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POISSON TRANSFORMS AND MIXED AUTOMORPHIC FORMS
ON SEMISIMPLE LIE GROUPS

MIN Ho LEE AND Hyo CHUL MYUNG

We discuss Poisson transforms which carry sections of certain vector bundles to mixed
automorphic forms, and identify vector bundles whose sections are liftings of holo-
morphic forms on families of Abelian varieties via Poisson transforms.

1. INTRODUCTION

Holomorphic mixed automorphic forms on semisimple Lie groups are automorphic
forms on Hermitian symmetric domains associated to equivariant holomorphic maps of
symmetric domains, and certain types of mixed automorphic forms arise as holomorphic
forms on families of Abelian varieties parametrised by a locally symmetric space. The goal
of this paper is to discuss Poisson transforms which carry sections of certain vector bundles
to mixed automorphic forms, and identify vector bundles whose sections are liftings, via
such Poisson transforms, of holomorphic forms on families of Abelian varieties.

Let T = {€"* | —m < t < 7} be the unit circle in C, and let L*(T) be the space
of complex-valued integrable functions on T. Given an element f € L!(T), if we write
f(t) = f(e") for t € T, the classical Poisson integral P f of f is given by

. ™ —r2 ~
(1.1) Pi(re?) = 517;/_ 1- Qrc:)swr— )+ rzf(t) at

for 0 < r <1 and 6 € R. It is well-known that P f(re®®) is a harmonic function for any
f € L}T) (see, for example, [15]). If we use the normalised measure dr for T, then the
formula (1.1) can be written in the form

1|2

lz— 12

PN = [ =opsmdr
for all z € U, where U is the open unit disk {z € C | |z| < 1}. Note that T and U can be
identified with the quotients of SU(1,1) by a maximal compact subgroup and a minimal
parabolic subgroup, respectively. This observation suggests a possibility of extending the
notion of the Poisson integral to the case of more general semisimple Lie groups.
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Let G be a semisimple Lie group of Hermitian type, and let D = G/K be the
Hermitian symmetric domain determined by a maximal compact subgroup K C G. Let
o be a finite-dimensional representation of K in a complex vector space, and let P C G
be a minimal parabolic subgroup. We denote by g and ¢ the Lie algebras of G and K,
respectively, and let p be the orthogonal complement of £ in g relative to the Killing form.
If a¢ is the complexification of a maximal Abelian subspace a of p and if A € ag, then o
can be extended to a representation opy of P. Thus we can consider the homogeneous
vector bundle W(op,) (respectively, V(o)) over G/P (respectively, G/K) associated to
op, (respectively, ). In this setting, the analogue of the classical Poisson integral is the
Poisson transform P, p which assigns to each section ¢ of W(op,) a section of V(o) (see
[3, Section I1.3.4], [12]).

Let G’ be another semisimple Lie group of Hermitian type, and let D' = G'/K’
be the Hermitian symmetric domain associated to a maximal compact subgroup K’ C
G'. Then a homomorphism g : G — G’ of Lie groups with u(K) C K’ induces an
equivariant holomorphic map 7 : D — D'. Let I" and I be discrete subgroups of G
and G', respectively, with u(I') C I'. Given automorphy factors j : I' x D — GL(W)
and j' : T" x D' - GL(W’) for finite-dimensional complex vector space W and W', a
holomorphic mixed automorphic form on G is a (W ® W')-valued function on D defined
using the automorphy factor

(7:2) = §(7,2) ® §'(1(7), 7(2))

(see Section 3). When G’ is a symplectic group, mixed automorphic forms associated
to certain automorphy factors can be identified with holomorphic forms of the highest
degree on some families of Abelian varieties parametrised by a locally symmetric space.

Let a’ be a subspace of g' = Lie G defined as in the case of a C g. In this paper, we
introduce the Poisson transform P, , associated to A € ag and X € afc' defined on the
space of sections of a homogeneous vector bundle W(o, x) over G/P. Given a torsion-free
discrete subgroup I of G and a I'-invariant section ¢ of W(o, ), we prove that Py x¢
is a holomorphic mixed automorphic form. Using the correspondence between mixed
automorphic forms and holomorphic forms on families of Abelian varieties, we identify
vector bundles whose sections are Poisson transform liftings of holomorphic forms of the
highest degree on some families of Abelian varieties.

2. CANONICAL AUTOMORPHY FACTORS

In this section we describe holomorphic automorphic forms on semisimple Lie groups
of Hermitian type and discuss canonical automorphy factors for such Lie groups.

Let G be a connected semisimple Lie group, and let K be a maximal compact
subgroup of G. We assume that G is of Hermitian type, which means that the associated
symmetric space D = G/K has a G-invariant complex structure. Thus D is a Hermitian
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symmetric space and can be realised as a bounded domain in C* for some positive integer
k. Let W be a finite-dimensional complex vector space, and let S be a subgroup of G. A
map J : S x D = GL(W) is called an automorphy factor of S if it satisfies the following
conditions:

(i) For fixed g € S, the map z — J(g, 2), D = GL(W) is holomorphic.

(ii) For all g1,92 € S and z € D, we have

(2.1) T (9192, 2) = T (91, 922) - T (92, 2)-

Let " be a torsion-free discrete subgroup of G. Then the complex structure on D
induces the structure of a complex manifold on the locally symmetric space X =T'\D,
and we can define automorphic forms on D as follows (see [2]).

DEFINITION 2.1: Let J : ' x D — GL(W) be an automorphy factor of I'. A
holomorphic automorphic form on D (or on G) of type J for T is a holomorphic map
f: D — W that satisfies

f(rz) =TJ(v,2) - f(2)
forall 2 € D and yeT.

Given an automorphy factor J : I' x D — GL(W), we can construct the associated
vector bundle M(T', . J) on the locally symmetric space X = T'\D as follows. Let the
discrete subgroup I' of G act on D x W by

v (z,w) = (vz, T (7, 2)w)

for all ¥ € T and (z,w) € D x W. The fact that this operation indeed defines an action
of T on D x W follows from the condition (2.1). We set

(2.2) M(T, J)=T\D x W,

where the quotient is taken with respect to the above action of I" on D x W. Then the
natural projection D x W — D induces the structure of a holomorphic vector bundle on
the induced map

@: M(T,J) = X =T\D

with fibre W. Let o (X, M(T, J)) denote the space of holomorphic sections of M(T, J)
over X, that is, holomorphic maps s : X — M([',.J) such that wos = 1x. Given a
section s: X — M(T', J) of M(T,J) and an element z € D we have

s(Tz) = [(z,w.)] € M(T,J) =T\D x W

for some w, € W, where I'z € X and [(z,w,)] € M(T,J) denote the elements cor-
responding to 2 € D and (z,w,) € D x W, respectively. We define f, : D — W by
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fs(2) = w, for all z € D. Then it can be shown that the map s — f, determines a canon-
ical isomorphism between Iy (X , M, T )) and the space of holomorphic automorphic
forms on D of type J for I

We shall now describe the construction of the canonical automorphy factor of the
semisimple Lie group of G of Hermitian type. Let I be a G-invariant complex structure
on D = G/K. Then for each z € D it determines a complex structure I, on the tangent
space T,(D). Let g and € be the Lie algebras of G and K, respectively, and let g = €+p be
the corresponding Cartan decomposition of g. If g is the point in D with Kz = z, then
we can identify p with the tangent space T,,(D); hence we obtain a complex structure
1,, on p. We set

pr = {X € pc | L,(X) = £iX},

and denote by Py, P_ the C-subgroups of G¢ corresponding to p,, p_, respectively; here
(-)c denotes the complexification. Then we have

PiNKcP.={1}, GCP.KcP., GNKcP.=K

(see [16, Lemma I11.4.2], [14]). If g € P KcP- C Gc, we denote by (g)+ € Py, (g9)o € K¢
and (g)_ € P_ the components of g such that

9=1(9)+(9)o- (9)--

Let (Gc x p4). denote the subset of G¢ x p; consisting of elements (g, z) such that
g-expz € P, KcP-, and set

(2.3) J(g,2) = (9-expz)o € K¢

for (g, z) € (Gc X p+).. If we identify the Hermitian symmetric domain D with a subset
of p; using the Harish-Chandra embedding D — p, (see [16, Section II.4]), then we
have

G X D C (GC X p+)*.
Thus we obtain a map J : G x D — K¢ which satisfies the condition
(2.4) J(9192,2) = J(91,922) - J (g2, 2)

for g;,92 € G and z € D. The map J is called the canonical automorphy factor of G.
Let o : K — GL(W) be a representation of K in a complex vector space W, and extend
it to a representation of K¢. Thus, using (2.4), we see that 6o J : G x D — GL(W) is
an automorphy factor in the sense of Definition 2.1.

https://doi.org/10.1017/50004972700022401 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700022401

(5] Poisson transforms 357

3. MIXED AUTOMORPHIC FORMS

Mixed automorphic forms were introduced by Hunt and Meyer [4} who showed that
holomorphic two-forms on an elliptic surface can be identified with certain mixed auto-
morphic forms. Such mixed automorphic forms are defined by using automorphy factors
that involve the monodromy representation and the period map of the given elliptic sur-
face. On the other hand, holomorphic forms on the fibre product of elliptic surfaces
correspond to mixed automorphic forms of higher weights (see, for example [7]). Mixed
automorphic forms of several variables and their connection with holomorphic forms on
families of Abelian varieties have also been studied recently (see [8, 10, 9, 11]). In this
section we describe holomorphic mixed automorphic forms on semisimple Lie groups.

Let G, K, D = G/K, T and X = I'\D be as in Section 2. Let G’ be another
semisimple Lie group of Hermitian type, and let D' = G'/K’ be the Hermitian symmetric
domain associated to a maximal compact subgroup K’ of G'. We assume that there are
a homomorphism p : G — G’ of Lie groups and a holomorphic map 7 : D — D’ that are
equivariant, that is, they satisfy 7(gz) = u(g)7(2) for all g € G and z € D. In particular,
we have u(K) C K'. Let I be a torsion-free discrete subgroup of G’ such that p(I") c I,
Then the complex structure on D’ induces the structure of a complex manifold on the
locally symmetric space X' = I\ D', and the holomorphic map 7 induces a map X — X'.

DEFINITION 3.1: Letj:I'xD — GL(W)and j': " x D' = GL(W’) be automor-
phy factors of I and I, respectively, where W and W' are finite-dimensional complex
vector spaces. A holomorphic mized automorphic form on D (or on G ) of type (4,5, 11, 7)
for T' is a holomorphic map f : D —» W ® W’ that satisfies

(3.1) f(rz) =37, 2) ® 5 (1(7), 7(2)) - f(2)

forall2€ Dand y€T.
Let j and j' be as in Definition 3.1, and let I act on D x (W ® W') by

Y- (Z, ’U)) = (721j(7’ Z) ® j, (”(7): T(Z))'U))

forally €T, z€ D and w € W @ W'. We denote by M(T, j, j') the associated quotient
space, that is,

M(ij’j') = Iw\l) X (W ®W’)

Then the natural projection Dx (W®W') — D determines the structure of a holomorphic
vector bundle on the induced map

w: M(T,7,5') = X =T\D.

with fibre W @ W’. We denote by I'g (X , M(T, 7, j’)) the space of holomorphic sections of
M(T, 4,7') over X, that is, holomorphic maps s : X — M(T, 4, j') satisfying wo s = 1x.
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LEMMA 3.2. Thespace To(X, M(T,j, ;")) of sections of M(T, j, j') is isomorphic
to the space of holomorphic mixed automorphic forms on D of type (j,j',u,7) for T

PROOF: A holomorphic mixed automorphic form on D of type (j,5',,7) for Tis a
holomorphic automorphic form with respect to the automorphy factor

(9,2) = 3(9,2) ® 5'(ulg), 7(2))

of T. On the other hand, we see that M(T', 4, ') is simply the vector bundle M(T, )
considered in (2.2) for J equal to this automorphy factor. Hence the lemma follows from
the usual isomorphism between M(T, J) and the space of automorphic forms of type J
described in Section 2. 0

4. HOMOGENEOUS VECTOR BUNDLES

Let ® be a Lie group, and let $) be a closed subgroup of ®. Let &/5) denote the set
{99 | g € &} of left cosets modulo £, and let p : & — &/5 be the natural projection
p(g) = g9. Then &/ has a unique manifold structure such that p is smooth and for
each g € &/5 there is a neighbourhood U of g and a smooth map u: U — & such
that p o u = idy. The quotient space &/$ with such a manifold structure is called a
homogeneous manifold.

DEFINITION 4.1: Let M = &/$ be a homogeneous manifold. A vector bundle F
over M is called a homogeneous vector bundle if & acts on E on the left and the ®-action
satisfies the following conditions:

(i) If E; denotes the fibre of E over z € M, then g- E; = E; forallz e M
and g € 6.
(i) The map E; — Eg; induced by each g € & is linear for all z € M.

We shall now construct a homogeneous vector bundle associated to a representation
of H. Let M = /% be a homogeneous manifold, and let 77 be a representation of £ in
a finite-dimensional complex vector space V. Then £ acts on the product & x V on the
right by

(4.1) (9,v) - h = (gh,n(h)"v)
forall h € H and (g,v) € & x V. We set
V(n) =6 x V/$H,

where the quotient is taken with respect to the action of ) on & x V' given by (4.1). The
natural projection & x V — & induces the map 7 : V() = M which has the structure
of a vector bundle with fibre V' (see [17]). It can be shown that V(n) is a homogeneous
vector bundle over M. Let T'o(M, V(n)) be the space of sections of V(n), that is, smooth
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maps s : M — V(n) such that ros = 1p. If s : M — V() is a section of V(n) and
g € G, we have

s(gH) = [(g,v,)] € V(n)

for some v, € V, where [(g,v,)] denotes the element of V(1) corresponding to (g,v,) €
D x V. We set f,(g) = v, for all g € G. Then for each h € H we have

s(gH) = s(ghH) = [(gh, ven)] = [(gh, vn) - B7'] = (g, n(R)vgn)]-
Thus we see that

fs(g) = n(h)vgn = n(h) f,(gh).

Therefore each section s € I'y (M , V(n)) of V() can be identified with a smooth function
f: &=V on & satisfying

(4.2) f(gh) = n(h)~'f(g)

for all (g,v) € GxV and h € H.

Suppose now that & is a semisimple Lie group of Hermitian type, and let & be a
maximal compact subgroup of & so that the associated homogeneous manifold M = /8
becomes a Hermitian symmetric domain. Let 7 be a representation of £ in V, and let
A be a torsion-free discrete subgroup of &. We denote by I'y (A, V(n))A the space of A-
invariant sections of the associated homogeneous vector bundle V(7). Thus each element
of Ty (M, V(n))A can be identified with a holomorphic function f : G = V such that

f(gk) = n(k)~ f(g)

forallée A,kcRand g € &.

LEMMA 4.2. LetJ:®xM — K¢ be the canonical automorphy factor of &, and
let J, = noJ : &x M — GL(V) be the automorphy factor of & associated ton. If z0 € M
is the element with 29 = zy, then the map [(g, v)] — [(gzo,v)] determines a canonical
isomorphism between I'y (M , V(n))A and the space of all holomorphic automorphic forms
on M of type J,, for A.

PROOF: See, for example {13, Theorem 11.4.1]. 1]

5. POISSON TRANSFORMS

Let G, K, g, € and p be as in Section 2 with g = & + p, and let a be a maximal
Abelian subspace of p. Then we obtain the Iwasawa decomposition

g=%t+a+n
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of g, where n is a nilpotent subalgebra of g (see for example [5, Section V.2]). Let A and
N be subgroups of G corresponding to the Lie algebras a and n, respectively, so that we
obtain the Iwasawa decomposition G = KAN of G. Let M be the centraliser of A in
K, and set P = M AN, which is a minimal parabolic subgroup of G. We shall write any
element g € G in the form g = x(g) - 9 . n with k(g) € K, H(g) €a and n € N.

Let G/, K' and p : G — G’ be as in Section 3. We shall denote various objects
associated to G’ by adding the prime symbol to the corresponding objects for G. Thus
G' = K'A'N' is the Iwasawa decomposition of G’, and each element ¢’ € G' can be
decomposed in the form

gl - Kl(gl) . eH’(g’) .

with &' € K', H'(¢') € o’ and n' € N'. Let P = M'A'N’ be the associated minimal
parabolic subgroup of G’, where M’ is the centraliser of A’ in K’. We assume that
u(A) C A’ and p(N) C N'.

Let o (respectively, o’) be an irreducible representation of K (respectively, K') in a
finite-dimensional complex vector space W (respectively, W'}, so that o ® (¢’ o) becomes
a representation of K in W ® W’. Given an element A € ag we define the representation
oxp of Pin W by

axp(man) = eAHE g (),

" forallm e M, a € Aand n € N, where p is the half-sum of dim(g,)a over the positive
roots a of (g,a). Similarly, if X' € a;* and if p is the half-sum of dim(g,)e’ over the
positive roots o' of (g',a’), we denote by o) p the representation of P’ in W’ defined by

Ohy pr(mlam) = el N HOH @ (),
for all m' € M’, o' € A’ and n' € N'. We then define the representation o, of P in
W ® W' by
Oax = 0ap ® (0% pr o p),
so that we have
(5.1) oxx(man) = e~ (A=P)H(a)-~(N' =71 H' (4(a)) (U ® (0’ o u))(m)

forme M,a€ Aand n € N.

Let V(o ® (0’ o ) (respectively, W(oxx)) be the homogeneous vector bundle on
G/K (respectively, G/P) associated to the representation o ® (o' o) (respectively, o x).
Using (4.2) and (5.1), we see that a section ¢ € To(G/P, W(ox,x)) of the bundle W(o) )
can be regarded as a smooth function ¢ : G = W ® W' satisfying

(5.2) ¢(gman) = g, (man) ™' ¢(g)
= O-PH@+N =AW (5 @ (o' o ) (m)~'¢(g)
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for g€ G, m € M and a € A. Similarly, a section ¢ € FQ(G/K,V(U ® (o op))) of the
vector bundle V(o ® (¢’ o p)) can be identified with a function ¢ : G - W @ W' such
that

(53) P(gk) = (0 ® (o’ o 1)) (k)" '9(g)

forall k€ K and g € G.

DEFINITION 5.1: Let ¢ be an element of I'o(G/P,W(oax)), that is, a smooth
function ¢ : G — W ® W' satisfying (5.2). The Poisson transform Pyx¢ of ¢ is a
(W ® W')-valued function on G given by

(5.4) (Paxd)(g) = /K (0® (0" o ) () (gk) dk

forall g € G.

LEMMA 5.2. Let f be a continuous function on K that is right invariant under
KN M. Then we have

/ f(k)dk = / e %R0 £ (15(gk)) dk
K K

forg € G.
PRrROOF: See for example [5, p. 170]. 0

LEMMA 5.3. The Poisson transform Py y¢ of an element ¢ € Ty (G /P, W(a,\_,\:))
can be written in the form

(55) (Paxd)(g) = / e~ MHAHTID-X=HH' W™ M) (5 @ (o' 0 1)) (r(g™"k)) b(k) dk
K

for allg € G.
ProOF: If m € K N M, then by (5.2) we have

¢(gkm) = (0 ® (o' o p))(m) ™" $(gk)
for g € G and k € K. Thus the function
ke (0 ® (o' o)) (k)e(gk)

is right invariant under K N M, and hence, applying Lemma 5.2 to this function, we
obtain

(Paxd)(g) = /K (0 ® (0 o ) (K)b(gk) dk

= /K e 26070 (6 @ (0 o p)) (5(97"k)) 8 (9r(9™"k)) dk
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for g € G. Let g7'k = k(g™ 'k) - @) - ny witha; € A and n, € N. Then we have
gk(97'k) = knla7! = kay'n’
for some n’' € N because A normalizes V. Hence, using (5.2), we see that

¢(gx(97'k)) = p(kar'n)
= eP=PH @)+ =) H' (a7 ) k)
= e—(X—ﬂ)H(ax)-(A’-p’)H'(u(al))¢(k)
= e~ WP HET R =N =) H' (9™ KD g k).

Thus, for ¢ € G and k € K, we have
(Puxd)lo) = [ P10 @ (0 ) (sls™'H)
x e~ A= H k) =N~V H (e~ k) (o) gk,

and hence the lemma follows. 0

Let T be a torsion-free discrete subgroup of G as in Section 3, and consider the
left-action of T' on G x (W ® W’') defined by

(5.6) v (9,w) = (vg,w)

fory €T, g€ Gand w € W ® W' Since this action commutes with the one given
by (4.1) forn =0® (6’ o u) and V = W @ W’ that was used for the construction of a
homogeneous vector bundle, the homogeneous vector bundle

Vie® (d'op)) > D=G/K
associated to o ® (o’ o ) induces the vector bundle
V(T,0® (o' o)) =T\V(0 ® (¢’ 0 )

over the locally symmetric space X = ['\D =T'\G/K with fibre W ® W'. Similarly, we
obtain the vector bundle

W(T, o5,x) =T\W(oax)
over the space ['\G/P whose fibre is again W ® W’. Thus each section
¢ € Io(T\G/P,W(T, or 1))

of W(T', 0, x) is a [-invariant section of the homogeneous vector bundle W(o x') over
G/P, and it can be identified with a smooth function ¢ : G = W @ W' on G satisfying
(5.2) and

(5.7) #(v9) = ¢(9)
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forally € I'and g € G. Similarly, a section ¢ € T'o(X, V(T',0®(0’op)) of V(T', 0®(c"op))
can be regarded as a smooth function ¢ : G - W ® W' satisfying (5.3) and ¥(vg) = ¥(g)
foryeTland g €G.

Now we state our main theorem in this section, which implies that each section of
the vector bundle W(T', o) ») over '\G/P can be regarded as a lifting, via the Poisson
transform map P, x, of a holomorphic mixed automorphic form on D for I'.

THEOREM 5.4. Let ¢ be an element of To(I'\G/P,W(T,0.,)) regarded as a
(W @ W')-valued smooth function on G satisfying (5.2) and (5.7), and let J, = 0o J and
J!, =0'0J', where J : GxD — K¢ and J' : G' x D' — K are the canonical automorphy
factors of G and G’, respectively, described in Section 2. Then the Poisson transform
P ¢ of ¢ is a holomorphic mixed automorphic form on D of type (Jy, J.,, pu,T) for T.

PROOF: Let ¢ be an element of T'o(T\G/P, W(T', 05 x)). Using Lemma 5.3, for each
g € G and k; € K we obtain

(Prxd)(ghs) = / e~ (A HI(k) k(¥ 0! )(H ki (gk1)~ k)

K
x (0@ (o’ o ) (x((gki) k) ) #(k) dk
__./ e—(f\+p)H(k1—19"k)—(r\’—P’)H"(#(k1)"u(y"k))
K
x (0 ® (o' o p)) (k(kT'g7 k) p(k) dk
_ / o~ O+ (g )=V = (u(gK)
K
x (08 (o' o)) (K 's(g™k)) S(K) dk
(oo o)) [ o)
x (0 ® (" o 1)) (s(g™k)) S(K) dk
= (0® (o' o)) (k)" - (Pax9)(9),
which implies that P x4 is a smooth section of V(o ® (¢’ o p)). Since the function
g e~ QP H(g™!)=(N=p)H' (s(g™)) (0® (0" o)) (k(g7h))

is analytic and K is compact, using (5.5), we see that P, ¢ is also analytic. Furthermore,
since D = G/K is assumed to have a G-invariant complex structure, it follows that Py » ¢
is in fact a holomorphic section of the bundle V(o ® (¢” o 1r)). On the other hand, using
(5.4), we obtain

(Paxd)(r9) = /K (0 ® (0" 0 1)) (K)$(1gk) dk = (Pand)(s)

for all vy € T" and g € G. Therefore P x ¢ is I'-invariant, and hence it follows that Py y ¢
is an element of [y (X,V(I‘,a ® (0o p,))) However, using Lemma 4.2, we see that
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o (X , V(l", o® (0o ,u))) is isomorphic to the space of holomorphic automorphic forms

on D of type (0® (¢’ op)) oJ for T', where J : G x D — K¢ is the canonical automorphy
factor of G. Now using (2.3), we obtain

(¢ @ om)oJ)(g,2) = (0@ (0" o) ((g-exp2)o)
=0((g- expz)o) ® o’ (u(g - exp z)o)
=0((g-exp2)o) ® 0 (M(y - exp T(Z))o)
= (0 0J)(g,2) ® (¢ 0 J')(v(9),7(2))
= Jo((g - exp 2)o) ® J5 (u(9), 7(2))-

for all (g,2) € G x D. Hence it follows that P, p¢ is a holomorphic mixed automorphic
form on D of type (Jy, Jo, p, 7) for I 0

6. KUGA FIBRE VARIETIES

In this section we describe families of Abelian varieties, known as Kuga fibre vari-
eties, parametrised by a locally symmetric space and discuss a correspondence between
holomorphic forms of the highest degree on Kuga fibre varieties and certain mixed auto-
morphic forms.

Let V be a real vector space of dimension 2n defined over @Y, and let 3 be a nonde-
generate alternating bilinear form on V also defined over Q. We denote by Sp(V, 8) the
symplectic group of the form 8 on V. Now we consider the homomorphism x : G —» G’
described in Section 3 for G' = G'(Q) with G’ = Sp(V, §), and set

D=G/K, H=G/K

where K and K’ are maximal compact subgroups of G and G’, respectively, as before.
Let ' € G(Q) be a torsion-free arithmetic subgroup. Then the locally symmetric space
X = I'\D has a natural structure of a complex quasi-projective variety (see [1]). Since
it is assumed that u(K) C K', the homomorphism u induces an equivariant holomorphic
map 7 : D — H satisfying

7(92) = u(g)7(2)

for all g € G and z € D. Let G %, V be the semidirect product of G and V with respect
to the action of G on V via p. Thus G x, V consists of the elements (g,v) in G x V, and
its multiplication operation is given by

(9,v) - (¢',v') = (99", u(g)v' +v)
for g,¢’' € G and v,v' € V. The space G x, V acts on D x V by

(6.1) (9,v) - (2,0) = (92, u(g)v' +v)
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forall g € G, z € D and v,v' € V. Let L be a lattice in V such that u(I')L C L
and §(L,L) C Z. Regarding H as the set of complex structures on V, each element
z € D determines a complex vector space (V, I,(;)), where I;(;) is the complex structure
on V corresponding to 7(z) € H. Let z be a fixed element of D, and let Iy be the
complex structure on V corresponding to the element 7(zp) of H. Let Ve = V ®gr C be
the complexification of V, and denote by V, and V_ the subspaces of V¢ defined by

Vi ={v € V¢ | Iyv = +iv},
so that we have
Ve=VeoV,, V,=V_.
Then each element v in (V, I(;)) determines an element
(6.2) £(2,v) = vz = vy — T(2)v- = v} — L(5yv-

of the subspace V. of V¢, where the elements v, denote the Vi-components of v € V C
Ve=V,®V_. We set

W =1V L),

zeD

the disjoint union of the vector spaces (V,I.(;)) with complex structure I(,) for the
elements z € D. Then the map

(6.3) W—=DxVy, (29 (z€zv))

determines a bijection W = D x V, and a C-linear isomorphism (V, I.(;)) = {z} x V.
Thus the natural projection map W — D has the structure of a holomorphic vector
bundle with fibre V,. Now G &, V acts on W by

(6.4) (9,9) - (z,w) = (92, u(g)(w +v))

for (g,v) € G x, V and (2,w) € W, that is, z € D and w € (V, I.,(,)). Using the
isomorphism between W and D x V, given in (6.3), we see that, if w = £(z,u) with
v € (V,In(z)), G x, V acts on D x V. by

(6.5) (9,v) - (z,w) = (gz, £(92, n(g)u) + € (yz,ﬂ(g)v))
= (92 (92 migw) + (u(9)v),,)

for (9,v) € G %,V and (z,w) € D x V.
We extend the alternating bilinear form § on V to 8 : Ve x Vg — C, and let
{u1,... ,um} a symplectic basis of V¢ for i8 such that {uy,... ,u,} is a basis of V, and
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Z'.B(’u',‘i’uk:) =0= iﬂ(un-f-j’ un+k)a

iB(uj, Unsi) = 0= i0(Un4k, uk)

for1 < j,k<n.

LEMMA 6.1. Let(g9,v) € Gx,V besuch that

A, B,
= V,
p(9) (C“ Dﬂ) € Sp(V, B)
with respect to the basis {u1,... ,u2.} described above. Then the action in (6.5) can be
written in the form

(9,v) - (z,w) = (!]Z,t(C',;r(z) +D,) 'w+ (u(g)’u)gz)

for all (z,w) € Dx V,.
Proor: By (7.13) in [16, Chapter IV] we have

&9z, ulg)u) = (Cur(z) + D)™ - €(2,u)

for g € G and (z,u) € W = [I,cp(V, I(z)). Thus the lemma follows from this and
(6.5). 0

Then the action of G x, V on W in (6.4) induces an action of I' x,, V on W. We set
Y =T x, L\W.

The natural projection map W — D determines the structure of a fibre bundle on the
induced projection map 7w : ¥ — X = I'\D whose fibre over 'z € X with z € D is the
quotient (V, I(,))/L of the complex vector space (V, I,()) by the lattice L. The complex
torus (V,I;(;))/L is in fact an Abelian variety because the alternating bilinear form S
can be used as a Riemann form. Thus we obtain a fibre bundle 7 : ¥ — X whose fibres
are Abelian varieties of the form (V, I.(;))/L. The total space Y of such a fibre bundle is
called a Kuga fibre variety (see [6], [16, Chapter IV]).

Let Jg : G x D — K¢ be the canonical automorphy factor of G, and let Ad: G —
GL(g) be the adjoint representation of G. Thus we have Ad(g) = dv, for each g € G,
where v, : G — G is the homomorphism given by v,(h) = ghg™! for all h € G. We
extend Ad to the representation Ad : G¢ — GL(gc) of the complexification G¢ of G.
Then we see that

Ad(k) - p+ C by
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for all k € K¢. We denote by Ad,, : K¢ — GL(p,) the representation of K¢ in p, given
by

Ad,, (k) = Ad(k) Ip,
for k € K¢, and define the automorphy factor jyz : G x D — C* by
jn(9,2) = det[Ady, (Jn(g,2)) ]

for (g,2) € G x D. Then for each g € G the map z — jy(g, 2) is simply the Jacobian
map of the transformation z — gz of D. We also define the automorphy factor jy :
G' x D' — C* by

iv(g', 2) = det(CZ + D)

for Z € ‘H and

., _[A B
g—(c D)GSp(n,R).

Now we state a theorem that describes a connection between mixed automorphic
forms and holomorphic forms on Kuga fibre varieties. This extends the result in [10,
Theorem 4.2], where the case of compact X was considered.

THEOREM 6.2. LetY™ be the fibre product of m copies of the Kuga fibre variety
Y over X constructed above, and let Q**™" be the sheaf of holomorphic (k +mn)-forms

on Y™. Then the space H'(Y™, QF+™) of sections of Q**™" is canonically isomorphic
to the space of mixed automorphic forms on D of type (jz', j&, u,7) for T.

PROOF: Since D is a Hermitian symmetric domain, it can be realised as a bounded

domain in C* with k¥ = dim¢ D. Let z = (zi,...,2) be the global coordinate system
for D. Recalling that each fibre of Y™ is of the form (V,/L)™ with V, /L a complex
torus, let €9 = (¢¥, ..., ¢¥) be a coordinate system for the complex vector space V.

for 1 € j € n. Let @ be a holomorphic (k + mn)-form on Y™. Then ® can be regarded
as a holomorphic (k +mn)-form on D x V{* that is invariant under the action of " x L™.
Thus there is a holomorphic function fg(z,¢) on D x V* such that

®(z,¢) = fo(z,)dz AdCD A - A dC™,
where z = (2,...,2) € D, (= ((W,... ,¢™) € V™ and
D =(.... ) evi, A =dc A AdY

for 1 € j < m. Give an element zp € D, the restriction of the form @ to the fibre Y} of
Y™ over I'zg € X = I'\D is the holomorphic mn-form

q)(Zo,C) = f<P(z01 ()dl A dC(l) A A dC(m),
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where ¢ — fz(20,() is a holomorphic function on Y}. However, Y} is a complex torus of
dimension mn, and therefore is compact. Since any holomorphic function on a compact
complex manifold is constant, we see that fy is a function of z only. Thus we have

&(2,C) = fol2)dz AdCD A -+ A dCt™,

where fis a holomorphic function on D. In order to use the condition that ® is invariant
under the action of I' x L™, consider an element

(’Y’l) = (7,11, e ,lm) E F X Lm.
Then its action on dz is given by
dz o (7,1) = ju(v, 2)dz,

since z — ju (7, z) is the Jacobian map for the transformation z — vz of D into itself as
stated above. On the other hand, by Lemma 6.1 the action of ' x L™ on

d¢? = (ac?,... . ¢ e v,

is given by

n

(6.6) & o (y,1) = A d[ (Cur(2) + D) ¢ + (),

i=1

= det(C,r(2) + D)™ A ¢t
i=1

= v (u(1), 7(2)) " d¢®

for 1 < j < m, where

Thus we obtain
® o (v,0) = fo(¥2)in (v, 2)iv (4(7), 7(2)) "dz AdCD A -+ A dCE;
hence it follows that
fo(r2) = ju (v, 2) v (u(), 7(2)) " fa (2)

for all v € T and z € D. On the other hand, given a mixed automorphic form f on D of
type (g, J%, u, 7), we define the (k + mn)-form ®; on Y™ by

®4(2,¢) = f(z)dz AdCD A -~ AdC™,

https://doi.org/10.1017/50004972700022401 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700022401

[17] Poisson transforms 369

Then for (v,1) = (v,11,... ,Im) € T x L™ we have

(@70 (1)) (2,0) = F(v2)iu (v, 2)iv (), 7(2)) " dz A dCD A - A dCt™
= f(2)dz AdCD A - AdC™ = By(2,().

Thus ®; is a (' x L™)-invariant (k + mn)-form on D x V/*, and therefore the map
f = ®; gives an isomorphism between the space of mixed automorphic forms on D of
type (jg', 57, 1, 7) and the space HO(Y™, Qk+mn), 0

COROLLARY 6.3. Leto: K — C* and o' : K' — C* be the representations of
K and K', respectively, in the one-dimensional complex vector space C given by

o(k) = det[Ady, (k)] ™', o'(K) = (detk’)™

for k € K and ¥’ € K', and let ¢ be an element of T'o(T'\G/P,W(T',0,x)). Then the
Poisson transform Py ¢ of ¢ can be identified with a holomorphic (k + mn)-form on
the fibre product Y™ of m copies of the Kuga fibre variety Y over X. In other words,
holomorphic sections of W(I', o x) are Poisson transform liftings of holomorphic forms
of the highest degree on Y™.

Proor: This follows from Theorem 6.2 and the fact that the canonical automorphy
factor Jy : G’ x D' — K¢ of the symplectic group G’ is given by

Jv(g',Z)=4CZ + D)

for Z € Hand g' = (4 B) € Sp(n, R) (see for example [16, Chapter II, Corollary 7.4]). [

REFERENCES

[1] W. Baily and A. Borel, ‘Compactification of arithmetic quotients of bounded symmetric
domains’, Ann. of Math. 84 (1966), 442-528.

[2] A. Borel, ‘Introduction to automorphic forms’, in Algebraic Groups and Discontinuous
Subgroups, Boulder, Colo. 1965, Proc. Sympos. Pure Math. 9 (Amer. Math. Soc., Prov-
idence, R.I., 1966), pp. 199-210.

(3] S. Helgason, Geometric analysis on symmetric spaces (Amer. Math. Soc., Providence,
R.L, 1994).

[4] B. Hunt and W. Meyer, ‘Mixed automorphic forms and invariants of elliptic surfaces’,
Math. Ann. 271 (1985), 53-80.

(5] A. Knapp, Representation theory of semisimple groups: An overview based on ezamples
(Priceton University Press, Princeton, 1986).

[6] M. Kuga, Fiber varieties over a symmetric space whose fibers are abelian varieties I, II
(Univ. of Chicago, Chicago, 1963/64).

[7] M.H. Lee, ‘Mixed cusp forms and holomorphic forms on elliptic varieties’, Pacific J.
Math. 132 (1988), 363-370.

https://doi.org/10.1017/50004972700022401 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700022401

370 M.H. Lee and H.C. Myung (18]

(8] M. H. Lee, ‘Mixed Siegel modular forms and Kuga fiber varieties’, Illinois J. Math. 38
(1994), 692-700.

[9] M. H. Lee, ‘Mixed automorphic forms on semisimple Lie groups’, Illinois J. Math. 40
(1996), 464-478.

[10] M. H. Lee, ‘Mixed automorphic vector bundles on Shimura varieties’, Pacific J. Math.
173 (1996), 105-126.

{11] M. H. Lee, ‘Mixed Hilbert modular forms and families of abelian varieties’, Glasgow
Math. J. 39 (1997), 131-140.

[12] K. Minemura, ‘Invariant differential operators and spherical sections on a homogeneous
vector bundle’, Tokyo J. Math. 15 (1992), 231-245.

13 . Mumford, ‘Families of abelian varieties’, in Algebraic Groups and Discontinuous Sub-
D. Mumford, ‘Families of abeli ieties’, in Algebraic G d Di ) Sub
groups, Boulder, Colo. 1965, Proc. Sympos. Pure Math. 9 (Amer. Math. Soc., Providence,
R.I., 1966), pp. 347-351.

14 . Murakami, Cohomology of vector-valued forms on symmetric spaces (Univ. o icago,

(14] S. Murakami, Cohomology of lued f y ic sp {(Univ. of Chicag
Chicago, 1966).

[15] W. Rudin, Real and complez analysis, (Third edition) (McGraw-Hill, New York, 1987).

[16] 1. Satake, Algebraic structures of symmetric domains (Princeton Univ. Press, Princeton,
1980).

[17] N. Wallach, Harmonic analysis in homogeneous spaces (Marcel Dekker, New York, 1973).
Department of Mathematics Korea Institute for Advanced Study and KAIST
University of Northern Iowa 207-43 Chunryangri-dong
Cedar Falls, 1A 50614 Dongdaemoon-ku
United States of America Seoul 130-012
e-mail: lee@math.uni.edu Korea

e-mail: hm@kias.re.kr

https://doi.org/10.1017/50004972700022401 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700022401

