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The Structure of the Unit Group of the
Group Algebra FyDsg

Leo Creedon and Joe Gildea

Abstract. Let RG denote the group ring of the group G over the ring R. Using an isomorphism between
RG and a certain ring of #n X n matrices in conjunction with other techniques, the structure of the unit
group of the group algebra of the dihedral group of order 8 over any finite field of chracteristic 2 is
determined in terms of split extensions of cyclic groups.

1 Introduction

Let RG denote the group ring of the group G over the ring R. When a ring S contains
the identity 1s, an element a of S is invertible if and only if there exists an element
s € Ssuch thata-s = s-a = 1g. The set of all the invertible elements of S forms a
group called the unit group of S, denoted by U(S). The homomorphism e: RG — R

given by
€ (Z agg> = Z aq

geG g€eG

is called the augmentation mapping of RG. The normalized unit group of RG de-
noted by V(RG) consists of all the invertible elements of RG of augmentation 1. It is
a well-known fact that U(RG) = U(R) x V(RG). For further details and background
see Polcino Milies and Sehgal [10]. In [11], a basis for V(F,G) is determined where
IF,, is the Galois field of p elements and G is an abelian p-group.

We are interested in the structure of U(FG) where F is a field of characteristic 2
and G is a finite 2-group. If G is a finite 2-group and F is a field of characteristic
2, then V(FG) is a finite 2-group of order |F |‘G|71. The structure of the unit group
of the group algebra IF; D is established in [12], where Dy is the dihedral group of
order 8. In [7], the unit group of IF, G is described where [F,»G| < 21°.

The map *: KG — KG defined by

<Z“gg> - > ag

g€G geG

is an antiautomorphism of KG of order 2. An element v of V(KG) satisfying v~! =
v* is called unitary. We denote by V. (KG) the subgroup of V(KG) formed by the
unitary elements of KG. In [1], a basis for V..(FG) is established, where F is any finite
field and G is an abelian p-group. In [3], V. Bovdi and A. L. Rosa determine the order
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of V. (IFxDg) where Dy = (x,y|x* = 1,y> = 1,yx = x'y). Since Dy is extra
special, V.. (F,xDs) is normal in V (IFxDg) by Bovdi and Kovacs [2].
Let M,,(R) be the ring of n x n matrices over R. Using an isomorphism between RG
and a subring of M,,(R) and other techniques, we establish the structure of U(F,Ds).
The main result is that the unit group of IFxDj is isomorphic to

[(((Czk x C45) % CF) x C,F) « Cy)] X Cy_y.

The techniques described in this paper can be easily implemented using the LAGUNA
package [4] for the GAP system [13].

1.1 Background

Definition 1.1 A circulant matrix over a ring R is a square n X n matrix of the form

ap a dads ... ay

a, a a ... a4y—1
circ(ar, az,...,a,) = | -1 4n 41 ... Au—2

ay as a4 ... a;

where a; € R.

For further details on circulant matrices, see Davis [6].
Fix a labeling of elements of G by indices {1,2,...,n},s0 G = {g1,8,---, %}
Then the matrix

gl_igl gl_igz gl_iga e g1_1gn
£ 8 £ £ £ LB - £ &
$'a SR &G . &
4 5 2 B
S & & &£ & 8 --- 8 &

is called the matrix of G (with respect to this labeling) and is denoted by M(G). Let
w =" g8 € RGwhere R is aring. Then the matrix

(0% 1 Ay —1 [ 1

81 &1 81 & 8178 817 8&n
Qgy=lg A=ty Og-lg Qgy—1g,
Og—1g OQg—lg,  Qg—igy Qgy—1g,
agnflgl O[gr17132 Oégn7133 agf‘gn

is called the RG-matrix of w and is denoted by M(RG, w). The following result can
be found in [9].
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Theorem 1.2 Given a labeling of the elements of a group G of order n, there is a ring
isomorphism between RG and the n x n G-matrices over R. This isomomorphism is
givenby o: w— M(RG,w).

Example 1.3 LetD,, = (x,y | x"=1,y* = 1,yx =x"'y) and

n—1 n—1
K= Za,'x’ + Z bjx'y € IF pDap,
i=0 =0

where a;,b; € F, pis a prime and m € Ny, then o(k) = (;T ABT), where A =
circ(ag, ay, .. .,a,_1) and B = circ(bg, by, ..., b,_1).

The next result can be found in [5].

Theorem 1.4 Let A, B, C, and D be n x n matrices. Then det( a g) = det(AD—BC)
if C and D commute.

The next two results can be found in [8].

Proposition 1.5 Let A = circ(ag,a,...,apm_1), where a; € IF e p is a prime and
m € Ny. Then
-1
det(4) = ) a".
i=0
Proposition 1.6 Let A = circ(ay, ay, ... ,apm) and B = circ(by, by, ..., byn), where

ai,bj € Fpi, pisaprimeand m € No. Then
det(A £+ B) = det(A) + det(B).
Theorem 1.7 U(F;xC;) = G,k x Cy_;.
Proof LetC, = (x | x> = 1). Clearly [V (FxC,)| = 2. Let @ = a + bx € V(FxC,),

where a,b € Fyi. Then o? = a? + > = (a + b)? = 1, since a € V (F,xC,). Therefore
V (IF5C,) has exponent 2. [ ]

2 The Structure of U(IF,«Ds)
Define the group epimorphism 6: U(FxDs) — U(F,C,) given by

3 3 3 3
Y ar +3 by — S a+ Y
i=0 =0 i=0 =0

where a;, b; € IFyx, where ¥ is the generator of the group C,.

Define the group homomorphism ¢ : U(FxC,) — U(F,Ds) by a + by +— a+ by.
Then 6 o Y(a + by) = 6 (a+ by) = a+ by. Therefore, U(F,:Ds) is a split extension
of U(IF,xC7) by ker(6).
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Therefore,
U(ExDg) 2 H x U(F5Cs) = H % (CF x Cyi_y) 2 (H 3 CF) x Cy_,
where H = ker(6). Note that

27k(2k — 1)

L =%
2K(2k — 1)

H| =

Proposition 2.1 H has exponent 4.

Proof Let

3 3
o= Z a;x + Z bjxjy € U(FxDg),

i=0 =0

where a;, b; € Fy. Then

3 3
a€H<:>Za,~:1and ij:O,
i=0 =0

3 2
o = (ag+ @)’ + (z b]-> + (by + by)(by + b3)x + (ay + a3)’x
j=0

+ (bo + by)(by + ba)x3 + (ay +a3)(by + b3)y + (a1 + a3)(bo + by)xy

+ (a; +az)(by + b3)x2y + (a; +as)(by + bz)x3y.

Therefore every element of order 2 has the form 1 + s + tx + sx* + tx* + uy + vxy +
ux?y + vx’y, where s, t, u, v € Fy.

Then
3 3 4 3 4
oz4:2a,-4+2bj4:(2ai> +(Zb]> =1. |
i=0 =0 i=0 =0
Proposition 2.2 Let o € H. Then [o0(a)]™' = [o(a)]*, where [o(a)]* is the

adjoint matrix of o ().

Proof Let
o= Zaix’ +ijx]y €H
i=0 =0
where a;,b; € Fx. Then o(a) = (;Tfr) where A = circ(ay, a;,a,,4a3), B =
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circ(by, by, by, b3). Using Theorem[[.4land Propositions[L3and[L.8] it is clear that
det(o () = det(AAT — BBT)
= det(AAT) + det(BBT)
= det(A?) + det(B?)
= (det(A) + det(B))?
3 3 2 3 4 3 4\ 2
_<Za,~4+2b1~4> _<( 61,‘) +( b1> ) =1,
i=0 j=0 i=0 j=0
since o € H. ]

Proposition 2.3 Let S be the subset of H consisting of elements of the form

3 3 3 3
(1 +Zai) + Zaixi + Zaiy+zﬂixi)”
i=0 i=0 i=0 i=0

where a; € Fy and Z?:o a; = 1. Then S is a group and S = Gk x k.
Proof Let

3 3 3 3
x1:<1+2a,-) + aixl+Zaiy+Zaix‘y
i=0 i=0 i=0 i=0

and
3 3 ) 3 3 )
o = <1+ij) £3 b + 3 by + S by,
=0 =0 =0 =0

where a;,b; € Fy, Z?:o a; = 1and E;:o bj = 1. Then

3 3 3 3
X%, = <1+7+Z(ai+bi)> +> (@bt y)x +> (a+bi+y)y+ Y (aitbi+y)x'y,
i=0 i=0 i=0 i=0

where v = (a;+as3) (b +b3). Therefore S is closed under multiplication and |S| = 23k,
It can easily be shown that S is abelian.

Therefore S = Czl x C4™ for some I and m. Consider Czl x C,™. The number of
elements of order 2 or 1 is 22" = 2", Therefore the number of elements of order 4
is 2l4m — phvm — plrm(am _ 1) Then

x> =1+ Z(ﬂh +as)’x + Z(al +as)’x’y and x’=1<=a =a;.
i=1 =1

However, the number of elements in S of order 2 or 1 is 22%. Therefore the number

of elements of S of order 4 is 23 — 22 = 22k(2k — 1), Thus [+ m = 2k,m = k =

I=m=kand S C,* x C,~. [ |
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Proposition 2.4 Let N be the subset of H consisting of elements of the form 1 + px +

x>+ qy +rxy + Xty + qx°y, where p, g, r € Fyi. Then N is a group, N = C,* x C,f
and N < H.

Proof Let

mo=1+px+px +qy+nxy+ncy+qxy€Yand
Hy =1+ pox+ poxX’ + ay + 1xy + X’y + ux°y €Y,
where p;, qr, 11 € Fy. Then
mmy =1+ (p1+ pa+y)x+ (pr+ p2 +71)x +(q1 + ga + )y + (r + 12+ 12)xy
+(r 2+ )y + (q+ g2 + 72X
wherey; = gy +riqa +qira+rir; and v, = piqa+ pira+11py+q1 pa. Therefore N is
closed under multiplication and |[N| = 23, It can easily be shown that N is abelian.

Let

a=1+px+pxc +qy+rxy+rx’y+qx’y € Nand
3 ) 3 )
h:Zaix’+ijx’y€H,
i=0 =0

where p,q,1,a;,b; € Fy. Then
. _(E FE\' (A B\(E F
U(h ah) - (FT ET> (BT A FT ET

(A G
7GTA7

where
A = circ(1, p, 0, p), B = circ(q, 1,1, 9),
E = circ(ag, ar, a2, a3), F = circ(by, by, by, b3),
G=circ(g+ A\ r+ A\ r+ X q+XA), A= (+qa+as).
Thus N < H.
Also o = 1+ (r + q)(x + x*). Therefore > = 1 <= r = q. Repeating the
argument used in the previous lemma, N = G,k x ¢,k [ |

Proposition 2.5 H = NS.

Proof By the second Isomorphism Theorem, S/SNN =2 NS/N. Thus |[NS/N| = 23
and |NS| = 2%, Therefore H = N. [

Theorem 2.6 U(FxDs) 22 [((CF x CF) x C,F) x C,F) x Cy0)] x Cpy.
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Proof Clearly N NS = 1, therefore H = N x S and U(FxDg) == ((N % S) % ) x

Czk —1-
Let

Then

nS

(%
|

3 3 3 3
(1+ ai>+Zaixi+2aiy+2aixiy63and
i=0 i=0 i=0

i i=0

n=1+px+px’+qy+rxy+rcy+gc’y € N.

:1+px+px3+ (q+(r+q)(a1+a3))y+(r+(r+q)(a1+a3))xy

+ (r+ (r+q)(m +a3)) Ky + (q-i— (r+q)(a + a3)) xy.

Therefore n* = n if and only if @, = as. If a; = a3, then s* = 1. Therefore the
elements of order 2 in S act trivially on N and

N xS (Czk X C4k) X (Czk X C4k) = ((Czk X C4k) X C4k) X CZk-

Thus
U(F;Ds) = [(((CoF x C4F) % CF) x CF) x CF)] x Cyey. (]
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