A CHARACTERIZATION OF THE HYPERHOMOLOGY
GROUPS OF THE TENSOR PRODUCT

THOMAS W. HUNGERFORD

1. Introduction. If K and L are chain complexes of abelian groups (to
which we restrict ourselves throughout this paper), then (K ® L) denotes
the graded hyperhomology group of K and L, as defined in Cartan and
Eilenberg (1) by means of free double complex resolutions of K and L.
Hyperhomology groups have proved convenient in proving various versions
of the Kiinneth theorem (see, for example, (4; 1; 2)). The purpose of this
note is to present a description of the hyperhomology group.¥ (K ® L) by means
of generators and relations. This characterization, though somewhat compli-
cated, does have the advantage of providing an explicit description of ¥ (K ® L)
without reference to free double complex resolutions.

The basic method is to make use of the concept of Bockstein spectra
(cf. (3)) and an isomorphism theorem from (4) in order to construct objects
which are naturally isomorphic to the hyperhomology groups and which can
be defined in terms of generators and relations. For convenience we repeat
here some definitions from (3; 4).

Let Z* denote the non-negative integers. A Bockstein spectrum is a collec-
tion {B, | m € Z*}, where each B, is a (graded) abelian group, together with
homomorphisms A¢*: B, — B, and um: Bn— Bn, (for each (m, k)
€ Z+ X Zt+). The maps A and p are required to satisfy certain properties
which will not be listed here since they will be apparent in the two particular
examples of Bockstein spectra we shall be dealing with.

If {B,} and {B’,} are Bockstein spectra, then (for our purposes) the tensor
product of these spectra {B,} ® {B’,} is the (graded) abelian group
[> w0 Bn ® B’,]/S, where S is the subgroup generated by all elements of the

form:
(1) MU @ Vi — (—1)%e8smedeUni 0 @ p Vin (mk > 0),

where U; € Byand V; € B, f U® V € B, ® B, represents an element x
of {B,} ® {B',}, then the degree of x is deg U + deg V — 1 if m > 0 and
deg U + deg Viftm = 0.

Each of the groups Z,, (m > 0; with Zy = Z) can be considered as a complex
(in dimension 0). If K is any complex, we denote by ¥ (K, m) the (graded)
hyperhomology group.# (K ® Z,). Note that.# (K, 0) = ¥ (K ® Z) = H(K).
Since X (K, m) = HK ® Z,) (K a free double complex resolution of K),
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the canonical maps Z — Z,, Zpur — Zm, and Z,, — Zy;, induce (coefficient)
homomorphisms \p*: & (K, mk) — £ (K, m) (mk > 0) and up: £ (K, m) —
F (K, mk) (mk > 0). Since K is free, the exact sequence

0—-Z2%2Z—-2,—0

induces a connecting homomorphism of degree —1: ui: Z (K, m) — % (K, 0).
The hyperhomology spectrum of K is the Bockstein spectrum consisting of
F(K,m) (m > 0) and the maps No¥, ur. (all m, B > 0). It is denoted by
(& (K, m)}. The chief result of (4), which we shall use below, is

TuEOREM 1.1. If K and L are complexes, then there is a natural isomorphism
of graded groups:

(L(K,m)} @ {(L(L,m)} =F (K QL).

Furthermore, if K and L are differential graded rings, then there is induced a
ring structure on L (K ® L) and (&L (K, m)} ® (L (L, m)} so that the isomor-
phism is a ring isomorphism.

2. The cone spectrum.

Definition 2.1. If f: K — L is a chain map, then the cone of f is the complex
given by:

(Cf)n = Kn—l + Lm
d(u,v) = (—du, dv + f(u)).

If K is any complex, then multiplication by a positive integer m gives a
chain map m: K — K; the cone of this map will be denoted by C(K, m).
Define chain maps

k. C(K, mk) — C(K, m),
pme: C(K, m) — C(K, mk)
as follows:
M, v) = (ku,v),  (u,v) € K, + K, = C(K, mk),;
pme(u, v) = (u, kv),  (u,v) € K,o1 + K, = C(K, m),.
For each m > 0, define a chain map Ay: K — C(K, m) by
(@) = (0,4), u € K,;(0,u) € Kpy + K, = C(K, m),.
Also, define a map ui: C(K, m) — K by
wo(u,v) = —u, (u,v) € K,1+ K, = C(K, m),.

4o is not a chain map; it has degree —1 and anticommutes with the boundary
(i.e. dug = —puod). Each of the maps No¥, um: (mk > 0) induces a map on
the homology groups HC(K, mk), HC(K,m) of C(K, mk), C(K, m) ; the induced
maps will also be denoted by A¥ and upy. .If K is denoted by C(K, 0), then
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the collection of groups {HC(K,m)} and maps A", ume (m, B > 0) will be
called the cone spectrum of K; it is a Bockstein spectrum.

Definition 2.2. If K is a differential graded ring and m a positive integer,
then a differential graded ring structure is given in C(X, m) by:

(w1, v1) (w2, v2) = (192 + (—1)"191 us, v19,),

where (45, v;) € Kp1 + K, = C(K,m),, (1 =1, 2).
A tedious but straightforward calculation shows that this product has all
the required properties ((0, 1g) is the identity).

TrEOREM 2.3. If K is a complex of abelian groups, then there is a natural
isomorphism of spectra:

(L (K, m)} = {HC(K, m)}.
If K is a differential graded ring, this is a ring isomorphism.

By an isomorphism of spectra is meant a collection of isomorphisms
{fn: L (K, m) - HC(K,m)} (m >0) such that wmfn = fmrpme and
Nofmk = fu Np* (mk > 0).

Proof. By definition, £ (K,0) = H(K) = HC(K,0). For each m > 0,
FL(K,m) = HK ® X,), where X,, is a free resolution of (the complex)
Z . In particular, we may choose for X,, the resolution:

0— Z(en) > Z(c'n) = Zn(1n) =0,

where dc,, = mc’, and {(¢'n) = 1,. Note that this is a free resolution of both
the group and the complex Z,,. Since K, ® Z = K, for all p, K @ X,, is the
complex given by

(K ® Xm)p = Kp-1 ® Z(Cm) + Kp ® Z(C,m) E’Kﬂ_l + Kp;
A(u,v) = (Ou, (=) Ymu + dv); (u,9) € Kp1 + K,.

Define a chain map f,.: (K ® X,,) — C(K, m) by
Fult, v) = ((—1)7~u, v), (u,v) € Kp_1 + K,

It is evident that f, is an isomorphism in each dimension and therefore
induces (for each m > 0) an isomorphism:

fu: L (K, m) = HC(K, m).

Let fy be the identity map on ¥ (K, 0) = H(K) = HC(K, 0).

To show thatf = {f,} is in fact a map of spectra we need only show that f
commutes with X and u. Recall that the maps \o%, um; (mk > 0) on £ (K, m)
were induced by the canonical maps Z,,; — Z, and Z,, = Zx. Thus we can
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take Ap¥ and up; on (K, m) to be the maps induced by the following
chain maps:

ks X e = Xy Ncmr) = EBCpny, N mr) = Cmr (mk > 0);
an: Z—)me X(l) = Clm; ﬁzk: Xm _>ka, ﬁ(cm) = Cmiy
B(c'm) = k' mp (mk > 0).

But the maps induced by these maps on K, 1+ K, = (K ® X,x), and
K, 1+ K, = (K ® X,), are precisely the maps A, and unm; defined on
K, 1+ K, = C(K,mk), and C(K,m), It follows immediately that f
commutes with A and y in these cases; the case of f and A is also easy.

It remains only to show that foug = wo'fn (for m > 0). On X (K, m) =
H(K ® X,) the map up is the composition

HK ® X,) & HE ® X,) > H(K ® 2,) %, HE)S H(K),

where K is a free resolution of K and the first and last isomorphisms are
induced by the augmentation e: K — K ; the second isomorphism is induced
by the augmentation ¢: X,, — Z,,; 8y is the usual connecting homomorphism.
If 7n(x) denotes the homology class of an element x, then &7 is given on
2@ Q® 1,) € HK ® Z,) by 7((1/m) ou) € H(K). Let (u,v) be a cycle of
K, 1+ K, = (K ® X,),; recall that (u, v) is the element u ® ¢,, + v ® ¢’n.
Hence ug'[7(u, v)] is the homology class of the element

(1N e )(U®cn+2® )
(e @ NU B Cn+ v m)
= e (e ® 1,) = e((1/m)d)(ev) = (1/m)dv.

Butsince (#,v) isacycle, (—1)?~'mu 4+ dv=0, and thus uo'[7(u,2)]=(—1)?9(x).
It follows immediately that foug = wo fm. Hence f is an isomorphism of
spectra.

Now suppose that K is a differential graded ring. We need only show that
each map f,, (m > 0) preserves products. Note that the resolution X,, of Z,
is a differential graded ring, if a product is defined by

CmCm = 0, Cn'C'm = Cn = C' mCm, ' =
A direct calculation now shows that the product in K ® X, is given by

(1, v1)- (2, v2) = ((—1)P2uy 9 + v1 U2, v192),

where (u;, v;) € Ky1+ K, = (K ® Xm),,i (¢ = 1, 2). Another easy calcula-
tion shows that f,, does in fact preserve the product structure. This completes
the proof of the theorem.

Note that the first part of the proof actually proves
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COROLLARY 2.4. For each complex K and integer m > 0, there is an isomor-
phism (natural in K ):
CK,m) =K Q@ X,.
3. Characterization of ¥ (K ® L). The following theorem is now an
immediate corollary of Theorems 1.1 and 2.3.

TuEOREM 3.1. If K and L are complexes, then there is a natural isomorphism
of graded groups:

{HC(K,m)} ® {HC(L,m)} 2% (K ® L),
which is a ring isomorphism if K and L are differential graded rings.

Since the spectra tensor product is defined essentially in terms of generators
and relations, we can now use the isomorphism of Theorem 3.1 to obtain a
description of (K ® L).

If (u’,u) is a cycle in C(K,m), then o(u’,u) = (—ou’, du + mu’) = 0;

hence du = —mu’ and du’ = 0. This leads us to take for the generators of
Z,(K ® L) all symbols of the forms:
1) [« u,?, v]ln wherem > 0, 0u = —mu’, v = —mev’, du’ = 0, 9’ = 0,

degu 4+ degov =p +1;
(2) 10, u, 0, v]o, where ou = 0, dv = 0, deg u + deg v = p.
The symbol [«/, u, v’, v],, represents the element

(', u) @ n(@,v) € HC(K,m) @ HC(L, m)

whose coset is an element of { HC(K, m)} ® {HC(L, m)}. Similarly, [0, %, 0, v]o
represents

n(u) ® 7(v) € HK) ® H(L) = HC(K, 0) ® HC(L, 0).

The requirements on degrees are necessary because of the way degrees are
defined in the spectra tensor product (so that the resulting isomorphisms will
be isomorphisms of graded groups).

The following relations are required to hold whenever both sides of the
equation are defined (in relations (3)-(7) m > 0; if m = 0 it is assumed that
#' = 0 and v = 0; in relations (8)-(11) m, & > 0):

3) [—ou’, du + mu', v, v], = 0;
@) [, u, —dv, dv + mv'],, = 0;
6) w+a,u +4a,9, 0, =W, u, v, 0, + [@, 4,
(6) [u’y u, v + l-),y v + ?_)]m = [M’, u, 7.’,, v]m + [u‘,y u,
@) [rd, ru, o', vl = [, u, rv', r0], forr € Z;
8) [k, u, v, v]m = [, u, v, kv)pny;
9) [u, u, b, v]m = (W, ku, V', V) r;
(10) [0, u, v', 9]m = [0, %, 0, — ¥']o;
(11) [«#, u, 0, 9], = [0, — «/, 0, v],.

Vm;

v,
o
7, 0lm;
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Relations (3) and (4) merely state that the homology class of a boundary in
C(K, m) or C(L, m) is zero. Relations (5)—(7) are those necessary to define the
usual tensor product HC(K, m) @ HC(L, m); for the spectra tensor product is
a quotient group of X ,»¢ HC(K, m) @ HC(L, m). Finally, relations (8)-(11)
are those required by the definition of the spectra tensor product.

Z,(K ® L), defined in this way, can be made into a covariant bifunctor:
if f: K— K" and g: L — L' are chain maps, define

L, ', u, o', 0]n = [f), fw), g@"), g@)]n.
We can summarize these facts in

TuroreM 3.2. If K and L are complexes, then £ (K ® L) is naturally
isomorphic to the group with gemerators all symbols of the forms (1) and (2),
subject to the relations (3)—(11).
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