
ON THE GRAM MATRIX 

in m e m o r y of M a u r i c e Audin 

I s r a e l H a l p e r i n 

( r e c e i v e d A p r i l 30, 1962) 

1. In t roduc t ion . The m a t e r i a l ske tched h e r e is m o s t l y 
we l l known and c o n c e r n s the g e o m e t r i c a l i n t e r - r e l a t i o n s of 
v e c t o r s in a H i l b e r t ( that i s , c o m p l e t e i n n e r p roduc t ) s p a c e . 
The d i s c u s s i o n and r e f e r e n c e s a r e (obviously) not exhaus t i ve 
but I hope the r e a d e r wi l l find h e r e some i n t e r e s t i n g p r o b l e m s . 

We sha l l p e r m i t the s c a l a r s to be r e a l , c o m p l e x o r 
q u a t e r n i o n i c n u m b e r s . * / The i n n e r p roduc t of v e c t o r s x and 
y wi l l be denoted ( x | y ) . 

V e c t o r s ( s o m e t i m e s r e p r e s e n t e d by rows of s c a l a r s ) a r e 
to be m u l t i p l i e d by s c a l a r s on the left and by l i n e a r o p e r a t o r s 
o r m a t r i c e s on the r igh t ; thus ( c x | y ) = c ( x | y ) , (x | cy) = 
(x|y)"c\ (xA |y ) = (x |yA*) . If c i s a c e n t r a l s c a l a r ( that i s , 
cd = dc for a l l s c a l a r s d) we i n t e r p r e t xc to m e a n ex . 

[ x , , . . . , x 1 wi l l denote the sub space spanned by the 
1 m 

v e c t o r s x , . . . , x . 
1 m 

2. The G r a m m a t r i x . An m X m m a t r i x of s c a l a r s 
B = (b , ; i, k=l, . . . , m) wi l l be ca l l ed a G r a m m a t r i x if in 

i , k 
s o m e H i l b e r t space t h e r e a r e v e c t o r s x . . . . , x such tha t 

1 m 
b = (x I x ) for a l l i, k; then B wi l l be denoted 

i, k l k 
G(x. , . . . , x ). 

1 m 

1) F o r an e a r l y m e m o i r us ing qua t e rn ion s c a l a r s , see [6] . 
F o r m o r e g e n e r a l s c a l a r s , see [ l ] . 
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As for uniqueness of the x . . . . , x , it is easy to show 
1 m 

that G(x , . . . , x ) = G(y , , . . . , y ) if and only if there is an 
1 m 1 m 

isometric mapping of [x , . . . , x ] onto [y , . . . , y ] which to 1 m 1 m 

maps x. onto y. for each i. 

3. Gram matrices coincide with matrices AA ' . 

Suppose given a Gram matrix G(x , . . . , x ). By the Gram-

Schmidt orthonormalization procedure**' there exist ortho-

normal vectors (p , . . . , <p with n < m such that 
I n — 

\cp , 0 1 = Tx , . . . . x 1. T h e n G = A A * w h e r e A i s t h e 
L V 1 n J L 1 mJ 

m'Xm m.atrix (a ) with a. , = (x. I <# ) for k = l , . . . , n , and 
i, k l, k l k 

a =0 for n < k < m. Actually the Gram-Schmidt procedure 
l , k ~ 

shows that the cp can be chosen so that A is semi-diagonal, 
i 

that is: a , =0 for all i < k. 
i, k 

The converse is trivial: a product AA" is clearly the 

Gram matrix of x , . . . , x vectors which can be 
1 m 

represented (with respect to any orthonormal set of vectors) 

by the rows of A. 

4. Gram matrices coincide with Hermitian definite 

matrices. We call a matrix B = (b , ) Hermitian if 
i , k 

b . = TET . for all i, k, definite (abbreviation for positive 
i , k k , i ===-

semi-definite) if S. . t t b , t is real and > 0 for all 
i, k=l i, k — 

1 m o\ 
scalars t , . . . , t . ' 

That G(x4 , . . . , x ) is Hermitian definite follows from 
1 m 

its representation AA':', or alternatively by direct verification: 

(x. x ) = (x x.), 
i k k' i 

<«-IJ"L J L 1 , i % k i l ^ ,rn i i i 

S. , . t ( x . | x k ) t = | | Z i = i t x . l l > 0 . ' i , k = l 

2) See [2, pages 30-31], [4, page 16], or [5, page 13]. 

3) If B is definite then (i): all b^ i are necessarily real and 

> 0, and (ii): for complex or quaternionic scalars (but not 

for real scalars) B is necessarily Hermitian. 
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On the o t h e r hand, if B i s a given H e r m i t i a n definite 
m a t r i x , then s p e c t r a l t h e o r y shows tha t B = A for some 
H e r m i t i a n defini te A and th i s i m p l i e s tha t B is a G r a m m a t r i x . 
But the fact tha t B i s a G r a m m a t r i x can be shown without 
s p e c t r a l t h e o r y . The c a l c u l a t i o n s a r e c u m b e r s o m e but 
n e v e r t h e l e s s of some i n t e r e s t ; the r e s u l t i s a l m o s t t r i v i a l 
when m = 1 and fol lows by induct ion f rom the following 
l e m m a . 

(1) Suppose x , . . . , x a r e given v e c t o r s and B = (b ) 
— — 1 m fi v i , k ' 
i s a H e r m i t i a n defini te (m f 1) X (m + 1 ) m a t r i x with 
b . , = (x | x ) for i, k = 1, . . . , m . Then t h e r e e x i s t s a 

i , k il k 

v e c t o r x 
m+ 

t such tha t b . , = (x. |x , ) for i , k = l , . . . , m + l . 
1 i , k l k 

1 m 
E v e r y v e c t o r h a s the fo rm: d x +. . . + d x + y (with 

. 1 m 
1 m 

su i t ab le s c a l a r s d , . . . , d and a su i t ab le v e c t o r y o r t h o ­
gonal to a l l of x , . . . , x ) and (1) can be deduced f rom the 

1 m 
following l e m m a : 

(2) Suppose B = (b. ) i s a H e r m i t i a n defini te (m + 1) X (m + 1) 
i> k 

1 m 
m a t r i x . Then t h e r e ex i s t s c a l a r s d , . . . , d such tha t 

1 m 
d b . + . . . + d b . = b t . for j = l , . . . , m ; 

l , j m , j m + l , j 
-.1, , : rn, . -. 
d b ( +. . . + d b , i s r e a l and < b t : 

1, m+1 m , m+1 m + 1 , m+1 
1 m 

then in ( 1 ), x , m a y be taken a s d x +. . . + d x + y 
m+1 1 m 

w h e r e y is any v e c t o r o r thogona l to a l l of x . . . . , x which 
1 m 

sa t i s f i e s I lyl I = b ^ - I Id x +. . . + d m x I I 2 

1 ]y l ' m + 1 , m+1 M 1 m 1 ' 
(=b - (d d b +. . . + d m b J ) . 

m + 1 , m + 1 l , m + l m , m + l 

To p r o v e (2), choose n to be the l a r g e s t i n t e g e r with 
the p r o p e r t y : for some set of i n t e g e r s i , . . . , i wi th 

l < i < i < . . . < i < m the r o w - v e c t o r s 
— 1 2 n 

(b. . , . . . , b . . ) , . . . , (b. . . . . . . b . . ) 
1 1 I n n l n n 

a r e l i n e a r l y independent . N e c e s s a r i l y 0 < n < m . 
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We note that if for some i < m + 1, b. . = 0, then 
— 1 , 1 

b = 0 = b . for all k = 1, . . . , m + 1 ; to see this, observe 
i, k k, l __ __ _ __ 

that if k 4 i , then sb s + sb. t + tb . s + tb t > 0 for 
1,1 l , k k, l k, k — 

all scalars s,t . Now choose t = - € with € real and > 0 and 

choose s = b . . Then since b. . = 0 it follows that 

2 }1 2 1 , X 2 
€ b n > 2 € lb. I ; hence € b n > 2 lb. I for all e > 0 

k, k — i,k k, k ~ ' l, k 
and hence also for € = 0 . This proves: b = 0 as stated. 

i , k 

Now, if n = 0 then b =0 for all i < m , hence 
1 , 1 — 

b =0 for all i, k = 1, . . . , m + 1 , except possibly for 
i, k 

b . In this case (2) clearly holds with d = 0 for 
m+1, m+1 

i = 1, . . . , m . 

Now suppose n > 0 . We may suppose i = r for 

1 < r < n . Then, for suitable scalars c , . . . , c we must 

have: 

1 n 
(3) b i l = c b J + . . . + c b n for k = 1, . . . , n . v m+l ,k 1, k n ,k 

We shall show: 

1 n 
(4) c b +. . . + c b is real and < b ; 

1, m+1 n, m+1 — m+1, m+1 

(5) For all n + l < k < m , (3) holds. 

This will imply that (2) holds with d =c for l < i < n and 

d = 0 for n + 1 < i < m . 

To prove (4), note that for every scalar t , 

n i ~k n ~~k n - -
(6) S c V c + S tb j c + S b t + tb A t 

. . , i, k , t m+l,k , t k, m+1 m+1, m+1 
i,k=l k=l k=l 

is real and > 0 . 
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n T n i ~k 
By (3), S b , , 0 = 2 ! c b. , c ; hence (6), with t = l , 

m + l , k i , k 
k=l l, k=l 

yields (4). 

To prove (5) suppose j fixed with n < j < m . Then the 
row vector (b. . . . . , b . , b . .) must be a left l inear 

combination of (b. . . . . , b. , b. ,) , i = 1, . . . , n , 
i , l i , n i , j 

because of the maximal property of n . Thus for suitable 

sca la rs d , . . . , d : 

1 n 
(7) b . = d b .+ . . . + d b , for i = l , . . . , n, j . 

J, k l , i n , l 

We shall f i rs t show that (7) holds for i = m + 1 also. 
Since B is definite, 

t b t > 0 
i , k -

i ,k=l, . . . ,n , j , m + l 

1 n j rn+1 ^ i i r 

for all sca la rs t , . . . , t , t , t . Choose t = d for 
1 < i < n , t J = - l and t = €t with € real , > 0 . Then 

n n — 
since b. . = S d b. . = . ? d b d y therefore 

J,J . . i , j i,k=l i , k 

n . n —y-
•b. . - b . . - b . . + b . . + c S dXb. t + c Z tb , .d1 

J,J J>J J,J J,J i = 1 i ,m+l i = l m + l , i 

— 2 2 
- € b . t - 6tb A . + € jtl b A > 0 

j , m + l m + l , j m + l , m + l — 

for every sca lar t and all € > 0 . Hence 

n . _ n ~ 2 
(b. - S dh>. J t + t ( b , . - S b j . d 1 ) < € | t | b J 

j , m + l , , i ,m+l m + l , i . t m + l , i — ' l m + l , m + l 
i=l i=l 

for al l € > 0 , and hence also for € = 0 , and for every scalar t . 
n 

Now with t = b - S d b we obtain: 
J,m+1 i ,m+l 

i=l 
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n 
2 lb - 2 d*b 1 = 0 and hence (7) ho lds for i = m + 1. 1 j , m + l . â i , m + l ' 

i=l 

Now r e t u r n i n g to (5), we h a v e : 

n — n i ~ n i 
b = S b d = Z cXb. d = S c V . 

m + 1 , j m + l , k i , k i , j 
k=l i ,k=l i=l 

so (3) ho lds for k = j , a s r e q u i r e d , 

T h i s c o m p l e t e s the proof of (2), and (1), and shows tha t 
B i s a G r a m m a t r i x if and only if B i s H e r m i t i a n def in i te . 

5. V o l u m e of a p a r a l l e l e p i p e d . If x , , x a r e 
m 

given v e c t o r s we define the p a r a l l e l e p i p e d P ( x , . . . , x ) to 
HI . 

c o n s i s t of a l l v e c t o r s of the f o r m S e x . wi th c r e a l and 

i 1 = 1 " 
0 < c1 < 1 for a l l i . 

The h i g h - s c h o o l f o r m u l a for m - d i m e n s i o n a l v o l u m e of a 
p a r a l l e l e p i p e d (we sha l l u se the symbo l V (x , . . . , x )) 

m l m 
would be defined ( p r e s u m a b l y ) by induc t ion on m a s fo l lows: 

(8) V ^ ) = MxJI , 

V (x , . . . , x ) = | | x ' | |V (x , . . . , x ) 
m-f 1 1 m + 1 m + 1 ' m l m 

w h e r e x' i s the c o m p o n e n t of x o r t h o g o n a l to 
m+1 * m+1 & 

[x , . . . , x ] . 
1 m 

The f o r m u l a e (8) d e t e r m i n e V (x , . . . , x ) uniquely 
m l m 

a s a n o n - n e g a t i v e r e a l n u m b e r wh ich ( c l e a r l y ) i s 0 if and 
only if the v e c t o r s x . , . . , x a r e l i n e a r l y dependen t . It i s 

1 m 
usua l ly a s s u m e d tha t the v a l u e of V (x , . . . , x ) does not 

m l m 
depend on the o r d e r of x . . . . , x and t h i s r e q u i r e s proof. 

1 m 
An e a s y p roof i s p o s s i b l e if d e t e r m i n a n t s a r e a v a i l a b l e , 

t ha t i s , if the s c a l a r s a r e r e a l o r c o m p l e x n u m b e r s . A s s u m i n g 
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the v e c t o r s x , . . . , x a r e l i n e a r l y independent , we can use 
1 m 

the G r a m - S c h m i d t o r t h o n o r m a l i z a t i o n to obta in 

(9) x. = a. <p +. . . + a. . <p. for i = 1, . . . , m 
l i , l l l , l l 

with a. . r e a l and > 0 for a l l i . Then x'. = a ,<p , 
1 , 1 1 1 , 1 1 

I |x! I I = a , and V (x , . . . , x ) = IT . a . = de t A w h e r e 
l i, i m l m i=l î , î 

A i s the m X m m a t r i x which h a s i , k - t h e n t r y equa l to a , 
i, k 

if 1 < k < i and h a s a l l o t h e r e n t r i e s equa l to 0 . Now we 
have the equa l i ty : 

V (x , . . . , x ) = V d e t G(x , . . . , x ) 
m 1 m l m 

(which i s a l s o obvious ly va l id if the v e c t o r s x . . . . , x a r e 
1 m 

l i n e a r l y dependen t ) ; t h i s i m p l i e s tha t the va lue of V i s 
m 

independen t of the o r d e r of x , . . . , x , p rov ided the s c a l a r s 
1 m 

a r e r e a l o r c o m p l e x n u m b e r s . 

The following d i r e c t proof i s va l id for r e a l , c o m p l e x o r 
q u a t e r n i o n i c s c a l a r s . C l e a r l y we need only show tha t if m > 1 
then the va lue of V is unchanged when x and x t a r e 

m m m - 1 
p e r m u t e d . We wi l l then have two v e r s i o n s of (9) to c o n s i d e r , 
say : 

x = a <p +. . . +a <p + a <P > 
m - 1 m - 1 , 1 1 m - l , m - 2 m - 2 m - 1 , m - 1 m - 1 

m m , 1 1 m , m - 2 m - 2 m , m - 1 m - 1 m . m m 

and 
x = a <p + . . . + a <p + a ' é , 

m m , 1 1 m , m - 2 m - 2 m , m - 1 m - 1 

X m - l = a m - l ) l , P l + ' - - + a m - l , m - 2 * ' m - 2 + a m - l ) m - l 4 j m - l 

+ a' 4» ; 
m - 1 , m m 

and we need only show that a ,a = a ' a' 
m - 1 , m - 1 m , m m , m - l m - 1 , m 
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We h a v e : 

a l(p | 4 > ) = a1- , 
m - 1 , m - 1 m - 1 1 m - 1 m - 1 , m - 1 

af (di \ <p ) = a , 
m , i r L - l m - 1 1 m - 1 m , m - l 

la | 2 = la' | Z + la1 I 
' m - 1 , m - 1 m - 1 , m - 1 1 m - l j i n 1 

la' J = la , I + l a I ; 
1 m , m - l I ' m , m - l l ' m , m l 

so 

a „ J a , = a J a . J • 
m - 1 , m - 1 ' m , m - l ' m , m - l ' m - 1 , m - 1 

(a A , ) 2 ( ( a ' ) 2 - (a )2) 
m - 1 , m - 1 m , m - l m , m 

= (*' J 2 ( ( a „ J 2 " (*' A )2) ' 
m , m - l m - 1 , m - 1 m - 1 , m 

2 2 2 2 
(a , J (a ) = (a1 ) (a ' A ) 

m - 1 , m - 1 m , m m , m - l m - 1 , m 

and hence a , a = a1 a ' , a s r e q u i r e d . 
m - 1 , m - 1 m , m m , m - l m - 1 , m 

6. D e t e r m i n a n t s of m a t r i c e s wi th n o n - c o m m u t a t i v e 
s c a l a r s . T h e r e a r e we l l known o b s t a c l e s to an e x t e n s i o n of 

the u sua l t h e o r y of d e t e r m i n a n t s for m a t r i c e s to the c a s e 
w h e r e the e n t r i e s a r e t aken f r o m a n o n - c o m m u t a t i v e ring."*) 
But if A i s an m X m m a t r i x of q u a t e r n i o n s we can def ine 
a g e n e r a l i z a t i o n of " the a b s o l u t e v a l u e of the d e t e r m i n a n t , u 

denoted D(A) , a s fo l lows . We o b s e r v e t ha t 

V ( x A , . . . , x A) 
/ . ^* . m l m 
(10) the quot ient --—: : i s a c o n s t a n t if 

V (x , . . . , x ) 
m l m 

x , . . . , x a r e a r b i t r a r y l i n e a r l y i ndependen t row 
v e c t o r s ( e a c h of m s c a l a r s ) . 

Then we define D(A) to be the v a l u e of the quo t ien t in (10). 

4) See [3] and the r e f e r e n c e s g iven t h e r e . 
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The reader can use the identities: 

V ( e x , . . . , c x ) = | c . . . c |V (x , . . . , x ) ; 
m i l m m 1 m m l m 

V(x , . . . , x . , x . , x , . . . , x ) = V ( x , . . . , x . , y , x . . . , x ) 
1 l - l l l + l m 1 i - l i + l m 

whenever y = x + an a rb i t ra ry left l inear combination of 

1 i - l i+l m 

to prove (10) by showing that given linearly independent vectors 
x , . . . , x can be transformed into given linearly independent 

1 m 
vectors y , . . . ,y by successive steps each of which leaves 71 m 
the quotient in (10) unaltered. 

The reader can also verify that the function D(A) has 
the proper t ies : 

(11) D(A) is defined and is a real number > 0, D(0) = 0, 
D(l) = l ; 

(12) If A is a semi-diagonal m a t r i x (a. ) (that i s , 
1, K 

a =0 for all i < k) then D(A) = irm la I ; 
i , k i=l l , l 

(13) D(A) = 0 if and only if xA = 0 for some non-zero vector x; 

(14) D(AB) =D(A)D(B);5) 

(15) D(AA*) = D(A*A)6), D(A) = D(A*) = N/D(AA*) ; 

5) The validity of (14) follows from (10) if D(A) 4 0 and from 
(13) if D(A) =0. 

6) Use: AVA = UAA*U* for some unitary U. Alternatively: 
there a re independent vectors x •, . . . , x such that for 

1 m 
each i, x AA* = X.x. for some real \. > 0 (the x. can 

i i l i — i 
even be chosen to be orthonormal); then v.A*A = X.y. if 

' i r i 

y. is chosen to be x.A. Hence -D(A*A) = ir.X.. =:-D(AA*) if 

the y. a r e linearly independent (and also, by an obvious 

argument, if the y. a re linearly dependent). 
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(16) D(A) = square root of the product of the spectral values 

of AA*. 

We again have V(x , . . . , x ) = A/D(G(X , . . . , X )) . 
1 m 1 m 

7. Generalized Schwarz inequalities. Suppose now that 

B is Hermitian. We shall say that BM is obtained from B 

by a symmetrical transformation if some B' is obtained by 

adding to the i-th row of B a left linear combination 

S c (b. : k=l, . . . , m) of the other rows of B and then B,! 

is obtained by adding to the i-th column of B' the corresponding 

conjugate right linear combination 2(b' . ; k=l, . . . , m)cJ of the 
k, j 

other columns of B' (symmetrical transformation of the matrix 

B corresponds to a certain change in the basis of the vector 

space). 

If B is an mXm diagonal matrix (that is, 

(b ) = 0 if i 4 k), we shall say that B is diagonally 
o i, k o 

related to B if B can be obtained from B by a succession 
o 

of symmetrical transformations. It is easy to see that every 

Hermitian B is diagonally related to some diagonal B 

(necessarily Hermitian but in general not uniquely determined 

by B) and when B is Hermitian definite then B is 
o 

Hermitian definite and the product of the diagonal entries of 

B is non-negative, coinciding with D(B). 
o 

We are led to define by induction on m for a given 

Hermitian m Xm matrix B an expression E(B) which is a 

certain polynomial in the entries b , i,k=l, . . . , m. as 
i, k 

follows: 

If m = 1 and B = (b ) , set E(B) =b . 
1,1 1,1 

If m > 1 and E(B' ) is already defined for every 

(m-l)x(m-l) Hermitian matrix B! , set E(B) = E(B] ) 

where B1 is the (m-l)x(m-l) Hermitian matrix with 

( b , , i . k = b i . i b i . k - b i , i b i . k f o r 2 ^ k £ - -
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It is not difficult to prove that B is definite if and only 
if E(B ! ) > 0 for every submatrix B1 = (bT : i, k = i , . . . , i ) 

— i, k 1 n 
with 1 < i < . . . < i < m . 

— 1 n — 

If m = 2 , then E(B) is simply b b - lb I 
1,1 2,2 1,2' 

which corresponds to the well known Schwarz inequality: 
(x, I x H x I x î - | (x j | x ) | > 0 . We may therefore call each 

l l Z ' Z ' 1 ' 2 — 
inequality: E(B) :> 0 a generalized Schwarz inequality. 

8. The Hermitian ma t r ix as an operator. Suppose B 
is an mX.m Hermitian ma t r ix and for each row vector x let 
xB be the row obtained by ma t r i x multiplication. Then B 
determines a self-adjoint operator on the m dimensional 
Hilbert space of row vec tors . 

Elementary spectral theory shows that B is a difference 
of two Hermitian definite opera tors B = G(x , . . . , x ) - G(y , . . . ,y ), 

1 m 1 m 
say, such that G(x , . . . , x ) G(y . . . . , y ) = 0 . 

1 m l m 

It is interesting to enquire into the behaviour of 
x . . . . , x , y . , . . . ,y when B is replaced by B - tl with 

1 m 1 m 
t a real number and 1 the mXm unit ma t r ix (in par t icular , 
when B is definite). Also, what is the behaviour of the 
spectral vectors and spectral values when B undergoes a 
symmetr ic t ransformation? If G(xj , . . . , x ) and G(y,, . . . ,y ) 

1 m 1 m 
commute then their product ma t r ix is of the form G(z . . . . , z ); 

1 m can the z be expressed in a simple way in t e r m s of x . . . . , x , 
i or y 1 m 

y , , . . . , y ? 1 m 

9. Special Gram Matr ices . It is interesting to investigate 
families of vec tors x , . . . , x for which 

1 m 

(17) (x. | x ) = d (a constant, necessar i ly real) for all i i k . 

If d = 0 , this simply means that the vectors a re mutually 
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orthogonal. Then, as is well known, such vec tors x , . . . , x 
1 m 

do exist, with a rb i t r a ry non-negative values for (x. JxJ ; in 

this case , the x. (if non-zero) a re necessar i ly l inearly 
independent and, if the Hilbert space is of dimension > m , 
it is possible to adjoin £ 

also have property (17). 

it is possible to adjoin a vector x so that x . . . . , x 
^ J m+1 1 m+1 

Suppose d < 0 , that i s , d = -c with c > 0 . Then 
vec tors do exist satisfying (17) but the values of (x. |x.) cannot 

be assigned without res t r ic t ion . They a re a rb i t r a ry , subject 
to the following condition: 

m 
(18) S - < 1 . 

i = l c + I I x . I I 
l 

Moreover, if equality holds in (18) then the vec tors a r e 
l inearly dependent and it is impossible to adjoin a vector 
x so that (17) continues to hold. But if s t r ic t inequality 

m+1 
holds in (18) then the vec tors a re l inearly independent and 
(if the dimension of the Hilbert space > m) it is possible to 
adjoin x so that (17) continues to hold. 

m+1 
To show this we may assume c = 1 (by replacing the 

former x by NTCX ). Suppose now that x , . . . , x satisfy 
i i 1 m 

(17); then any vector (x , say) can be expressed as g + y 

with g = a x + . . . + a x and some y orthogonal to each 6 1 1 m m y B 

of x , . . . , x 
1 m 

The statement (x I x ) = (g I x ) = -1 for all i = 1, . . . , m 
m+1 l i 

m i 

is equivalent, by (17), to S a.(x x ) = - 1 , that i s , to: 
j=i J J * 

2 m 

(19) a . ( | | x . M + 1) = (2 a ) - l for i = l , . . . , m . 

Elementary manipulation of fractions show that (19) is equivalent 
to: 
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1 
(20) S < 1 and 

j=l 1 + | | x H 

- 1 m 1 - 1 
a. = (1 - S -) 

M x J I + 1 J=l 1 + 11^,11 

H o w e v e r (20) m a y a l s o be ob ta ined f r o m the c a l c u l a t i o n s : 

m m m 

| | g | | = ( g | g ) = S ( a . x . j g ) = S a . ( - l ) = - S a . ; 

j=l J J j=l J j=l J 

- a . - _ , 
1 1 + l k J I 

l l g l l 2 = ( 1 + l l g l l 2 ) ? — i 

j=l 1 + | | x . | | 2 

m 
S 2 + 2 = 1 • 
i=l 1 + | | x . | | 1 + | | g | | 

2 2 2 
Since | | x m + 1 | | = l U I I + l l y l l it i s c l e a r tha t if x ^ ^ 

m+1 
1 

e x i s t s a s d e s c r i b e d , then T> r < 1 with equa l i ty 
i=i 1 + | | x . | | 

equ iva len t to l i n e a r dependence of x , on X , . . . , X . On 
m+1 1 m 

i 
the o t h e r hand, (20) shows tha t if S ; < 1 then 

j=i i+ 11*11 
x does e x i s t and , if the d i m e n s i o n of the H i l b e r t s p a c e i s 

m+1 
g r e a t e r than m , the va lue of I | x II i s a r b i t r a r y , subjec t 
& ' • m+1 
to the condi t ion (18) (for m+1) 
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As a corol lary, we see that a sequence of vec to rs x 
n 

with (x I x ) = -1 for all n ^ m can exist in a Hilbert space 
n m 

if and only if the dimension of the space is infinite. Then the 
vec tors a r e necessar i ly l inearly independent and the values of 
| | x | | a r e a rb i t r a ry except for the condition: 

n 

oo 
(21) 2 < 1 . 

n=l 1 + | | x | | 

The necessi ty of the condition (21) was f i rs t observed by 
I. Amemiya (oral corrrrri-inication, 1959). His elegant proof 
ran as follows: choose a unit vector g orthogonal to all the 
given x (enlarge the Hilbert space if necessary) . Then the 

n 1/2 
/ 1 \ ' 

vectors j \ (g + x ) , n = l , 2, . . . a re 

i + l l * J l j 
orthonormal and Be s sel ' s inequality, applied to g with respect 
to this orthonormal set, gives (21). 

The wr i t e r then used the Gram-Schmidt orthonormalizat ion 
process to prove that for given real p . with all p > 0 

n, m n, n 
and p < -1 for all n ^ m , the condition 

n , m — 
i 

S < 1 is necessa ry and sufficient for the existence 
n=l 1 + p 

n, n 
of vec tors x with (x | x ) = p for all n, m (later , 

n n* m n , m 
A. Renyi founds proof of Amemiya' s resul t using Be s sel ' s 
inequality directly). 

Then Amemiya remarked (in a le t ter dated October, 1961) 
that the following variat ion of his method also showed that (21) 
was a sufficient condition if p = -1 for all n i m : 

n , m 

For given d > 0 ( n > l ) w i t h 2 < 1 simply choose 
n ~" * * -.2 — 

n=l 1 + d 
n 
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y , n > 0 to be o r thogona l v e c t o r s with I I y 1 1 = 1 , 
n — ° ' ' 3 o ' ' 

M I I 2 2 - 1 
I I y I | = (1 + d ) , le t g = ay - 2 y with a > 0 , 

n n o n — 
oo 

2 ^ 1 2 
a = 1 - S . Then x = g + ( l + d ) y , n > l s a t i s f i e s 

n=l 1 + d 
n 

| | x | | = d , (x Jx ) = -1 for n 4 m . 
n n n1 m 

The r e a d e r m a y find it i n t e r e s t i n g to v a r y th i s l a s t 
c o n s t r u c t i o n of A m e m i y a in o r d e r to dea l with a r b i t r a r y r e a l 
p < - 1 . 

n,m — 

The r e a d e r m a y a l s o seek to p r o v e , by d i r e c t a r i t h m e t i c , 
the following c o n s e q u e n c e of A m e m i y a 1 s t h e o r e m : if p > 0 

2 n 2 
for n = 1. 2, . . . and q = p , q = p (1 + q + . . . + q } 

1 1 n-fl n+1 1 n 
2 

oo p ^ 
for n > l , then S < 1 . 

n=l 1 + q 
n 
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