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Abstract. This paper deals with some Monge-Ampére type equations involving the gradient that are
elliptic in the framework of convex functions. First, we show that such equations may be obtained by
minimizing a suitable functional. Moreover, we investigate a P-function associated with the solution
to a boundary value problem of our generalized Monge-Ampére equation in a bounded convex
domain. It will be shown that this P-function attains its maximum value on the boundary of the
underlying domain. Furthermore, we show that such a P-function is actually identically constant when
the underlying domain is a ball. Therefore, our result provides a best possible maximum principles in
the sense of L. E. Payne. Finally, in case of dimension 2, we prove that this P-function also attains
its minimum value on the boundary of the underlying domain. As an application, we will show that
the solvability of a Serrin’s type overdetermined problem for our generalized Monge-Ampere type
equation forces the underlying domain to be a ball.

1 Introduction

Throughout this paper, we assume Q) c R” to be a bounded strictly convex domain
with a smooth boundary 9Q. For x € Q, we write x = (x',...,x"). We use subscripts

2
to denote partial differentiation. For example, we write u; = %, ujj= axa > etc.
We consider smooth strictly convex functions u defined in Q. The Monge-Ampeére

operator can be written as

det(D*u) = ( (e 1)(Dzu)u,) ,
j

where D?u denotes the Hessian matrix of the function u, det(D*u) is the determinant
of D*u, and T(,_1y = T(,_1)(D*u) is the adjoint matrix of D*u (i.e., the cofactor
matrix of D?u). Here and in what follows, the summation convention from 1 to »n
over repeated indices is in effect.

A useful equation is the following:

(D) = odet(D*u)

, Lj=1...,n.
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266 C. Enache and G. Porru

Moreover, the tensor |:T(' fl 1) (Dzu)] is symmetric and divergence-free, that is,

(1.1) ( (n- 1)(D2u)) i=1...,n.
j

If I denotes the n x n identity matrix, we have
1.2) T(n-1)(D*u)D*u = I det(D*u).

The proof of these results can be found in [14, 15].
Let g: [0, 00) — (0, 00) be a smooth real function satisfying

(1.3) G(s%) = g(s*) + 2s2¢'(s%) > 0.
We also suppose that g(0) = G(0) > 0 (i.e., positive and finite). Note that

G(2) - (g<s )s)

Therefore, the function g(s?)s is positive and strictly increasing for s > 0. A typical
example is

() =(1+s)77, G(s?)=(1+s)71.

We define the g-Monge-Ampére operator as
1
{0y g (o)
j

where Du denotes the gradient vector of the function u, whereas |- | represents the
euclidian norm, so that we have |Du|* = u;u;.
By using (1.1)-(1.3), we find

(14) 1( U (D*u)g" (DuP )u,) - " (IDuP)G(|DuP)det( D).
j

Since the operator det(D*u) (in the framework of strictly convex functions) is elliptic,
then our g-Monge-Ampeére operator is also elliptic.

A motivation for the definition of the g-Monge-Ampere operator (1.4) is the
following. Using the Kronecker delta 6%, define the n x n matrix A = [A"/], where

AV = (g(IDuP ), - (g<|Du|2>a“ + zg'<|Du|2>uiue)uej.

The trace of the matrix A is the familiar operator (g(|Du|*)u;);. We claim that the
determinant of the matrix A coincides with our operator (1.4). Indeed, the eigenvalues
AL, ..., A" of the n x n matrix

_ [g<|Du|2>a” . zg'(|Du|2>uiuz]
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are the following:
A== A= g(IDuf?), A" = G(DuP).
Since detA=detB-det(D*u), we find
detA = g"'(|Dul*)G(|Dul*)det(D*u).

The claim follows from the latter equation and (1.4).
Note that A is not symmetric, in general. However, since A is the product of two
symmetric matrices, it is similar to a diagonal matrix (see [9, p. 487, Theorem 7.6.4]).
This paper is organized as follows. In Section 2, we show that the solution u of the
g-Monge-Ampere problem

1( (n- 1)(D2 u)g"(|Dul )”z) = f(-u) inQ, u=0 on 9Q,
j

is the minimum of a suitable functional (depending on g). For g = 1, this result is well
known (see, for example, [5]).

In Section 3, we consider a boundary value problem involving our g-Monge-
Ampere operator in a bounded convex domain and introduce a P-function depending
on the solution and its derivatives. We will show that this P-function attains its
maximum value on the boundary of the underline domain. Furthermore, we will also
show that such a P-function is identically constant when the underlying domain is
a ball. Therefore, our P-function satisfies a best possible maximum principle in the
sense of L. E. Payne [4, 6, 11, 12].

In Section 4, we consider the case when n = 2. In this case, we prove a best possible
minimum principle. As a corollary, we solve a Serrin’s type overdetermined boundary
value problem (see [2, 16, 18]) for the corresponding g-Monge-Ampére equation.
Similar problems are discussed in [1, 8, 10, 13] and the references therein.

Results of existence, uniqueness, and regularity for Monge- Ampere equations can
be found in [3, 17].

2 Minimizing a functional

Define
¥(Q):={ueC*(Q)nC»(Q): uis strictly convex in Q and u = 0 on 9Q}.

Recall from [5] that a minimizer u € ¥(Q) of the functional

1
ve\y(fo)/g.z[n(nm (n- 1)(D v)vivj+ f f(= T)dT]

satisfies the equation
1
(T (D) = f-w).

We extend the above result to our g—Monge—Ampére equation.
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Theorem 2.1 Let
t
2.1) W () = £ [ " (12) d.
0

A minimizer u € ¥(Q) of the functional

ve¥(Q)

(2.2) inf |: (n 1)(D2v)h (|Dv)viv; + [ f(- T)dT]

satisfies
(L 0P o >u,) - f(-w).

Proof By integration by parts, we can write the integral in (2.2) as

(2.3) fg[‘”( (D) (IDY] )v,) +fovf(—‘r)d‘r:|dx.

Arguing as in the proof of (1.4), we find

(2.4) 1( (DR (|Dv] )v,) = h"Y(|Dv[?)H(|Dv])det(D?v),
j

where
H(s*) = h(s*) + 257K’ (s%).

In view of (2.4), the expression in (2.3) reads as

(2.5) fQ [(—v)h”_1(|Dv|2)H(|Dv|2)det(D2v) " fo ' f(—r)dr]dx

If u is a minimizer of (2.5), we have

d

= / [(—u —tv)h" ' (|Du + tDv|*)H(|Du + tDv|*)det(D*u + tD*v)
Q

u+tv
+ f(—T)dT]dX =0.
0

t=0

By computation, we find

fQ(—v)h"_1(|Du|2)H(|Du|2)det(D2u) dx

+/Q(—u)(h"1(|Du|2)H(|Du|2)) 2Du - Dvdet(D*u) dx

(2.6) +fQ(—u)h"_l(|Du|2)H(|Duz)trace(T(,,1)(D2u)D2v) dx
+fo(—u)vdx:0.
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Let us compute
f(—u)h"_l(|Du|2)H(|Du|2)trace(T(n_l)(Dzu)Dzv) dx
Q
= [ k" (DuP)H(DuP) T (D*u)vij dx
Q
:f(uh”"1(|Du|2)H(|Du|2) v 1)(D2u))
Q

j
:[h"-1(|pu|2)H(|Du| )T{) .y (D*u)viu; dx
Q

+fu(h”_1(|Du|2)H(|Du|2)) 2ujhuhT('f1 1)(Dzu)vi dx.
o

Integrating by parts and recalling (1.2), from the latter equation, we find
[Q (—u)h"‘1(|Du|2)H(|Du|2)trace(T(n_l)(Dzu)Dzv) dx
2.7) :L(—v)(h”l(|Du|2)H(|Du| )T('i 1)(Dzu)uj)'dx

!
+ / u (h"_1(|Du|2)H(|Du|2)) 2Du - Dv det(D*u) dx.
Q
Insertion of (2.7) into (2.6) yields

fn(—v)h”_l(|Du|2)H(|Du|2)det(D2u)dx

+ Jen (- pury (a1 (P ) dx= [ (-n)f(-u)dx.

Since v is arbitrary, we find

R (|Du*)H(|Dul*)det(D*u)
(2.8) + (h”_1(|Du|2)H(|Du| )T(’f, 1)(Dzu)u]) = f(-u).
Arguing as in the proof of (1.4), one proves that

h"'(|Du*)H(|Du|*)det(D*u) = 1( (n 1)(D2L4)11 (|Duf? )u,) .
j

On using the latter equation and the symmetry of T i (Dzu) from (2.8), we find

([ puey oy D) L P03 = -,

j
Finally, recalling that H(s*) = h(s*) + 2s*h’(s%), by (2.1), we find
K" (IDuf*) + nh" " (|Dul*)H(|Dul*) = ¢"(|Dul*).
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Hence,

(L P uyan ) = s,

j

The theorem follows. [

3 A best possible maximum principle

Let u be a solution to some boundary value problem in a domain Q. Following Payne
[11], we say that a function P(x), depending on u and its derivatives, satisfies a best
possible maximum principle if it satisfies a maximum principle for every convex
domain Q and, in addition, it is a constant for some special domain Q (a ball in our
case).

For a discussion on the best possible maximum principles related to second-
order linear (or quasi-linear) elliptic equations, we refer to [12]. Concerning Monge-
Ampere equations, we recall a special case of Theorem 2.3 of [8]. Let u be a strictly
convex smooth solution to the problem

1
( (n- 1)(D u)ur) =1in Q, u=0 on 9dQ,
j

and let
1
P(x) = 5|Du|2 - u.

By Theorem 2.3 of [8], P(x) attains its maximum value on 0Q; furthermore, in case
Q isaball, P(x) is a constant.

We are going to extend this result to our g-Monge-Ampére equation. Consider the
problem

1
(3.1) ( (n- 1)(Dzu)g (|Duf? )u,) =1in Q, u=0 on 0Q,
j

and define the P-function

(3.2) P(x) = folDu‘G(tz)tdt—u,

where G is defined as in (1.3). We note that our result is already proved in [13] by
using a quite complicate argument. We give here a different and more clean proof.
Moreover, our method allows us to prove that if P(x) is identically constant, then Q
must be a ball.

Theorem 3.1  Let u be a strictly convex smooth solution to Problem (3.1). If P(x) is
defined as in (3.2), we have the following.

(i) IfQisa ball, then P(x) is identically constant.
(ii)  For any convex Q, P(x) attains its maximum value on 0€).
(ii) If P(x) is identically constant in Q, then Q must be a ball.
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Proof (i) If Qisaball, u(x) is radial. If v(r) = u(x) for |x| = r, we have

P(r) = fOVI G(tH)tdr - .
Differentiation yields
(3.3) P'(r)=G((v))vv' =V
On using (1.4), we can write the equation in (3.1) (in the radial case) as

") G((v)?)det(D?v) = 1.

Since
V’ n-1
det(D*v) = v"() ,
r
we find
gn—l((vl)z)G((VI)Z)(V/)n—Iv// — rn—l.
Since

d
G(s*) = ds(g(sz)s),
we can write the previous equation as

(s0w) 4 (sorw) -,

or, equivalently,

Recalling that g is continuous on [0,7) and that v'(0) = 0, we integrate the above
identity over (0, r), to find

(g<<v'>2>v')" [T,

(W =1

or, equivalently,

Differentiation yields
G((v)*)' =1.

By (3.3) and the latter equation, we find
P'(r) = v'[G((v')z)v" - 1] = 0.

It follows that P(r) is identically constant.
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(ii) Let Q be a bounded convex domain. Arguing by contradiction, let X € Q2 be a
point such that

Du(

|Du(%)]| [Du(x)|
P(x) = f G(tH)tdt — u(%) >m§1()§f G(tH)tdt.
0 X€ 0

Choose 0 < 7 < 1 close enough to 1 so that

pu(a) ) pul
/ G(t*)tdt —Tu(x) > maxf G(t°)tdt.
0 x€0Q Jo

Then, also the function

P(x) = fO‘D”(x)'G(tz)tdt—w(x)

attains its maximum value at some point x € Q). At the point x, we have either Du = 0
or |Du| > 0. Consider first the case Du = 0. Then,

P; = G(|Du*)u;pup — tu;.
Further differentiation and computation at Du = 0 yields

b;; = G(O)ui;,u,-h - Tui, i=1...,n.

Let us make a rigid rotation around the point X so that

(3.4) D?u = diag{u1, ..., tnn}-
Then,
(35) pii = G(O)ui,-ui,-—Tuii, i=1i,...,N.

Clearly, if (D*u)™ is the inverse of D?u, also (D*u)~" will be diagonal, and
(D*u)™' = diag{u",...,u™},

where u'/ is the (i, j)-entry of the matrix (D*u)~". Multiplying (3.5) by 4"’ and adding
from i =1to i = n, we find

(3.6) u''P;; = G(0)Au — 1.

On the other hand, from equations (3.1) and (1.4), we find (recall that g(0) = G(0))

det(D*u) = G“I(O)'

By using this equation, from (3.6), we find

- Au
(3.7) u'Pjj= —— — 1.

(det(DZu))

n
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Finally, since the matrix D*u is diagonal and positive definite, we have (we also use
the arithmetic-geometric mean inequality)

(det(Dzu)) = (uu---u,,,,)% < %

By the latter inequality and (3.7), we find
uiipi,‘ > 1’[(1 - T) > 0.

Hence, P cannot have a maximum point at x with Du(x) = 0.
Let x € Q be a point of maximum for P, and let |Du| > 0 at x. We have

(3.8) P; = G(|Du*)u;pup — tu;,
and
Pii = 2G" (uipup)? + Gujipup + Gty — Tug;, i=1,...,1.

Let us make a rigid rotation around the point x so that (3.4) holds. Then (for i fixed),
we have

Py = 2G'utut + Guyipuy + Gus, — Tuj;.
Multiplying by u'* and adding from i = 1 to i = n, we find
(3.9) u''P;; = 2G'ujut + Gu'lugpuy + GAu — nt.
By using (1.4), let us write the equation in (3.1) as

1

2. —
(3.10) det(D"u) = (DU G(DulD)’

Differentiation with respect to x" yields

(3.11) T(iifl)(Dzu)uijh _— . [(n -1)¢"%¢'G + ¢"'G' |2upur.

v
[#)
Since T(,_1y(D*u)D*u = det(D*u)I, on using (3.10) and recalling that u'/ is the
(i, j)-entry of the matrix (D?*u)~", we get
ij u'/ .
Tnoy(D7u) = oG BIThm

Therefore, recalling that D?uhasa diagonal form, from (3.11), we find

/

y e
ulugy, = —[(n - 1)& + ]Zuhhuh.
g G
Insertion of this equation into (3.9) leads to

o 'G
u'' Py = 2G'uj;u’ - [(n - l)g— + G']Zuhhui + GAu - nr.
8
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Simplifying, we find

o g'G
(3.12) u''P;; = —2(n—1)?uhhuf, + GAu - nr,
Since & is assumed to be a point of maximum, we have P; = 0, and from (3.8), we
find
(3.13) Guppu; = 7|Dul’.

Insertion of (3.13) into (3.12) yields

!
(3.14) u''py=2(1- n)£T|Du|2 + GAu - nr.
g

IfA=[A"7] with A" = (g(|Du|2)u,~) , we know that

i
detA = g"'(|Dul*)G(|Dul*)det(D*u).
Therefore, by (1.4), the equation in (3.1) can be written as
detA =1.

On the other hand, since A is positive definite, by the Hadamard inequality (see
Theorem 7.8.1 of [9]) and the arithmetic-geometric mean inequality, we have

% % 11 nn
1= (detA) < (All...A"") < u)

n
with equality sign if and only if
(3.15) A= =A™ and AV =0 Vi#].
Therefore,

A 4 A >

and
(g(|Du|2)u,-) > n.
Recalling that D*u has a diagonal form, this inequality can be written as
gAu +2¢"uzui > n.
On using (3.13), the latter inequality reads as
!
ghu + 2g—1|Du|2 >n,
G
from which we find

/ G /
GAu + 2“’7—T|Du|2 >n—=n+ an—|Du|2.
g 4 4
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Hence,
<g,/
GAu +2(1 - n)%|Dul* > n.
g
Inserting this estimate into (3.14), we find

!
WPy > n(1- 1)+ & |Dulf2n(1 - 1)
g

=n(l- T)(l + g2|Du|2)
g
_a(1-1)E >0
g

It follows that P cannot have a maximum point at X with |[Du(x)| > 0. We conclude
that P must attain its maximum value on the boundary 0Q.
(iil) If P(x) is a constant, we have

u'P,; =0 in Q.

Therefore, by the argument used to prove (ii), all equations in (3.15) must hold. This
means that

(g(DuF)ul) :~-:(g<|Du|2)un) , and (g<|Du|2>u,-) _0, Vi)

1

J

Then, for some x; € Q), we have

g(DulP)u; =x' —x§, i=1,...,n,

g (IDufui = (x' - x5)*,
g (IDuP) Y ui = 3 2(x" - x5)* =17,
1 1

g'(IDu*)|Duf* = 1*,
g(IDuf*)|Dul = 1.

Since g(s%)s is strictly increasing, | Du| must be radially symmetric around the point
Xo. Finally, since

IDul
/ G(t)tdt-u=c,
0

also u will be radially symmetric. Statement (iii) follows.
The theorem is proved. ]

Remark From Theorem 3.1, we get the following estimate:

|DM‘M D
s < f G()tdr,
0
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where
Uy =minu(x), |Du|y = max|Du].
Q 00

Note that this estimate is sharp, in the sense that the equality sign holds when Q is a
ball.

4 The case n=2

Here, we prove a minimum principle for our P-function, which extend the result
obtained in the particular case g = 1in [7].

Theorem 4.1  Let u be a strictly convex smooth solution to Problem (3.1) in case n = 2,
and let P(x) be defined as in (3.2). Then P attains its minimum value on the boundary
0Q.

Proof  Arguing by contradiction, let X € Q be a point such that

Du(®)| Dux)
P(%) = [ G(t*)tdt —u(x) < mggf G(t*)tdt.
0 X€ 0

Choose 7 > 1 close enough to 1 so that
[Du@®)| Du(x)
f G(t*)tdt —Tu(x) < minf G(t*)tdt.
0 x€0Q Jo

Then, also the function

B(x) = fO‘D”(X)'G(tZ)tdt—m(x)

attains its minimum value at some point x € Q). We may have either |[Du(x)| > 0 or
Du(x) = 0. Consider first the case |[Du(x)| > 0. By the same computations as in the
proof of Theorem 3.1, we find (3.12) with n = 2, that is,

!/
. G
(4.1) uiip,; = 28

uhhui + GAu - 27.

As in the proof of Theorem 3.1, we assume that (3.4) holds at x. Since X is a point
of minimum, we have P; = 0, and from (3.8), we find

(4.2) Guppu;, = 7|Dul’.

Insertion of (4.2) into (4.1) yields
!
(4.3) u''p;; = —2£T|Du|2 + GAu - 21.
4

Since |Du| > 0, we have either u; # 0 or u, # 0. If ug # 0, by (3.8), we have

T
Uun = —.

G
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Since n = 2, equation (3.1) at x reads as gGuju;; = 1, and then, by our last equation,

we find
1
Uy = —.
T8
Hence,
T 1
(4.4) Au=—+—.
G 19

Note that (4.4) continues to holds if #; = 0 and u, # 0. Insertion of (4.4) into (4.3)

leads to
uiil_)ii = G(l - T) < 0.
g\7

It follows that P cannot have a minimum point at any x € Q with |Du| > 0.
Consider now the case Du(x) = 0. At X, we have

(4.5) Py = Guyy — Tug, 20, k=1,2.

Since x is a point of minimum (also) for u, we have u;; > 0 and u,, > 0. But since

1
= ————>0,
T e (0)6(0) 7

we must have uy; > 0 and up, > 0. Hence, (4.5) implies that
Guy;; —7>0 and Guy, — 72 0.
It follows that
(4.6) Gluyuy > 7%
On the other hand, our equation at x (where Du = 0, so ¢ = G) reads as
Glunuy =1,

in contradiction with (4.6) because 7 > 1.

We have proved that P cannot have a minimum point at x with [Du(x)| = 0. We
conclude that P must attain its minimum value on the boundary 0Q. The theorem is
proved. ]

Corollary 4.2 Let u be a strictly convex smooth solution to Problem (3.1) in case n = 2.
If u satisfies the additional condition

|Du| = ¢ onoQ,

then Q must be a ball.

Proof By Theorems3.1(ii) and 4.1, the function P(x) defined asin (3.2) is a constant
in Q. Hence, the corollary follows by Theorem 3.1(iii). [
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