VI(Hy,k)=> V(Hy,i)
i<k i>k
ViH(Hy, k) = Va(Hx, i), V)(Hx,k) =Y Va(Hy, i),
i<k i>k
Vl HXvk) va(HX7 ) VT HXvk) va(HX7
i<k i>k

It is easy to verify that if E € gp, (1, > 2), then
E(V'(Hy, k) C VI(Hy, k+2),
and consequently
E(V](Hx,k)) C V] (Hx,k+2), E(V](Hx,k) C V](Hx,k+2).

Definition 6.1 By using the notations ,, n, and X® introduced in Section 2, we
define:
rea(X) = na(XY), 1 (X) = my(X©),

for k > 0. If k is odd, then one has r;,(X) = rx,(X) and we denote this common
value simply by r(X). We also set, for all k,

(X)) = 10(X) + 1 (X).

Note that, when k = 0, we have r( ,(X) = p, r9,(X) = g and ny(X) = n.
The geometric meaning of these numbers was explained in [11, Lemma 11]:

na(X) = dim EN(V) N V,, r,(X) = dim EX(V) NV,

where E € gp, (1, 2) is a generic element.
The following formula follows from the sl,-theory:

dim Vai(HX, —k—1) ifkiseven,

6.1 (X)) =di VTH,k+
(6.1) 1k,a(X) imV, (Hx, k) {dimel(ny—k—l) if k is odd.

It can be rewritten as:

dim Val (Hx, —k) if kiseven,

6.2 X)) =dimV] (Hy, k+1) +
( ) rk7( ) 1m a( X ) {dlmel(H)u_k) if k is odd.

Similar formulae are valid for ¢ ;(X).
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Lemma 6.2 LetX,Y € D(p,q) withY < Xandlet E € OF. If ri o(Y) = rio(X),
then for k even:

(i) EY(V](Hx,—k) = V](Hx, k)

(i) EY(V](Hx,1—k)) = V] (Hx, k+1);

(iii) ker(E) NV, C V] (Hx,1 — k);

and for k odd:

(iv) EX(V,(Hx,—k)) = V}(Hx, k)

(v) EX(V}(Hx,1 k) = V] (Hx, k+1);

(vi) ker(EY) NV, C V] (Hx,1 - k).

Similar statements are valid when ri,(Y) = 1 p(X).

Proof Assume that k is even. Since E € Oy, we have r;,(Y) = dim EX(V,). Asser-
tion (i) follows from

Va=VH(Hx,—k— 1)+ V](Hy, —k), E*(V](Hy,—k)) C V] (Hx,k),
and equality (6.1). Assertion (ii) follows from
Vo =V} Hy,—k)+ V] (Hx,1—k), E*(VI(Hx,1-k) C V](Hy,k+1),
and equality (6.2). As p = dim VaT (Hx,1 — k) + dim Val (Hx, —k), (6.2) implies that
dim V] (Hy,1 — k) — dim V] (Hx,k+ 1) = p — r4(X) = dim(V, Nker(E")).
Now (iii) follows from the last inclusion displayed above.

The proofs for k odd are similar. ]

Let us say that the length of the pair (X,Y), with Y < X, is the length m of the
shortest chain

(6.3) X=X—-X—-—=X,1—-X,=Y

of elementary moves that joins X to Y.
The following simple observation will be useful. Assume that X = P+Z,Y = Q+Z
and Y < X. Then Q < P and the length of (P, Q) does not exceed that of (X,Y).

Lemma 6.3 Let (X,Y) be a pure b-pair with X andY disjoint, and let 2143 or 21+2 be
the length of the first row of X, where [ is a nonnegative integer. Then 151 ,(Y) = r,1,(X)
iflis even and 1y ,(Y) = r51,(X) if L is odd.

Proof Assume that the assertion of the lemma is false and let (X,Y’) be a counter-
example of minimal length, m. Choose a sequence of elementary moves as in (6.3).
It is easy to see that m > 1.

We give the detailed proof for I odd.

Since X is a b-vertex and [ is odd, if the first row of X has length 2] + 3, it is neces-
sarily of type (ab)™*!a. Since m is minimal (i.e., our counter-example is minimal), X,
has no rows of length > 21 + 1. Consequently, X = X" + Z, where either
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(i) X" = (ab)*'a or
(i) X" = (ab)"!, (ba)"*!,

and, in both cases, Z has no rows of length > 2/ + 1.

The first elementary step X — X; has to move two a-cells from X" to subsequent
rows. Consequently, the first row of X; is (ba)'b.

The minimality of m also implies that

(6.4) rop(X) = rp(Xy) = -+ - = 121 (Xpn—1) > rap(Y).

Denote by s (resp. ¢) the number of rows of Z (resp. X;) of length 21+ 1. Such rows
are necessarily of type (ba)'b.

In case (i) we must have s = 0. Otherwise, the first move X — X; must be of
type 1 (see Table 1) and X; would have rows of length 21 + 2.

In case (ii), we have t = s+ 2 and (6.4) implies that X,,,_; also has exactly ¢ rows
of length 2/ + 1. Consequently, Y must have at least s rows of length 2/ + 1. As X and
Y are disjoint, we infer that s = 0.

We conclude that Z has no rows of length 2/ + 1.

We claim that, if the first row of Z has even length, say 2d, then d must be even.
Assume that d is odd. As X is a b-vertex, Z has no rows of type (ba)®~'b. This
implies that X; must contain two rows of type (ab)?a, contradicting the fact that X;
is a b-vertex. Our claim is proved.

In particular, Z has no rows of length 2/. Hence, the first row of Z has length
<2l-1.

Assume that the first row of Z is (ab)?a. Then d must be even and X — X, implies
that Z has at least two rows of length 2d if d > 0, or else there would not be an
elementary move that moves two a-cells from the first row of X.

We deduce that either

Z = ((ab)da) S, (ab)?, (ba)®, U, deven, 0<d<I—1, s>0,
where U has no rows of length > 24, or
Z=(ba)"'b,U, deven, 2<d<I—1,

where U has no rows of length > 2d — 1 and we set s = —1. Then

) s+2

X =X{, ((ab)a) ", U and X,_, =X +X,,

m—1>

where X{" is (ba)'b in case (i) and ((ba)'b) % in case (ii), and X\, has no rows of
length > 2d + 1. By comparing X and X, we see that

12i11(Xm—1) < nini(Xy) = nin(X) =1, d<i<

1ia(Xm—1) < ia(X1) = mia(X) =2, d+1<i <L
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The last elementary step, X,,—; — Y, will move at least one b-cell from X{* to X,

m—1°
This implies that
rip(Y) <mip(X) =1, d+1<i<L
Set
p_ (ab)la, ((ab)da) SH, (ba)ib, U in case (i)
(ab)'a, (ba)'b, ((ab)da) SH, (ba)®b,U  in case (ii).

By using the above inequalities, it is easy to check that Y < P < X. Since P is not a
b-vertex, we have a contradiction.

This concludes the proof when / is odd. The case when [ is even gives a contra-
diction by using the same arguments except that the roles of “a” and “b” have to be
interchanged while still preserving the hypothesis that (X, Y) is a pure b-pair. ]

The sets introduced in the next definition will play an important role in our proof.

Definition 6.4 For X,Y € D(p,q) withY < X, we define
0y = Oy Ngp,(1,> 2).

Note that these sets are nonempty, the set O is the generic orbit of PV (4.4), and
that, for Y < X, the set (‘){,‘ is contained in the singular set S of this PV.

Lemma 6.5 LetX,Y € D(p,q), X — Y, andlet E € OF. Let S‘N be an irreducible
component of the singular set S of PV (4.4). IfE € S,,, then O = K°-E is the dominating
orbit of S,..

Proof Let O, be the dominating K°-orbit of S, and let Z be its ab-diagram. Since
E belongs to the closure of O, we have Y < Z. AsZ < X and X — Y, we infer
that Y = Z. Hence O and O, are connected components of Oy, and it follows that

0=0,. m

Lemma 6.6  Let (Xl) be a pure b-pair, Y < Z < X, and assume that (X, Z) and
(Z,Y) split. If OF C O, then (X, Y) splits.

Proof Let O be the basic component of Ox. By (4.5), we have

Oy N0 =0y N (K- au,(1,>2))
=K’ 0Oy

C Oy NOL =0k,

Hence (X, Y) splits. ]
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We shall denote by E, the projection mx(E) of E € gg,(1,> 2). If, say x €
V.(Hy, j) and i is odd, then E'(x) € VbT (Hy, j + 2i) and E}(x) is the component
of E'(x) in Vy(Hy, j + 2i). We point out that if X is a b-vertex, then V (Hx, 4i) =
V.(Hx, 4i) and V (Hy, 4i + 2) = V;,(Hy, 4i + 2). Recall that the basic relative invari-
ants F and/or f (with a variety of subscripts and/or superscripts) of PVs (4.1) and
(4.4) have been introduced in the previous section.

Lemma 6.7 Let (X,Y) be a pure b-pair withX = P+ Z,Y = Q+ Z and P and Q
disjoint. Let L be the length of the first row of P and write L = 21+ 3 or L = 21+ 2,
wherel is a nonnegative integer. Then O3 is contained in the (not necessarily irreducible)
hypersurface:

(i) Py =0ifL=21+2;
(ii) Fa,zm =0ifL =2l+ 3 andlis odd;
(i) Fh,zm =0ifL =21+ 3 andlis even.

Proof Let E € OF be arbitrary and denote by Ej its projection to gp, (1, 2). Clearly,
P and Q are not empty and Q < P. The first row of Q has length < L.

(i) Inthis case 1511 (Y) < ry01(X) and n;(Y) = n;(X) fori > 21+ 1. We claim that
the map V(Hy, —2] — 1) — V(Hy, 2]+ 1), induced by Eél“, is not an isomorphism.

By (6.1) we have

r1(X) = dim V)| (Hx, 21 + 1) + dim V} (Hx, —21 — 2).
As 11, (Y) = mypa(X) and Y < X, we have 5145 ,(Y) = rop0,4(X) and 0 5(Y) =
142,5(X). Lemma 6.2 shows that V,, N ker E2H2 VaT (Hx, —2I — 1). Consequently,
from the direct decomposition
V,=VI(Hx, 21— 1) ® V}(Hy, —21 - 2)
we obtain the direct decomposition
EN(V,) = BN (V](Hx, —21 - 1)) @ B (V) (Hy, —21 - 2)).

Hence

ra (Y) = dim B (V] (Hy, =21 — 1)) + dim V} (Hx, —21 — 2).

As 111 (Y) < 11 (X), it follows that E2*! (VI (Hy, —21—1)) is a proper subspace of
VbT (Hx, 2l 4 1). On the other hand, as 154, (Y) = 1512(X), Lemma 6.2 implies that

E**2(V)(Hx, =21 - 2)) = V] (Hx,21+2).

As
BN (V](Hy, —21- 1)) D E** (V] (Hy, 21— 2)),

our claim is proved.
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It follows that Fe,ZlJrl (E) = Fe’21+1(E0) =0.

(ii) In this case 1y, (Y) < ny(X) and n;(Y) = n;(X) fori > 21+ 2. We
claim that the map V(Hx, —2I — 2) — V(Hy,2l + 2), induced by Egl”, is not an
isomorphism.

The first row of P is necessarily of type (ab)"*'a. As P and Q are disjoint, we must
have 15112 4(Y) < 13142,4(X). By (6.1) we have

ra2a(X) = dim V] (Hx, 21 + 2) + dim V} (Hy, —21 — 3).

As 113(Y) = r543(X), Lemma 6.2 shows that ker E*3 NV, C VI(Hy, -2l — 2).
Consequently, from the direct decomposition

Va =V} (Hy, =21 = 3) & V] (Hy, —21 - 2),
we obtain the direct decomposition
EM(V,) = B2 (VH(Hy, —21 - 3)) @ B2 (V] (Hy, —21 - 2)).
Hence
Pi2a(Y) = dim V,} (Hy, —21 — 3) + dim E**? (V] (Hy, —21 — 2)) .

As 121:2,4(Y) < 1a42,4(X), the image E*2 (V] (Hx, —2I — 2)) is a proper subspace of
VaT (Hx, 21+ 2). On the other hand, as r;;43(Y) = r3;43(X), Lemma 6.2 implies that

B9 (V] (Hy, —21-3)) = V] (Hx,21+3).

As
¥ (V](Hy, —21—-2)) D E*% (V] (Hy, —21 - 3)),

our claim is proved. It follows that Fa,zm(E) = Foon2(Ey) = 0.
(iii) The proofin this case is similar to that of (ii). |

We can now prove our main result.

Theorem 6.8 The diagram A(p, q) is the Hasse diagram of the partially ordered set
(N/K?, <).

Proof By Theorem 3.7, it suffices to prove that every pure pair (X,Y) in I'(p, q)
splits. Without any loss of generality, it suffices to do that for pure b-pairs only. We
proceed by induction on X by using the partial order “<” of I'(p, q). Thus our first
induction hypothesis is that if Z < X and (Z, U) is a pure b-pair, then (Z, U) splits.
For fixed b-vertex X, we shall use downward induction on Y. Thus we assume that if
(X,Y)isapure b-pairand Y < Z < X, then (X, Z) splits. Note that if X — Y, then
this condition is vacuously satisfied.
In order to show that (X, Y) splits, it suffices to prove that
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(%) there exists an irreducible hypersurface $ 1> an irreducible component of the sin-
gular set S of (4.4), such that OF C §,,.

Indeed, let O be the basic component of Oy, and let O,, be the dominating K°-
orbit of fiﬂ and Z the ab-diagram of O,. ThenY < Z < X. IfY < Z, then our two
induction hypotheses imply that (Z,Y) and (X, Z) split. Since O, C 0NO, = oL,
we have Of C O_u C 0. Hence (X,Y) splits by Lemma 6.6. On the other hand, if
Y = Z then O C 0, N Oy = O, and consequently (X, Y) splits.

In order to prove the assertion (*) we proceed as follows. Let E € OX be arbi-
trary and denote by Ej its projection to gg,(1,2). Let P, Q, L and / be defined as in
Lemma 6.7. As in that lemma, we distinguish three cases.

(i) L=21+2. Thenry1(Y) < ryp1(X) and n;(Y) = n;(X) fori > 21+ 1.

By Lemma 6.7, the set O§ is contained in the hypersurface Fe,zlﬂ = 0. We are done
if the relative invariant F, 51, is irreducible, i.e., if V(Hx, 2 — 1) has larger dimension
than V(Hy, 2] + 1). From now on we assume that these dimensions are equal.

We assume that / is odd. The ] even case can be treated similarly. By Lemma 6.3,
r1p(Q) = r23(P) and, consequently, r51,(Y) = ry,(X). By Lemma 6.2, the map
Vy(Hx, 1 — 2I) — Vy(Hy, 2l + 1), induced by E(Z)l, is onto. As these two spaces have
the same dimension, this map is in fact an isomorphism. By taking the adjoints, we
infer that the map V;,(Hx, —2] — 1) — V}(Hx, 2] — 1), induced by E(Z,l, is also an iso-
morphism. As F, 5141 (Ep) = 0, it follows that the map V,(Hx, 2I—1) — V,(Hx, 21+1)
induced by Ej is not an isomorphism, and consequently O% is contained in the irre-
ducible hypersurface fe'le = 0.

(ii) L = 21+ 3 andis odd. By Lemma 6.7, O is contained in the hypersurface
Fa,21+2 = 0. If V(Hx, 2I) has larger dimension than V (Hy, 2] + 2), then, with one
exception which will be dealt with later, the relative invariant F, 5, is irreducible,
and we are done.

Now assume that the spaces V (Hy, 2I) and V (Hy, 21+2) have the same dimension.
By Lemma 6.3, r,,(Q) = r2;(P) and, consequently, r5,,(Y) = ry14(X). Then by
Lemma 6.2,

EY (V) (Hx, —21)) =V, (Hx, 21)

and
B (V] (Hy, 21+ 1)) = V] (Hx, 21+ 1).

As the spaces Vi,(Hx, —2I) and V}(Hx, 2I) have the same dimension, it follows that
the map V,(Hy, —2I) — V,(Hy,2l), induced by E2!, is an isomorphism. Hence
szl(E) = F,u(Ey) # 0, ie, Of is contained in the irreducible hypersurface
fapi2 = 0.

The exceptional case occurs when X(a) consists of exactly two rows: One of type
(ab)"*'a and the other of type (ba)'b. Then Fy o142 = 2€n, where £ and 1) are two dif-
ferent irreducible polynomials. Denote by S¢ and S, the corresponding hypersurfaces
in gp, (1, > 2). We know that Of C §£ U Sn- Let Z be the ab-diagram obtained from
X by replacing X(a) with the pair of rows of length 2/ + 2. Obviously, the pair (X, Z)
is also a pure b-pair. By using Z instead of Y, we conclude that 0% C $; U S,,. Since
X — Z and both '0} and "0}, are contained in the closure of O (see Theorem 3.3),
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Lemma 6.5 implies that one of the orbits !0}, and 'O}, is the dominating orbit of the
hypersurface §5 and the other the dominating orbit of §7,. As dim(0z) < dim(Oy),
the induction hypothesis implies that (Z,Y) splits. Consequently, both Oy N Sg and
Oy N §, are contained in O}. It follows that Of C O}, and so (X, Y) splits.

(iii) L = 2l+3 and lis even. The proofin this case is similar to that of (ii). M

7 Factorization of Kac’s Relative Invariant

This section is supplementary to our main results proved in Section 6, and the reader
may wish to proceed directly to Section 8 after reading the definitions of w and .

We will need another involution w € G. It leaves V, and V;, invariant and acts on
the basis vectors as follows:

w(ai) = ap1—i, 1< i< p; w(bj) = bq+17j, 1<j<gq
Under the adjoint action, w leaves invariant f, p, ) and acts as —1 on b. In particular,
w(Hx) = —HX,andconsequentlyw(Vu(HX7i)) = V,(Hy, —i)andw(Vb(HX,i)) _
Vi (Hx, —i) for all K’s.

By analogy with a construction of Kac [13, Lemma 1.4], for a given X € D(p, q)
and x € gy, (1,2), we define the linear operator A, € End ( am, (1, 2)) by

(7.1) A(y) =[x, [x,w(y)]]
and set px(x) = det A,.

Lemma 7.1  The polynomial @x is a relative invariant of PV (4.1) with character
2
det(Ad(2)]g,,12) > 2 € Zx(Hx)".

Proof Forx,y € gy, (1,2) and z € Zx(Hx)°, we have
A(y) = [z-x [z x,w(P]] =2z [x,[x,z27" - w(})]]
= z~Ax(wAd(z_1)w(y)).
As
det(w o Ad(z™ ")y, 1,-2 ow) = det(Ad(z*1)|gHX(17,2))
= de’[(Ad(Z)|gHX(172)),

we have ,
px(z-x) = (detAd(z)|gHX(172)) ox(x). [ |

We shall refer to @x as Kac’s relative invariant of PV (4.1). As in [13, Proposi-
tion 1.1], one can show that x € gp, (1,2) is generic if and only if px(x) # 0. This is
also a consequence of the factorization of px which we are going to prove in the next
theorem.
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If x € gu, (1,2), and y € gp, (1,2), for u,v € {a, e, b} (see (4.10)), it is easy to
verify that [x,w(y)] = 0if u # v and A.(y) € g, (1,2), if u = v. It follows that
Kac’s relative invariant has the following factorization:

(7.2) PX = PX(a)PX(e) LXb)5

where X = X(a) + X(e) + X(b) is the canonical decomposition of X (see (5.1)).
We shall now factorize Kac’s relative invariant when X is equal to X(a), X(e) or
X(b).

Theorem 7.2 Let X € D(p, q).
(i) IfX = X(a), then

dr dl+
(7.3) Ox = Ca(H az2lz o) z)

i>1

where dy; = dim V (Hy, 2i).
(ii) IfX = X(e), then

dz dx+
(74) X = Ce(H 6221+11 ’ 3)

i>1

where dr;, = dim V,(Hy, 2i + 1) = dim V,(Hy, 2i + 1).
(iii) IfX = X(b), then

(7.5) ox = cb(H Fle dl’”)

i>1
where d,; = dim V (Hy, 21).

The factors c,, c., cp denote nonzero constants.

Proof Forz € Z = Zx(Hy)", let z,; (resp. z;) be the restriction of z to V,(Hy, 1)
(resp. Vi(Hy, 1)), and let ¢, (resp. ¢p;) be the character of Z defined by 1, ,(z) =
det(z, ;) (resp. ¥y i(z) = det(zy;)). Note that ¢, _; = —9,; and ¢ —; = —1)p;. In
particular, 1,9 = Y30 = 0.

(i) Since a relative invariant is uniquely determined (up to a multiplicative con-
stant) by its character, it suffices to show that the two members of (7.3) have the same
character. As X = X(a), we have V(Hy,i) = 0 for i odd, V(Hx, 4i) = V,(Hy, 4i)
and V (Hy, 4i + 2) = V;,(Hx, 4i) + 2. Consequently, 1, 4i+2 = ¥p4i = 0 for all inte-
gers i. To simplify the notation, we shall write 1,; = 1, ,; if i is even and ¥,; = 2
if i is odd. It was shown in Section 5 that the character of F,,; is 2¢/,;. Hence the
character of the second member of (7.3) is

2> (i — daia)tbni.

i>1
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As X = X(a), we have g, (1,2) = g, (1,2),, see (4.11). To simplify the notation,
weset g(1,2,2i+1) = gg,(1,2,2i+1), forievenand g(1, 2, 2i+1) = gg, (1,2, 2i+1);
for i odd. We also set zy; = z,,; if i is even and z,; = z;5; if i is odd. Each summand
g(1,2,2i + 1) is Ad(z)-invariant for z € Z. Hence

det(Ad(2)]g,, 12)) = Hdet(Ad(Z)h(Lz,zm)) .

i>0

Forz € Z, u € ¢(1,2,2i + 1), and y € V(Hx,2i), we have Ad(2)(u)(y) =
2iv21z5; (). Consequently, det( Ad(2)|g(1,2,2i+1)) » viewed as a character of Z, is equal
to daitniva — daira1ai. The above equality now gives the following equality for char-
acters:

det(Ad(2)]g,, 12)) = Z(dzi%nz — dhivathai)

i>0

= Z(dz,-,z — dhiv2) ;.

i>1

By Lemma 7.1, we conclude that indeed the two members of (7.3) have the same
character.
The proofs of (ii) and (iii) are similar. [ |

We remark that it is easy to obtain the prime factorization of ¢x by using for-
mula (7.2), the above theorem, and the results of Section 5.

The relative invariants F, 5¢, Fe 25+1, F 2 have not been normalized. For instance,
F, 2k(u) has been defined in Section 5 as the determinant of a certain linear transfor-
mation vy_1v;,_, computed with respect to some unspecified bases of its domain
and co-domain spaces. We can now normalize it by defining F, ,x(u) as the determi-
nant of the linear operator (—l)kvzk_1v§k71w on the space V (Hy, 2k — 1). The factor
(—=1)* is introduced so that the linear transformation (— l)kvzk_lv’z"k_l coincides with
the linear transformation V (Hx, 1 —2k) — V (Hyx, 2k — 1) induced by 1k (see (4.9)).
The same method can be used to normalize the relative invariant Fj, 5. We normal-
ize the relative invariant F, ;.1 by defining F, 541 (1) as the determinant of the linear
operator wykw, where wyy is the linear transformation defined in Section 5. Note that
this time no sign correction is needed.

If we agree to use these normalizations, then the question of determining the con-
stants ¢,, ¢, ¢p in the above theorem arises.

There is a more general method for construction of relative invariants which gen-
eralizes Kac’s construction. It is described in the paper [12] of A. Gyoja, who at-
tributes the method to M. Kashiwara. The relative invariants F, 5, Fy2x and Fe g1,
constructed in Section 5, are of that type.

8 Examples and Some Open Questions

Let us consider a few examples in more detail. For the first three examples we take
p = 6and q = 4. Then I'(p, q) has 25 vertices, enumerated by integers 0 to 24. Their
ab-diagrams are listed in Table 2.
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No. X No. X

0 ab bt 13 (aba)?, bab,a
1 ab,ba,a* b’ 14 (aba)® b
2 bab,a’, b? 15 abab, baba, a*
3 aba,a*, b’ 16 ababa,ab,ba,a
4 (ab,ba)?, a® 17  babab, aba, a?
5 bab,ab,ba,a> 18 ababa, bab, a*
6 aba,ab,ba,a’*,b| 19 ababa,aba,a,b
7 (bab)?,a* 20 (ababa)?
8 aba,bab,a’ b 21 (ba)’b,a’
9 (aba)?,a®, b? 22 (ab)’a,a®, b

10 (aba)?,ab, ba 23 (ab)*a,aba

11 babab,a*, b 24 (ab)*a,a

12 ababa,a’, b?

Table 2: The vertices of I'(6, 4).

The diagram I'(6, 4) is shown in Figure 1. We have written a (resp. b) near a vertex
to indicate that it is an a-vertex (resp. b-vertex). There are three a-vertices (10, 14 and
23) and nine b-vertices (4, 5, 7, 15, 16, 18, 20, 21 and 24). All other vertices are stable
(there are no ab-vertices). There is only one maximal pure a-pair (14, 10) and four
maximal pure b-pairs (7, 4), (20, 7), (21, 16) and (24, 21). On the right hand side of
Figure 1 we show the dimension of the orbits Ox on various levels.

For X € D(p,q) and E € gg, (1, > 2), we often have to compute the ab-diagram

Y € D(p,q) for which E € Oy is true. This diagram is uniquely determined by the
dimensions of V,, N ker(E¥) and V}, N ker(E¥) for k = 0,1,2, ..., which can be easily

computed.
The involution w € G = O,(C) defined in the previous section is given by the
matrix
-l g
0 S’
where S; denotes the k by k matrix having ones on the side diagonal and zeros else-
where.
The space p consists of matrices
0 X
(8.1) x= [—SthSp 0] ,

where x is an arbitrary complex p by ¢ matrix.
Example 8.1 Let X = (aba)?, bab, a (No. 13), a stable vertex. In this case
X(a) = bab,a X(e) =@, X(b) = (aba)’.

The relative invariant F, , is reducible (this is the exceptional case), while Fy  is irre-
ducible.
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15
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13
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10

Figure I: The diagram I'(6, 4).
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An arbitrary matrix x € gp, (1, 2) has the form (8.1) where

0 X1 X2 0
0 x3 x4 O
< 0 0 0 x5
0 0 0 x¢
0O 0 0 O
0O 0 0 O
A computation shows that F, (x) = —2xsxs and Fj5(x) = —(x1x4 — x,%3)*. The

matrix of the linear operator A, (see (7.1)) is:

2X12 0 2X1 X3 Xy X3 — X1 X4 0 0
0 ZXZZ X1 X4 — X2 X3 2x2 X4 0 0
2x1 X3 X1 X4 — X2 X3 2.X'32 0 0 0
X X3 — X1 X4 2 %) X4 0 2 x4° 0 0
0 0 0 0 2x52 0
0 0 0 0 0 2x6°
and we find that
ox(x) = det A, = —12x5%x62 (X1 X4 — %2 x3)*.

Hence, ox = —3F; ,F;, with ¢, = 1and ¢, = —3.

The dominating nilpotent K°-orbit for the hypersurface x;x; = xox3 in
g, (1,> 2) is the orbit Oy, where Y = aba, bab,a’, b (No. 8), while those for the
hyperplanes xs = 0 and x5 = 0 are the two connected components !0, and "0, of
Oz, where Z = (aba)?, ab, ba (No. 10).

In this example, the singular set $ of PV (4.4) has three irreducible components,
and the K°-orbit Ox has three children Oy, 10, "O,. Each of the children orbits
is the dominating orbit of one of these irreducible components. This is not true in
general as shown by the next example.

Example 8.2 Now let X = (ba)’b,a® (No. 21), a proper b-vertex. The orbit O%
has only two children: Oy and 0%, where Y = babab,aba,a,a (No. 17) and Z =
ababa, bab, a, a (No. 18). On the other hand, PV (4.4) has three basic relative invari-
ants, and consequently its singular set S has three irreducible components.

An arbitrary matrix x € gg, (1, 2) has the form (8.1) where

X1 0
X2
X3
X4
Xs5

0 X6

»

Il
cooocoo
coooo

coocoo

https://doi.org/10.4153/CJM-2003-046-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2003-046-3

Closure Ordering of Nilpotent Orbits 1183

The three irreducible hypersurfaces, the irreducible components of Scag (1, > 2),
are given by the equations x; = 0, x¢ = 0, and x;%5 + x3x4 = 0. Their respective
dominating nilpotent K°-orbits are O}, O}, Oy, respectively, where U = (bab)?, a*
(No. 7). Two of these dominating orbits are the children of O%, but O}, is not.

The fact that the dominating orbit of the hyperplane x; = 0 in gy, (1,> 2) is O{,
is not obvious. A simple computation shows that this dominating orbit must be one
of the two connected components of Oy. To prove that this dominating orbit is in
fact O}, it suffices to observe that the whole hyperplane x; = 0 in g, (1, > 2) is also
contained in gp, (1, > 2).

Example 8.3 Let X = (ab)*a,a (No. 24), a proper b-vertex. The K°-orbit O% has
three children: 'Oy, 'Oy and O}, where Y = (ab)®a, aba (No. 23) and Z = (ba)’b, a®
(No. 21). An arbitrary matrix x € gg, (1,2) has the form (8.1) where

xx 0 0 0
0 x 0 0
X — 0 0 x5 O
0 0 x4 O
0 0 0 x5
0 0 0 O

The singular set S of PV (4.4) is the union of five hyperplanes x; = 0,1 < i <5,
in the space gy, (1,> 2). The dominating orbits of these hyperplanes are: O}, for
x1 = 0, Op for x, = 0, O for x3 = 0, Oy for x4 = 0 and O}, for x5 = 0, where
P = (ababa)? (No. 20) and Q = ababa, bab, a, a (No. 18).

The last four of these hyperplanes are quasi-homogeneous Qp, -varieties (i.e., they
are PVs), but the first one is not. Apart from this exceptional case, and another one
that arises from the orbit O¥, all irreducible components of the singular sets S are
quasi-homogeneous varieties in the case when (p, q) = (6, 4).

Example 8.4 The objective of this example is to show that different irreducible
components of the singular set S may have the same dominating K°-orbit. We take
p =79 =6 and X = (ab)®a. The K°-orbit O} has two children: Oy and O},
where Y = (ab)’a,a,band Z = (ba)>b, a*. An arbitrary matrix x € gg, (1, 2) has the
form (8.1) where

x 0 0 O 0 O
0 x, 0 0 0 O
0 0 x3 0 0 O
x=1]0 0 0 x4, 0 O
0 0 0 0 x5 O
0 0 0 0 0 x

|0 0 0 0 0 O]

The singular set S of PV (4.4) is the union of six hyperplanes x; = 0,1 < i < 6,in
the space gp, (1,> 2). A calculation shows that the hyperplanes x5 = 0 and x4 = 0
have the same dominating orbit, namely Op where P = (ab)*a, aba, b. The second
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of these two hyperplanes is quasi-homogeneous Qg -variety but the first one is not.
For the sake of completness, we mention that O, is the dominating orbit for x; = 0,
Oy for x4, = 0, while the orbit OL, with Q = (ab)*a, bab, a, dominates both x, = 0
and x; = 0.

In conclusion, we state several open problems.

Problem 1 For X € D(p,q), identify the dominating orbits for each irreducible
component of the singular set Sof PV (4.4).

Problem 2 For X € D(p, q), determine which irreducible components of the singu-
lar set S of PV (4.4) fail to be quasi-homogeneous (as Qp, -varieties).

Problem 3 Determine and/or characterize the maximal pure pairs in I'(p, g).

Problem 4 Determine the coefficients ¢,, c,, ¢, in the factorizations of Theorem 7.2.

9 Appendix: Two Special Types of PVs

In this section we construct the basic relative invariants for two important types of
PVs and describe their generic points and isotropy subgroups.

9.1 The First Type of PVs

The basic case (m = 1) of this type is well known, see [15, §5, Proposition 23]. Many
other cases appear in [14, Section 4.1], but we could not find any reference that states
the result in the generality and form that we need.

We consider a sequence Vy,V,,Vy,... of finite-dimensional complex vector
spaces such that only finitely many of them are nonzero, and that their dimensions
dyi = dim(Vy;) satisty dy > d, > dy > - - -. We also assume that dy > 1 and denote
by m the largest integer > 0 such that d,,, > 1. Let fy: Vy x Vo — C be a fixed
nondegenerate symmetric bilinear form, and define

L= @ Homc(V2i—2, Vai),
i>1

G =S0(Vy, fo) x [[ GL(V20).

i>1
Introduce the following notation for the components of u € Land g € G:

u = (u,us,us,...), ti—1 € Homc(Vai_s,Vy),
g =1(20,8:8,---), 8 €SO0(Vo); @i € GL(Vy), i > 1.

Then L is a G-module via the action:

g-u= (gzu1g(;1,g4u3g;1, c)
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We now construct a particular element e = (ey, e3,...) € L. For that purpose we
fix an orthogonal direct decomposition

Vo = @ Ui

i>1

such that dim(U,;) = d»;_, — d,;. Furthermore, we set Uzli =U,+Us+ -+ Uy
and UzTi = U,; + Upiyz + - - -. We choose the components e;;—1 € Homc¢(Vi—3, Vi)
of e so that

Uzli = ker(ezi_lezi_3 s 61)7 i>1.

These conditions imply that each e,;_; is surjective.

Note that each nonzero Hom¢(V5;—,, V2;) is a simple G-module with only one ex-
ception: If dy = 2 and m > 1 then Hom¢(Vy, V) is the sum of two simple modules.
This is due to the fact that, in this case, V| itself is the sum of two simple SO(V)-
modules. Hence, if I is the length of the module L, then | = m + 1 in the exceptional
case, and I = m otherwise.

The intersection of SO(V,) with the direct product of the subgroups O(U,;),
i > 1, will be denoted by S( [Ls, O(Ug,»)) .

Proposition 9.1  The pair (G, L) is a regular PV, and the element e € L constructed
above is a generic element. The stabilizer G, consists of all elements ¢ = (0, 82,84, - - - )
€ G, where gy € SO(Vy) is only subject to the condition that it leaves invariant each
of the subspaces Uy;, and the other components of g are uniquely determined by the
equations

9.1) Qi€i—1 = €i—1§i—2, 12>1.

Consequently, the projection map

9.2) 7 G, — S(HO(Uz,-)),
i>1

sending ¢ = (g0, %2, g4, - - - ) 10 Qo, is an isomorphism.

Proof Forg = (g0,%,%,...) € G, wehave g-e = eiff equations (9.1) are satisfied.
Assume that g € G,. Ifx € U2ll- then ey;_1e5i—3 - - e;(x) = 0 and so

0= giesi_1€2i3---e1(X) = exi_ 1§23 - e1(x)
= =eji-10i-3 " e1go(x).
This shows that go(Uzli) = Uzli, and consequently gy leaves invariant each of the sub-
spaces Uy;.
Conversely, assume that g € SO(V)) leaves invariant each of the subspaces Uy;.

Then the equation g,e; = e;gp has a unique solution for g, € GL(V;). Indeed,
since e; is surjective, there exists s; € Homc(V7, Vy) such that e;s; = 1. Therefore
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& = e19051- As Vo = im(s;) @ ker(e; ), and U2l = ker(e;) is go-invariant, we conclude
that g, is invertible, i.e., g, € GL(V;). Similarly, the equation gse; = e3¢, hasa unique
solution for g4 € GL(Vy), etc. This proves that our description of G, is correct and
that 7 is an isomorphism.

An easy computation shows that dim(L) = dim(G/G,), and so (G, L) is a PV and
e is a generic point. As G, is reductive, this PV is regular. ]

Leto: V§ — V, be the isomorphism induced by fy. Define the polynomial func-
tions F;: L — C,i > 1, by:

Fi(u) = det(upi—qtgi—3 - -ty 0 'y - -+ ‘g3 "upi— 1),

where ‘u, i1t Vz*j — Vz*jf2 is the transpose of u;_1 : V,j_5 — V3, and the determi-
nant is computed with respect to some fixed bases of V; and V;. It is easy to check
that F,; is a relative invariant of (G, L) with character

X2i(g) = det(g)*.

Proposition 9.2 Assume that if dy = 2 then also d,, = 2. Then the basic relative
invariants of (G, L) are:

(1) By fori’s such that dyi_p > dyiand 1 < i < m.
(1) det(upi—1) for i’ssuch that dyi_p = dyj and 1 < i < m.

Hence, the number of basic relative invariants is equal to m.

Proof Let X be the character group of G. Define ¢,; € X, i > 0, by () =
det(gyi). Note that ,; is the trivial character if i = 0 or i > m, and that X is a free
Abelian group of rank m with free generators ¢,;, 1 < i < m. Let A be the set of
integers i > 1 for which d,;_, > d,;. Denote by X; the character group of G/G’G,,
viewed as a subgroup of X. Finally, let Y be the subgroup of X; generated by the
characters:

(D) x2i =2¢pifori € A;
(i) @2 — @iy fori ¢ A.

In order to prove the proposition, we have to show that Y = X.

Note that the index [X : Y] = 2!, where r = |A|. We claim that G’G,/G’ is an
elementary Abelian group of order 2"~ !. This can be proved by using Proposition 9.1
and the fact that G'G, /G’ = G,/(G, N G’). Indeed, let ¢ = (g0,£,44,---) € G, and
denote by g ,; the restriction of gy to U,;. We have g € G’ iff det(gy;) = 1 for all
i > 1. On the other hand, det(g,;) is equal to the determinant of the restriction of g
to UZTI- - It follows that ¢ € G” iff for each 4, gy »; € SO(U,;). Now our claim follows.

By applying the character group functor to the short exact sequence

1> G'G./G' — G/G' — G/G'G, — 1,

we conclude that X/X is also an elementary Abelian group of order 2"~!'. Hence
[X:X;] =2 = [X:Y], which implies that X; = Y. [
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Remark 9.3 We conclude with the remark concerning the exceptional case: dy = 2
and d,,, = 1. Then there is a unique k, 1 < k < m, such that dyx_, = 2 and dpr = 1.
The only new feature of this case is that the relative invariant Fy; is not irreducible:
It has a factorization Fo; = 2&n where £ and 7 are two different irreducible poly-
nomials. Let Vy = V| @ V', where Vj and VJ’ are the two 1-dimensional isotropic
subspaces of V. Then, say £ is the determinant of the linear map uk_1tp—3 - - - uyu’,
where u’: V{ — Vj is the inclusion map. To get 1), we just use V' instead of V.
Hence, to summarize, the basic relative invariants in the exceptional case are:

det(ul)v oo adet(u2k73)a ga m, det(u2k+1)7 oo ,det(u2m)~

Note that, in this case, the number of basic relative invariants is 72 + 1.

9.2 The Second Type of PVs
We consider a doubly infinite sequence
s Vs, Vg, Vo, Vi, V3, Vs,

of finite-dimensional complex vector spaces. We assume that only finitely many of
them are nonzero, and that their dimensions d,;_; = dim(Vy;_) satisfy d_,;11 =
dyi—iand dy > d;3 > ds > ---. We also assume that d; > 1, and denote by m the
largest integer > 1 such that dy,,—1 > 1. We set

L= EB Hom¢(Vai—1, Vair1),
icz

G =[] GL(Vai),
i€Z

and introduce the following notation for the components of u € Land g € G:
u=(..,u_g,u_y,ty,Up,ty,...), up €Homc(Vai—1,Vair1),
g=0(.,8581,8,8,---), &i-1 € GL(V2i_1).
Then L is a G-module via the action:
g-u=_(.. ,g_lu_zg:31,gluogjll,nggl_l, S

We now construct a particular element e = (...,e_,,€ep,€,...) € L. For that
purpose we fix a direct decomposition

(9.3) Vi =EPuy

i>1

with dim(Uy;) = da;—1 — dy;;1. Furthermore, we set Uzii =U,+Us+---+ U, and
Ul = Usi+ Usia + -+
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We now choose the components e;; € Homc¢(V5;—1, V3i41) of e so that

(9.4) U, = ker(esiezi—z -+ - €2),

(9.5) Uy, = im(epe—z -+ e_s1),

for all i’s. In particular, ey is an isomorphism, and the e,;’s are surjective (resp.
injective) if i is positive (resp. negative). Note also that each nonzero space
Homc(V3;—1, Vais1) is a simple G-module.

Proposition 9.4  The pair (G, L) is a regular PV and the element e € L constructed
above is a generic element. The stabilizer G, consists of all elements g = (...,¢_3,8-1,
£1,8,...) € G, whereg, € GL(V,) is only subject to the condition that it leaves invari-
ant each of the subspaces U,;, and the other components of g are uniquely determined by
the equations

(9.6) Qiv1€i = eiHi-1, €L

Consequently, the projection map

(9.7) m: G, — | [ GL(U),

i>1
sendingg = (...,8-3,8-1,§1, 3, - - . ) t0 g1, is an isomorphism.

Proof Forg=(...,2-5,8-1,81,%,--.-) € G, we have g - e = e iff equations (9.6)
are satisfied.
Assume thatg € G,. Ifx € Uzli then, by (9.4), eziezi—2 - - - €2(x) = 0 and so

0=gineie 2 - e (x) = €2i82i—1€2i—2 """ e (x)

== eiei - egi(x).

This shows that g, leaves invariant Uzli. Similarly, by using (9.5), one can show that
@1 leaves invariant UJ,. It follows that g| leaves invariant each Us;.

Conversely, if ¢ € G leaves invariant each Uy;, then the equation gie;, = e;g1
has a unique solution for g3 € GL(V3) (see the proof of Proposition 9.1). Next,
the equation gse; = esg3 has a unique solution for g5 € GL(V5s), efc. As e is an
isomorphism, the equation gje) = egg_; givesg_| = e 'g1€o. By using (9.5), one can
show that the equation g_se_, = e_,¢_; has a unique solution for g_3; € GL(V_3),
etc. This proves that our description of G, is correct and that 7 is an isomorphism.

An easy computation shows that dim(L) = dim(G/G,), and so (G, L) is a PV and
e is a generic point. As G, is reductive, this PV is regular. ]

Define the polynomial functions F,i11: L — C,0 <i < m — 1, by:

Foip1(u) = det(upittzi—n - - Ug - - - U_2i2U—2i),
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where the determinant is computed with respect to some fixed bases. It is easy to
check that F,;,; is a relative invariant of (G, L) with character

X2i+1(g) = det(gais1) det(g_ni—1) ™"

Proposition 9.5  The basic relative invariants of (G, L) are:

(1) Faiy1 ifdaig > dajyy 0ori = 0;
(i) det(uy;) and det(u_s;) if dyi—y = daixy andi > 0.

The number of basic relative invariants is 2m — d, where d is the number of integers
i> 1f01’ which dy;_1 > dojy1.

Proof Let X be the character group of G. It is a free Abelian group of rank 2m. The
characters i1, —m < i < m—1, of G defined by ;;11(g) = det(gi+1) form a basis
of X. Let e be the generic element of L constructed in the previous proposition. Then
we know that G, is isomorphic to the direct product of the groups GL(U,;). Denote
by A the set of integers i > 1 for which dy; 1 > dy;11. Then |A| = d and Uy # 0iff
ic€A.

Denote by X; the character group of G/G’G,, viewed as a subgroup of X. In order
to prove the proposition, we have to show that the characters

(D) Xa2i+1 = 2ir1 — p—i—y fori € A;
(i)" X341 = $2ie1 — p2im1and X3iy = Q2is1 — p—ai—1 fori & A;

generate X.
Let Y be the subgroup of X generated by these characters. Observe that every
coset of Y in X has the unique representative of the form

X = Z kaiv1p2i41-

i€EA

Assume now that this representative y belongs to X;. Let r > 1 be the least integer
such that r € A. Then U,; = 0 for i < r while U,, # 0. Consider the 1-dimensional
torus in G, which acts as an arbitrary scalar on Uy, and acts trivially on all other
spaces Us;. If i € A and i > r, then the character ;4 is trivial on Tj. Since X is also
trivial on T; but ;.4 is not, we infer that the coefficient k,,,; is zero. Similarly, one
can show that all the coefficients ky;;1 are zero, i.e., x € Y. Hence Y = X; and the
proof is completed. ]
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