THE PRODUCT OF TWO LEGENDRE POLYNOMIALS
- by JOHN DOUGALL
(Received 8th July, 1952)

1. Tt is known that any polynomial in 1 can be expanded as a linear function of Legendre
polynomials [1]. In particular, we have

Po(p)Po(p)=AoPpiq()+ AsPy g s (p)+ oo+ AgpPrppqar () +ove o oo (1)

The earlier coefficients, say 4,, 4,, 4,, may easily be found by equating the coefficients of
pPre, ppte-2 yp+e-4 on the two sides of (1). The general coefficient A4 ,;, might then be surmised,
and the value verified by induction. This may have been the method followed by Ferrers,
who stated the result as an exercise in his Spherical Harmonics (1877). A proof was published
by J. C. Adams [2]. The proof now to be given follows different lines from his.

The problem has been discussed from the point of view of differential equations by
Hobson [8] and Bailey [4].

. If r2=2a?+ 42+ 22, the product P, (u), or the solid Zonal Harmonic Z,, Where nis a

posmve integer, is a rational integral function of z and 72 ; viz,

n(n—1) n{n—-1)(n-2)(n-3)

n f Nn—2p2 -4, ]
P, (w)=Z,=X, l 2(2n#1)z r+2.4(2n_1)(2n_3) A r4+...f, ...... (2)
where )
_1. w(2n-1)  (2n)!
A= 1 .2...n Gl ey ey PP T e 3)
We also have
12 , L
Z”:%fo {2+t cos o+ ty sin o) daf .............................. (4)
On multiplying (1) by 7#+9, we obtain
ZDZG:AOZD-HI + A272Zﬁ+q_2+ A4T4Zp+a_4+ “es +A2kr2kzp+d—2k+ .......................... (5)
3. In (b) give x, ¥, z values such that r2=0 while zis not 0; e.g. y=0, z=14z. Then (5)
becomes

(szq)r—oon(ZzH-G)r-D!
or, by (2), on cancelling 2#+9,

AAg= A prgs eereereesvennrenns ettt nas (6)
which gives A4,. ,

We shall obtain A, 4, ..., Ay, in a similar way after first taking V2, V4, ... , V2* of (5).

Now

V2(rmZ,)=m(2n+m+1)rm2Z
go that, in turn,
VA(rnZ,)=m(m-2)(2n+m+1) 2n+m—=1)r"—4Z,,
Ve(rmZ,)=m(m— 2)(m — 4) (2n+m+ 1) 2n+m~ 1) (2n+m— 3)rm-6Z,,,

and so on,
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In particulai', with a view to (5),
V2 (r*Zpyqms) =2(2p+29-1) Zipiq-2s
V420 s)=2 . 4(2p+29-3)(2p+29-5)Zp gy
Ve(r8Z , q-6)=2.4.6(2p+29-5)2p+2¢—-T)(2p+29—9)Z, 44

V(%7 o o) =2 .4 ... (2k)(2p+2q—2k+1)(2p+2¢— 2k~ 1)
2P+ 29— 4k +3) Zpqope wevererernn(T)

On putting r=0 in these, as at (6) above, we find :

{V2(ZpZ}rmo=A3 - 2(2p+29— 1) (Z pq-2)r=0
=A,.22p+29- )X, 2P+ 2
(VHZ,Z ) =44 - 2 . 4(2p+2q — 3) (2D + 29 — B, g2+~

.......................................................................................

{V*(ZZyg=Ag, . 2.4 .6, ... (2K)
X (2p+29-2k+1)2p+29-2k—-1)
voo 2P+ 29— 4k +3) A o gp2PTO

1.3.5... p+2q—2k+1)
= kElt
A2 M g g apy g k1) e

2p+2¢~2k+1 Ay, y n(Pp+q—k)!
2p+2q—4k+1 Ay or(p+9g—2k)

2p+2q - 2k+ 1 e )
2p+2q_4k+l P+G—k(p+q_2k)! « eesesnedhene

4. To complete the determination of 4,, ... , 45, we have to find the values of
{VAHZpZ}r=0 > -+ s AV (ZpZg) =0 -
We first express these as double integrals, and then determine the integrals numerically.

2kzp+<1—2k -

9 kzp+q—-2k

= Ay 3%%! At

= A, 24!

From (4)
1 (2 . Lo
Zqu:_Z;J'O (24 12 cos o+ 1y 8in «)? da
1 (2 .
xo—| (z+ix cos B+ iy sin B)?dB
27) o
1 {27 (27 . . . .
=_.J (24 12 €08 o + 2y sin o) P (z 4 2 cos B+ iy sin B) do dP
4l o J o
oudv OJuodv OJudv
2 — X2 2, —_— e~
Now V2 (uw)=uV2v+oV “+2(az az+ax ax+8y 8y)’

so that, when V2u =0 and V2 =0, we have

dudv OJudv OJudv
Vz(u’v)=2(5£-a—z+§ia—x+@@>.

Thus .
V2(2,Z,) :4% . 2qu2"f:"{1 ~ c08 («— B)}

% (z+ 1% €08 a+ 1y sin a)?~1(z+ iz cog B+ 1y sin B2 du df.
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Here take y=0 and x=1z so that »=0, and get

1
{V2(ZDZQ)}7‘=0:4—7T2 . 2pq , 2p+a-2

27 27
X J f {1 - cos (x~B)}(1 — cos x)?~1(1 - cos B)*1dx dB .
0J0
Similarly

{VZR(Zqu)}r=0"_ - 2¥p(p- 1) Ap-k+1).q(g-1) ... (¢—k+1)zpte-2

27 (*2n%
X j {1 -cos (z—B)}*(1 —cos a)?*(1—cos B)*dadB. ........ (9)
0
From (8) and (9) 4 is determined in terms of the integral

I"—f 2ﬂf {1 - cos (a—B)}*(1 - cos 0)?~*(1 —cos B)t*dadB. ..ocovensns (10)

We shall now show that I, can be found in terms of simple factorial functions involving
P, ¢, k. The proof depends on the theorem called by Hardy the Dougall-Ramanujan Theorem
[5, 6, 71

Under the integral signs in I, (10) there are three factors each of the form (1 — cos ).

This ‘may be written

‘ 2% sin?* (3:4),
or 2N (ediv — g—iV)2h (1 /24)2R,
or (=3t (edtd —e~ti)2h

ety _ Qpeh—1)ip . 2k (12h2“ b o(h—2)iy l

ie. (=9 p2hE@=1) .. (h+1)
+(=1) 1.2...%

If we take the middle term out as a factor this becomes, when the terms are arranged to
left and right from the middle,

+... +e"”'f’J

_ 1o gy BOD)
12h@2h-1)...(A+1) h+1 (h+1) (h+2) e rerreereeeien (11)
2n 1.2...h h W h(h_l) =24y _

B T AR R s TR

When each of the three factors under the integral signs in I, is treated in this way, and
their product formed by multiplying the individual terms of each factor by those of the other
two, and addmg, the only terms in the sum which contribute anythmg to the double integral
are those containing factors of the type

em(a—'ﬁ)e—niuenip ,
with n a positive or negative integer. '

Now

2n (27
J’ J’ em(u—-ﬂ) e—ﬂiﬁ e"iﬁ dd de 4:11'2 .
0J0
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Thus, from (10) and (11),

I= 11 1 422k(2k—1)...(k+1)
2k 29—k * Da~k 1.2 0k
L CP-20)2p-2k-1)...(p—k+1) (2q—-2k)(2q-2k—1)...(q—k+ 1)
1.2....(p-k) 1.2...(¢g-k) ‘

k p—k gk

E+lp—k+lg-k+1
g kE-1) (p-k(p-k-1) @-k@g-k-1)
E+1)(k+2)(p-k+D)(p-k+2)(g—k+1)(g—-%k+2)

1-

...(12)

The series within the brackets here ; viz.

[+ ok p-k gk
AT o Sy iy sy Slt) RN (13)

can be summed as a special case of the Dougall-Ramanujan Theorem. We have, in fact,

{8, 9],
129 b ¢ a(a-1) bb-1) clc—-1)
T 1l 1 T Y@ )@+ 6 DB +2) e 1) (c+2)
(@) () () H{a+b+c) e
BT O o g T By » —orereeessmee oo (14)

where none of a, b, ¢ is a negative integer, and the real part of a+ b+ ¢ is greater than 1.
In our case a, b, ¢ are positive integers, and the sum of the series (13) is
k' (p-k) (g-F)! (p+g—F)!
(p+q—2k)! p! q!
The part of the right-hand side of (12) preceding the series in brackets may be written
4n® (2K} (2p - 2k)! (2q — 2k)!

Tt B B (o~ BT (p - )l (g )] TR R (16)
Thus, from the product of (15) and (16)
I 4n®  (2k)! (2p—2k)! (2¢-2k)! (p+g-k)! , (17)
k“2p+q_k Al (p_k)! (q“k)' (p+q"‘2k)'p!q' ................ ..
The value of A, in (1) and (5) can now be written down from (9), (10), (8) and (17).
Thus
sz p! q! I,=4,, 25k 1 2p +29~2k+1 (p+q-—k)!
w2 (p-k)lg-B" " T*T T 2p+2g-4k+177H " (prg-2k)!"
or
Ay 2p+2¢4k+1 1 (2k)!(2p—2k)! (2¢ - 2k)!
T2k 3y 1 2g 2+ 1A ozn (RDE{(p-k)}2{(g— k)'}?
_2p+2q—4k+1) ,,_k)\q_,c as)

SO B TRl A s
where, as at (3)
1.3.5.. (2n 1) (2n)!

.2.3...n 2! n‘

This is the value of 4,, found by Adams.

Ap=
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The integral (from p= -1 to p=1) of the product of three of the functions P can be
written down at once when the coefficients A in the series (1) are known. Thus in (1) multiply
by P, ,or(p) and integrate from —1to 1. Theh

1 1
[ Povecsste) Po) P dumds | vt
2
=A2’°2p+2q—4k+1'

If we write n for p + q — 2k, this gives, by (18), if p-+¢—n, n+p — ¢, n — ¢+ p are even positive
integers or zero, '

1 2 A A A
P P P du—= (p+a—n) /2 Nn+g—p)/ 2 (n+p—a)/2
f_l n) Py () Po(p) dp=2r e oy Noinenls
2 1.3...(p+g-n-1) 1.3...(n+q-p-1)

Tntptqrl’ 2.4..(ptqg-m) 2.4...(nt+q—p)
><1.3..,(n+p—q—1) 2.4...(n+p+q) |
2.4...(n+p-q) '1.3...(n+p+qg-1

This is the form given by Hobson, l.c., p. 87. For other values of =, p, ¢, the value of the
integral is, of course, zero.
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