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GENERIC RESULTS FOR COCYCLES WITH VALUES 
IN A SEMIDIRECT PRODUCT 

KARMA DAJANI 

ABSTRACT. Let A ex B be the semidirect product of two local compact Haus-
dorff topological groups. We prove that for a nonsingularergodic automorphism T of a 
Lebesgue probability space, a generic cocycle taking values in A ex B is nontrivial and 
recurrent. 

0. Introduction. Let A and B be two second countable locally compact (necessar
ily countably generated) Hausdorff topological groups, each with a translation invariant 
metric. We denote both metrics on A and B by d to be understood from the context which 
metric is under consideration. The group operation on A is denoted by multiplication, the 
identity by 1 and the inverse of a G A by a~l. The group B is assumed to be abelian and 
noncompact; the group operation is denoted by addition, the identity by 0, and the in
verse of b G B by —b. The group A acts on B by group automorphisms; for simplicity we 
shall denote the action by multiplication: b —> ab. Furthermore, the map (a, b) —* ab is 
assumed to be uniformly jointly continuous, that is for every e > 0 there exist 81,82 > 0 
such that d(ab,a'br) < e whenever d(a,a') < 8\ and d(b,bf) < 82- Let A oc B be the 
semidirect product of B by A relative to the given action. That is, the elements have the 
form (a, b) G A x B, and group operation o defined as follows: 

(a,b)o(a\b') = (aa\b + abf). 

The identity element is (1,0), and (a,b)~l = (a~l, —crxb). 
Let (X, $, \x) be a Lebesgue probability space, and G a countable group (with identity 

e) that acts nonsingularly, ergodically, and freely on X. We denote this action by multipli-
g 

cation: x —» gx. We shall consider cocycles on X taking values in the semidirect product 
A oc B. That is, we shall consider measurable functions F:G x X -^ A oc B with the 
property that 

(1) F(g,g,x) = F(g,x)oF(g\gx). 

The above identity is called the cocycle identity and it implies that F(e,x) = (1,0). We 
let X/J: G x X —> A and/: GxX—>B denote the projections of F onto the first and second 
coordinates respectively. Then F(g,x) = (i/>0>,*),/(#,JC)) = (^,f)(g,x) and together 
with(l) imply 
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(i) i)(g'g,x) — \p(g,x)ijj(gf,gx) and ij)(e,x) — 1 i.e., 0 is a multiplicative A valued 
cocycle, 

(ii) f(g'g>x) = f(g,x) + ip(g,x)f(g',gx) and/(*?,*) = 0; i.e. J is a 0-cocycle (or 
twisted) B valued cocycle. 

Throughout this paper (0,/) will always mean that 0 is an A valued cocycle and/ a B 
valued 0-cocycle. All equalities are understood to hold a.e. 

We study generic properties of nontrivial and recurrent cocycles (0,/) in terms of their 
coordinate functions; this work is a generalization of the results in [D]. In Section 1, we 
define the notion of 0-cohomology for 0-cocycles, and investigate its connection with 
the recurrence properties and cohomology of cocycles taking values in the semidirect 
product A oc B. In Section 2 we define the essential range, Ë^(f), of a 0-cocycle/ to 
be a certain closed subgroup of B, the one point compactification of B. We give suffi
cient conditions for triviality (being a coboundary) and recurrence of (0,/) in terms of 
Ë^if). Let E(\l),f) and E{^),f) denote the essential range and finite essential range of the 
cocycle (0,/) (see [K], [SI], and [S3]). We show that Ei^jJ) is always an extension of 
the abelian group E^if) by £/(0), where Ew(f) — Ë^if) D B and E/(0) consists of all 
elements in the finite essential range of 0 that appear as a first coordinate of some el
ement in E(\l),f). We give sufficient conditions under which this extension is split, that 
is, E(\[),f) is a semidirect product. We topologize the set of 0-cocycles by extending 
appropriately the topology of convergence in measure. In Section 3 we prove that orbit 
equivalence induces a topological group isomorphism between the corresponding sets of 
twisted cocycles which preserve triviality, the notions of recurrence, full essential range, 
and infinity in the essential range. In Section 4 we prove that if T is a nonsingular ergodic 
automorphism, then for a certain class of A valued cocycles 0 which simultaneously recur 
with the cocycle of the Radon-Nikodym derivative, there is a dense G$ set of 0-cocycles 
/ whose essential range contains infinity and for which the cocycle (0,/) is recurrent. 
Using techniques similar to those in [PS] (see also [D]) this is first done for cocycles of 
a particular countable group action F on {0,1}N (see §4 for a definition) which is orbit 
equivalent to the action of Z by powers of T ([SI] §8), then orbit equivalence (see §3) 
allows us to transfer the results back to T. 

1. 0-Cohomology. 

DEFINITION 1.1. Two cocycles F and H on X taking values in A oc B are said to be 
cohomologous if there exists a measurable function K: X —> A oc B such that F(g, x) = 
K(x) o H(g,x) o K(gx)~l for g G G and a.e. x G X. The function K is called a transfer 
function. If F(g,x) = K(x) o K(gx)~~l (i.e., F is cohomologous to the constant function 
(1,0)), then F is called a coboundary. Similar definitions hold for two A valued cocycles 
0 and (p on X. 

DEFINITION 1.2. Two 0-cocycles/ and h on X are said to be ^-cohomologous if there 
exists a measurable function /3: X —» B such that/(g,x) = f3(x) + h(g,x) — %lj(g,x)f3(gx). 
The function f3 is called a 0-transferfunction. Iff is 0-cohomologous to the constant 
function 0, then/ is called ^-coboundary. 
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PROPOSITION 1.3. A cocycle i^J) is a coboundary with transfer function (a,/3) // 
and only ifip is a coboundary with transfer function a and f is a ip -coboundary with 
xjj-transfer function (5. 

REMARK 1.4. Let tj; and </> be two A valued cohomologous cocycles with transfer 
function a, i.e., ip(g,x) = a(x)(f)(g9x)a(gx)~l. Let h be a </>-cocycle, then the function 
ah: G x X —> B defined by ah(g,x) = a(x)h(g9x) is a -0-cocycle. 

PROPOSITION 1.5. Two cocycles (V7*/) and (<j>9h) are cohomologous with transfer 
function (a, f3) if and only if if) and </> are cohomologous with transfer function a, andf 
and ah are ip-cohomologous with ̂ -transferfunction (5. 

PROOF. Let W,f)(g,x) = (ct(x),/3(xj) o {<t>9h){g9x) o (a(gx)-\-a(gxyl(3(gx)). 
Then 

ip(g9x) = a(x)<l)(g,x)a(gx)~l, 

and 

f(g,x) = P(x) + a(x)h(g,x) - a(x)(j)(g9x)a(gxyl(3(gx) 

= (3(x) + a(x)h(g,x) - ip(g,x)(3(gx). 

That is, i[) and <f> are cohomologous with transfer function a, and / and ah are 
^-cohomologous with ^-transfer function (3. The converse is proved by reversing the 
above steps. • 

COROLLARY 1.6. If the group A is abelian, then (V>,/) and (tp9h) are cohomolo
gous with transfer function (oc9/3) if and only if a equals a constant a$ andf is ijj-
cohomologous to aoh with \p-transfer function (5. 

PROOF. Suppose (V>,/) and (I/J, h) are cohomologous with transfer function (a, f3), 
from the above proposition we only need to show that a is a constant. Since A is abelian 
it follows that a(x) = a(gx) and hence by ergodicity of the G action, a is equal to 
some constant a$. Conversely, suppose a{x) = ao and/(g,x) = j3{x) + a(x)h(g,x) — 
4>(g,x)(3(gx). Since A is abelian, it follows that ip(g,x) = a(x)4)(g,x)a(gx)~l so that 
W9f)(g,x) = (a(x),l3(xj) o W,h)(g,x) o (a(x),l3(x)yl. m 

DEFINITION 1.7. A cocycle (ip9f) is said to be recurrent if for every C G $ of 
positive measure, and for each neighborhood U Ç A of 1 and V Ç B of 0, there exists 
g G G different from the identity such that 

v(cng-lcn{x : xK8,x) eu}n{x :f(g,x) e v}) > o. 

Similar definitions hold for the coordinate functions ip and/. 

REMARK 1.8. 00, 0) is recurrent if and only if t/> is recurrent. 
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PROPOSITION 1.9. If(ip,f) and (<j),h) are cohomologous cocycles, then (ijj,f) is re
current if and only if(<ft, h) is recurrent. 

PROOF. Assume ((/>,/i) is recurrent and let ijj(g,x) = a(x)<j)(g,x)a(gxy\ and 
/(g, x) — (3(x) + a(x)h(g, x) — t/;(g, x)/3(gx). Let e > 0 there exist 0 < 6\, 62 < § such that 
d(ab,a',b') < | whenever d(a,af) < 6\ and d(b,bf) < 82. Choose sequences {an} in A 
and {bn} in # such that the sequences of neighborhoods Un — [a G A : d(a,an) < ^-] 
and Vn = {fr G 5 : d(b,bn) < ^ } cover A and B respectively. Now, let C G 2* with 
/i(C) > 0 . F o r n , m G N, let Cn?m = {x G C : a(jc) G £/„ and /3(JC) G Vm}. Since 
C = |Jn,m Cn,m there exist n, m G N such that /i(Cn,m) > 0. By recurrence of ((/>, /z) there 
exist g £ G, g ^ e such that 

^ ( Q m n ^ l Q m n {* : d(<l>(g,xl l) < y } n {x : rf(Afe,*),0) <£ 2 }) > 0. 

Since, 

Cnjnng-lCntnn[x : /̂((/>(g,x), l) < y ) n {x : d(/i(g,x),0) < 52} Ç 

C H g ^ C n {* : 4^(g,x) , \)<e}n{x: d(f(g,x),0) < e} 

we have that fi(cDg-{ D {x : d(^(g,jc),l) < e} H {x : d(/(g,jc),0) < e}) > 0. 

Therefore, (V>,/) is recurrent. The converse is proved similarly. • 

PROPOSITION 1.10. Ifxjj is recurrent andf is a ijj-coboundary, then the cocycle (ip,f) 
is recurrent. 

PROOF. From Proposition 1.5, we have that (V>,/) and (x/j, 0) are cohomologous with 
transfer function (1, (3), where /? is the ^-transfer function off. Remark 1.8 implies that 
(t/>, 0) is recurrent, and hence by Proposition 1.9 (xp,f) is recurrent. • 

2. Essential range. Let (ip,f): G x X —+ A oc B be 3. cocycle, and consider its 
essential range Ë(ip,f) which is a subgroup of (A oc 5 ) _ , the one point compactification 
of A oc B. Let E(ip,f) — Ë(ip,f) H (A oc #), the finite essential range which is a subgroup 
of A oc B. Similarly the essential range and the finite essential range of xp are denoted 
by Ë(xp) and E(xp) respectively (see [SI] and [S3]). Let B = BU {00} be the one point 
compactification of B. For A G B let Be(X) = {b G B : d(b, A) < e}, and Be(oo) = {b G 
Z? : d(fr, 0) > 1 / e} . We define the essential range of/ to be the set Ë^if) consisting of all 
A G B such that for every e > 0 and for every subset C of X of positive measure, there 
exists g ÇLG such that 

li(cng-lCn {x : 4V(S,*X l) < e} H {* :f(g,x) G £e(A)}) > 0. 

That is, A G £,/,(/") if and only if (1, A) belongs to the essential range of the cocycle (xp,f) 
in the usual sense. Let E^if) = Ë^(f)D B. Since 0 is trivially an element of E^if), it 
follows that J ^ ( O ^ 0 . 
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PROPOSITION 2.1. E^ (f) is a closed subgroup ofB. 

PROOF. Assume that A, A' G E^(f), we want to show that A + A' G E^(f). Assume 
with no loss of generality that A, A' ^ 0. Let e > 0 and C Ç X with /x(Q > 0. By joint 
continuity of the action of A on B there exist S\, 62 < § such that d(ab, A') < | whenever 
d(a, 1) < £1 and d(b, A') < 62. Since A7 G /^(f) there exists g' E G such that 

/ i ( c n g M c n {x : £/(v>(*',*)> 1) < «1} n {x : J(/(^,X),A /) <62) > 0. 

LetD = Cngf~lCn{x : d(t/;(g',jt), l) < ^1} H {* : d(f{g',x),X') < b2). Then 

//(£>) > 0 and there exists a g G G such that /i^D H g_1D n {* : d(ij;(g,x)91) < 61} H 

{* : d(f(g,x), A) < §}) > 0. Since, 

Dng-lDn{x : dty(g,x)9 l)<6i}n[x: d(f{g,x),\) < "-) C 

Cn(gfgylCn {x : d(xl>(g'g,x), l) < e} n {x : d(f(g'g9x\ X + A') < e}, 

it follows that 

/ ^ ( c f K g ^ C n {* : dtyig'&x), l)<e}n{x: d(f(g'g,x),X + X') < e}) > 0. 

Therefore, A + A' G ̂ ( f ) . Now, let A G ̂ ( f ) . Note that ^(g'Kgx) = ^{g,x)~\ and 

f(g-\gx) = -^{g,xTxf(g,x) for all g G G. So that d(xl>(g-\gx),l) = 

dtyig.x)-K 1) = J ( l , xl>(g,xj), and 

</( /0rV), -A) = 4-^g,*rY(s ,x) , -A) 

< d(-il>(g,x)-lf(g,x),-xl>(g,x)-l\) +d(-^(g,x)-lX,-X) 

= d(ij(g,xrlf(g,xi4j(g,xrlx)+d(wg,xrlx,x). 
Choose (5i,<*)2 < § such that d(a6, A) < | whenever d(a, 1) < <Si and d(6, A) < 62. For 
any set C in X of positive measure and for all g G G, we have 

^ ( c n ^ C n f * : d(tl>(g,x), 1) < «i} n {* : d(f(g,x),\) < 62}) C 

CHgCn {x : d(^(g-\x)9 l)<6i}n{x: d(f{g~\x\ -A) < e) 

Since A G E^(f) and the G action is nonsingular, there exists g G G such that 

/ i ( c n ^ C n {x : d(i{>(g-\x), l) < 5,} n {* : d(f(g-\x), -A) < c}) > 0. 

Therefore, —A G £</,(/*). The fact that E^(f) is closed is clear. • 

PROPOSITION 2.2. Iff and h are xjj-cohomologous ijj-cocycles, then Ë^if) — Ë^(h). 

PROOF. Suppose f(g,x) = (5(x) + h(g,x) — il)(g,x)(3(gx\ where /?: X —* B is a mea
surable function. Let e > 0 be given, and choose 0 < 8 < e such that d(b9 ab) < | 
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whenever d(l, a) < <5. Since B is a Lindelôf space, there exist a sequence {bn} in # and a 
countable cover { t f j of X with [/„ = {fc G 5 : </(&,&„) < f }.Let C Ç X with/i(C) > 0. 
For each n G N, let Cn = {x G X : /3(JC) G £/„}. Since C = \Jn Cn, it follows that there 
exists n G N such that /x(Cn) > 0. For any À G B and g G G we have 

d(f(g,x), A) = d(p(x) + /i(g,x) - 1>(g,x)t3(gx\ A) 

< d(fc(g, x), A) + d(p(x\ P(gxj) + d(/3(**), V(S, *)/3(**)) 

Now, let A G £^(/i). There exists g G G such that 

/ i ( c B n r t n { r ^ ( g , 4 i ) <<5}n j*:d(/z(g,x),A) < |}) >o. 

It follows from (*) that 

Li(cng-lCn {x : d(^(g9x),1) < e} H {x : d(f(g,x),\) < e}) > 0. 

Therefore, A G E^(f), i.e., E^(g) Ç E^(f). The reverse containment is proved simi
larly, so that /^(g) = ^ ( f ) . Now, let oo G Z ,̂(g) and ei > 0 be so that -^ < £• Choose 
0 < 8\, 82 < e so that d(fe, ab') < e{ whenever d(a9l)<8\ and d(b, b') < 82. Let C G « 
be of positive measure, we can find for some n G N an element bn G B so that the set 
C„ = (x 6 C : d(f3(x),bn) < ^ } has positive measure. Let g G G be such that 

fifcnng-lCn n {* : d(xl>(g,x), l) < £i) n {x : d(fc(s,*),0) > 1 ) ) > 0. 

Since 

d(f(g9x\0) >d(h(g9x\0) -d(f3{x)^(g9xmgx)) >^-ex>
X-, 

it follows that 

ii(cng-
lcn {x : dty{g,x\ l) < e}n{* : d(f(g,x\o) > l-)) > o. 

PROPOSITION 2.3. 7f A G E^(f)for some A ^ 0, f/ien (Î/;,/) « recurrent. 

PROOF. Let e > 0 and C G ® with //(Q > 0. Choose 0 < 8\, 82 < | so that 
d(afr, A) < | whenever d(a, 1) < 8\ and d(fr, A) < 62. Since A ^ 0 there exists g' G G, 
g' ^ e such that 

^ ( c r V ^ C n {* : d(ij(g',xl 1) < ^} n [x : d(f(g',x),\) < <52}) > 0. 

LetD = C n g H C n { x : rf^te',*), l) < § } n { x : d(f{g',x), \) < 82}. By Rohlin 
lemma we can choose a subset D' of D of positive measure such that D' U g'D' Ç D 
and iiiD'ng'D') = ii(D' H g' -1/)') = 0. Since -A G ^ ( f ) and A ^ 0, there exists 
g $ {e,g',gf~1} such that 

v(D'ng-liyn{x : d(xi>(g9x), 1) <^}n {* : d(f(g,x\-\) < e-)) >0. 

https://doi.org/10.4153/CJM-1993-026-1 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1993-026-1


COCYCLES WITH VALUES IN A SEMIDIRECT PRODUCT 503 

Now, for* G D'ng~lD'n{x : d(^(g9x)91) < 6X} n {x : d(f(g9x)9-X) < §}, we have 

(Ï) xecn(gf
gr

lc, 
(ii) d(l>(g'g9x), 1) = dty(g9x)xKg',gx)91) < d{^{g'9gx)9\)+dty{g9x)9 1) < e, 

(iii) d(f(g'g9x)90) = d(f(g9x) + ifrig.xy&gxlO) < d(f(g9x)9-X) + 

Thus, 

/ i f c n ^ r ^ n {* : d^){g'g9x)9\)<e}n{x: d(/Vs,*),0) < e}) > 0. 

Therefore, (-0,/) is recurrent. • 

PROPOSITION 2.4. Ifip is cohomologous to <j> with transfer function a andf is a îp-
cocycle, then E^if) = B if and only if E^(a~~xf) — B, and oo G Ë^(f) if and only if 
oo G /^ (a r 1 / ) . 

PROOF. Let À G B be any element, and let e > 0 be given. There exist 0 < S\9 

62 < § such that d(ab9a'b') < | whenever d(a9a!) < 6\ and d(b9b') < ë2- Choose a 
sequence {an} in A such that sequence of neighborhoods {Vn}9 with Vn — {a G A : 
d(a9an) < 6-f}9 covers A. Let C G # with /x(Q > 0; there exists « G N such that the 
set Cn — {x G C : a-1(;t) G V„} has positive measure. Since a~lX G E^if) there exists 
g G G such that 

M ( Q n g - 1 C n n j x : 4 ^ , x ) , l ) < | ) n { x : 4 / ( g , x ) , ^ 1 A ) < ^ 2 } ) > 0 . 

ForxG C „ n g - ' C „ n { j c : ^ f c 4 l ) < | } H {* : d(/(g,jt),a„A) < 82} we have 

d(a~](x)f(g9x)9X) <d{a'x(x)f{g9x)9a-\x)a~l\)+d(a-\x)a~x\9X)<e 

and 

d(<t>(g9x)91) = ^ r 1 ^ . ^ ^ ) , 1) 
< d(ij(g9x)9 \)+d(a-\x)9a~l(gx)) < I +Si < e. 

Therefore À G E(f)(a~lf). The converse is proved similarly. Also a similar proof shows 
that 00 G E^if) if and only if 00 G £^(a - 1 / ) . • 

We now look at the algebraic connection between £(1/;,/), E^if), and £(0)- We first 
consider the split exact sequence 0—+#—+ A oc # —> A —-* 1, where i{b) — (1, &) and 
?r(a,fc) = a. Let £/(0) = TT(£(0 , / ) ) = {a G E(ijj) : (a,fc) G £(^, / ) for some b G 5}, 
and£}(0) = {a G £(0) : (0,0) G £(V>,/)}. Both £^(0) and £}(V0 are subgroups of £(^). 
We now give an equivalent definition of £^(0). 

PROPOSITION 2.5. « G £}(0) I/A/M/ only if(a9 b) G E(xp9f)for all b G £^(A 

PROOF. Let a G £}(0), then (a90) G £(0,/)- For any b G £V;(/*) we have (\9b) G 
E{^9f). Since E(^,f) is a group, then (a, b) = (1, b) o (a9 0) G E(ip9f). The converse is 
trivial since 0 G £</,(/"). • 
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PROPOSITION 2.6. The group E(ip,f) is an extension ofEf(ip) by Et(f). 

PROOF. We need to show that the sequence 0 —•» E^(f) -^ E(ijj,f) -^ Ef(ijj) -^ 1 
is short exact. Here i and IT denote the restrictions to the appropriate subgroups. By 
definition £/(V0 = 7r(£(^,/)), SO that IT is surjective. Clearly i is injective and iu{b) — b 
for all ft G £</,(/). • 

The following lemma shows that the group £/*(i/0 acts on the group Ev(f), and the 
action is inherited from that of A on B. 

LEMMA 2.7. If a G Ef{^)) and b G E^(f), then ab G E^if). 

PROOF. We need to show that (1, ab) G E(ipJ). Since a G Ef(\jj), there exists b' G B 

such that (a, ft') G E(t/>,/). Also (1, è) G £(^, /) , so that (1, aft) = (a,ft/)o(l,ft)o(fl,fe
/)-1o 

NOTATION. We denote by £ / # ) oc Ei}(f), the semidirect product of E^if) by E/(t/>) 

relative to the above inherited action. 

PROPOSITION 2.8. IfE/ty) = Efâ), then E(^,f) = ^00) oc E^(f). 

PROOF. For this it suffices to show that the sequence 0 —• E^if) —-> E($,f) —> 
Ef(\j)) —> 1 is split exact. From the given, we have that (a, 0) G Ety,/) for every a G 
Efty). Define a: Ef(ip) —> E(ip,f) by a(a) = (a,0). Then, ira(a) — a for all a G Ef(\ji), 
and hence the above sequence splits. Therefore, E(ijj,f) = 2s/(V0 oc E^ff). • 

COROLLARY 2.9. //^,(f ) = 5, ffren £(</>,/) = Ef{$) oc ^(/"). 

PROOF. For any (a, ft) G £(V>,/), we have ( 1, ft) G E($j) so that (a, 0) = ( 1, ft)" * o 
(a, ft) G E(ip,f). This shows that £/(V0 = £/(V0 a nd hence by Proposition 2.8, E(ip,f) = 
Ef(i)) oc ^ ( f ). • 

COROLLARY 2.10. IfE'f($) = A, then E(^f) = E^) oc E^(f). 

PROOF. Follows immediately from Proposition 2.8, since in this case E'M) — 

EfW). m 
Let Z^(X, G, #, /x) be the set of V -̂cocycles which is a group under pointwise addition. 

Let B^{X,G,B,n) be the subgroup of ^-coboundaries (we identify those that agree /x 
a.e.). We topologize Z^ and B^ by defining the following notion of convergence: f{n) —>/ 
if and only if for each g G G,/(n)(g,. ) —• / (g, . ) in measure. It is well known that the 
topology of convergence in measure is given by the metric: d({3, j3') — Jx \^dw(x) 3^(x)) ^ ' 
where f3,/3f:X —> B are measurable. Let M(X, G, A, /i) be the set of equivalence classes 
of multiplicative A valued cocycles on X. 

Let C = {C„ : n G Z} be a countable dense collection in the measure algebra. The 
following lemma gives a necessary condition for an element of B to be in the essential 
range of a ^-cocycle by reducing the verifications to members of C only (see [CHP], 
[D]). This will be used in Section 4. Denote by u, the Radon-Nikodym derivative \i i.e., 
uj(g,x) = ^r&(x), where /x o g(A) = n(gA). Let [G] denote the full group of G. That is, 
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[G] consists of all bimeasurable automorphisms V: X —• Y such that for each x e X there 
exists g £ G such that Vx = gx. For V G [G], set u(V,x) = oj(g,x), x^(V,x) = ^{g,x), 
andf(V,x) =f(g,x) where Vx = gx 

LEMMA 2.11. If there exists a 0 < K < 1 swc/i that for every e > 0 and for every 
CeC 

sup M ( G H V ^ C n {* : |o;(V,x) - 1| < e} 

H {* : ûf(^(V,;c), l ) < e} H {JC :/(V,JC) G ft(A)}) > #/z(Q, 

then A G ^ ( f ) . 

PROOF. Let e > 0 and E C X with /x(£) > 0. Let c(e,/Q = ( T ^ ^ y . Choose 
C G C such that /i(£AC) < c(e,K)\i(E). By hypothesis, there exists V G [G] such that 

^CDV~lCn{x: \u(V,x)- 1| < e } 

H {* : rf(^(V,jc), l) < e} H{x :f(V,x) G Be(X)}) > K^i(Q. 

L e t C = CDV~lCD{x: \u(V,x)- 1| < e} H {x : ^(^(V,x), l) < e) H {* :/(V,*) G 
ft (A)}, then 

/i(Ô > # M O > K^(E nC)> K(ii(E) - fi(EAQ) > n(E)(K - Kc(e, K)) > 0. 

Let Ë = CDC. Then /x(£) = /x(C) - /z(C \ £) > M O - j/(CA£) > /x(£)(AT -
(# + l)c(e,/Q) > 0, and/i(V£) > (1 -e)^(È) > (1 - e ) /x (£ ) (# - (£ + l)c(e,K)). Since 
VË Ç C, we have 

/j(E H V£) = /J(VË) - //( V£ \ £) 

> fi(VË) - n(CAE) 

> / z ( £ ) ( ( l - e ) A : - c ( e , ^ ) ( ( l - c ) ( ^ + l ) + l ) ) > 0. 

by nonsingularity of \i with respect to V, it follows that ii(V~lEDE) > 0 and hence 

J En V~lED {x : \u(V,x) ~l\<e} 

H {* : d(tl)(V,x), l) < e} H {* :/(V,JC) G ft(A)}) > 0. 

Therefore, A G Ë^(f). m 

LEMMA 2.12. For each A G £^(/") and for each k,m,n G N, //*£ ma/? 

/:—• sup i Q n r ' Q n f x : |O?(V,JC) — 1| < - | 
ve[G] V [ ™} 

H {* : dfav.x), l) < i } H {x :/(V,*) G ^/«(A)}) 
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is lower semicontinuous. 

PROOF. The result follows from the fact that for each V G [G] the map 

f:-+dcknV-lCkn[x: | < J ( V , J C ) - 1 | < - ) 

H {* : d(xP(V9x\ l ) < ^ ) H{x :f(V,x) G B{/n(X)}) 

is continuous (see [D]). • 

3. Invariance under orbit equivalence. 

THEOREM 3.1. Let G[ be a nonsingular free action on (X;, ®/,/i;), / = 1,2. If the 

actions ofG\ and G^ are orbit equivalent, then there exists a topological group isomor

phism A: M(X\, G:i, A, /ii) —> M(X2, G2,A, p,2) such that for every x[) G M(X\,G\,A,fjL\) 

the following hold: 

(a) If (j> is cohomologous to A(Î/>), ^^w Z^(X\,G\,A,/j\) == Z^X^G^A,^) am/ 

B^(X\, G\,A, /ii) = B^Xi, G2, A, p,2) («5 topological groups), 

(b) under the isomorphism of (a), recurrence, 00 m f/z£ essential range, and full es

sential range are preserved. 

PROOF. Let F: X\ —> X2 denote the isomorphism that gives the orbit equivalence. For 

g2, G2 andx2 G X2, set A(i/0(g2,*2) = <K#i,*i)> wherex2 - F(*i) andg 2 / rOi) = ^(gi*). 

Let ^ G Af(Xi, Gi,A, /ii) and 0(g2,*2) = « ( ^ A C V O f e - ^ a f e ^ ) - 1 , where a: X2 —> A 

is measurable. F o r / G Z^(Xi,Gi,A,/ i i ) , set/(g2,*2) = a(*2)/(gi,*i)- T h e n / is a </>-

cocycle. Since if #2,£2 ^ ^2 and X2 G X2, then there exists an JCI G X\ and gi ,g i G Gj 

such that F(x2) = xuF(g{xi) = g2x2, and F(g[g\X\) = g2g2*2- Then, 

/(g2£2,*2) = a(x 2 ) / (^igi ,xi) 

= <X(x2)(f(guXi) + llj(g\9X\)f(g[,g\XiJ) 

= a f e ) / ( g i , x i ) + a(x2)A(V0(£2,*2)/(gi,gi.*i) 

= ûf(x2)/(gi,xi) + (Kg2,*2)a(g2*2)/(gi,gi*i) 

= / ( # 2 , X2) + </>(#2, X2)f(g'2, g2X2). 

Iff(gi,xi) = /3(*i) - Vtei>*i)/?tei*i). then 

f(g2,x2) = a(x2) /(gi ,xi) = <x(x2)(l3(x\) - V>(Si>*i)i3(Si*i)) 

= a f e ^ C F - 1 ^ ) - </>(g2,-^2)û'(g2^2)/3(F"1g2^2) 

i . e . , / is a </>-coboundary with ^-transfer function (5F~X. This proves (a). For part (b), 

proofs similar to those of Propositions 1.2, 2.2, and 2.4 show that (i/>,/) is recurrent if 

and only if (</>,/) is recurrent, 00 G Ë^(f) if and only if 00 G Ë^if), and E^if) = Bif and 

o n l y i f ^ ( f t = £. • 
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4. A generic model: the binary odometer. Let X — n £ j {0,1}/, which is a group 
under addition, and let J be the Borel cr-algebra. Let T be the subgroup of X consisting 
of all those sequences with finitely many nonzero coordinates only. Then T acts on X by 

i 
coordinate wise addition (x —> 7 + x). Let \i be any nonsingular measure on X which is 
ergodic with respect to the T action. It is well known that the action of T on X is orbit 
equivalent to the binary odometer with respect to the measure //, and for any nonsingular 
ergodic hyperfinite action of a countable group G on a Lebesgue probability space Y, 
there exists a measure fi on X which is nonsingular and ergodic for the T action such that 
the actions of G on y and r on X are orbit equivalent (see [SI] §8). 

Let S: X —> X be the left shift, and for n > 0 let Tn be the finite subgroup of F whose 
members consist of all 7 G T such that lm = 0 for all m > n (To = {0 = (0,0,...)}). 
Denote by f „ the subgroup of T consisting of all those elements whose first n coordinates 
are all zeros. For xGX, let x^n) = (x\,...,xn, 0,0,...) and X(n) = (0 , . . . , 0xn+\,xn+2,...), 
then x{n) G Tn, X(n) G f n and x = x(n) + X(n). For ai,a2,...,an G A we denote the product 
«1^2 " -anby njLi au The following proposition is a generalization of Theorem 3.1 in 
[SP]forAabelian. 

PROPOSITION 4.1. For any cocycle ip\F x X —> A there exists a sequence of mea
surable maps (Xk'.X —> A such that for each n > 1 and every 7 G Tn, 

(*) T/<7, x) = [ n cck o S*(JC)1 f II ^ ° S\l + *)1 . 

Conversely, for any sequence of measurable maps ak, (* ) defines a cocycle. 

PROOF. For n > 1, let I/;„(JC) = ^(x(n),x(n)). Note that if 7 G Tn, then 7(A2) = 7 and 
7(„) = (0,0,...). 

CLAIM (i). For any 7 G r„, -0(7,*) = i ( x ) " ' i ( H i ) . 

PROOF OF CLAIM (i). Note that (7 + x)(n) = 7 + x(w) and (7 + *)(„> = *(„>; hence the 
cocycle identity gives 

^-\x)^n(n +x) = ^ n ) , ^ ) ) - V((7 + -*)("), (7 + *)(„>) 

= ^ ( ^ ) , ^ ) ) - 1 0 ( x ( n ) , ^ ) ) ^ ( 7 , ^ ) + *(n)) 

= 0(7,x(n)+*(„)) = 0(7, x). 

CLAIM (ii). For any 7 G F„ we have, 

0„(7+x)0„+i(7 + x r 1 = il)n(x)i)n+l(x)~l. 

PROOF OF CLAIM (ii). 

0„+1(*r10„+1(7 + x) = ^ ( n + 1 ) , x ( n + 1 ) ) - V ( ( 7 + ^ + 1 ) , ( 7 + x)(n+1)) 

= ij(xin+l\x{n+l)r
l^o+x{n+l\x{n+l)) 

= 0(7,*("+1) +x(AZ+i)) - 0(7,*) = ^(xy^nO+*). 
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This shows that ipn(l +x)\jjn+\ (7 +JC)~1 = ^n(x)ipn+\(x)~{. Thus for each n > 1, the func
tion i)n^nl\ *s independent of the first n coordinates, and hence there exists a measurable 
function an:X —> A such that an o Sn(x) — ^ W ^ + i W " 1 . Set a0(x) = -0I(JC)_1, then 
for n > 1 and any 7 G Tn we have 

m *> = ( n a* °s* wl fn <** ° ^+*)1 • 

Conversely, let {ak} be a sequence of measurable maps defined on X with values in A. 

For rc > 1 and 7 G T„ set t/>(7,*) = (njpj a* o ^(x) ) (n^d ^ ° S*(7 + *))_ 1 . a n d 

let ip(Ô9x) = 1. We claim that i/> is a cocycle. Let 7 G Tn and l' G Tm. Assume with 
no loss of generality that m > n, then 7' + 7 G Tm. Also for each / > n — 1 we have 
at o S'(JC) = at o S'(7 + JC), so that 

( m—\ \ fm-\ \ _ 1 

I ] ak o S*(JC) M I <** ° S*(77 +7 + Jt) 
*=o / Vit=o / 

n cck o sk(x)) ( n <** o ^ + J C ) " ) f n 1 <** o ska+*)1 
m—\ \ (m—\ \ "1 

I I akoSk(n + x)][ [J a*oS*(7' + 7+*) 

l[ ako Sk(x)){l[ ako Sk(l +x)) 
^k=0 J \k=0 J 

fm—\ \ /m—1 \ ~J 

n « * o S * ( 7 + *) n<**oS*(7' + 7+*) 
U=o y \k=o y = '0(7,X) '0(7 / ,7+JC). • 

REMARK. We refer to the sequence {ak} as the sequence associated with ip. 

LEMMA 4.2. L^ ip be an A valued cocyle, let {ock} be its associated sequence. If 
n > 1 and j3:X —> B is a measurable map satisfying f3(x) — i^(7,x)/3(7 + x) for all 
7 G Tn, then there exists a measurable map fi'\X —> B such that 

P(x) = (\lakoSk(x))p'oSn(x). 
Vk=0 J 

Conversely, suppose f3(x) = (njLo ak ° Sk(x))f3' ° Sn{x) for some measurable function 
/?', thenf3(x) = ^{l,x)P(l + x)for alll G Tn. 

PROOF. Suppose that (3(x) = t/>(7, x)(3(l + x) for all 7 G T„, Proposition 4.1 gives 

n ock o ^(x) l p(x) = f n <** ° ^ + * > 1 ^ + * ) • 
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Then the function (Yl^Zo @k ° Sk)~lf3 is independent of the first n coordinates of x G X, 
hence there exists a measurable function f3f:X—>B such that (n£o a* ° •$*(*)) /̂ C*) ~ 
/?' o £"<». This shows that 

0(x) = (ïïakoSk(x))(3foSn(x). 
\k=o J 

Conversely, suppose that p(x) = (n^o ak ° Sk(x))f3' o 5"(JC). For 7 G r„, (3f o ^(JC) = 

V>(7,*)/3(7 + *) = f n a* o Sk(x)) { n a* o S*(7 +*) 
VA:=0 / V*=0 

fîïaikoS*(7+Jc)>) /9
,oSn(7+^ 

PROPOSITION 4.3. Iff: F x X —+ B is a ^-cocycle, then there exists a sequence of 
measurable maps (3n:X —• B such that for n > 1, 

(**) ^(7,^)^(7 + x) = Pn(x)forl e Fn 

and for 7 G F, 

(* * *) /(%*) = £ V>(7,*)/3„(7 + x)- f3n(x). 

Conversely, if fln: X —> B is a sequence of measurable maps satisfying (**), then (* * *) 
defines a ijj-cocycle. 

PROOF. Let {ak: X —> A} be the sequence associated with the cocycle ip. Let/ be a 
^-cocycle, for n > 1 set 

/„(*) = f n «k o Sk(x)) ( n cr* ° Sk(x(n))) f(x{n\x{n)). 
\k=0 J U=0 J 

If 7 G r,„ then 7(n) = 7 and 7(„> = (0,0,...), so that 

4>(i,x)fn(y+x)-fn(x) 

f i ak o Sk(x)) ( n a t o sV ( n ) ) ] / (7 + x<,!), x(„)) 
k=0 ) U = 0 V 

n «* o s*(*)l f n «* ° s*U(»))l /(*<n)> *<»>) 

n a* o Sk(x)) ( n a* o S*0c(B))l M^x^Ml, x) 
t=o S u=o J U=o J \k=o 

= / ( 7 , J t ) . 
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Using similar calculations as the above, one can show that for 7 E Vn 

^0,X)U\0 +X) -U\(X) =f(l,X) = ^{l,x)fn(l+X) -fn(x). 

So that for each n > 1, the function/^ — fn satisfies 

^ ( 7 , x ) ( / n + l ( 7 + x ) -fnO+x)) =fn+l(x) -fn(x). 

By Lemma 4.2 for each n > 1 there exists a measurable function (5'n such that 

(n-\ 
Ul(x) -fn(x) = f I I OCk O S * ( x ) V O Sn(x). 

Let/?„(*) =fn+\(x)-Mx), thenfor7 e r„, V>(7,*)&(7+*) = /?„(*). Set^oW = /%(*) = 
/I(JC). Let 7 E r„,then 

oo n—\ 

E W, *)ft(7 + *) - AW - E W.*)/3*(7 + x) - ft(x) 
*=0 /t=0 

- « 7 , x ) / i ( 7 + 4 - / i W 
« - ] 

+ V>(7,*) E( / i + i (7 +*) -fkV + *>) 
k=\ 

- E ( ^ + i W - / * w ) 

= V(7,.*yi(7+*)-/ito 
+ V(7,*)(/»(7+x)-/i(7+*)) 

= V(7 + *)/„(7 +x) -/„(*) = /(7,x). 

Conversely, let {ft: X —• B} be a sequence of measurable maps satisfying (**). Let/ be 
as defined in (* * *) and let 7i,72 G r . There exists m > 1 such that 7i,72 £ rm , then 
7i +7 2 € Tmand 

m-\ 
/(7i + 72,x) = E W i + 72,*)/?B(7i +7 2 + *) - /3„(x) 

«=0 

Wux) £ V (̂72,7i + *)/3„((72 + (7i + *)) -/3„(7i + *)) 
M = 0 V y 

m - 1 

E{^ux)(3n(l{+x)-(3n(x)) 
m-\ 

+ 
n=0 

= 0(7i,x)/(72 ,7i+x)+/(7i,x). 

Therefore, (* * *) defines a ^-cocycle. • 

NOTATION. Let/ be a t/;-cocycle and {/3n} the sequence satisfying (**) and (* * *). 
Then by Lemma 4.2 for each n > 1 there exists a measurable map (3f

n such that f5n(x) ~ 
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(n^d ak ° Sk(xj)/3'n o Sn(xl and f30 = f3'0. We refer to {/?„} and {/%} as the sequence 
and tail sequence off respectively. Let Z',{X, T, B, ji) be the subgroup of all ^-cocycles 
/ such that each member in the tail sequence of/ depends on finitely many coordinates 
only. We denote by F(X, fi, B) the set of all equivalence classes of measurable maps on 
X with values in B (two functions are identified if they agree \i a.e.). We let F'(X, \i, B) 
be the subset consisting of the measurable maps depending on finitely many coordinates 
only. We give F(X, fi, B) the topology of convergence in measure. 

PROPOSITION 4.4. The set Z ,̂(X, r , /i) is dense in Z0(X, r , //). 

PROOF. Let/ be any ^-cocycle and {/?«}, {P'n} its associated sequence and tail se
quence. Let e > 0 be given, by joint continuity of the A action on B there exist sequences 
of real numbers {bn } and {b'n } such that 

(i) forn > 0 , 0 < ^ < 2&r, 

(ii) for n > 0, d(ab, ab') < ^b whenever d(b, bf) < 6n. 
Since F'(X,//,£) is dense in F(X,n,B), it follows that for any finite set {7(0 G T : 
1 < / < m} there exists a sequence {/3̂ } of measurable maps each depending on finitely 
many coordinates only such that 

(i) rf(/3o, fa) < to and d(0o ° 7(0, /50 o 7(/)) < S0 for 1 < i < m, 
(ii) j ( $ o 5*, fa o 5*) < 8k and d(/% o ^ o 7(/), fto5*o 7(/)) < ^ for 1 < / < m and 

* > 1. 
Thus, for 1 < i < m and £ > 1 we have 

(a) 5(^(7( / ),. )0o o 7(0, V>(7(0, • )/30 o 7(0) < f4, 

(b) jfdlf-J a, o $)& o S*, (nj^J «/ o S)fa'o Sk) < ^ 4 , 

(c) d(^(7 (^ 0(nj=o ^ ajoS'o'yM)J3koSko'yV) < 
€ 

Then the measurable function^) = (/?oW-^oW)+E^1(nj :r0
1 a;o^(*)) ( $ o ,$*(*)--

fa o S*(x)) is well defined. Set 

fa,x) = W,x)fa(-)+x)-fa(x) 
oo / ^ ~ * >\ 

+ E^(7,x) nctjoSin +x))pko&(n+x) 
k=\ \j=0 J 

then/ defines a ^-cocycle. Also/(7,*) = /(7,*) + V>(7,*)/?(7 + JC) — /3(JC), and for 
1 < / < m, 

rf(fl7(0, • ),/(7(/),. )) = d(i)(l{i\ . )/3 o 7(0, p) < e. -

REMARK 4.5. Let ( T = { C „ : « G N } b e a countable dense collection in the measure 
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algebra and fix some 0 < K < 1. For k,m,n G N and 0 ^ X G B, set 

Nx(k, m, n\ tjj) = If G Z^X, T, B, /x) : sup x̂ (c* n V"1 C* 

n j x : |CJ(V,X) - 1| < -\nlx:d(il;(V9x\ l) < - ] 

n { x : / ( V ^ ) € f i 1 / B ( A ) } ) > W ) j . 

By Lemma 2.12, Nx(k, m, n; VO is open. Note that Lemma 2.11 implies 

H Nx(k,m,n\xlj) = \fe Z0(X,r,ft/x) : A G Ê ^ } . 
k,m,n 

If {XP '• p G N} is a dense sequence in 5, then 

H NXp(k,m,n^) = {fe Z^X,T,M) : ^ ( f ) - £}. 

This shows that {f G Z^(X, r , B , / i ) : A € Ê ^ ) } and {f G Z^X, T, /x) : £^(f ) = £} are 
G$ sets in Z^(X, I\ #, /z). 

NOTATION. We denote by M'(X, T, A, /x) the set of cocycles i/> G M(X, T, A, /x) that 
recurs simultaneously with a;, the Radon-Nikodym derivative, and whose associated se
quence {ak} depends on finitely many coordinates only. Then, for every e > 0 and for 
any C G 7 with /x(C) > 0, there exist a 7 G T, 7 ^ Ô such that fi(c ni'{C H 

{x : \u(l,x) - 1| < e} H {JC : rf(V>(7,Jc), l) < e}) > 0-

PROPOSITION 4.6. For eac/z V G M'(X,r,A,/x) and for each k,m,n G N, ffte sef 
Noo(k, m,n\^j) is dense in Z^(X, T,B,ji). 

PROOF. Let {a^} be the sequence associated with t/>, where each or*, depends on 
finitely many coordinates only. Choose a positive sequence {en} such that en < ^, and 
d(<2&, b) <\ wherenver d(a, 1) < e„. Let If be any nonempty open set in Z^(X, T, 5, /i), 
then by Proposition 4.4 there exists/ G Z^(X, T, 5, /x) with/ G (7. Since/ is an interior 
point of U there is an e > 0 and 7 ( 1 ) , . . . , 7(/° G T such that 

W=\he Z^(X, T, £, /x) : d(fc(7(0,. ),/(7 (0, • )) < e, 1 < / < xVJ Ç U. 

Let {/3£} be the tail sequence of/. Since/ G Z^(X,r,#,/x) each /?£ depends only on 
finitely many coordinates, and for 7 G F 

oo 

/(7,*) - £ V(7,*)/J„(7 + *) - AW-

where /?*(*) (n*=o a, o S\x)\f3'k o S*(JC) depends only on finitely many coordinates. Then 
we can find integers M\ < M 2 such that for each 0 <j < M\ and every 1 < i < K we 
have (Xj o S7', fy depend only on the first M 2 coordinates 

f(l{i\x) = £ ^ ( V ) & ( V ° + JC) - {3j(x). 
7=0 
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Using the simultaneous recurrence of LU and 0 and Rohlin lemma, we can find <5(1) G T 
different from the identity and a subset B\ Ç Q of positive measure such that: <5(1) G f Ml » 
Blnè{l)B] =tt,BiU6(l)Bl ÇQ,andforjcG#iU<5 (1)#i we have \LU(6(1\X) - 1| < 1, 
and d{^{8^\x), l) < e\ < 1. Since <5(1) ^ Ô there exist positive integers &i, N\ such 
that M2 < ki < Nu <$(1) G fM2 H r ^ , and (<S(1\ = (Sil))Nl = 1. By hypothesis, we 
can find an integer N\ > Ni such that otj o S7 depends on the first TVj coordinates only 
for j < N\. If fi(Ck\B\ U <5(1)2?i) > 0, then using again the simultaneous recurrence 
of UJ and -0 and Rohlin lemma, we can find <5(2) G T different from the identity, and a 
subset £2 Q Ck\Bi U5(l)B{ of positive measure such that: è(2) G f ^ , B2 D 8{2)B2 = 0, 
B2U6(2)B2 C Ck\Bx U6(l)Bu and for x G B2 U6(2)B2 we have \u(6(2\x) - 1| < £, and 
d(^){è{2\x), l) < e2 < | . Since <5(2) ^ Ô there exist positive integers k2, N2 such that 
Ni < k2 < N2, è

(2) G f^ H r^v2, and (5(2\ = (<S(2;V2 = 1. Let N2 > N2 be such that 
(Xj o S7 depends on the first N2 coordinates only j < N2. We continue by an exhasutive 
argument to find a sequence {Br} of subsets of Q , sequences of positive integers {kr}, 
{Nr}, {Nr}, and a sequence {<5(r)} in T such that: 

(i) 7Vr_i <kr<Nr< Nr;N0 = M2, 
(ii) for 0 < j < Nr, OCJ o S7 depends only on the first Nr coordinates, 

(iii) è^ G f^] H I*,, and (6<r% = ($r))Nr = 1, 
(iv) Brnè(r)Br = $,BrUè(r)Br Ç Ck\\Jj<rBjU6®Bj,andti(Ck\\J^ BrU6(r)Br) = 0, 

(v) For x G Br\J6{r)Br, we have | ^ ( r ) , x ) - 1| < £, and d(i/;(6ir\x), l) < en < ±. 
Define V G [T] by 

Vx = l ô(r) + x i f x G ^ U ^ ^ for some r ^ ! 
I x otherwise. 

Using condition (ii) above, we can choose for each y > 1 an element bj G B such that for 

x G X, d( (n|~o a* ° Sl(x))bj,0) > n + ^. Then for any a G A such that d(#, 1) < en we 

have rf(a(n£:ô <*/ ° •$'(*))&/, o) > n + 2. For y > 1, let /?': X —> 5 be given by 

# « = { J, if*, = o 
if xi = 1, 

and let Pj(x) = ( n 7 ^ <xt o S'C*))/?] o S(x). Define h G Z^(X, T, /i) by 

oo 

h(n,x) = £ V>(% *)/>#_, (7 + x) - pN^ (x). 

For a.e. x G Ck we have thatx G BrU6^r)Br for some r > 1. Now, either p^_, (<5(r)+x) = 0 

and p#_, O) = (n^0
2 a '̂ ° ^C*))^.-,, or P̂ vr_, (^

(r) + •*) = (n^0
2 a, o ^ ' ( x ) ) ^ , and 

pyv_! W = 0. Also, for 1 < / < r — 1, p# (^(r) + JC) = p^ (JC) SO that 

A(V,x) = /z((5(r),x) = é 0((5(r),x)p^_, ((5(r) + x) - pN (x), 
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and 
d(h(V,x),6) > d(iP(ë(r\x)pN^ (6{r) +x)- pNrl (JC),0) 

- d(j2 *K&r\x)pNrl (<S(r) + x) - pNrl (x), 0 
i=\ 

= d(^(è(r\x)pNr .(^ +x),pN^(x)) 

- dU(b(r\x) £ PNr] (*), £ PNrl M 
/=1 l=\ 

2 1 1 
> n + — n+ -. 

n n n 
(0 Also, for each 1 < / < AT, we have /z(7 ,x) = 0. Let 

Mi 

/(7,x) = £ V0U)&(7 + *) - #(*) + ft(7,*). 
7=0 

Then, for 1 < / < Kf(l{i\x) = f(l(i\x) so that / G £/. Let x G BrUè{r)Br, since 
M2 < #r_i we have for 1 <j < Mx (50r) +x) = (3j(x). Hence, 

Kj=0 J V j=0 j=0 J n 

Thus, 

This shows that/ G N^k, m, AT, if;) DU and therefore, N^k, m, /r, I/>) is dense. 

d(/(V,jc),0) > d(/z(<5(r),;c),0) - J(^E il)(ô(r\x)Pj(6ir)+x) - (3j(x),0) > n. 

COROLLARY 4.7. Ifipe M'(X,T,A,p), ^ n f/w? ^ {/* G Zv,(X,r,#,M) : oo G 
Ë^(f)} is a dense G$. 

Corollary 4.7, Theorem 3.1, and the orbit equivalence of the Z action by powers of T 
with the r action above ([SI] §8), together give the following theorem: 

THEOREM 4.8. Let Tbe a nonsingular ergodic automorphism of a Lebesgue proba
bility space (F, % v\ Then for each x[) G M'{Y, Z, A, v\ the set {f G Z, (F, Z, B, u) : oo G 
Êyiif)} is a dense G^. 

REMARK 4.9. (i) Using similar techniques and notation as in Lemma 2.11 and 
Lemma 2.12 one can show that: 

(a) If for e > 0 and for every Ck (in a countable dense collection in the measure 
algebra) 

sup p(ckr\V~lCkn{x: \u(V,x)- 1| <e}n{x: dU(V,x), l) < e] 

H [x : d(f(V,x),6) <e}n{x:Vx^x}) > Kp{Ck) 
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then (i/j,f) is recurrent, 

(b) For each k, m, n G N the map 

/ - > sup JcknV~lCknix: \u(V,x)- 1| < -
ve[r] V [ * 

H [x : d(i/;(V,x), l) < - ] H [x : rf(f(V,jt),0) < - J 

(l{x:Vx^ x}), 

is lower semicontinuous, 
(ii) Let R(k, m,n\^) be the set of/ G Z0(X, T, #, //) such that 

sup p\ck^V'xCkr\\x\ |O^(V,JC) — 1| < -Jn{jt:rf(V>(K*),l) < - ) 

n {* : </(f(V,*), 0) < l-} n {x : Vx ^ *}j > ^ ( Q ) , 

Then (i) part (b) implies that R(k, m,n;^) is open, and hence the set 

{f G Z^X, T, B, p) : (t/>,/) is recurrent} = f| /?(*, m, n\ VO 
k,m,n 

is a G$. 

(iii) If in the proof of Proposition 4.6 we define h\(l,x) = £ ^ Î/>(7,x)pNr(l + *) 
PNr(x), then for ;t G # r U <5(r)Z?r we have 

d(hi(V,x),6) = ^(AK^^XO) = dÇËM6(r\x)pNj(&
r) +Jt) - ^ « , 0 

7=1 

r—1 r—1 x J 

y=i y=i 

Also, 

Set 
A/, 

/i(7,*) = £ VK7,x)#(7 +JC) - /3,-(*) + A,(7,*). 

For* G £ r U6(r)Br, d(fi(V,x),0) = d(f{(e
(r\x),0) < \\ thus/, G R(k,m,n; ^) H 

U. Therefore, R(k,m,n; ip) is dense. Again using orbit equivalence to the F action this 
proves: 
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THEOREM 4.10. Let Tbe a nonsingular ergodic automorphism of a Lebesgue prob
ability space (Y, % v\ Then for each ijj G M '{Y, Z,Ay v) the set {f G Z0(F, Z, v) : (ip,f) 
is recurrent and oo £ Ë^(Y,Z,i/)} is a dense G$. 
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