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1. Introduction. The set of all the invertible elements of a ring S form a group
called the unit group of S, denoted by 2(S). Let [« D,,» be the group algebra of Dn
over [, where [« is the Galois field of pF-elements, Dy,n is the dihedral group of
order 2p™, p is a prime and m € N. For further details on group algebras see [8].

In [5], the order of U(F x Dyn) is established to be p***"~D(p* — 1)%, where p is an
odd prime and m € Ny. The structure of U([F;«Dg) is described as split extensions of
cyclic groups in [3]. Additionally in [7], it is shown that V' and V1 /Z(V) are elementary
abelian 3-groups, where V| = 1 + J([Fsx Dg), J(F3x Dg) is the Jacobson radical of [Fs« Dg
and Z(V)) is the centre of V.

Let C, be the cyclic group of order n. Let M,,(R) be the ring of n x n matrices over
a ring R. Using an established isomorphism between RG and a subring of M, (R) [6]
and other techniques, we establish the centre of the Maximal p-subgroup of U([F x D»,)
to be C,k"2).

The techniques described in this paper can also be used to study the structure of
the o-unitary groups V,(KG), where o are involutions of the group ring KG. Some of
these non-classical involutions were introduced and studied in [1] and [2].

2. Background.

DEFINITION 2.1. A circulant matrix over a ring R is a square n x n matrix, which
takes the form

ay a dz ... ay

ay ay dy ... dy—
circ(ay, as, ..., a,) = | 9n-1 dn A1 ... du-2 |

ar ay dg4 ... a

where a; € R.

For further details on circulant matrices see Davis [4].
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Let {g1, g2, . .., g} be a fixed listing of the elements of a group G. Then the matrix

g7'er o' a7l . g7'g
o'e o' ol .. ole
@'e o' o7'ss . g@la
_'1 _-1 _'1 - —.1
8n 81 &n &2 8&n 83 --- &n &n

is called the matrix of G (relative to this listing) and is denoted by M(G). Let
w =Y ", a,g € RG, where R is a ring. Then the matrix

Og-lg;  Og-lgy  Ogi-lgy ... Ogi-lg,
Ugy-lgy  Ugy-lgy  Ugy-lgy oo Ogy-lg,
Ogi-lgy  Ogi-lgy,  Ogy-lgy ... Ogi-lg
U, "lgr g, lgy Uglgg -ov g -lg,

is called the RG-matrix of w and is denoted by M(RG, w).
The following theorem can be found in [6].

THEOREM 2.2. Given a listing of the elements of a group G of order n there is a
bijective ring homomorphism between RG and the n x n G-matrices over R. This bijective
ring homomorphism is given by o - w — M(RG, w).

EXAMPLE 2.3. Let Dy, = (x,y|x" = 1,)* = L, yx = x"1y) and « = Y " Jax’ +
er.’;olbjxjy € [ Dy, where a;, b; € e and p is a prime; then

o(k) = <;T jT)s

where A = circ(ag, ay, ..., a,—1) and B = circ(by, by, ..., by_1).
The next two results appear in [5]

PROPOSITION 2.4. Let A = circ(ay, as, ..., ay), where a; € [Fpk, p is a prime and
m € Ny. Then

Vi

n _ pm

AP = E Cl,'pm.
i=1

THEOREM 2.5. |U(Fj Dopn)| = p* " =D (pk — 1)2, where p is an odd prime and
m e N().

3. The maximal p-subgroup of U(F,xD;,). Define the ring homomorphism 6 :
FpDyp —> FCo by Y/ aix! + ij;()l bixly — Y ai+ Zf;ol b; -y. Now define
the group epimorphism 6" : U(FxDy,) —> U(F,xCs), where 0’ is 6 restricted to
U(FxDyy). Let ¢ : U(FxCy) —> U(FxD2p) be the group homomorphism defined
by a+b-y+—a+b-y. Then 6’ oy(a+b-y)=0(a+b-y)=a+b-y. Therefore
U(F,x Dyy) is a split extension of U(F« C3) by ker(6 ). Thus U(Fx Dyy) = H x U(F 1 Cr),
where H = ker(0'); |H| = p*®=1 by Theorem 2.5. Clearly H is the maximal p-
subgroup of U(FxDy,).
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PROPOSITION 3.1. |Cy(x)| = p*

Proof. Cu(x) = {h € H|hx = xh}. Let h=Y""J ax' + Y"") by € H, where
Yy ai=1,Y"" bj=0and a; b € Fs. Then

p—1 p—1 p—1 p—1
hx — xh = Za,—x’—l—ijx’y X —Xx Za,—xl—l—ijx’y ,
i=0 =0 i=0 j=0
p—1 p—1 p—1 p—1
_ Zaixz-H + ijx/_ly _ Zai-xH_l _ ijx”ly,
i=0 =0 i=0 =0
p—1 p—1
i—1 j+1
=D by =3 bty
j=0 Jj=0

p-1 -1
=0 ijxj’ly = Zb,xj“y;
Jj=0 j=0
Y by = Y bty = by = by Vi = bo=by=by=---=b, =b =
by=---=b,,=by. If k= ’; o CIX +d2p _o X", where Zl_()l ¢; =1, then
kx = xk. Thus every element of Cy(x) is of the form Zi aix' 4+ bZP_O X'y, where
Y07 a; = 1. Hence | C(x)| = (pFy~' (%) = p. m

PROPOSITION 3.2. Let A be a p x p circulant matrix with row sums 1. Suppose that
DA—-A4")=0

for every p x p circulant D with row sum 0. Then A = A”.

Proof. Let A — AT = cire(0, ay, as, aa, . .., ay_1, a,). If D = cire(1, —1,0,...,0),
then D(4 — A7) = cire(—ay, ar, a3 — az, as — a3, ..., ay — ay_y). If D(A— A7) =0,

thenay =a3 =as=...=a, | =a, =0. Therefore A — A" =0and 4 = A”. O
PROPOSITION 3.3. | Z(H)| = p™=".

Proof Z(H) is contained in Cy(x). Let a = Z, "o @ix' + bZ” Oxfy € Cy(x) and

=YV e + Y0 dux™y € H, where a;, b, ¢;,dy, € Fc. Therefore Z(H) = {a €
CH(x)|ozh ha}. Then

s@a®) -a@a@= (5 ) (pr &)~ (or &) (5 ar)

_( AC+BD" AD+BC"\ ( AC+BD  BC+DA"
“\BC+ATDT BD+ATCT ADT +BCT BDT +47CT

where A4 = circ(ap, ai, ..., ap-1), B=circ(b, b, ..., b), C = circ(co, ¢1,...,¢p—1), D =

cire(do, dy, ..., dp—1). Now

e BC =cire(b, b, ..., b)irc(co, c1, ..., ¢p_1) = B= BCT since Z, va=1

e BD =circ(b, b, ..., b)circ(dy, dy, ..., d,—1) = 0, = BDT since Y _ Yd, =0.

m=0
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Therefore o(a)o(B) — o (B)o() = (,yrr_, D‘ABAT’). Thus o(a)o(B) —o(B)o(a) =
0= A= A" < a; = a_;mod , Vi by Proposition 3.2.
Thus every element of Z(H) is of the form yy + y1x' + x> +... + yp%lx'%] +

Yozt X+ yzx”_z + x4 32;:01 ¥y where y;,8€Fy. Thus |Z(H) =
P ) = O

PROPOSITION 3.4. Let <Z 2) be a 2 x 2 matrix over R. Then

ntl ntl

2 n n
n7(2x72)b2x72 n7(2x71)b2x71
Z(zx—2>“ Z<2x—1)a
n n—(2x=1) p2x—1 n n—(2x=2) p2x=2
Z(zx—1>“ 2 —2)¢

when n is odd.

a b\ a b
Proof. Clearly <b a> = <b a)'

Assume for n = k (k-odd) that

kil ktl

ok
k—(2x-2) p2x—2 f—(2x—1) 21
Z(2x— ) Z<2x—1>a

abk_ x=1
b a - /%1

Ea k
k—(x—1)71.2x—1 k—(2x—2) 1.2x—2
§<2x— ) b Z(zx—2>“ b

x=1

We must show that

>
7
oo
7
5

1M

( k+2 )a(k+2)—(2x—2) P2 ( k+2 ) gk 2—-Cx=1)p2x—1

k+2 2x—2 2x —1
a b ] e x=1
(b a) T 2o
=k + _
(k+2)=(2x—1) 21 (k+2)=(2x—2) p2x=2
£ <2x— 1)“ ;(Zx—Z)a
Now

a B\ fa B\ (a B\ (a B\ (P+b 2ab \ [y ¢
b a “\b a b al \b a 2ab A +0b*) " \8 y)°
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First let’s deal with y and then with §.

>
£

]

Dy =

k+1
k k—(2x—2)722x—27,2 | 12 : k k—(2x—1)7,2x—1
X X X X 2
<2x— 2)a b (a" 4+ b°) + ;Zl e 1)4 b= (2ab),

=
Il
-

k+1

k — k
— (k+2)—(2x—2) b2x—2 k—(2x—2)b2x
<2x—2)a +§<2x—2>a

x=1

-
o

kil

2 k
(k+1)—(2x—1) . 2x
+ 2; <2x B l)a b=,

_ (lg)amzbo + (];)akbz + (i)ak—2b4 44 (kf 1>a3bk—l
i <g>akb2 + (];)ak—zb4 N (k f 3>a3bk—1 + <kf 1>a1bk+1
+2|:</1€)akb2 + (?)akzb“ 4+ .+ <k f 2)a3bk1 + <i>albk+1}’
)
) + ( xk ) " 2( : )}“"(2’*”172* + (k + 2)ab ™,

[k
— k+2
B +Z[<2x 2x — 1

X=

||
\M\’“

k+ 2) AV L (e 4 2)pk+2

+

_ k+2
o 2x —2
k
-2
k1

k ok
(k+1)—(x—1) p2x—1 (k+2)—(x—1) p2x—1
<2x 2) 2 <2x— 1)“

k k—(2x—1) 1, 2x+1
<2x—1>“ =
k k+171 K\ x-1,3 k 47k—2 k 21k
) b+2a b+ + k_3ab +k_1ab ,
K\ ki1, K\ k1,3 k 47k—2 K\ 5.k

b b+ b b

1) + 3 a +- k—2a + ka
K\ k1,3 k 41k—2 k 21k K\ 0,42
+<1>a b+ -+ k_4ab + k—2ab+ kab ,

k—1
a k k k
_ 2Nk Hp! 5 k—Qx—1)722x+1 | 07k+2
(k+2)ad*'b +§=1|: (2x>+(2x+1>+<2x—1)]a b +a’b e,
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k+2

(k + 2)ak+lbl + Z (2 L 1>a 2x71)b2x+1 + bk+2,

k+2\ (h2)-@e—1) 1201
X b X .
<2x— 1)“

Il
i MN\I

g

PROPOSITION 3.5. Let A and B be p x p circulant matrices over [ x where p is a prime.

Then
A B (4 B
B 4A) “\p 4)

Proof. We can apply the previous lemma, since circulant matrices commute.
Therefore

r+ p+1
=

p ) —(x=2) 42x—2 \ ( P ) —(2x—1) p2x—1
AP A E AP B
4 Bp_ : <2x—2 = 2x — 1 .
B 4) ptl ’

2
p —(2x—1) p2x—1 p —(2x=2) p2x—2
A.17(3C )B»’v Ap(x )Bx
<2x— 1) §<2x—2)

M

)
kA

]+

x=1

V4 —(2x— _ V4 p _ )4 _
p-(2x-2) g2x-2 _ 4P B° APTIR2 4L Al pr!
(27) R O e

= A” mod p;

s
+

M+

X

ptl

2

Z <2 )Ap—(ZX—Z)BZx—2 _ <11’>Ap—131 + (Z)Ap—233 Tt (ﬁ)Aon
x f—

x=1

= B’ mod p.

THEOREM 3.6. Z(H) has exponent p.

Proof. Let o =ay+aix+ax’+ .. —i—ap]xz +ap1x2+ ot axP? 4

ayxP~! +pr o ¥y € Z(H), where a;, b € [ . Then (o) = ( = (;’Z %), where
A = circ(ay, ay, az, . . ap_l ap ..., al) and B = circ(b, b, ..., b). From propo-

sition 2.4, A7 = (ao+2z la,P)l’_IandBp (pb?Y =0since o € H. O

Clearly Z(H) = "(p ) by Proposition 3.3 and Theorem 3.6.
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