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ASYMPTOTICAL SMOOTHNESS AND ITS APPLICATIONS

WIESEAWA KACZOR AND STANISLAW PRUS

-

In this paper we introduce the notion of asymptotical smoothness of a Banach space
and show that it is strongly related to the Kadec-Klee property. This notion is then
applied to obtain new theorems about weak convergence of almost orbits of three
various types of semigroups of mappings.

1. INTRODUCTION

Geometrical properties of Banach spaces play crucial role in many problems of metric
fixed point theory. This includes the Kadec-Klee property, the Opial property, and
their various modifications (see [23]). Actually, some authors attribute the first of these
properties to M. Radon and F. Riesz (see [2, p. 133]), so they call it the Radon-Riesz
property. It is also called property (H) (see [5, p. 112]). The idea of the Opial property
comes from [21].

These properties are defined in terms of weakly convergent sequences. However, in
some applications we deal with nets. According to the terminology of [4], the counterpart
of the Kadec-Klee property for nets is called the Kadec property.

In some papers concerning nonlinear ergodic theory, to get weak convergence of
suitable sequences or nets in a Banach space X, authors use the Kadec-Klee property
and the Kadec property (respectively) of the dual space X* (see, for example, [7] and
(10, 11, 12]). In the next section of our paper we introduce the notion of asymptotical
smoothness and prove that it is partially dual to the Kadec property.

In other papers dealing with ergodic theory, a Banach space X is assumed to have
either the Opial property for sequences or the Opial property for nets [16]. This leads
to the general problem: under what assumptions one can replace sequences by nets in a
given condition concerning weakly convergent sequences. A solution of this problem for
the Kadec-Klee property can be found in [14] (see also [1, p. 113]). In this paper we find
a more general result in this direction. It shows in particular that if X is reflexive, then
the Opial property for sequences is equivalent to the Opial property for nets.

The last section of our paper is devoted to the study of weak convergence of almost
orbits of three types of right reversible semitopological semigroups in uniformly convex
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and asymptotically smooth Banach spaces. Namely, we consider nonexpansive, asymp-
totically nonexpansive commutative and asymptotically nonexpansive-type semigroups.

2. ASYMPTOTICALLY SMOOTH SPACES

In this paper we shall consider only infinite dimensional real Banach spaces. How-
ever, our results hold also for complex spaces. This case requires only minor modifications
of some proofs. Let X be a Banach space. Its closed unit ball and the unit sphere will be
denoted by Bx and Sy, respectively. By B we denote the family of all closed subspaces
of X with finite codimension. Given t > 0 and z € Sy, we put

§(t;z) = inf sup ||z + ty|]| — 1.
EeBycSg
This coefficient was introduced in [19]. It is easy to see that ¢ — 4(¢; ) is a continuous
nonnegative function such that 6(¢; )/t is nondecreasing.

DEFINITION 2.1: We say that the space X is asymptotically smooth if

lim —6(t; 2)
t—0 t

=0

for every z € Sx.
It is worth while to mention here that for some spaces the coefficient §(¢; =) can be
described in explicit terms ([19]). Namely, 6(t;z) = (1 +tP)1/P —1,¢ > 0, if X = I, or
o0
more generally, if X = [ > Xn) where 1 € p < oo and (X,) is a sequence of finite
n=1

b
dimensional spaces. Moreover, if X = ¢, thend(t;2) =0for 0 < t < 1and §(¢;z) =¢t—1

n=1

for t > 1. The same formulae hold for the space X = (Z Xn) where (X,) is a sequence
<o

of finite dimensional spaces. Thus ¢y and [, with p # 1 are asymptotically smooth but ;
lacks this property.

To state our first result, recall that the norm of X is said to be Fréchet differentiable
(see, for example, [23]) if for every z € Sy,

) 1
lim sup | (Ilz-+ eyl ~ el - 6.(0)] =0,

where ¢, € X* is the Gateaux derivative of the norm at z.

PROPOSITION 2.1. Ifthenorm of X is Fréchet differentiable, then X is asymp-
totically smooth.

PROOF: Given z € Sx, we take £* € X* such that z*(z) = 1 = ||z*|| and put
Eo = kerz*. Then |z +ty|| > z*(z +ty) = 1if y € Ey. This shows that ¢.(y) > 0.
Consequently, ¢.(y) = 0 for every y € Ey. It follows that
1 1 1
Sz +tyll = 1) - 6.)| > sup (s + tyll = 1) > S6(t:2)
Y€SE, i

sup
yESx
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for every t > 0, and since the norm of X is Fréchet differentiable, we see that %l_r)r& 8(t;z)/t
=0. 0

On the other hand, cg is asymptotically smooth while its norm is not even Gateaux
differentiable.

Asymptotical smoothness can be characterised in terms of nets. Given a Banach
space X, z € Sx and t > 0, we put

bo(t; ) = sup{limsup ||z + tzo|| — 1},
a€A
where the supremum is taken over all weakly null nets (z4)qca in Bx and

6(t;z) = SUP{ligleiqnfligleitnf”x +t(zo — xﬂ)H - 1}’

where the supremum is taken over all nets (z,)qca in Bx.
THEOREM 2.2. Let X be a Banach space, z € Sx andt > 0. Then
bo(t;z) = 6(t; 2)
and
6(t; ) < 8i(t; z) < 6(2¢; 7).

PRrOOF: We first show that (¢; z) < 8o(¢; ). To this end we consider the set B with
the order given as follows: E), < E, if E5 C E, where E|, E; € B. Given € > 0, for each
FE € B we find yg € Sg so that

|z + tyel| — 1 > 6(¢;z) — €.
It is easy to see that the net (yg)gen converges weakly to 0. Therefore,

d(t;z) — e < limsup ||z + tyg|| — 1 < &(t; z).
EeB

Since € > 0 is arbitrary, we get the desired inequality.
Let now (Za)aca be a weakly null net in Bx. Then

[l!ier% |z + tzq|l € ligle;nfligleiqnflh +t(zo — z)|| < G1(t;7) +1

provided that the limit on the left hand side exists. This shows that &(¢; z) < d1(¢; z),
which in view of the first part of the proof gives 6(¢; z) < 8, (¢; z).

Our next aim is to prove that 4,(¢; z) < 6(2t;z). Given ¢ > 0, we find a subspace
E € Bsothat ||z+2ty|| -1 < 6(2t; z)+€ forevery y € Sg. Let us put m = codim E. There

m
are elements 2, ..., 2z, € Sx and functionals z},..., 2} € X* such that E = () ker 2},

i=1
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zi(zx) = 1 and z{(2;) = 0 for every i = 1,...,m and k # i. Given a weakly null net

(Za)eca in Bx, we set
m

Ya = Ta — Zz: (za)zi

i=1

Then 2;(ya) = 0 for k = ,m, which shows that y, € E. Moreover, [lya — ysll
< ||za — zpll + dap < 2+ dag where dyg = le (za) — 2} (xp)|- It follows that
1 < e — sl ( t(2 + dap)
2|z +t -1 =+ -1
2 (e + o - w)]| - 1) <2 Too sl "%
v —ell (“ ” )
—yg)|| — 1 +tdy
i (e e =) g
lya = yoll

< t; a
t(2+daﬂ)(6(2 z) + € + tdag)

whenever y, # yg. Hence
|z + t(¥a — ys)|| — 1 < 6(2t;3) + & + tdag,
which holds also in the case when y, = yg. Consequently,
||x +t(za — 25 ” -1< ”a: + (Yo — yﬂ)” — 1+ tdap < 0(2t;2) + € + 2tdap

for all a,8 € A. Passing to a subnet, we can assume that ligl‘1 z}(za) exists for ¢
a
=1,...,m. Then limlim d,s = 0. This shows that
BEAacA

ll{’pe}‘{lfllglehnf“fli +t(xa ~ 25)|| ~1 < 6(2t5z) +¢
It follows that &;(t;x) < 48(2¢;z) + €. Passing to the limit with ¢ — 0, we obtain
01(t; =) € 6(2¢t; x). A straightforward modification of the last part of the proof gives the
inequality &(%; ) < 6(¢; z), which concludes the proof. ]

Recall that the James space J is defined as the space of all real sequences z = (z,)
converging to 0 such that

m—1 1/2
ot =505 (3 o = 3P+ g =2 ) < 0,
k=1

where the supremum is taken over all sequences of positive integers n; < ny < ...
< 1y, (see [8]). In [19], it is mentioned that in this case 6(¢;z) = (1 + t2)V/2 — 1 for
all z € S; and ¢t > 0, which is not true. Indeed, consider the sequence of vectors
»=(0,...,0,1,0,...)/V2, where 1 is the nth coordinate. Clearly, (e,) is weakly null,
llea]l = 1 and |je; — ten|| = 1 + ¢ for every n and ¢ > 0. In view of Theorem 2.2 this
shows that §(¢;e;) = £. Consequently, J is not asymptotically smooth. It may however
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be renormed to have this property. The appropriate norm was defined in [22]. Namely,
given z = (z,) € J, we put

m

1/2
lzll, = sup (Z Il‘nZk—l - zﬂ2k|2 + 2|Tnpmis |2> )

k=1

where the supremum is taken over all sequences of positive integers n; < np < ...
< Ngme1- Then ||z||/v/3 < |lz|l, < 2||z|| for every z € J, so the norm || - |}, is equivalent
to || - ||- Moreover, if z € span{e;}?_, and y € span{ei}x>n, then

1/2
llz +ylh < (1 + 2[lyli) ™

It follows that in the space J considered with the norm || - ||; we have 6(¢;z) < (1
+2t2)1/2 — 1 for all z € J with ||z[l, =1 and £ > 0.

In the next section we give an application of asymptotical smoothness to fixed point
theory. Our main tool will be the following lemma.

LEMMA 2.3. Let X be an asymptotically smooth Banach space, (Zq)aca be a
bounded net in X and z,y be weak limit points of subnets of (z4)aca. If the limit

‘lzig‘”t:va +(1-t)z —y|

exists for each t € [0,1], then z = y.

PRrOOF: It suffices to consider the case when y = 0. Suppose, contrary to our claim,
that z # 0 and put u = z/||z|, ue = z./||z|| and

h(t) = ‘111612 lltue + (1 — £)ul|.

Since u is a weak cluster point of (ug)aca, 1 = ||u|| < h(t) for every ¢t € {0,1]. But
(ua)aca has a weakly null subnet. From Theorem 2.2 we therefore see that

1< h(t) < (1—1) (6(-1—6_t—t;u) + 1)

for every t € [0,1), where ¢ = sup,¢ 4 ||tq||- Hence

(4 ct
1-¢ S\T ¢

which contradicts the assumption that X is asymptotically smooth. 0

The idea of Lemma 2.3 goes back to a result due to J. Garcia Falset [7], where it
was proved only for sequences under the assumption that X is uniformly convex and its
dual has the Kadec-Klee property (see also [17]). In [9], the Garcia Falset lemma was
generalised for nets in reflexive Banach spaces whose duals have the Kadec-Klee property.
We shall show that this property is strongly related to asymptotical smoothness. Let us
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first establish terminology concerning the Kadec-Klee property. It/coincides with that of
[4]. ‘
A Banach space X has the Kadec property provided that if (Z4)aca is a net in
Sx converging weakly to z € Sy, then (Z,)aca converges to z in norm. Restricting
this definition to sequences, we obtain the definition of the Kadec-Klee property. Next,
replacing X by X* and weak convergence by weak* convergence, we get the definitions
of the w*Kadec and the w*Kadec-Klee property. Obviously, the Kadec property means
that the restriction of the weak topology to Sx coincides with the norm topology. A
characterisation of the Kadec property in terms of a geometric modulus can be found in
[19].
THEOREM 2.4. Let X be a Banach space.
(i) If X* is asymptotically smooth, then X has the Kadec property.
(il If X* has the w*Kadec property, then X is asymptotically smooth.
PROOF: Assume first that X* is asymptotically smooth and X does not have the
Kadec property. Then there exist a net (2,)qca in Sx and € > 0 such that (z5)aca
converges weakly to z € Sx and ||z, — z|| > € for every a. We find z* € Sx- with
z*{(z) = 1 and a net (z})aca in Sx- such that z,(x, — z) > ¢ for every «. Then

Ha:‘ + t(z}, — x3)

| > 2*(za) + 175 (Ta — z) — t23(z0 — 7) + tz(7) — tz}(2)
2 37(%a) + te — trp(ze — x) + tzy(2) — trp(z)

for every t > 0 and all o, . Since, passing to a subnet if necessary, we can assume that
lirr; z;(z) exists, it follows that
atc

l+et=z(z)+et < li%i,,nfli?e%nfl T° + t(zy, — zp) | <éi(t;z”) + 1.

Here 4, corresponds to the space X*. In view of Theorem 2.2 this shows that ¢
< 6(2t; %)/t for every t > 0, which contradicts our assumption.

Assume now that X* has the w*Kadec property. We take z € Sy, a weakly null net
(fa)aca in Bx and t > 0. For each « there is z, € Sx- such that 2} (z +tz,) = ||z +tz,.
Passing to subnets, we can assume that (l!ig} ||z +tzq|| exists and (z2)qca converges weak*

to some z* € Bx.. We have
‘111(21‘1 |z + tzo]| = Llelg z, (z + tz4)
= z*(z) + tlim(z}, — z*)(za) <€ ||lz7|| + tliminf ||z}, — z*||.
acA acA

In view of Theorem 2.2 it is enough to show that for each £ > 0 there exists ¢ > 0 such
that

(1) lim ||z + tza|] < 1 +€t.
a€A

To this end we put a = lim itnf ||z% — z*|| and consider two cases.
a€
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I. a < e. Then (1) holds for every t > 0.
II. a > e. In this case by our assumption we have ||z*]| < 1 and it suffices to
take t = (1 — ||z*(|}/(a —€). 0

We shall consider some examples related to Theorem 2.4. It is easy to see that the
space ¢ of convergent sequences is not asymptotically smooth. The same is therefore true
for l,. On the other hand, I; has the Kadec property. This shows that the implication
(i) can not be reversed and the w*Kadec property can not be replaced by the Kadec
property in (ii).

Let now w; be the first uncountable ordinal. The space C([O, wl]) admits an equiv-
alent Fréchet differentiable norm || - ||, (see [25] or [6, p. 313]). By Proposition 2.1,
C([0,w1]) considered with this norm is asymptotically smooth. Given a € [0,w,}, we put
fa(z) = z(c) where z € C([0,w;]). Then there exist a constant ¢ > 0 and an increasing
sequence (ay,) of ordinals in [0, w;) such that || fa,||1 = c for every n and || fo||: = ¢ where
a= nlggo ay, (see [25] or [6, p. 313]). Clearly, f, is the weak* limit of the sequence (fa,)-

It follows that C([0, wl])* does not have the w*Kadec property. This shows that the
implication opposite to (ii) is not true.

In some cases a property formulated in terms of sequences can be extended to nets.
For instance, if a space X is reflexive, then the Kadec-Klee property is equivalent to the
Kadec property (see [1], p. 113 and [14]). Another result of this kind was obtained in
(18]. Let us recall that a family {e;}:.cr of vectors of a Banach space X is called an
M-basis of X if there exist functionals e; € X*, t € T such that

0 ifteT\{s}

eifes) = 1 ift=s

and {e; }ser is linearly dense in X. If in addition {e}}ser is linearly dense in X*, then
the M-basis {e;}icr is said to be shrinking. Given z € span{e;}:c7, we put suppz = {t
€ T: €;(z) # 0}. Clearly, for any set I the space co(T") has a shrinking M-basis. Let us
also point out that all reflexive spaces have shrinking M-bases (see [24, p. 716]). In [18],
it was shown that if a Banach space X has a shrinking M-basis, then

5(t;z) = sup{rlél]f‘ lz + tzal) — 1}

for each ¢t > 0 and each z € Sy, where the supremum is taken over all weakly null
sequences (Tn)nen in Sx. It is easy to see that infimum can be replaced by limsup in this
formula. Moreover, the supremum can be taken over all weakly null sequences (z,,)nen in
By as well. This shows that for spaces with shrinking M-bases the formula in Theorem 2.2
can be reduced to sequences. We shall give a general method of establishing results of
this kind.
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LEMMA 2.5. Let (Za)aca be a bounded weakly null net in a Banach space X. If
X has a shrinking M-basis or the set {z,} is relatively weakly compact, then there exists
an increasing sequence (@ )nen such that (z,, )nen converges weakly to zero.

PROOF: Assume that X has a shrinking M-basis {e;};er. By induction we choose
an increasing sequence (o, )nen and a sequence (y,)nen in Y = span{e;} in such a way
that supp y; Nsuppy; = @ if i # j and ||z4, — yal| < 1/n for every n. To this end we take
an arbitrary ¢; and find y1 € Y for which ||z, — 11]] < 1. Next, having oy, ..., ap—1 and

Yis .- Yn_1, We set Z = U suppy; and ¢ = (1+max llez 1) Z lles]]. There is £ such that

if @ = B, then (za)l < 1/(20n) for every t € Z. We take arbmary ap 2 B and find
y € Y such that [|za, — y|| < 1/(2cn). Then [e}(y)| < (1+ lle;ll)/(2¢n) for every t € Z.

We set yn =y — 2 €;(y)es. Clearly, suppy, Nsuppy; =@ fori=1,...,n—1and
tez

1
2an = tal < 120, = oll + Iy = vall <

Moreover, it is easy to see that (y,)nen converges weakly to zero and so does (4, Jnen-
Consider now the case when X is arbitrary and {z,} is relatively weakly compact.
If (lxierg ||zall = 0, then we find an increasing sequence (ap)qen so that nll)ngo lza.ll = 0. In
the other case the proof hinges on the well known Mazur method of constructing basic
sequences (see [3]). Since (Z4)aca does not converge to zero, passing to a subnet, we
can assume that inf,e 4 [|zo] > 0. Then, using Mazur’s technique, we find an increasing
sequence (Qn)nen S0 that (z,,)nen iS a basic sequence. Recall that induction is used
in this technique, so having ay,...,o,_;, we get § such that «, can be chosen as an
arbitrary element of the set {& € A: @ > B}. The sequence (z,,)nen has a weakly
convergent subsequence. Since it is a basic sequence, its weak limit equals zero. 1]

REMARK 2.1. A result analogous to Lemma 2.5 holds for bounded weak* null nets
(22)aca in X*. Namely, if X has a shrinking M-basis or the set {z}} is relatively weak*
sequentially compact, then there exists an increasing sequence (a,)nen such that (z}_)nen
converges weak™ to zero.

Using Lemma 2.5, we can extend the aforementioned result on the Kadec-Klee prop-
erty given in [14].

COROLLARY 2.6. Let X be a Banach space with the Kadec-Klee property and
(Za)aca be a net in Sy weakly converging to x € Sx. If X has a shrinking M-basis or
{zq} is relatively weakly compact, then (z)eca converges to z in norm.

PROOF: Passing to a subnet, we can assume that the limit ¢ = lier?1 |za — z|| exists.

23
Following the reasoning given in the proof of Lemma 2.5, one can find a sequence o,

< a3 < ... such that the sequence (z,,, Jnen converges weakly to z and lim [|z,, —z| = c.
n—o0

By assumption, ¢ = 0, which concludes the proof. : 0
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Corollary 2.6 gives us the first part of the following result. The second one can be
obtained in a similar way.
PrROPOSITION 2.7. Let X be a Banach space with a shrinking M-basis. Then
1. X has the Kadec property if and only if X has the Kadec-Klee property.
2. X* has the w*Kadec property if and only if X* has the w*Kadec-Klee
property. »
Combining Theorem 2.4 and Proposition 2.7 leads to the following corollary.
COROLLARY 2.8. Let X be areflexive space. Then X is asymptotically smooth
if and only if X* has the Kadec-Klee property.
Let us mention another property with many applications in metric fixed point theory.
A Banach space X has the Opial property if

limsup ||z, || < limsup ||z, — z||
n—oo n—o0

whenever (Z,)nen is a weakly null sequence in X and z # 0. Some authors (see [13])
consider a condition obtained from the above definition by replacing sequences (z,)nen
by nets. A reasoning similar to that in the proof of Corollary 2.6 yields the following
result.

PROPOSITION 2.9. Let X be a Banach space with the Opial property, (24)aca
be a weakly null net in X and x € X, x # 0. If X has a shrinking M-basis or {z,} is
relatively weakly compact, then

limsup ||z,|| < limsup ||z — z||.
a€A acA

3. WEAK CONVERGENCE OF ALMOST ORBITS

In this section we give some results about weak convergence of almost orbits of three
different types of semigroups. We start with some definitions and notations.

Throughout this section C denotes a weakly compact subset of a Banach space X.
Let G be a semitopological semigroup, that is, G is a semigroup with a Hausdorff topology
such that for each s € G the mappings s — t-s and s +— s-t from G to G are continuous.
G is said to be right reversible if any two closed left ideals of G have nonvoid intersection.
In this case (G, <) is a directed system where the binary relation “<” on G is defined
by: s < tif and only if {s} UGs D {t} UGt for s,t € G. Now let S = {T(t): t € G} be
a family of self-mappings of C.

Then S is said to be an asymptotically nonexpansive-type semigroup on C if the
following conditions are satisfied:

(i) the mapping (s,z) — T(s)z from G x C into C is continuous on G x C
furnished with the product topology,
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(i) T(ts)z=T@)T(s)x forallt,s€e Gand z €C,
(iii) for each t € G and z € C there exists r(¢, z) > 0 such that

Tz — T(t)y]| < llz - yll + 7 (¢, )
for all y € C with
| 128 r(t,z) = 0.
If the third assumption is replaced by

(iii") there exists a net (k¢);cc of positive numbers such that
lim kt =1
teG

and
ITt)z - T(t)y| < kellz - yll

forall t € G and z,y € C,

then S is said to be an asymptotically nonexpansive semigroup on C.

If in (iii') k¢ = 1 for ¢ € G, we simply say that S is a nonexpansive semigroup.

We denote by Fix(S) the set of all common fixed points of S, that is, Fix(S)
= N Fix(T(¢)).

teG
We say that a function u(-): G — C is an almost orbit of the semigroup S if
hm[sup”u (ht) — )u(t)”] =0.
heG

If » is an almost orbit of the semigroup S, then w,(u) denote the set of all weak limit
points of subnets of the net (u(t)), -

To prove our next result we need the following three lemmas. The first two of them
are due to Li [15].

LEMMA 3.1. Let X be a uniformly convex Banach space and C be a nonempty
bounded closed convex subset of X. Let S = {T(t):t € G} be a right reversible

semitopological semigroup of asymptotically nonexpansive-type on C with nonempty
Fix(S). If u(-) is an almost orbit of S and f € Fix(S), then %irg”u(t) — f|| exists.
€

LEMMA 3.2. Let X be a uniformly convex Banach space and C be a nonempty
bounded closed convex subset of X. Let S = {T(t):t € G} be a right reversible
semitopological semigroup of asymptotically nonexpansive-type on C with nonempty
Fix(S). Suppose that 0 < A < 1 and f € Fix(S). Then for any ¢ > 0 there exists
so = So(A, f,€) € G such that

lim scup”T(t) (Au(s) + (1= N)f) = (AT@u(s) + (1 - Nf)| <&

foralls 2 s
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The above lemma allows us to prove the next one.

LEMMA 3.3. Let X be a uniformly convex Banach space and C be a nonempty
bounded closed convex subset of X. Let S = {T(t):t € G} be a right reversible
semitopological semigroup of asymptotically nonexpansive-type on C with nonempty
Fix(S). If u(-) is an almost orbit of S, 0 < A < 1 and f, g € Fix(S), then

lim|[Mu(®) + (1= 2)f - g]

exists.

PRroOF: Take € > 0. By Lemma 3.2 there exists sy € G such that

lim. sGup“T(t) (u(s) + (1= N f) = OT@u(s) + (1= )| <&

for all s > sy. Hence we get
| Au(ts) + (1 = A)f = g]| < |[Mults) — AT (H)u(s)||
+ |70 () + (1 = 2f) = (T@u(s) + (1 - 1)
+ |76 (aus) + (1= N1) - g
< )\ilélg”u(hs) = T(hyu(s)|

+ AT (yuls) + @ = 2 f = T@) (u(s) + (1= N f) ”
+r(t,g) + || Muls) + (L= A)f —g]|.

Therefore we have

lir?escup”/\u(t) +(1-Nf-g| < igg”u(hs) = T(h)yu(s)|| + & + || Au(s) + (1 = A)f - g,

and finally,

lim sup|| Au(t) + (1 — A)f — g|| < € + liminf||Au(s) + (1 — A)f — g]|.
teG s€G
Since € > 0 is arbitrary, we obtain

limsup”/\u(t) +(1-Nf-g| < liminf”/\u(s) +(1=-X)f- g”,
teG s€G

which concludes the proof. 0

Using the above lemmas we can prove the following theorem.

THEOREM 3.4. Let X be a uniformly convex and asymptotically smooth Banach
space, and let C be a nonempty bounded closed convex subset of X. If S = {T(t): t € G}
is a right reversible semitopological semigroup of asymptotically nonexpansive-type on
C with nonempty Fix(S) and u(-) is an almost orbit of S, then the following statements
are equivalent:
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(1) u)—%ienclu(t) = p € Fix(S);
(2) ww(u) C Fix(S).
PROOF: We only need to show that (2) = (1). Taking f,g € wy(u) we get
f, g € Fix(S). By Lemmas 3.1 and 3.3 this implies that

lim{| Au(t) + (1 = A)f — g

exists for each 0 < A < 1. To end the proof it suffices to apply Lemma 2.3 and Theo-
rem 2.4. 0

It is known that each commutative semigroup G is right reversible. In this case we
use the standard notation, that is, we replace the operation - by +. Then the order is
simply defined in the following way: s < t if and only if there is ¢ € G with s +¢g = ¢
and we additionally assume that 0 € G and T(0)z = z for all z € C.

For asymptotically nonexpansive semigroups we first recall the following result due
to Oka [20].

THEOREM 3.5. Let X be a uniformly convex Banach space and C be a nonempty
bounded closed convex subset of X. Let S = {T(t): t € G} (where G is a commutative
semigroup with an identity) be an asymptotically nonexpansive semigroup on C. If u is
an almost orbit of S and

w—%xerg (u+h)—u®)=0

for each h € G, then
wy (u) CFix (S).

Now we rewrite the result from [9] in terms of asymtotical smoothness and to make
the paper self-contained we also present its proof.

THEOREM 3.6. Let X be a uniformly convex and asymptotically smooth Banach
space and C be its nonempty bounded closed convex subset. Let S = {T(t): t € G}
(where G is a commutative semigroup with an identity) be an asymptotically nonexpan-
sive semigroup on C. If u(-) is an almost orbit of S, then the following statements are
equivalent:

(1) w-%lerg u(t) = p € Fix(S);

(2) wy(u) C Fix(S);

(3) w—lierg (u(t+ k) —u(t)) = 0 forevery h € G, that is, u is weakly asymptot-
ically regular.

PrOOF: By Theorem 3.4, (1) and (2) are equivalent. It follows from the above
theorem that (3) = (2). The implication (1) = (3) is obvious. 0

In [13] and [16] the authors use the Opial property for nets. In view of Proposition
2.9 we can reformulate the first result in the following way.
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THEOREM 3.7. Suppose that X has the Opial property. Let C be a weakly
compact subset of X, G be a right reversible semitopological semigroup and S = {T(t): t
€ G} be a nonexpansive semigroup on C. If u(-) is an almost orbit of S, then {u(t): t
e } is weakly convergent (to a fixed point) if and only if it is weakly asymptotically
regular.

The second result is about commutative semigroups. Recall that a Banach space X
has the uniform Kadec-Klee (UKK for short) property whenever for any € > 0 there is
6 > 0 such that if z is a weak limit of a sequence (Zn)nen in Bx with inf{||z, — zal: n
#m} > e, then ||z]] < 1 - 6.

THEOREM 3.8. Suppose that X has the Opial property and the norm of X is
UKK. Let C be a weakly compact and convex subset of X, S = {T(t): t € G} be a
commutative semigroup of asymptotically nonexpansive-type on C, and let u(-) be an
almost orbit of S. Then {u(t): t € G} is weakly convergent (to a fixed point) if and only
if it is weakly asymptotically regular.
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