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ABSTRACT 

A f i r s t - o r d e r l i n e a r p a r t i a l d i f f e r e n t i a l equation i s 
presented, giving the non-s ta t ionary po t en t i a l funct ions U^J 
(x ,y , t ) which give r i s e to a given family of evoling planar 

o r b i t s f (x ,y , t ) = c in two-dimensional dynamical system. I t 
i s shown, t h a t t h i s equation i s applied in c e l e s t i a l mechan­
i c s of v a r i a b l e mass. 

INTRODUCTION 

A new approach to the c l a s s i c a l inverse problem of f i n d ­
ing the po t en t i a l from the o r b i t s was made by V.Szebehely 
(1974). 

Let 

f (x,y) = c = cons t . a ) 

i s a given monoparametric family of planar o r b i t s in dynami­
cal system determined by the equat ions of motion in rec tangu­
lar coord ina tes x and y 

x = Ux , "y = Uy (2) 

then the po t en t i a l U = U (x,y) may be determined from Szebehe-
ly 1 s equation 
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f 2 f - 2f f f + f 2 f 
f u„«f„U + 2 -*-JOL xXJL-X Y_xx. ^+h) = 0 (3) 

x 
x x y y f 2 + f 2 

where d o t s d e n o t e d e r i v a t i v e s w i t h r e s p e c t t o t h e t i m e , sub ­
s c r i p t s c o r r e s p o n d t o p a r t i a l d e r i v a t i v e s and h i s t h e t o t a l 
energy per u n i t mass of t h e body. 

In t h e p r e s e n t paper we s h a l l c o n s i d e r t h e i n v e r s e p r o ­
blem f o r two-d imens iona l d i s s i p a t i v e sys tem. 

THE DERIVATION OF THE EQUATION 

Let u s c o n s i d e r t h e two-d imens iona l d i s s i p a t i v e system 
de te rmined by t h e e q u a t i o n s of mo t ion 

x = u + ax , y = u + a y , (4) 
x y 

where U = U ( x , y , t ) and a = a ( t ) i s a n a r b i t r a r y f u n c t i o n of 
t i m e . These e q u a t i o n s admi t t h e n o n - s t a t i o n a r y a n a l o g y of t h e 
a n g u l a r momentum i n t e g r a l 

t 
x y - yx = k, k = c o n s t , exp ( / a ( t ) d t ) (5) 

t o 

For t h e f a m i l y of o r b i t s g i v e n by a t w i c e d i f f e r e n t i a b l e 
f u n c t i o n f ( x , y , t ) = c = c o n s t . , we have a long each o r b i t 

xfx + yfy + £ t = 0 (6) 

From e q u a t i o n s (5) and (6) t h e components of t h e v e l o ­
c i t y may be exp res sed a s i i I I 

- k f y - x f 1 
I + yf x J y 

* • xf \ yf * ' C7) 

and 

^ x - yft 
y = xfx + yfy 

The t i m e - d e r i v a t i v e of e q u a t i o n (6) i s 
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xfx + yf y + x2fyy+ 2xyfxy + 2xfxfc + 2yfyfc + ffct = 0 
(8) 

Substituting equations (4 ) and (7) into the equation (8 ) one 
obtains 

f2f - 2f f f + f2f 
fO +fU + k -2-J2 x y x v„ 2J2L 

x x y y hfx + yfy)2 

+
 2 k W x x ' fxfxy>x + V»W ( 9 , 

<*fx + ^ y ) 2 

+ 2k Vyt - Vxt + f 2
 x \ x + *#„+/*„ 

xfx + yf y t <xfx +yfy)2 

xf . + yf 

- 2 f t xf̂  + yf * - « f t + f t t = ° 

Equation (9) in polar coordinates r and 8 is 

f r u r + f 4 u « + -37T- ( r f r r f8 + r f r f ee r f r 

- 2 r f r f r« f8 + r 2 f r + 2frf8> + 2 3TT V 
r f r 

- r fr frO + rfrr£«>- ^ T ^ " ° f t + f t t = ° a°> 

The equation (9) for CLO)) is a f irst -order' linear partial 
differential equation, giving the non-stationary potentials. 
The solution of this equation is not unique. 

AN EXAMPLE 

As an example of solution of the equation (10) one may 
consider the motion along evolving spiral orbits 

f (r,8,t) = ry d+e cos 6) = p = const., (11) 

where y = y(t) is a given function of time, e = const. 
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s u b s t i t u t i n g (11) i n (10) we o b t a i n 

2 
(1+e c o s 8)U - ^— s i n 9U„ + K WP = 0, (12) 

r r yi -J 

where 
.2 

« « » ( t ) » ^ + 2 t - L . a3) 
Y T 

Equat ion (12) can be solved d i r e c t l y by t h e method of c h a ­
r a c t e r i s t i c s . 

Then 

d r _ _ r d t _ dU 
Y (1 +e co s ©) ~ Ye s i n © 7T 

(14) 

3 ? + W.P 
r 

The g e n e r a l s o l u t i o n of e q u a t i o n (14 ) i s 

TT - k 2 y j . W.r2 , . - r e ( l - c o s Q) . n «.» 
U - p + - 5 — + <f ( 1 •• ) i U.5) 

P , r l (sin or e 

where <f i s an a r b i t r a r y f u n c t i o n of i t s a rgumen t . 

THE EQUATIONS OF MODEL PR0H.EMS IN CELESTIAL MECHANICS OF 
VARIABLE MASS 

Let u s p u t i n (15) $ = 0 , t h e n e q u a t i o n (15) d e t e r m i n e s 
t h e f o r c e of t h e form 

F = - ^-i- r + K r (16) 
Pr 

From e q u a t i o n (16) under v a r i o u s v a l u e s of t h e i fuhc t ions 
k ( t ) , a ( t ) , y ( t ) we c a n o b t a i n t h e f o l l o w i n g e q u a t i o n s of 
mo t ion : 

1 . When k ( t ) = /GM ( t ) , y ( t ) = P = c o n s t . , Q7 ) 

t h e n we have from (16) t h e e q u a t i o n of a p e r i o d i c mot ion a l ­
ong a c o n i c s e c t i o n 

2 + •* -*• 

d r „M ,. , r 1 dM d r . ,, 0 . 
^T ~ ~ GM l t ) T" +

 2M d T d t ' a s > 
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2. When a (t) = 0, k (t) = / P = c o n s t . , y (t) = v ( t ) , (19) 
then in t h i s case we ob ta in the equation of the model problem 
for a sp i ra l motion 

2-*- •*• 2 
d r pr , •+ d , 1 . ,_A. 
d t r d t v 

When 

"> - \AH 1"t' - 7 T C T ' l21) 

then ws rece ive the equation of motion of the model problem 
of the evolut ion of binary system ins ide g r a v i t a t i n g r e s i s ­
tant medium 

d f ? . ? + l ( i + i ) ; 4 £ i i . l ( ul + i , i ]? 
drfc2 H

r 3 2 p Y ' y 2 v Y Y 

(22) 

The equat ions (18), (20), (22) play important r o l e in c e l e s ­
t i a l mechanics of v a r i a b l e mass. 
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