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Abstract. Let F, be the space of the holomorphic foliations on CP? of degree 2.
In this paper we study the linear action PGL(3, C) x F, — F, given by gX = DgX o
(g7") in the sense of the Geometric Invariant Theory. We obtain a characterisation of
unstable and stable foliations according to properties of singular points and existence
of invariant lines. We also prove that if X is an unstable foliation of degree 2, then X
is transversal with respect to a rational fibration. Finally we prove that the geometric
quotient of non-degenerate foliations without invariant lines is the moduli space of
polarised del Pezzo surfaces of degree 2.

2000 Mathematics Subject Classification. Primary 37F75, 14L.24.

1. Introduction. In this paper we study the properties of holomorphic foliations
through the Geometric Invariant Theory (GIT), which was mainly developed by
Hilbert and Mumford (see [6]).

The Geometric Invariant Theory tells us that it is possible to study the action of
a reductive group G on a projective variety V' by stratifying the points of variety in
two categories: unstable points and semistable points. By restricting the action of G to
the semistable points we obtain what is called a good quotient. The set of semistable
points contains the open set of stable points and the restriction of the action to the
stable points gives us a geometric quotient.

In most of the cases the variety V consists of certain geometric objects, such as
algebraic curves or hypersurfaces. Furthermore, the usual action of G on V is such
that objects are in the same orbit if and only if they are isomorphic.

The unstable points form a Zariski closed set in }J and are in some sense degenerate
objects. For example, if we consider the natural action of PGL(3, C) on CP’, where
CP’ is the space of plane curves of degree 3, then a cubic plane curve is unstable if and
only if it has a triple point, or a cusp, or two components tangent at a point. Another
example is the action of PGL(2, C) in the space of binary forms of degree d. In this
case a binary form of degree d is semistable if and only if it has no root of multiplicity
greater that %’ (see [13)).
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When V' is the space of holomorphic foliations of degree d on the complex
projective space CP" and the group of automorphisms of CP" acts by change of
coordinates, Gomez-Mont and Kempf have proved in [7] that a foliation with only
non-degenerate singularities is stable and that the distribution of its singular set is also
stable. In the particular case of the projective plane CP? that we have, an unstable
foliation has degenerate singularities and, in some cases, it has an invariant line
(see [1]).

In this work we analyse the properties of stable and unstable holomorphic foliations
on CP? of degree 2. In the following two sections we will make a summary of the
Geometric Invariant Theory and the Theory of Holomorphic Foliations on CP?. In
Section 4 we obtain the generators of unstable foliations, and give a characterisation
of unstable and stable foliations according to the multiplicity and the Milnor number
of its singular points and the existence of invariant lines.

In the next section we show that a generic unstable foliation of degree 2 is a Riccati
foliation, i.e., there exists a rational fibration on CP' whose generic fibre is transverse to
the leaves of the foliation. In the last section we will prove that the geometric quotient
of non-degenerate holomorphic foliations on CP? of degree 2 without invariant lines
is the coarse moduli space of the polarised del Pezzo surfaces of degree 2.

2. Geometric Invariant Theory (see [13]). The following is a summary of the
Geometric Invariant Theory, which will be required for the sequel. All the definitions
and results can be found in [13].

Let ¥ be a projective variety in CP", and consider a reductive group G acting
linearly on V.

DEFINITION 1. Let x € ¥V ¢ CP”, and consider X € C"**! such that X € x. Denote
by O(X) the orbit of X in the affine cone of V, then
(1) x is unstable if 0 € O(x).
(i1) x is semistable if 0 ¢ O(X). The set of semistable points will be denoted by V**.
(1i1) x is stable if it is semistable, the orbit of x, O(x), is closed in V* and dim O(x) =
dim G. The set of stable points will be denoted by V.

The main result in the Geometric Invariant Theory is the following:

THEOREM 1. (1) There exists a good quotient (Y, ¢) of V** by G, where Y is projective,
and
(ii) there exists an open set Y* C Y such that ¢~ (Y*) = V* and (Y*, ¢) is a geometric
quotient of V* by G.

Now we describe the Hilbert-Mumford criterion for finding the unstable points
for a linear action. Let A : C* — G be a 1-parameter subgroup (1-PS). Then we have a
morphism, which we also denote by A:

C* - GL(n+1,0C),
t> A1) : C S C v A,
and we know that this is a diagonal representation of C*. Therefore there exists a basis

{vo, ..., vy} of C"*! such that, for all ¢ € C*, A(f)v; = t"'v;, where r; € Z. This integer r;
is called the weight of v; with respect to the action of A on C"+!.

https://doi.org/10.1017/50017089510000674 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089510000674

GEOMETRIC INVARIANT THEORY FOR HOLOMORPHIC FOLIATIONS 155

DEFINITION 2. Let x € ¥ and let A be a 1-PS. If X € x and X = ) _, q;v;, then
MOx = Y i "a;v;. We define the following function:

w(x, X) = min{r; : a; # 0}.

The numerical criterion can now be stated.

THEOREM 2. (1) x is stable if and only if u(x, 1) < 0 for every 1-PS, A, of G,
(i1) x is unstable if and only if there exists a I-PS, X, of G such that p(x, 1) > 0.

DEFINITION 3. We will say that a point x € V is A-unstable or unstable with respect
to A if w(x, 1) > 0.

The following is a useful tool for the method of 1-PS when G = SL(n, C). We
formulate the result for the case n = 3.

LEMMA 1. Every 1-parameter subgroup of SL(3, C) can be written as

"0 0
gMng =gl 0 m 0 |g!,
0 0 m

for some g € SL(3, C), where ny > ny > ny and ny + ny + ny = 0. We will denote the
above diagonal 1-PS, X, by A, n,) and will assume that the integers are relative primes.

REMARK 1. If g > ny > ny and ng 4+ ny 4+ np = 0, then § < -2 <2

In this paper we use the group SL(3, C) instead of PGL(3, C) because these are
isogenous.

3. Foliations on CP?. This section provides the definitions and results that we
need to know about the holomorphic foliations on CP? for the development of the

paper.

DEFINITION 4. A holomorphic foliation X on CP?* of degree d is a non-trivial
morphism of vector bundles:

X : Ogp(l —d) — TCP?,

where TCP? is the tangent bundle of CP?; modulo the multiplication by a non-zero
scalar. Then the space of foliations of degree d is F; := PHO(CP?, TCP*(d — 1)),
where d > 0.

PROPOSITION 1. (see [8]) Every foliation X € F; can be written as
9 9 P(x,y,z)
X =Px.y.2)7-+ 00y 2+ R(x.y. )= = | Ax..2) |,
X Yy z R(x,y,2)

where P, Q, R € Clx, y, z] are homogeneous of degree d, modulo multiplication by a
non-zero scalar, and if we consider the radial foliation

5 d . 0 n 0
=X— — 4z,
ax yBy a9z
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then X and X + F(x,y,z)E represent the same foliation for all F € C[x,y, z]
homogeneous of degree d — 1.

DEFINITION 5. A point p = (a : b : ¢) € CP? is singular for the above foliation X
if (P(a, b, ¢), O(a, b, ¢), R(a, b, ¢)) = (ka, kb, kc) for some k € C. The set of singular
points of X will be denoted by Sing(X).

DEFINITION 6. Let X € F; and let p be an isolated singularity of X. Let

0,2 = Oy, 2) + On1 (v, 2) + - - -
Ry, 2) = Ry(y, 2) + Ry (0, 2) + - - -

be a local generator of X in p = (1:0:0), where Q;, R; are homogeneous of degree
i, and Q,, R, are not identically zero. We define the Milnor number of p by

11p(X) = dimc = éf;g and the multiplicity of p by m,(X) := min{m, n}.

In the sequel, if there is no confusion with point p, we will use the following notation

1(Q. R) = dime —.

PROPOSITION 2. (see [2]) Let X be a foliation on Ccp? of degree d with isolated
singularities, then

d+d+1= )" uX).
peCP?

DEFINITION 7. A foliation X is non-degenerate if it has isolated singularities and
every singular point has Milnor number 1.

DEeFINITION 8. An irreducible plane curve defined by a polynomial F(x, y, z) is
an algebraic solution for X or invariant by X if and only if there exists a polynomial
H(x, y, z) such that

0F(x,y,z) 0F(x,y,z) 0F(x,y,z)
P(x,y, Z)T + O(x, y, Z)B— + R(x, y, Z)T

=F(x,y,2)H(x, y, 2).

DEFINITION 9. A foliation X is a Riccati foliation if there exists a rational fibration
(maybe with singular fibres) on a surface S, obtained from CP? after a finite number
of blow-ups, whose generic fibre is transverse to the lifted foliation of X in S.

REMARK 2. A non-degenerate foliation X of degree 4 has a line solution L if and
only if L has d + 1 singular points.

Proof- If the line L = ax + by + cz has d + 1 singular points of X = P(x, y, 2)387 +
o(x, y, z)% + R(x, y, z), then the polynomial of degree d, aP(x, y, z) + bO(x, y, z) +
¢R(x, y,z) and L have d + 1 common zeros. Hence by Bézout, L is a factor of this
polynomial.

Suppose z is a solution for X, then we can write X = P(x, y, z)a% + O(x, y, z)(%, SO
SingX N{(x:y:z2) € CP?:z # 0} = V(P(x, y, 1), O(x, y, 1)) has at most d” different
points. Hence, SingX N V(z) = V(yP(x, y, z) — xO(x, y, z), z) has d 4+ 1 points. O
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4. Characterisation of unstable and stable Holomorphic Foliations of degree2. The
group PGL(3, C) of automorphisms of CP? is a reductive group (see page 48 of [13])
and it acts linearly on F, by change of coordinates:

PGL(3,C) x T» — T
(8. X) > gX = DgXo(g™).

Before establishing the results of this section it is useful to recall the following:
Generically a foliation does not have algebraic solutions, this is a theorem by
Jouanolou and was completed by Neto and Soares (see [10] and [12]).

THEOREM 3. For d > 2, the subset {X € F,: X has no algebraic solutions} is non-
empty and dense in F; and contains an open and dense subset.

Consider the following projective subspaces in F5:

a a d a a ] a a ,0
CN1=[P><xya xz—,y2 ,yz—,z 2—,y2—,y2—,z2—y2—>

ax ~ dx ~ 9x dx ~ dy ~ a9y Iy 0z

Jd 5,0 0 d 8 0 0
CNy =P (xz—, y*—, yz—, 22—, x2—, yz—, 2" —),
ax 7 dx 7 0x 8x 8y ay  dy

we know by Proposition 2 that a foliation with isolated singularities of degree 2 has
seven singularities counting Milnor number. In this section we prove the following:

THEOREM 4. Let X € F, be a foliation with isolated singularities, then X is unstable
if and only if it has one of the following properties:
(1) There exists a singular point p of multiplicity 2, or
(i1) has an invariant line with a unique singular point with multiplicity 1 and Milnor
number 5.

Moreover, a foliation X satisfies (1) if and only if there exists g € SL(3, C) such
that gX € CNy and it satisfies (ii) if and only if there exists g € SL(3, C) such that
gX € CNZ — CN].

With this theorem we will see that every unstable foliation has an invariant line. We
also have the following:

THEOREM 5. Let X € F; be a foliation with isolated singularities, then X is semistable
but not stable if and only if the multiplicity of every singular point is one, and X has an
invariant line L with one singular point with Milnor number 3 or 4 or L has two different
singular points, one of them with Milnor number 3,4, 5 or 6.

COROLLARY 1. 4 foliation X € F, with isolated singularities is stable if and only if
every singular point of X has multiplicity one and if we have one of the following: X does
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not have invariant lines, or if L is an invariant line for X, then

(1) L has two different singularities, one with Milnor number 2 and the other with
Milnor Number 1, or

(2) L has two different singularities, both with Milnor number 2; or

(3) L has three different singularities.

To prove these results we need the following.

LEMMA 2. Let X be a foliation of degree 2. Then, X is unstable if and only if there
exists g € SL(3, C) such that gX is unstable with respect to Ay 1= A,—1) or with respect
to Ay = A@,1).

Proof. Consider the monomial foliations: Xj;, = x*Jopb~hzh 2 =y, =
X2y =i g % and X, = x*2y=iz2 L where j; > i;, [=0,1,2 and j;,i; = 0,1,2.
The weight of the foliation X, with respect to A, n,) 18 17 — no(2 — ji) — mi(jy — i) —
naij.

It is easy to check the following: w(Xj;,, A1) >0 if and only if j, =1, 2;
w(Xij,, A1) > 0if and only if j; = 2 and u(X),, A1) > 0if and only if j, = 2.

We conclude that a foliation X, which is a linear combination of Xj;;,, is unstable
with respect to A; if and only if its non-zero foliations Xj;, satisfy jo =1 or jo = 2,
j1 =2 and j, = 2. For A, we have

W(Xigjy» 22) > 0 & 3jo +6ip >4 & jo=ip=1 orjo=2,
M(/Yiljl,)»z)>0<=>3j1+6i1 >7¢>j1=i1=1 orj1=i1=20rj1=2,i1=1,
WXy, 22) > 06 30+ 6i > 13 & jh =i =2.

On the other hand, in every case the conditions to have n; — ny(2 — j;) — n1(jy — iy) —
nyi; > 0 are as follows:

. . . . n . . n
jo =1ip =0 1isnot possible, 11=l1=0¢>—2<—3, 12=12=0©—2>2,
no no
. . n , . . . . . n
jo=1ir=0& — > —1, j1=1,ii =0 1isnotpossible, jp=1,ib =0« — >0,
no no
. . n R R "y . . . .
Jo=ih=1& — <0, ji=h=1& — < —1, j» =i =1 1isnot possible,
no o
n 3 n n 2
Jo=2ip=06 = >3, ji=2i=0&—>-1, 5h=2b=0&—>-1,
no 2 no no 3
n n n
Jo=2ip=1e2>-2 j=2i=1&-2<0, h=2h=1& 2> -1,
no no no
n 1 n 1 n
j0=l‘0=2<:>f2<*, j1=l.1=2<:>f2<—*, j2=i2=2¢>£<0.
no 2 no 3 no

We can suppose that ny > n; > ny, then —% > Z—; > —2: with the above we conclude

that if —3 < 2 < —lor-3< %2 < —1, then we obtain maximal sets of generators
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for unstable foliations, which are as follows:

ny 2 1
CNI = {X . /L(X, )‘("0,”1)) >0 V% (S (—5, —g)}

d ad a ad ] d ad o ,0
=P xy—,xz—,y2 , VZ— 2—,y2—,yz—, 2 y2
0x ox = o0x ax’ " ax’T dy dy a9y~ oz
3
CN, = {X : /L(X, )»(noi,,l)) >0 v2 € (——, —1)}
' no 2

a 5,0 a 2 0] 8 ] 2 a
=P XZ—’J’ Vi T X, VI,
ax = odx ax 8x 8y ay  ay

To finish the proof we must note that CN; = {X : u(X, 1) > 0} and CN, = {X :
(X, ry) > 0}. ]
Proof of Theorem 4. Let

a0x2 +aixy +axxz + a3y2 + asyz + a522
X = b0x2 + blxy + bzXZ + b3y2 + b4yZ + b522
cox? + c1xy + 37

a generic foliation of degree 2 with isolated singularities. In the affine chart Uj we have
the following foliation:

2

Yo _ bo + (by — ag)y + baz + (bs — a)y” + (bs — a)yz + bsz* — asy® — asy’z — asyz’
0= co + 1y — apz + 33 — a1yz — izt — azy’z — agyz? — asz> '

if po=(1:0:0), then m,(X) > lifand only if ap = by = b1 =by =co =c1 =0, i.e.
if and only if X € CN}.
Now, let X € CN, — CN;,
arxXz + asyz + a3y2 + a522
X = Xz + byyz + bsz?
0

The point py is singular for this foliation and in the affine chart Uy, the foliation X is
Xy — (z ~+ (bgy — clz));z + sz22 — a3)? 2— a4y2§ — asyz? )
—hz* — a3y°Z — a4yz° — asz
Let
00, 2) =z4 (bg — ap)yz + b522 — a3y3 — a4y22 — a5y22,
Ry, 2) = —arz* — azy*z — agyz® — asz>.

Since X has isolated singularities, a3 # 0, and with this it is easy to see that
1(0, R) = up,(X) = 5. Note that pg is the unique singular point in the invariant line
z=0.

Now we will suppose that the foliation X has an invariant line with a unique
singular point with Milnor number 5. We can suppose that the line is z and that the
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point is pg. Then X has the form:

a0x2 + a1xy + axxz + a3y2 + asyz + a522
X = b0x2 + bi1xy + byxz + b3y2 + byyz + b522
0
Condition 1. If py is singular, then by = 0.

Condition 2. If (0 : 1 : 0) is not singular, then a3 # 0, let us suppose a3 = 1.
If ay # 0, in the affine chart Uy we have:

yo — [(Or—a0)y+baz+ (b — a)y? + (bs — a)yz + bsz* — y(* + asyz + asz*)
‘T —z(a0 + a1y + arz + y* + asyz + asz?) ’

therefore
Ipy(X) = 1(z, (b1 — ag)y + (b3 — a1)y* — »°) < 3,

hence ap = 0 and

Yo b1y + bz + (b — a1)y* + (bs — az)yz + bsz> — y()* + asyz + asz*)
’ —z(a1y + arz + a3y* + asyz + asz?) '

We must note that (y, 0) is singular for this local vector field if and only if b1y + (b3 —
ay)y*> —y* =0 and this polynomial has its three roots equal to zero if and only if
by = b3 — a1 = 0, therefore,

v (D22t Ga—ayz+ bsz* — y()* + asyz + asz?)
‘T —z2(a1y + a2 + asy* + asyz + asz?) .

Moreover, because m,,(X) =1, then b, # 0 and p, (X) = I(z, V) + I(ary + arz +
V2 4 agyz + asz?, brz + (bs — ar)yz + bsz> — y()* + asyz + asz*) =4 if and only if
ay # 0. Then

arxz + y* + agyz + asz?
X = byxz + byyz + bsz? ,
0

and  I(arz 4+ V* 4 asyz + asz?, brz 4 (by — a2)yz + bsz> — y(3*> + asyz + asz*) = I(as
z+y* + asyz + asz?, byz + bayz + bsz?) = 1(y?, z) = 2. Therefore w,,(X) = Sand X €
CN, — CN;. O

REMARK 3. An unstable foliation X € J, with isolated singularities has an
invariant line.

Proof. If « is such that o*c3 — a?b3 — aby — bs = 0, then y — az is an invariant
line for a foliation in CNy; and z is an invariant line for a foliation in CN,. O

LEMMA 3. Let X € F, with the following properties: Every singularity of X has
multiplicity one and X has an invariant line with a unique singularity p. Then j,(X) = 5,4
or3.
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Proof. We follow the notation of Theorem 4. If z is the invariant line,p; = (0 : 1 : 0)
is singular and py = (1 : 0 : 0) is not singular, then in the affine chart U, we have

% a0x2 +ai1x + axxz + asz + Cl5Z2 - X(Xz + b1 x + byxz+ b3+ byz + b522)
P —2(x% 4+ bix + boxz + b3 + byz + bsz?)

[ (@1 = b3)x + asz + (ap — b))x? + (ar — by)xz + asz> — x> — arx*z — bsxz®
N —z(bs + b1 x + byz + xr 4+ arxz + b522) ’

Note that (x, 0) is singular in this chart if and only if (a; — b3)x + (ag — b1)x*> —
x3 =0, and this polynomial has its three roots equal to zero if and only if a; = b3
and ag = by. Therefore w, (X) > I(z, x> + zH(x, z) = 3, and we can conclude that
Hp (X) = 3if and only if b3 # 0.

If b3 = 0, and if m, (X) = 1, then we must have a4 # 0. Hence u,, (X) = 4 if and
only if b1 # 0; moreover, w,, (X) =3+ I,(z, x?) = 5 if and only if b; = 0 (in this last
case the foliation is unstable). ]

Proof of Theorem 5. We know that a foliation X is semistable but not stable if
and only if X is not unstable and there exists g € SL(3, C) and a diagonal 1-PS, A,
of SL(3, C) such that u(X, ghg™") = 0. The weights of the monomial foliations with
respect to the one-parameter subgroup A ), where —% <r<lare

x? xy Xz ? yz 22
d
— -1 —r l+r 1-=2r 2 3+2r
ox
i r—2 -1 2r —r l+r 3r+4+2
dy
9 —r—3 -2-2r -1 —-1-3r —r 1l+r
az

The unique cases where we can have any weight equal to zero with the condition
reQ@Qn [—%, 1] are the following:

1
r=0 x* xy xz 3y yz 2° r= 3 x> xy xz y yz Z°
0 0 1 3
— =1 0 1 1 2 3 — -1 —= = 0 2 4
0x 0x 2 2
i -2 -1 0 0 1 2 i —§ —1 1 —l E z
ay ay 2 2 2 2
0 0 7 5 1 3
— =3 -2 -1 -1 1 — — = -1 - —= =
0z 3 0 0z 2 3 2 2 2
1
r=-3 x> xy xz y yz z°
0 1 2 5
- -1 = ) Z
ox 3 3 3 3
0 7 2 1 2
— _ =1 - = = 3
ay 3 3 3 3
0 8 4
e -
0z 3 3 3 3
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The monomial foliations with non-negative weights for r = % also have non-

negative weights for r = 0, and the monomial foliations with non-negative weights

forr = —% are in CNy. Then, the unique case to consider is

arxy + a)xz + a3y’ + azyz + asz’
X = byxz 4 b3y? 4 byyz + bsz? ,
0

the point pg = (1 : 0 : 0) is singular and the line z = 0 is invariant for the foliation. In
the affine chart Uy, X is

Yo byz + (b3 — ay)y* + (bs — an)yz + bsz> — azy® — ayy*z — asyz®
0 —z(a1y + a2z + a3y* + asyz + asz?) ’

the multiplicity of po is one because otherwise the foliation is unstable, then we can
consider b, = 1. The Milnor number of py is
tpy(X) = I(z, (b3 — @)y* — azy”) + I(ary + axz + azy” + asyz
tasz®, 2+ (by — a))y” + (bs — ar)yz + bsz® — azy’ — agy*z — asyz>).
We will see now the remaining singular points in z = 0. We have that (« : 1:0) is

singular if and only if (¢; — b3)a + a3 = 0, therefore the line has at most two singular
points.

Case 1. a; # bs, then (=2- : 1:0) is the other singular point in z different from p,

b;—al

and f1,,(X) > 2 + 1, this value could be 3, 4, 5 or 6.

Case 2. a; = b3, then a3 # 0, if not, z = 0 will be a curve of singularities. Therefore
z = 0 has only the singularity py and by Lemma 3 its Milnor number is 3 or 4. O

5. An unstable Foliation is a Riccati Foliation. In this section we prove the
following:

THEOREM 6. The generic unstable foliation on Ccp? of degree 2 is Riccati.
Now we give the proof of this result.

LEMMA 4. Let X be a foliation of Ccp? of degree 2 with isolated singularities. Then
X € CN, if and only if X is transversal with respect to the rational fibration given by the
flow of A and the Milnor number of pg = (1 : 0 : 0) is greater than 1.

Proof. Let X be a generic point in CNy, i.e.

a\xy + axxz + a3y2 + asyz + a522

X = b3y2 + byyz + b522 )

2
)y

where a;, b;, ¢; € C. Since m,,,(X) > 1, then u,,(X) > 4.
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The associated foliation to the flow given by A; is Xj, = 2x> — yaiy —zL . It has
a line of singularities defined by x = 0, and its leaves are the lines passing through the
singular point py. Then we must blow up once the point py to separate the leaves and
thus obtain a rational fibration, we will denote the corresponding foliation by X;, .
The foliation X in the affine chart Uj is
Yo — (b3 — ay)y? + (by — a)yz + bsz* — azy® — agy’z — asyz*
0~ c3)? —a1yz — arz? — a3’z — agyz’ — asz> ’
Lifting the foliation X with the same blow-up we obtain

F wi (a3 + aswr + asw3) — wi((bs — a1) + (bs — azy)wy + bsw3)
- —c3 + bywy + byw3 + bsw3 '

Then the fibres of the rational fibration obtained by X;, and the leaves of X are
tangent only in the common leaves w, — k = 0, where k is a root of the polynomial
—c3 + bywy + b4w§ + bswg.
In the line x = 0 we have the same property. We conclude that X is A; — Riccati.
Now, let

apx? + a1xy + arxz + azy* + asyz + asz’
X = bon + bixy + byxz + b3y2 + bayz + b522
cox2 + Xy + cxz + C3y2 + cayz + 6522

be a foliation of degree 2 with isolated singularities, A; — Riccati and such that
Mpo(X) > 1.

The first condition in the coefficients is by = ¢y = 0 because py is a singular point
for the foliation.

In order to separate the leaves of X;, we must blow up the point pg, then we lift
the foliation X with this blow-up and see the condition in the coefficients of X to have
transversality with the rational fibration defined by X;,. As before, we have

B wf(a3 + aswy + aswg) + wlz((al —b3) + (ay — by)w, — bswg)
Xo= +wi((ao — by) — bywo) .
wl( —c3+ (bs — c)wy + (bg — cs)w§ + b5w§) + ( —c1+ (b — )wy + bzwg)

Then, to have transversality with the fibration defined by X;, either of the following
conditions is satisfied:

a3+ agwy +asw3 =0 and —c3 + (by — ca)wr + (bs — cs)w3 + bsw3 = 0; or —c; +
(b1 — c2)wa + byws = 0. Thismeans a3 = ay = as = ¢3 = bs = 0, b3 = ¢4 and by = cs;
orcy =b; =0and b; = ¢,.

The first one implies

a0x2 +aixy + axxz
X = bixy + byxz ,

C1Xy + Xz
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but it has a curve of singularities defined by x. Thus, we must have the second condition,

ie.
a0x2 +a1xy +axxz + a3y2 + asyz + a522
X = b3y? + bayz + bsz?
c3y? + cayz + sz’
The hypothesis 1, (X) > 1 for X implies ap = 0. Then X € CN;. Il
PROPOSITION 3. Let Y be a generic foliation in CN,. Then the Kodaira dimension of
Yisl

Proof. Let Y € CN,, then

arxz 4+ a3)? + azyz + asz’
Y = byxz + bayz + bsz? ,
0

we must reduce the singularities of Y in the sense of [14].

We note that the multiplicity of py = (1:0:0) is 5. Generically we need two
blow-ups to obtain the reduced foliation, X = Y4, birational to Y. Let S be the
surface where X has only reduced singularities, let L C S be the strict transform
of a line that does not pass through the point po;, where we made the blow-up

in CP?, and let L, c CP? be the strict transform of line Ly in CP?, which does
not pass through py. We have the following:

Blowing-up Exceptional divisor Foliation Canonical bundle

P e s E X Ky = Os(L — E)
|

por € CP? E Y 7 =0 (L1)
:

po € CP? Y Ky = Ogp(),

where L-E=0,L-L=1,E>=—1,E~CP'.
The linear part of the reduced foliation X, in the unique singular point in E is

26, 0
DX(©0.0)= (" )

then %22 =-2¢ Q"
In [11] the author gives the definition of the Kodaira dimension for reduced

foliations and proves analogous results to the case of algebraic varieties. In this case
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the Kodaira dimension of the foliation X is calculated as follows:

1
kod(X) = limsup Togn log h°(S, Os(nL — nE)),

n— o0
and to compute it we consider the Riemann—Roch formula for surfaces: Let n € Z>°,
we obtain
1
h(S, Os(n(L — E))) = 5(—7714 - Ks +nE - Ks) + x(0s) + h'(S, Os(n(L — E)))
— I(S., Os(n(L — E))).

If E; is the exceptional divisor of the first blowing-up, 7, then

Ks = n*KEPjZ +E=n"(n{Kcp2 + E1) + E = n*(n{ Opp2(—=3) + E1) + E.

Also we have

L-Ks=L-7n*Kz =n*Ly - n"K = Ly - Ko = Li - (] (02 (=3)) + E1)

= 7{(Lo) - 7} Ogp2(—3) = Ogp2(1) - Ogp2(—3) = -3,

and E-Ks =E-(7"K5: + E) = —1, x(0s) = x(O¢p2) = 1.
Then,

1S, Os(n(L — E))) =n+ 1+ h'(S, Os(n(L — E))) — h*(S, Os(n(L — E))).

If we consider # sufficiently large, we can assume by Serre’s Theorem (see [15]) that
(S, Os(n(L — E))) = 0 and A*(S, Os(n(L — E)) = 0. Finally we obtain

1 1 1
kod(X) = lim sup . —log 1S, Os(nL — nE)) = lim sup ogn+1 _,
ogn

n—o0 n—00 logn

O

LEMMA 5. The canonical bundle, Ky = Os(L — E), of the reduced foliation arising
from Y € CN,; defines a linear system of dimension 1 without base points.

Proof. Since kod(X) =1, then h’(S, Og(L — E)) <2. We consider the exact
sequence of sheaves
0— Os(L—E) — Os(L) — O — 0,

this induces the following sequence:

0 — H’(S, Os(L — E)) — H(S, Os(L)) — H(E, OF)
— H'(S,05(L — E)) — 0.

Then, we have h%(S, Os(L — E)) = h°(S, Os(L)) — h°(E, O) + h'(S, Os(L — E)) =
2+ h'(S, 05(L — E)) > 2.

Therefore, h°(S, Ky) = 2. If we assume that sy, s; € H°(S, Kx) and (so)o N (s1)o #
@, then K> = (so)o - (s1)o > 0, but K2 = (L — E)?> = 0. Therefore, H'(S, Os(L — E))
does not have base points. ]
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THEOREM 7. The generic foliation Y in CN, is Riccati with respect to the rational
fibration defined by the pencil of the canonical bundle of the reduced foliation birrational
toY.

Proof. The above pencil defines a fibration /' : S — CIP'. The generic fibre of this
fibration is linearly equivalent to the divisor L — E, then the genus of this curve is

(L—EP+4+(L—E) -Ks+2
g: 2 =

0.

We then see that f is a rational fibration that satisfies K} - (L — E)=(E — L) - (L —
E) = 0. Then the reduced foliation X is Riccati (see page 50 of [2]). O

6. Geometric Quotient of non-degenerate Foliations without Invariant Lines. By
Theorem 1 we know that there exists a geometric quotient of stable foliations of degree
2 by the action of PGL(3, C). In this section we prove that this quotient contains
another geometric quotient, which is the coarse moduli space of polarised del Pezzo
surfaces of degree 2 (see [9]).

For this we will need the following:

DEFINITION 10. A set of seven points in CIP? is said to be in general position if no
three of these lie on one line and no six of them lie on one conic.

THEOREM 8. The geometric quotient by PGL(3, C) of non-degenerate holomorphic
foliations of degree 2 without invariant lines is the coarse moduli space of polarised del
Pezzo surfaces of degree 2.

Proof.- We begin by noting that the set 3"‘2) = {X € ¥, : X isnon-degenerate without
invariant lines} is an open PGL(3, C)-stable set of F,. To see that this set is open, it is
sufficient to use part 2 of Theorem 5.2 of [8] and Theorem 2.5 of [7], because the first
one says that the set of holomorphic foliations without invariant lines is open and the
second one says the same for the set of non-degenerate holomorphic foliations. Also,
due to Corollary 1 we have that a foliation in ) is stable by PGL(3, C). O

In [7] we have the following:

THEOREM 9. Let X € F;, d > 1 be a non-degenerate holomorphic foliation with
singular set Z, and let X1 € F; be another holomorphic foliation with singular set Z, then
X=X

Moreover, in the case of degree 2, the corollary 4.10 in [3] says that seven different
points of CP? are the singular set of a unique non-degenerate holomorphic foliation
of degree 2 if and only if there are not present six points in a conic. On the other hand,
in Remark 2 we prove that a non-degenerate foliation of degree d has an invariant line
if and only if this line has d + 1 singular points.

If U; is the open subspace of the punctual Hilbert scheme H ilb7(CP2) consisting
of points that represent seven points in general position in CP, then we can conclude
that U; parametrises the non-degenerate holomorphic foliations of degree 2 without
invariant lines. In U; we have the natural action by PGL(3, C):

PGL3,C)x U; — Uy
(gp1+---+p)—> g1+ + g,
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such that the diagram

PGL(3,C) x F — 59

2 J
PGL(3,C) x Uy — Uy

is commutative, therefore the geometric quotient of non-degenerate foliations of
degree 2, without invariant lines by PGL(3, C) is the geometric quotient of U; by
PGL(3, C).

Finally in [9] the author proves that the coarse moduli space of polarised del Pezzo
surfaces of degree 2 is the geometric quotient by PGL(3, C) of U;.

COROLLARY 2. The geometric quotient of stable foliations of degree 2 by PGL(3, C)

contains an open set isomorphic to the coarse moduli space of polarised del Pezzo surfaces
of degree 2.

Proof. The proof of this corollary is a consequence of the following: ]

LEMMA 6. (see page 234 of [5]). Let G be an algebraic group acting on an algebraic
variety V. If (Y, ¢) is a geometric quotient for this action and U is an open G — stable
subset of V, then (¢(U), ¢)) is the geometric quotient for the action of G on U.

LEMMA 7. (see Theorem 4.20 of [5]). Let G be an affine algebraic group, V' a regular
G — variety and assume that a geometric quotient (Y, ¢) exists. Then, Y is unique up to
isomorphism.

If (Y, ¢) is the geometric quotient of F, by PGL(3, C), then (¢(3"§), ¢)) is the geometric
quotient of 3’{2) by PGL(3, C), which is the geometric quotient of U; by PGL(3, C) and,
by a property of geometric quotients, it is an open subset of Y.

REMARK 4. The foliation of degree 2, (xz + yz)% - xz% + xy%, given in [4] has
a unique singular point in (0 : 0 : 1), which is not reduced with Milnor number 7 and
does not have any invariant line, therefore X is a stable foliation.

This tells us that it is not possible to construct the good quotient of all the stable
foliations through the singular set, like we do in the case of non-degenerate foliations
without invariant lines. In the second section of [9] we can see the construction of a
compactification of the coarse moduli space of del Pezzo surfaces using a subspace of
Hilb"(CP?) allowing points with multiplicity at most 2.
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