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Parabolic Geodesics in
Sasakian 3-Manifolds

Jong Taek Cho, Jun-ichi Inoguchi, and Ji-Eun Lee

Abstract. 'We give explicit parametrizations for all parabolic geodesics in 3-dimensional Sasakian space
forms.

1 Introduction

Let M = (M, ¢, &, 7, g) be a 3-dimensional contact strongly pseudo-convex pseudo-
Hermitian manifold with Tanaka—Webster connection V.

A curve in M is said to be a slant curve if its tangent vector field makes constant
angle with the Reeb vector field £ of M [9].

In our previous paper [12], we proved that every @—geodesic parametrized by arc
length in a Sasakian 3-space form is a slant curve. Moreover, we showed that the
acceleration vector field @7/7’ of a unit speed slant curve ~(s) in a Sasakian 3-space
form is orthogonal to £ everywhere.

On the other hand, D. Jerison and J. M. Lee [14] introduced the notion of
parabolic geodesics in contact strongly pseudo-convex pseudo-Hermitian manifolds.

According to Jerison and Lee, a curve ~(s) in a contact strongly pseudo-
convex pseudo-Hermitian manifold is said to be a parabolic geodesic if it satisfies
@7/7' = a&,(s) for some constant a and initial condition v/(0) L &,). Parabolic
geodesics naturally induce parabolic exponential maps. The parabolic exponential
map is a local diffeomorphism from a tangent space T, M into M. Then any choice
of orthonormal frame for the holomorphic subspace H,, of the complexified tangent
space T;gM gives an identification of T,M and the Heisenberg group Nil. Compos-
ing this identification with the parabolic exponential map yields pseudo-Hermitian
normal coordinates around p. The pseudo-Hermitian normal coordinates allow us
to considerably simplify the computation of Taylor series of the pseudo-Hermitian
structure explicitly in terms of pseudo-Hermitian curvature and torsion.

The purpose of this paper is to give explicit parametric equations for all parabolic
geodesics in Sasakian 3-space forms.
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2 Preliminaries
2.1 Contact Manifolds

We recall the fundamental ingredients of 3-dimensional contact Riemannian geom-

etry. Our general references are D. E. Blair’s lecture notes [4] and monograph [5].
Let M be a 3-dimensional manifold. A contact form is a one-form 7 such that

dn Amn # 0on M. A 3-manifold M together with a contact form 7 is called a con-

tact 3-manifold. The Reeb vector field £ is a unique vector field satisfying n(§) = 1,
On a contact 3-manifold (M, 7), there exists a structure (p, £, g) such that

O =-T+n®E gleX,pY) =gX,Y) — n(X)n(Y),
gX,pY) =dn(X,Y), X,Y € X(M).

Here X(M) denotes the Lie algebra of all smooth vector fields on M.

The structure (¢, &,n,g) is called the contact Riemannian structure of M asso-
ciated with the contact form 7. A contact 3-manifold together with its associated
contact Riemannian structure is called a contact Riemannian 3-manifold and denoted
by (M, ¢,&,n,¢). A contact Riemannian 3-manifold M satisfies the following for-
mula ([18]):

(2.1) (Vxp)Y =g(I+h)X,Y) —n(Y)I+h)X, X,Y € X(M).
Here h is an endomorphism field defined by h = £¢¢/2. The formula implies
(2.2) Vxé =—p(I+h)X, XeXWM).

One can see from (2.2) that ¢ is a Killing vector field if and only if h = 0.
A contact Riemannian 3-manifold (M, ¢, £, 7, g) is called a Sasakian manifold if it
satisfies

(Vxp)Y = g(X,Y)§ —n(Y)X

forall X, Y € X(M).

The formulas (Z.I)) and (2.2]) imply that a contact Riemannian 3-manifold is Sasa-
kian if and only if its Reeb vector field £ is a Killing vector field.

A plane section II,, at a point p of a contact Riemannian 3-manifold is called a
holomorphic plane if it is invariant under ¢,. The sectional curvature function of
holomorphic planes is called the holomorphic sectional curvature. Sasakian 3-mani-
folds of constant holomorphic sectional curvature are called Sasakian 3-space forms.

2.2 Bianchi-Cartan-Vranceanu Spaces

To describe a parabolic geodesic in 3-dimensional Sasakian space forms explicitly, it
is convenient to use the so-called Bianchi—Cartan—Vranceanu model spaces.

https://doi.org/10.4153/CMB-2011-035-2 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2011-035-2

398 J. T. Cho, J. Inoguchi, and J.-E. Lee

Let ¢ be a real number and set

D = {(x,5,2) € R(x,y,2) ‘ 1+ g(x2+y2) >0}.

Note that D is the whole R®(x, y,z) for ¢ > 0. We equip the region D with the
following Riemannian metric:

dx?* + dy? N (dz+ ydx — xdy )2-

8= {1+ 52+ y2)}? 1+ 5(x*+y?)

The one-parameter family of Riemannian 3-manifolds {(D, g.) }.cr was introduced
by L. Bianchi [3], E. Cartan [8], and G. Vranceanu [21] (see also Kobayashi [15]).
Take the following orthonormal frame field on (D, g.):

c 0 0 c 0 0 0
”1:{1+E(x2+)’2)}a*}’&7 u2:{1+5(x2+y2)}8fy+x&, = .

Then the Levi—Civita connection V of this Riemannian 3-manifold is described as

Vulul = C)yuy, Vullxlz = —cyu; + us, Vu1u3 = —uy,

VU1 = —C¢ Xty — us, Vi,ty = ¢ Xy, Vi,us = uy,

vu3u1 = —Uup, vu3u2 = Uy, vu3u3 =0.
[y, up] = —c yuy + cxuy +2u3,  [up, u3] = [us, 1] = 0.

Define the endomorphism field ¢ by
YU = Uy, Uy = —u;, puz=70.

The dual one-form 7 of the vector field £ = u3 is a contact form on D and satisfies
dn(X,Y) =g¢(X,9Y), XY € X(D).

Moreover, the structure (¢, &, 7, g) is Sasakian, and (D, g.) is of constant holomor-
phic sectional curvature H = —3 + 2¢ (¢f. [2,16]). Hereafter we denote this model
(D, g.) of Sasakian space form by M*(H). The model M?(H) of Sasakian 3-space
form is called the Bianchi—Cartan—Vranceanu model of Sasakian 3-space forms.
__The Reeb flows are the translations in the z-directions. Hence the orbit space
MZ2(H + 3) = M?(H) /& under the Reeb flow is given explicitly by

dx* + dy? >

v 2 €2, 2
M2 = ({(x,y)GJR{ ’ 1+2(x +y)>0}’{1+§(x2+y2)}2

The natural projection 7: M*(H) — M2(H +3) is given by m(x, y,z) = (x, y). Note
that the orbit space is of constant curvature H + 3.
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Example 2.1 (Heisenberg group) The Sasakian space form M?(—3) of constant
holomorphic sectional curvature —3 is isomorphic to the Heisenberg group Nil;. The
Heisenberg group Nil; = M?(—3) is realized as R(x, y, z) with Sasakian metric

g0 = dx* + dy* + (dz + ydx — xdy)*
and group structure
(2.3) (x,9,2) - (%, 7,2) := (x+ X,y + J,z+ Z+xJ — Xy)

for (x, y,2), (%X, 7,2) € R*(x, y,z). The Riemannian metric gy is invariant under left
translations with respect to the group structure (2.3). Note that Nil; is the model
space of nilgeometry in the sense of W. M. Thurston [20].

Example 2.2 (H > —3) The Sasakian space form M?>(1) of constant holomorphic
sectional curvature 1 is of constant curvature 1. Hence M?(1) is an open portion of
the unit 3-sphere $* equipped with canonical Sasakian structure. The Sasakian space
form M?(H) with H > —3 and H # 1 is an open portion of the Berger sphere [1].

Example 2.3 The Sasakian space form M?(H) with H < —3 is the universal cover-
ing of the special linear group SL,RR equipped with canonical Sasakian structure.

3 Parabolic Geodesics
3.1 Pseudo-Hermitian Structures

For a contact Riemannian 3-manifold M = (M, n;§, ¢, g), the tangent space T,M
of M at a point p € M can be decomposed as the direct sum T,M = D, ® RE,,
with D, = {v € T,M | n(v) = 0}. Then the correspondence D: p — D, defines
a 2-dimensional distribution orthogonal to &, called the contact distribution. We see
that the restriction ] = ¢|p of ¢ to D defines an almost complex structure on D.
Denote by T“M the complexified tangent bundle of M. The holomorphic subbundle

H={X-+V-1]X|X €D}

is called the almost CR-structure of M associated with the contact Riemannian
structure (¢, §,7,g). We can see that each fiber H, is of complex dimension 1,
HNH = {0}, and D¢ = H @& K. Furthermore, the associated almost CR-structure
is always integrable, that is, the space I'(JH) of all smooth sections of J{ satisfies the
integrability condition [I'(F(), I'(H{)] C I'(F). The Levi form L associated with H is
defined by

L: I'(D) x I'(D) — §(M), L(X,Y) = —dn(X,]JY),
where §F(M) denotes the algebra of all smooth functions on M. It is easy to check

that the Levi form is Hermitian and positive definite. We call the pair (7, L) a contact
strongly pseudo-convex pseudo-Hermitian structure on M.
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3.2 Tanaka-Webster Connection

Now, we review the Tanaka—Webster connection ([17,22]) on a contact strongly
pseudo-convex pseudo-Hermitian manifold M = (M;n, L) with the associated con-

tact Riemannian structure (¢, £, 7, ). The Tanaka—Webster connection V is defined
by
VxY = VxY +n(X)eY + (Vxn)(Y)§ — n(Y)VxE

for all vector fields X,Y on M. Together with (2.1)), v may be rewritten as
VxY = VxY +A(X,Y),
where we have put
AX,Y) = nX)eY +n(Y) (eI +h)X) — g(e(I+h)X, Y)E.
We see that the Tanaka-Webster connection V has the torsion
T(X,Y) = 2¢(X, V)€ + (Y )phX — 5(X)phY.

In particular, for a Sasakian manifold M, the difference tensor A and the torsion
tensor T have simpler forms:

AX,Y) = n(X)pY +n(Y)pX — g(pX,Y)E,
T(X,Y) = 28(X, ¢Y)E.

Furthermore, the following was proved in [19].

Proposition 3.1 The Tanaka—Webster connection V on a contact Riemannian
3-manifold (M, v, &,n, g) is the unique linear connection satisfying the following con-
ditions:

° Yn:O’ §£:0’
° Yg:()) VSDZO’

o T(E9Y) = —T(£,Y), Y € I'(D).

The Tanaka—Webster connection V of the Bianchi—Cartan—Vranceanu model
space is described as

o~

Vuur =cyuy, Vyup=—cyuy, Vy,u =—cxuy, Vi =cxup;

~

all others are zero.
Here we recall the notion of parabolic geodesic in the sense of Jerison and Lee.

Definition 3.2 ([14]) A regular curve v: I — M, defined on some open interval

I containing the origin, is a parabolic geodesic of a contact strongly pseudo-convex
pseudo-Hermitian 3-manifold M if
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(i) ~(0) =p e Mand~'(0) € D,, and
(ii) thereisa constanta € Rso that V' =2a &, foranyt € I.

Take a tangent vector W € T,M orthogonal to &, and define a curve o(s) in
TyM by owa(s) = sW + aszfp. Let Yy 4(s) be the parabolic geodesic in M with
initial condition v ,(0) = p and 7y, ,(0) = W. Then the parabolic exponential map
expy : TyM — M is defined by

exp2 (W +af) = .a(1).

Jerison and Lee [14] showed that explpj maps a neighborhood of 0 in T,M diffeo-
morphically to a neighborhood of p in M and maps ow, to Yw,. By means of
the parabolic exponential map, Jerison and Lee [14] defined a family of natural
charts near p called the pseudo-Hermitian normal coordinates. Note that the pseudo-
Hermitian normal coordinates are normal coordinates in the sense of Folland and
Stein [13].

3.3 Parabolic Geodesic Equations

To obtain explicit parametrizations of parabolic geodesics, we use the Bianchi—
Cartan—Vranceanu model space V> (H). Let v(s) = (x(s), y(s),z(s)) be a curve in
M?(H). Then by using a local orthonormal frame field {u;, uy,u3 = £} in Section
we can write

V() = T(s) = Ty()ur + Ta()u + T5(s)us.
Now we have the parabolic geodesic equation for ~:
VT = {T] — To(cyT) — exTy) Yuy + {Tj + Ty(cyTy — cxTy) }uy + Thus = 2a€.
Hence, 7 is a parabolic geodesic if and only if

Tll — Tz(CyTl — CxTz) = 0,
(31) Tzl + Tl (C}/Tl — CXTQ) = 0,
T; = 2a.

From the third equation of (3.1) and the initial condition, it follows that T5(s) =
2as. Let us multiply the first equation in (3.I) by T:(s) and the second equation by
T5(s), then we get

Tl Tll — Tl Tz(C}/Tl - CxTz) = 0,
T2T2, + Tsz(C}/Tl — CxTz) =0.

Adding these equations, we obtain T; T{+T, T, = 0, which is equivalent to % (Ty(s)*+
T,(s)*) = 0. This implies that T, (s)? + T»(s)* is a non-negative constant, say b* € R.
Thus the tangent vector field T(s) = «/(s) has the form

(3.2) T(s) = b{cos B(s)u; + sin B(s)uy } + (2as)us,
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since 7'(0) € D,.
Inserting (3.2) into the first equation of (3.I)), we have

(3.3) bsin B(s){ B'(s) + be( y(s) cos B(s) — x(s) sin B(s)) } = 0.
Next, inserting (3.2)) into the second equation of (3.1]), we have

(3.4) beos B3(s){ B'(s) + be( y(s) cos B(s) — x(s) sin B(s)) } = 0.
Equations (3.3) and (3.4) imply that

(3.5) b{ 3'(s) + be(y(s) cos B(s) — x(s) sin B(s)) } = 0.
Hence b = 0 or

(3.6) B'(s) + be( y(s) cos B(s) — x(s) sin 3(s)) = 0.

On the other hand, tangent vector field T of «y is also represented as:

o (9 dy dz\ _dx0  dy 0  dz0
~\ds'ds'ds) dsox dsOy dsOz

Using the relations:

2—;@4 + yus) i—;(u — Xu3) g—u
Ox 1+ TR Gy T ey 2T B g T
we get
§={1+£(x2+y2)}T dl:{1+f(x2+y2)}T
ds 2 b s 2 >

dz_ ! dx A
A= T Tri@e\ds’ Tds )

Hence we obtain the following.

Lemma 3.3 Let~y: I — M be a parabolic geodesic in a Sasakian space form NC(H).
Then the system of differential equations for -y is as follows:

(3.7) %(s) = beos B { 1+ 2 (x5 + y(?) |

d
(3.8) d—};(s) = bsin 6(5){ 1+ %(x(s)2 + y(s)z) } ,
(3.9) %(s) = 2as+ b{x(s) sin 3(s) — y(s) cos ﬁ(s)} .

Here (3(s) is a solution to (3.5).

Now we determine the parametric equation of a parabolic geodesic.
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3.3.1 b=0

In this case, we have T' = (2as)us. The parabolic geodesic y(s) with initial condition
7(0) = (x0, y0,20) = p is given explicitly by v(s) = (xo, 0, as* + zo). Note that the
initial velocity if v is ¥/(0) = 0 € D,,.

332 b#0andc=0

In this case M?(H) is the Heisenberg group Nil;. Equation is simplified as
B’ = 0. Namely, (3 is a constant, say 3. Thus, from (38.7) and (3.8)), the parabolic
geodesic starting at y(0) = (xo, o, 20) = p is given by

(3.10) x(s) = (bcos By)s + xo,
y(s) = (bsin By)s + yo,

2(s) = as® + b(xo sin By — yo cos By)s + z.
The initial velocity of this parabolic geodesic is y/(0) = b(cos Bou; + sin Fouz) € D,.
Note that by choosing b = 0 in (BI0]), we obtain parabolic geodesics discussed in
Subsection 3.3l for ¢ = 0.
333 b#0andc#0
We solve the parabolic geodesic equation under the initial condition
(x(0), ¥(0),2(0)) = (x0, ¥0, 20)-

Then together with (3.6]), we see that the equation (3.9) becomes

d 1

—Z(s) =2as+ ~f3'(s).

ds c
Thus we have

z(s) = as* + %ﬁ(s) + Zg,

where 2, is a constant defined by z, = zp — 3(0)/c. We now compute the x- and
y-coordinates. We put h(s) := 1+ %{x(s)2 + y(s)*}. Then (B.7) and (3.8) become

(3.11) %(s) = bcos B(s)h(s), and d—y(s) = bsin B(s)h(s),
ds ds

respectively.

(i) Subcase-1: d3/ds = 0.
In this case (3 is a constant, say (3y. Moreover, the projected curve (x(s), y(s)) is
a line in the orbit space M2. The z-coordinate is z(s) = as® + z. We have two
possibilities.
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e cos By # 0: In this case, from (3.6)) we have y(s) = tan 3, x(s), and hence
x(s) is a solution to

%(s) = bcos By [1 + g(sec2 ﬂo)x(s)z} .

Thus x(s) is given explictly as follows:

b
x(s) = \/Ecosﬂo tan( £5) +x9, ¢>0,

x(s) = q/é cos (3 tanh( b\/\;s) +x9, ¢<O.

The angle 3, satisfies yo = tan (yx, because of (3.6).
In particular, if sin 3y = 0, then y = y; = 0 from (or (31)). The
x-coordinate is given by

b
x(s) = j:\/ftan< £5) +x9, ¢>0,

Note that if we choose sin 8 = 0 in (3.2)), then (3.I) implies that y = 0.
e cos By = 0: In this case we have T(s) = +bu, + (2as)us. Then from (B.1]), we
have x(s) = xo = 0, and y(s) is a solution to

dy c
) = ib(l + Ey(s)z).

Hence y(s) is given by

2 b
y(s) = :I:\/:tan( \\gs) +y0, ¢>0,

/2 b\/—cs
y(s)=F :tanh( 7 ) + 50, ¢<O0,

The z-coordinate is given by z(s) = as® + zo.
(ii) Subcase-2: df3/ds # 0.
Next, we assume that d3/ds(sy) # 0 for some s = so. Then we see that d3/ds #
0 nearby s = sp. We note that the function h(s) satisfies the following ordinary
differential equation:

(3.12) %log h(s) = be{x(s) cos 5(s) + y(s) sin B(s) }.
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Differentiating (3.6) and using (3.12]), we have

a4 s, . d
(3.13) a2 (s) = E(S)% log h(s).
Since ‘fi—f # 0, from we obtain
(3.14) %(s) =rh(s), reR* =R\ {0}
Using (B.11)) and (3.14) we obtain

dx b d b .
Z(s) = Zcos B)B'(s),  Z(s) = Z sin B(s)B'(5).
ds r ds r
Hence, the parabolic geodesic v(s) starting at v(0) = (xo, o, 2o) is given by
x(s) = % sin 3(s) + xo,
(3.15) y(s) = —% cos 3(s) + % + yo,
z(s) = as* + 1 (s) + 2o,

where (3(s) is a solution to (B.8) with 5(0) = 0. Inserting (3.15)) into (B.14)), we

get
2
(3.16) % = %(1 — cos 3) + be(xg sin B — yo cos 3).
On the other hand, from (3.15]), we have
(3.17)

rh(s) = r[l + %{x(S)2 + )/(5)2}}
2
=r+ E(1 — cos 3) + be(xp sin 5 — yg cos B) + E{xﬁ + yg + Z—byo}.
r 2 r
Comparing (3.14), (3.16), and (3.17), we obtain the following relation for the
initial data (xo, yo):

Cla Yo _
(3.18) 1+2{xo+ p (2b+ryo)} =0.

Now we integrate the ordinary differential equation (3.16). The ordinary dif-
ferential equation (B.16) is rewritten as

(3.19) / 4p = bcs.
% — (% +y0) cos 3+ xp sin 3

Put ¢ := tan((/2). Then becomes
2dt

e
(2 -:fyn)tz +2X0t*y0

= bcs.

(3.20)

https://doi.org/10.4153/CMB-2011-035-2 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2011-035-2

406 J. T. Cho, J. Inoguchi, and J.-E. Lee

e 2b+ryy = 0: In this case (3.18) implies x; = —2/c. Hence ¢ < 0. Moreover

(3.20) reduces to
dt
2 | ———— = bcs.
ZXQt — Yo

log‘tf&‘ =xpbes+C, CeR
2)C()

Hence we obtain

This formula is rewritten as

t= Zy O+ A exp(xobcs).

Here we put A = 4. By the initial condition 3(0) = 0, A = —2%. Since
(x0, y0) = (£V2/+/=¢, —2b/r), we get
byv/—c
t=F \[ {1—exp(¥b\/—72€s)}

Now we obtain the following formula for 3(s):
B(s) = F2tan~! {b\[‘/z_c{ 1— exp(;b@s)}} .
r

e 2b+ryy # 0: In this case, (3.20) is computed as

2r dt
R = bes.
2b+ry (14 72 r(xg+yg)+2bryo

2b+yr0) - (2b+ryo)?
By (B.18)),
r2(xg + y3) +2bryy 2r?
(2b + ryy)? (b +ry)?
Thus we have
2 dt
(3.21) b +r / 3 = bes.
T
7o (t + 2b+yro) + c(2b+ryo)?

First we consider the case ¢ > 0. When ¢ < 0, (3.21) is rewritten as

2r / dt b
= bcs.
2b + 2 Var )2
0 (t + 2hr~f;)/rg) + ( \ﬁ(ZbJrrryo))

Solving this ODE, we obtain

S V2 tan byes +C
2b+ryy  A/cRb+ryp) V2
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for some constant C. By the initial condition 5(0) = 0, the constant C
is determined as C = tan~'(y/cxo/v/2). Hence the function 3(s) is given
explicitly by

B(s) = 2tan™" { al var { BVES | fan ( \ﬂxo> H :

. t
2b+ryy * \€(2b + ry0) an V2 V2

For the case ¢ < 0, one can show that 3(s) is given explictly by

X0 V2r by/—cs _1/ V—cxo
ey ryo+\/jc(2b+ 7o) tanh{ 7 +tanh ( 7 ) }] .

Remark 3.4 If we look for parabolic geodesics starting at (0, —b/r, 0), we have

B(s) = 2tan™! {

x(s) = %sin 3(s),
y(s) = —Lcos B(s),

z(s) = as* + 13(s).

with 3(0) = 0. In this case, we get h(s) = 1 + g%f and 3’ = b*c/r. From (B.I8), we
have b%*c = 2r*. Hence we obtain

2
B(s) = ?s = 2rs.

Now we arrive at our main theorems.

Theorem 3.5 The parametric equations of all parabolic geodesics in the Heisenberg
group V0 (—3) with initial condition (x(0), y(0),z(0)) = (xo, yo, 20) are given by

x(s) = (bcos By)s + xo,

y(s) = (bsin Bo)s + yo,

z(s) = as® + b(xg sin By — yo cos Bo)s + zo,
where b and (3 are constants.

Here we give a geometric interpretation of this result. To this end, we recall the
group structure (2.3)) of the Heisenberg group. Let us define a curve 7, (s) by

Yo(s) = (bcos By s, bsin By s, as?).
Then ~, is a parabolic geodesic starting at the origin (0,0,0). Take a point p =
(%0, ¥0,20) € Nils. Then Theorem [3.5implies that the parabolic geodesic v(s) start-

ing at p is given by y(s) = p - vo(s). Namely, v(s) is a left translation of v,(s) by
p.
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Corollary 3.6 Every parabolic geodesic in Nils is obtained as a left translation of a
parabolic geodesic starting at the origin.

Remark 3.7 R.Caddeo, C. Oniciuc, and P. Piu [7] classified all unit speed curves in
Nil; which are biharmonic with respect to the metric go. In particular, they showed
that every proper biharmonic curve in Nil; is a helix. Moreover, every proper bi-
harmonic helix starting at p is obtained from a proper biharmonic helix starting at
the origin by means of a left translation. For the classification of proper biharmonic
curves in Sasakian 3-space forms, we refer to [6,10].

Theorem 3.8 Let M*(H) be the Bianchi-Cartan—Vranceanu model space of constant

holomorphic sectional curvature H = —3 + 2¢ with ¢ # 0. Then the parametric equa-
tions of all parabolic geodesics in M°(H) starting at (xo, yo, o) are one of the following
types:

(i) A vertical line through (xo, yo,20); Y(s) = (x0, ¥0, as> + zp).
(ii) v(s) = (x(s), tan Box(s), as® + zy), where [3y is a constant such that cos 3y # 0.
The x-coordinate is given by

x(s) = \/fcosﬂo tan( b£5) +x9, ¢>0,

x(s) = U% cos Gy tanh( b\/\/?s) +x9, ¢<0.

The constant (3 satisfies yo = tan Gyxo.
(iii) xo = 0 and~(s) = (0, y(s), as® + zy), where

2 b
y(s) = :I:\/Ztan( £5) + 50, ¢>0,

/2 by/—cs
y(s)=F _—Ctanh< 7 ) + 9y, ¢<O0,

@iv) ~(s) = (%sin B(s) + xo, —% cos (3(s) + % + yo,as? + %B(s) + zo) , where (3(s) is
one of the following functions:

* yo# —2b/randc>0:

__T™ + V2 tan bycs +tan ! ( \ﬁx()) ,
2b+ryy  \/c2b+ryp) V2

* yo# —2b/randc < 0:

__™ Var tanh{ b 7CS+tanh71( 7ch) }] )
2b+ryy  /—c(2b+ ryp) V2

e yo=—2b/r:

B(s) = 2tan! {

B(s) = 2tan! {

B(s) = F2tan~! [h\\/f;{ 1— exp(¥b@s) }} .
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In case yo = —2b/r, xo is given by xo = £/2//—cand ¢ < 0.

Remark 3.9 Let(s)be aregular curve in a 3-dimensional contact strongly pseudo-
convex pseudo-Hermitian manifold. The contact angle a.(s) is the angle function
between the Reeb vector field £ and the tangent vector field v/(s) of v(s). Namely,
a(s) is defined by the formula:

n(~'(s))

v/(s)]>

A regular curve (s) is said to be a slant curve if its contact angle is constant ([9]). In
our previous work [12], the following result was obtained.

cosaf(s) =

Proposition 3.10 Let~y: I — M be a unit speed slant curve in a Sasakian 3-space
form. Then the acceleration vector field V., ~y" with respect to the Tanaka—Webster con-
nection is orthogonal to £ everywhere.

Note that every @-geodesic in a Sasakian 3-space form is a slant curve. Moreover,
one can see that every biharmonic unit speed curve in a Sasakian 3-space form, and
M3(H) is a slant helix (see [7,9, 10]).
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