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SUBORDINATION THEOREMS FOR p-VALENT
FUNCTIONS WITH INITIAL GAPS

PREM SINGH AND A.V.V. SATYANARAYANA

In the present note we prove some results for p-valent functions

with ini t ia l gaps by means of ^-subordination.

1. Introduction

A function /(z) analytic in the unit disc D : {z : \z \ < l} ,

normalized, so that /(0) = 0 , / ' (0) = 1 , is called spiral like if and

only if there exists a real number a such that

The following defini t ion i s due to Brickman [ / ] .

An analyt ic function f{z) , / (0 ) = 0 = / ' ( 0 ) - 1 i s cal led cp-like

in D i f and only i f

where <p(u) is analytic in f(D) , cp(O) = 0 , Re <p'(0) > 0 .

The functions /(s) and F{z) are regular in D and /(0) =

Then f(z) is said to be subordinate to F(z) , denoted by f{z) < F{z) ,

if there exists a regular function w(z) such that for z € D ,

f(z) = F[w(z)) , \w(z)\ < 1 . For F(z) univalent in D , f(z) < F{z)

i s equivalent to / (0 ) = F(0) and f(D) c F(D) .

The following defini t ion of ^-subordination i s due to Singh and Tygel
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[7].

DEFINITION A. Let f(z) and F{z) be analyt ic in D . Then f(z)

w i l l be cal led ^-subordination to F[z) in D , denoted by f{z) < F(z)

i f and only i f there ex i s t s a Schwartz function <p(s) such that

(1) |cp(s)| 5 \z\N , z € D , and

(2) f(z) =

For N = 1 , i t is an usual subordination, and every normalized
univalent starlike function f(z) with in i t i a l gap of width N ,
zf'(z)/f(z) <N ( l+s)/( l -s) holds.

For example, i f we take f(z) = [l+z ) / [l-z ) and
F{z) = (l+s)/( l-z) , then f{z) < F{z) . Clearly f(z) < F{z) implies

f(z) < F(z) but not implied by; and f(z) < F(z) can be written as

f(z) < F{zN) .

In this paper we generalize the results of Ruscheweyh [5] for
p-valent functions with i n i t i a l gaps by using the new concept of
iV-subordinat ion.

Ruscheweyh [5] proved the following:

THEOREM A. Let G{z) be convex conformed napping of D , C(0) = 1

and let

F(z) = 3 expfS G{x)

J0
 x

- 1 dx

Let f(z) be analytic in D , /(O) = 0 , / ' ( 0 ) = 1 . Then

2j^- < G(z) 3 z € D ,

if and only if, for all \s\ 2 1 , \t\ 5 1 ,

f(s;:) F(sz)
fits) F(tz)

holds.

The following lemma i s due to Lewandowski [ 2 ] .
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LEMMA A. Let f(z) be analytic In D , f(0) = 0 , / ' (O) = 1 .

Then we have

"{• *"
> • • • « » •

if and only if there exists numbers 6(3) > 0 , z € D , such that, for all

t € (0, 6(2)) ,

| / ( * ( l - A ) ) | 5 | / ( 3 ) | , z € D .

We now prove Theorem 1.

2.

THEOREM 1. Let G(z) be convex conformal map of D , C(0) = p ,

f
rz

(2.1) F(z) = s exp
0

dx .

Let

(2.2) f{z) = zl

be analytic in D . Then

(2 .3 ) -

if and only if, for all \s\ < 1 , \t\ S 1 ,

(2.k) <
f(tz) > F(tz)

holds.

P r o o f . Assvune t h a t ( 2 . 3 ) h o l d s . L e t | s | 5 1 , | t | < 1 , s t t .

T h e n

i s convex and univalent in D . By coupling of the general subordinat ion

theorem [6 , Theorem U . l ] with the def in i t ion of A'-subor'dination and ( 2 . 3 ) ,

we can get

( 2 - 5 ) - P
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where * i s the Hadamard product. For every analytic function h(z) with

h(0) = 0 , we have

( 2 . 6 ) Hz) *
tsz

g{z) =
'tz

Hx) dx

and t h u s , from (2.5) and ( 2 . 6 ) , we have

This implies

s z

By s i m p l i f i c a t i o n we can g e t (2.k).

C o n v e r s e l y , l e t ( 2 . U ) h o l d s . By p u t t i n g t = 1 i n (2 .U) and t h e n f o r

a l l \s\ 5 1 ,

where <p (s) i s analy t ic in D , |tp (s) | 5 Is I

Thus we can f i n d a sequence s, -»• 1 such t h a t ip -»• cp* l o c a l l y
K. sk

u n i f o r m a l l y i n D where |(p*(;3)| < \z\ , z € D . Hence, fo r f ixed

z € D ,

= lim (2 )J

b_k x °_k_

* P -

This implies

(2.7) Range
I /(«) J
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Since zF'{z)/F(z) + p - 1 = G(z) is convex conformal by assumption, (2.3)

follows, in view of (2.7) and (2.2).

COROLLARY 1. Let f(z) be analytic in D and of the form (2.2).

Then

(2.8) Re\eia > 3 » 0 , z € D ,

for certain a. € (-(ir/2), ir/2j , p cos a > & , if and only if

(2//V)(pcosa-B)exp(-ia)

(2 9) (t/s)p

it/a;

l-t»z

1-8 z

for all | s | < l , | t | < 1 .

Proof. Assume t h a t ( 2 . 8 ) h o l d s . Then we have

/(s) cosaj pcosa

Therefore

e^ot

pcosa

isina _ H-(l-(2B/Pcosa)](p(a)
cosa ~

\for some <p(z) , which is analytic in D , |<p(s)| - \z\ , z € D . This

implies that the required function F(z) satisfies

pcosa [ F(z) * J cosa

On solving the above equation for F(z) one can easily get

(2.10) *•(*) = 3[1_/)-(2/^)(Pcosa-B)exp(-ia)

and the result follows by substituting (2.10) in (2.it).

In Corollary 1 the case 8=1, t = a = B = 0 , gives

1

for every p-valent function with initial gaps of the form (2.2). The case

2
N = p = 8 = 1 , t = a = g = 0 , gives /(s)/s < 1/(1-2) which is a known

result for every normalized starlike function [3]. The case when
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N = p = S = X , t = a = 0 , & = h , gives f(z)/z < l/{X-z) for every
normalized starlike function of order \ [6],

The following corollary is an extended version of Lemma A.

COROLLARY 2. Let fiz) be analytic in D and of the form ( 2 . 2 ) .

Then

R e e W aC^f) | > 6 > 0 , z € D ,

if and only if t € ( 0 , 2 cos a) ,

where

\ (2./N) cosa( g-pcosa)

:is bound is sharp and one can easily check that Fit, a, @, p, A) < 1 at

least for all t € (0, cos a) .

Proof. By putting t = 1 in (2.9), we get

[2/N)(pcosa-6)exp(-ia)

Let s = [1-e t) ; we have

I/Hi-A)1^)! = |

where cp(s) is an analytic function in D , A = (2/iV) cos a(p cos a - 3) ,

|(p(s)| S | z | 5 | s | , s € Z3 . By using the properties of bilinear trans-
formation and "by majorization we can get the required result . I t is also
easy to observe that the result is sharp for the function (2.10).

Following is the definition for p-valent tf-cp-like functions with
respect to G .

DEFINITION 1. Let G{z) be a convex conformal map of D , G(0) = p
and f{z) be analytic in D and of the form (2.2). Let cp(w) be
analytic in /(£>) , <p(0) = 0 , cp'(O) = 1 , <p(w) = 0 in /(0)|{0> .
Then f{z) i s called p-valent #-<p-like function with respect to G{z)
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if and only if

D •

THEOREM 2. Let G[z) , f{z) , <p(w) be as in Definition 1 and let

(2.11) EM = »

and F(z) as in (2.1). Then f(z) is p-valent N-ip-like with respect to
G if and only if, for all \s\ 5 1 3 | t | 5 1 ,

R\f{tz)) N F(tz) •(2 12)

Proof. Let f{z) be p-valent iV-cp-like with respect to G . Let

I t implies

(2.13)

From (2.11),

Therefore

T{z) = z exp [z f f'( )
Jo {<p[f\x))

1 P •

R'(w) 1

= z exp

and

(2.1U)

But

T{sz) _
T(tz) ~

implies that
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(2.15)

By Theorem 1,

(2.16)

From (2.1U) and (2.l6) we can calculate (2.12).

T(sz) F{sz)
T(tz) N F(tz) "

Conversely, l e t (2.12) hold for a l l | s | 5 1 , \t\ 5 1 . Then we
have (2.13) and (2.lU). The required result immediately follows from
(2.13), (2.lit) and Theorem 1.

3.

In this section we present a ^-subordination theorem which is valid
for a l l p-valent functions.

THEOREM 3. Let / (z) be analytic and p-valent in D . Then, for

(3.1) f[tzN) <s f{z) , z € D .

Proof. From the hypothesis and due to Lemma 1 [4], f(z) has a

representation of the form

(3.2) f(z) = (<pU))P

where <p(s) is univalent in D . For ip(z) ,

,2
tp(tz) < (p(z) , z € D ,(3.3)

follows from Theorem 3 [5].

From (3-3) we have

Thus

(3.U) kt

(f[tzN) < <p(z) , z € D .

{<?(tzN))P <N (<p(S))P , z € D .
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The r e s u l t f o l l o w s from ( 3 . ^ ) a n d ( 3 . 2 ) .
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