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Abstract

In this paper, we consider the Neumann boundary value problem with a parameter A € (0, c0):

—(pOx' @) + q(x(®) = O f(x(n), 0<r<l,
X (0)=x'(1)=0.
By using fixed point theorems in a cone, we obtain some existence, multiplicity and nonexistence results

for positive solutions in terms of different values of 1. We also prove an existence and uniqueness theorem
and show the continuous dependence of solutions on the parameter A.

2010 Mathematics subject classification: primary 34B18; secondary 47H10.

Keywords and phrases: dependence of parameter, Neumann boundary value problem, positive solution,
fixed point theorem.

1. Introduction

In this paper, we consider the following Neumann boundary value problem (NBVP)
with a parameter A € (0, co):

—(pMx' (@) + q()x@) = WO f(x(1), O0<r<l, (L1
X(0)=x(1)=0, ‘

where p(t) € C'[0, 1], p(t) > 0; g(¢) € C[0, 1], g(¢) > 0 and g(¢) £ 0; g : [0, 00) — [0, c0)
is continuous and fol g(s)ds>0; f:]0,00) > [0, ) is continuous and f 0. We
assume that these conditions on p, g, f, g are satisfied throughout the paper unless
otherwise specified.

A function x € C?[0, 1] is said to be a nontrivial solution of (1.1) if and only if x
satisfies (1.1) and x(¢) # 0. Moreover, if x(f) >0 for 7 € [0, 1], then x is said to be a
positive solution of (1.1).

By using fixed point theorems in a cone, we give some existence, multiplicity and
nonexistence results for positive solutions of (1.1) (see Theorem 3.1), and we also
investigate the existence and uniqueness of solutions of (1.1) and their continuous
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dependence on the parameter A (see Theorem 4.1). Similar results for the periodic
boundary value problem are obtained in Graef et al. [6] for the case where p(7) =1
and g(1) = p? for some p>0. So our results can be regarded as extensions of the
results in [6]. We note that, in D’Agui [4], some results on the existence of three
solutions for the NBVP in a more general form than (1.1) are proved by using a three
critical points theorem. Studies of the boundary value problem with a parameter can
also be found in [15, 16]. For more work on (1.1) with 4 =1, we refer readers to
[3,7-9, 12—14, 17-20] and the references therein.

This paper is organised as follows. Some notation and preliminary lemmas are
given in Section 2. Then existence, multiplicity and nonexistence results for positive
solutions are derived in terms of different values of A in Section 3. An existence and
uniqueness theorem as well as the result of continuous dependence of solutions on A
are presented in Section 4.

2. Preliminaries

Let X =C[0, 1] with norm ||x|| = maxg<<; |x(¢)], and P = {x € C[0, 1]; x(¢) > 0}.
Then P is a normal cone in C[0, 1], and P° #0. Let x;, x, € X. We write x| < x»
if xo—x1€P; x1<x if x;1 <x and x; # x2; x1 K xp if xp — x1 € P°. We call the
set [x1, xp] = {x € X : x; < x»} an order interval in X. An operator 7 : [x, x,] = X is
called increasing (or nondecreasing) if 7x < Ty for any x,y € [x, xp] and x <y, and T
is called strongly increasing if Tx < T’y for any x, y € [x], x;] and x < y.

From the results in [5], we obtain the following two lemmas, which will be useful
for the proofs of our main results.

Lemma 2.1. Let X be a Banach space, PC X a normal cone with P°#0. Let
Ui, Yo, W3, s € X with Yy <y <3 <y and suppose that the strongly increasing
completely continuous map G : [y, Y4] — X satisfies

U1 SGW), GW2) <2, Y3 < GWr3), GWa) < Y.
Then G has at least three fixed points x1, xp, x3 such that x; < x; < x3.

Lemma 2.2. Let X be a Banach space and P be a cone in X. Assume that Q1, Q>
are bounded open subsets of X with0€ Q; € Oy C Q,, and let A: PN (Q> \ Q1) — P
be a completely continuous operator such that ||Ax|| > ||x|| for any x € PN 0Q, and
lAx|| < ||x|| for any x € P N 0Q,. Then A has a fixed point in P N0 (Q; \ Q).

We write
f(x)/x’ x> O’
F(X) = lim sup f(r)/1, x=0,
t—0

and fy = F(0), fo = lim,_ F(x). We also need the functions
f'() =max{f()) and f.(x)= min( /),

and we write f3, =lim, o f*(x)/x and f; = lim, o f*(x)/x.
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Lemma 2.3 [15]. Assume that f:[0, c0) = [0, c0) is continuous and f(x)>0 for
x> 0. Then f3, = fo and f; = fo.

The following results are due to Li [8]. Let L = maxg«<1{p(t)q(?)}. Then, by [8,
Lemma 1], for each 4 € C[0, 1], the NBVP

—(p()X' @) + Lx()/p(1) = h(1), 0<r<1,
X(0)=x(1)=0,

has the unique solution

1
x(t)=Th)@) = f G(t, s)h(s) ds,
0

where
t 5 t 5 1 1
(VEE 5 4 VIR sy VL e V[
— — , 0<t<s<1,
G s WLV h 36 1 e Vb i)
t,s) =
X3 X3 1 'y 1 s
(eﬁfo o +e‘ﬁf0 %)(eﬁff o +e_ﬁ 4 ﬁ)
, 0<s<t<1.

WL VEh 5 4 o VEh )

Let k = ming<s <1 G(¢, s) and K = maxo<,,<1 G(¢, s). Then it is clear that K > k> 0.

Moreover, we can see easily that 7 : P — P is a linear completely continuous operator

since G(t, s) is continuous. Let

L — p(nq(1)
p(®)

Then TB: P — P is a linear completely continuous operator and ||TB|| <1 (see [8,
Lemma 2]). Moreover, for each 4 € C[0, 1], the NBVP

{—(p(t)x’(t))’ +q(Ox())=h(r), 0<t<],

(Bx)(1) = x(®), xe€Ptel0,]l1]

¥(0) = (1) =0,

has a solution x(#) = (I — TB)"'Th(¢) (see [8, Lemma 3]).
Now we define the map T, : P — P by

Tux(t)=AI = TB) 'T(gf(x)®), 0<r<l.

As in the proof of [9, Lemmas 3-5], we can prove that 7, is completely continuous.
Then x € P\ {0} is a fixed point of T, if and only if x is a positive solution of (1.1).

3. Existence, multiplicity and nonexistence of positive solutions

In this section we give the existence, multiplicity and nonexistence results of
positive solutions of (1.1).
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THEOREM 3.1.

(1) Assume that f(t) >0 for t > 0. Then, given R > 0, there exist 0 < A; < Ay such
that (1.1) has at least a positive solution x(t) with ||x|| <R for 1} <A< Ap.
Moreover, if foo =0, (1.1) has at least a positive solution for all A > 0.

(i) Assume that f is strictly increasing and fo = fo =0. Then there exists 1y >0
such that (1.1) has at least two positive solutions xi, x; with 0 < x; < x for
A€ (Ay, ).

(ii1) Assume that F(x) is bounded in [0, o). Then there exists 11 > 0 such that (1.1)
has no positive solution for A € (0, A).

Proor. (i) For r >0, we write Q, = {xe X : ||x|| < r}, Q, ={x € X : ||x]| < r} and 0Q, =
{xeX:|x||=r}.
For x € 0Qzr N P,

1
Mﬁﬂ=4k—T&*l:G@®mﬂﬂﬂmds

1
SAKf%Rma—TBrﬂhg g(s) ds.

Let R
Ao = : . (3.1)
KfRIUI - TB)Y| [, g(s)ds
Then, for each 0 < A < Ay,
ITax]| <R =||x]| forxedQrnN P.
Let R; > 0 be such that
kf.(R
Ry SB) (3.2)

“ KF R -TBII - TB |

Clearly, R; < R and then, for x € 0Qg, N P,

1
Mﬂﬂzﬁk—Tm*l:Gmnanﬂmmds

>lng%xuwawfuu»dm
= 1= TB]
kAR [ g(s) ds
T T
1
ZﬁkﬁiR>L 8(s)ds
= TB]
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Set
A = Ri|l(1 - TB)l
=
kLR [ g(s) ds
Then 4; < A by (3.1) and (3.2), and, for each 1 > 4,

IT,xl| = Ry =||x|| for x € 0Qg, N P.

Now it follows from Lemma 2.2 that T, has a fixed point in (Qg \ Qg,) N P for each
A1 £ A< 2y. Consequently, (1.1) has a positive solution x(¢) with ||x]| < R for each
A <AL .

Given 4 > 0, since f(¢) > 0 for ¢ € [0, 00), we have f.(r)/r — oo as r — 0. So we can
choose r| sufficiently small such that

kf.(r) J) g(s) ds

O<r <A
" [T —TB

Then, for x € 0Q,, N P,

1
ITxll = A H(I ~TB)"! fo G(t, 5)g(s)f (x(5)) ds

ﬂﬂammwmmM|
I - TBI
fmmﬂﬂnw

Il - TB|
> rp = |l

Also, since f,, =0, we have f; = 0by Lemma 2.3. Then there exists r, € (r], o) such
that f*(r,) < er, for some small £ > 0 satisfying

1
s/lKll(I—TB)‘1||f g(s)ds< 1.
0

Thus, for x € 0Q,, N P,

1
ITaxll = A H(l - TB)" j; G(t, 5)g(s)f(x(s)) ds

1
< Afr)KIA - TB™| fo g(s)ds

1
< denK||(I - TB)™!| f g(s)ds
0
< ry =|lxll.

Then T, has a fixed point in (Q,, \ Q,,) N P by Lemma 2.2, and consequently (1.1) has
a positive solution for 4 > 0.
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(i1) It is easy to see that there exists b € (0, o) such that F(b) = max{F(x): x€
[0, )} > O since fp = foo =0 and f # 0. We let

m = min(l - TB) 'Tg(r), M=|(I-TB)'Tgl. (3.3)
<i<

Then 0 <m < M. Let 4y = 1/mF(b). Noticing that F(tf) —» 0 as t —» 0 or t — oo, given
A > Ay, there exist a € (0, b) and c € (b, o) such that AMF(a) <1 and AMF(c) < 1.
That is,

AMf(a)<a and AMf(c)<c. (3.4)

Since f is strictly increasing, we can verify easily that 7, is strongly increasing in any
order interval in P. It is clear that
TAO = O,

and by (3.4),

Tia=AI-TB)'T(f(a)g) =Af(a)I—-TB)'Tg < Af(a)M < a, (3.5)
T:b=AI-TB)'T(f(b)g) = Af(b)I-TB)'Tg > Af(b)ym > b,
Tic=A(I - TB)'T(f(c)g) = Af(c)I - TB) 'Tg < Af(c)M < c.

Then it follows from Lemma 2.1 that 7, has three fixed points xy, x;, x; in [0, c] such
that xp < x; < xp. S0 xp, x are two fixed points of T such that 0 < xp < x| < x5.
This means that (1.1) has two positive solutions xj, x, with 0 < x; < x; for each
A€ (Ay, 00).

(iii) Since F(x) is bounded, we may let # = sup, g ., F(x) and 4; = 1/M¥F, where
M is given in (3.3). Suppose that (1.1) has a positive solution x, for 4 € (0, 4;). Then

llxall = 1140 = TB) ' T (g f (x|
<|[lAd = TB)'T(Flxallg)l
= AF |l - I - TBY ' T
= AMFxll < lIxall,

which is a contradiction. So (1.1) has no positive solution for 4 € (0, ;).
This completes the proof. O

REmARK 3.2.

(a) Theorem 3.1 extends [6, Theorem 2.1]. In fact, results similar to Theorem 3.
were established in [6] for the special case of (1.1) when p(f) =1 and ¢(¢) = p
for some p > 0 (see [6, Theorem 2.1(a), (c), (e)]).

(b) In the proof of Theorem 3.1(ii), we get three fixed points of 7, in [0, c].
However, there are possibly only two fixed points in P \ {0} since x; may be 0.
For example, let f(x) = min{x“, x*} with o> 1, ¢ < 1. Then the conditions of
Theorem (ii) hold. We can choose a < 1 so small that

1
2

AMa® ' < 1. (3.6)
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From the proof of Lemma 2.1 (see [5, Section 20]), 0 <x; <a. Then
by (3.5), (3.6) and the monotonicity of T,

xp=Tx < Tha < (AM) DD = AMa™ )P Dg 0 asn — co.

4. Existence and uniqueness of positive solutions

In this section, we will use the following assumption:

(H) f:10, 00) — (0, ) is nondecreasing, and there exists 6 € (0, 1) such that f(ax) >
a’ f(x) for a € (0, 1) and x € [0, o).

The main result of this section is the following theorem.

THeOREM 4.1. Assume that (H) holds and g(t) > 0 for t > 0. Then (1.1) has a unique
positive solution x,(t) with x,(t) > 0,t€[0, 1], for A€ (0, o). Furthermore, such a
solution x,(t) satisfies the following properties:

(1)  xa(t) is nondecreasing in A;
(i) limao+ [lxall = 0 and lim e [|xall = 005
(iii) x, is continuous in A, that is, if A — Ao, then ||x; — x4l = O.

Proor. We first show that (1.1) has a solution for any A € (0, o). By (H), for x € P,
ae(0,1),

Ty(ax) = A - TB) ' T(gf(ax)) = AU - TB)'T(a’gf(x)) = «’T)x. 4.1

Similarly,
T:(Bx) <p’T,x forp>1. 4.2)

Let ® = A - TB)™! fol g(s)ds > 0. Then it is easy to see that
0 <kf(O)D < T)(D) < Kf(D)D.
Define C and D by
C =sup{u: u® < Ty(®)} and D =inf{u:ud > T(D)}. 4.3)
Clearly, kf(®) < C < D < Kf(®). Choose C and D such that
0<C<min{l,CY""?} and max{l, D"""?} <D < co.

Define two sequences {x(f)} and {y;(¢)} by

X1 :C(I),xk+1 :T,lxk, k= 1,2,...,
4.4
{y1=D(D,yk+1=TAyk, k=1,2,.... (44)
Then, by (4.1) and (4.3),
Xy = Thx; = Ta(CD) > COTy(®) > C'CD > C'C' " = x,, (4.5)
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and similarly, by (4.2) and (4.3),
Y2 )1 (4.6)

Since f is nondecreasing, it is easy to verify that T is nondecreasing in any order
interval in P. Noticing that x; < y;, by (4.4)—(4.6) it then follows that

CO=x; << S <o Sy <<y <y = DO. 4.7
Letd = C/D, so that d € (0, 1). We claim that
xe>d” 'y fork=1,2,.... (4.8)

In fact, it is obvious that x; = dy;, so that (4.8) is true for k = 1. Assume that (4.8)
holds for k = n. Then it follows from (4.1) and the monotonicity of 7, that

n—1 -1 g
Xrt = Ty 2 Ta(d” y,) 2 (@ )Ty, = d” yuer,

which means that (4.8) holds for k =n + 1, and then (4.8) holds for all k=1,2,....
By (4.7) and (4.8),

= k-1
e = yill < (1 =@ Dyl < (1 = d*HD.
Thus there exists a function x, € P with x; > C® and

lim Xk = lim Yk = X,
k—o0

k— o0

and x, is a fixed point of T,. Therefore, x,(¢) is a positive solution of (1.1) with
x (1) >0 forrel0,1].

We now show the uniqueness of the positive solution x,(t) of (1.1) with x,(¢) > 0,
t € [0, 1], for each A € (0, o0). Assume, to the contrary, that there exists another positive
solution x,(¢) of (1.1) such that x;(¢) > O for ¢ € [0, 1]. Then T %, = X,. Let

ap =supf{a>0:x, >ax,}.

It is easy to see that @ € (0, o) is well defined. We now show that a¢ > 1. In fact, if
ap < 1, by (4.1) and the monotonicity of T,

X1 = Tlx/l > T/l(a’())_q) > a’gT,ﬂ?A = a’g)?,{.

This contradicts the definition of g since ozg > ap. Hence, x, > X,. Similarly, we can
show that X, > x,. Therefore, x, = X,, and (1.1) has a unique positive solution x,(t)
with x,(¢) > 0, r € [0, 1], for each A € (0, ).

Finally, we prove properties (i)—(iii) of the solution x, of (1.1).

(i) Let 0 < A; £ A,. Then Tyxy =Xy, 1= 1,2. Let

n= Sup{’l FX, 21X, }
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Clearly, 77 € (0, o0) is well defined. We assert that 77 > 1. Indeed, if 77 < 1, by (4.1) and
the monotonicity of 7,
A _ A

A2 _ 0
Taxy, > /1—17/11 (7xa,) = /1—177 Thxa = 1

A2

6
1 mxa-

X, = T/lzxflz =
This contradicts the definition of 7 since (12/4;)ii? > . Therefore, 7> 1 and x,, >
fixa, = x,, and (i) is true.
(ii) For 0 < 2; < A, we have x,, < x,, by (i). Then by the monotonicity of T,
A A A
Xu =T X = ZTﬂzxﬂl < /l_zT/lzx/lz %
Now fix A, and let 4; — 0+; we obtain ||x,,|| = 0. On the other hand, fix A; and let
Ap — oo; we obtain ||xy,|| = oo.
(iii) Suppose that 4y > 0. Let 4 > Ap. As in (4.9) we can show that x,, < (1g/A)x,.
Let

X, (4.9)

Ly=sup{l>0:x, >Ix,}.

Then 0 <) < Ap/A; < 1. From (4.1) and the monotonicity of T,

Ao Ao
Xy = T/lox/lo > Tﬂo(l,lx,l) > lgT/lUxﬂ = ZZITM/I = lg;x,}.

By the definition of Iy, [; > 192/ A; that is, [; > (19/2)"/""%. So we obtain
X 2 Lixy > (/D 0x,y,

and then
2, = X2l < (1 = Ao/ DY) xll > 0 as 2 — 2o +0.

That is, T is right-continuous at 4y. Similarly, we can prove that T, is left-continuous
at Ap. This completes the proof. O

ReEmARK 4.2. We note that results similar to Theorem 4.1 have been established
in [6, 10, 11] for other types of boundary value problem, and some ideas of the proof
of Theorem 4.1 are also from [6, 10, 11]. For some more work in this area, we refer
readers to [1, 2].
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