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Abstract

It is shown that a semigroup is right self-injective and a band of groups if and only if it is isomorphic
to the spined product of a self-injective semilattice of groups and a right self-injective band. A
necessary and sufficient condition for a band to be right self-injective is given. It is shown that a left
[right] self-injective semigroup has the [anti-] representation extension property and the right [left]
congruence extension property.

1980 Mathematics subject classification (Amer. Math. Soc): 20 M 10.

1. Introduction

Let S be a semigroup and let Ms be a non-empty set M with an operation of S on
the right side. Then Ms is called a right S-system if m(st) = (ms)t for all m G Ms

and for all s, t G S. Let <j> be a mapping of As into Bs, where both As and Bs are
right S-systems. Then <j) is called an S-homomorphism if §(as) — <$>(a)s for all
a G As and for all s G S. A right S-system Ms is called injective if for any
injective 5-homomorphism ^: As -> Bs and for any S-homomorphism £: As -> Ms,
there is an S-homomorphism 8: Bs — A/s such that 8^ = £. A semigroup S is
called right self-injective if the right S-system Ss is injective. Dually, a /e/r
self-injective semigroup is defined. A both left and right self-injective semigroup is
called self-injective. Schein [7] has characterized self-injective inverse semigroups
as follows.

Let S be an inverse semigroup with semilattice of idempotents E. A subset B of
S is compatible if B*B C E, BB* C E, where B* is the set of inverses of elements
of B. Define an order =£ on S by a < b (a, b G 5) if and only if a G 6£. Then (i)
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[2] Right self-injective regular semigroups 183

S is called complete if every compatible subset B of S has a least upper bound
with respect to < , (ii) S is called infinitely distributive if (VB)a — V(Ba) for any
compatible subset B of S and for any a E S and (iii) S is called E-reflexive if
st G E 0 , f G S) implies to G £.

RESULT 1.1 [7, Theorem 2.3]. Let S be an inverse semigroup with semilattice of
idempotents E. Then S is self-injective if and only if S is complete, infinitely
distributive and E-reflexive.

According to Venkatesan [11], a regular semigroup S is called right [left] inverse
if each principal left [right] ideal of 5 contains a unique idempotent generator.

The author [10] showed that a right self-injective generalized inverse [right
//-compatible regular, 0-proper regular] semigroup is right inverse and gave a
structure theorem for right self-injective generalized inverse semigroups. In Sec-
tion 2, we shall state some results on a right self-injective, right inverse semigroup.
We shall prove a structure theorem for right self-injective bands of groups. In
Section 3, we shall give characterisations of certain right self-injective bands
(almost commutative bands and chains of finite right zero semigroups). In Section
4, we shall show that a left [right] self-injective semigroup has the [anti-]
representation extension property and the right [left] congruence extension prop-
erty in the sense of Hall [4]. Throughout this paper, we shall use the following
notations.

For a semigroup S, S1 [5°] is the semigroup obtained from S by adjoining an
identity 1 [zero 0].

For a regular semigroup S, E(S) is the set of all idempotents of S. For any
x G S, x* is an inverse of x (that is, xx*x = x, x*xx* — x*) and V(x) is the set
of all inverses of x in S. Further, x~' denotes the group-inverse of x (that is,
x~x G V(x)am\xx~x = x~xx) if it exists. For any subset M of S, M* = U {V(a)
a G M). All other notations and terminology should be referred to [1] and [10].
unless otherwise stated.

2. Right self-injective, right inverse semigroups

We shall collect several known results on right inverse semigroups.

RESULT 2.1 ([2], [11], [13]). Let S be a right inverse semigroup.
(i) For any f, h G E(S), hfh — fh, that is, E(S) is a right regular band in the

sense of Kimura [6].
(ii) The intersection of two principal right ideals of S is a principal right ideal of

S.
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(iii) For any a, b £ S, b*a* £ V(ab).
(iv) For any a £ 5, a*a = a'a for all a*, a' G K(a).
(v) Tfce relation a = {(a, b) e S X S\ V(a) = V{b)} is the finest inverse semi-

group congruence on S.
(vi) For any a £ S, aa G E(S/o) ' and only if a G E(S). In this case, the subset

aa of S forms a right zero semigroup.
(vii) For any a, b G S, a = b if and only if aab and a*a = b*b.

RESULT 2.2 [10]. Let S be a right self-injective, right inverse semigroup,
(i) S has a left identity element and a zero element.

(ii) Each principal right ideal of S is injective.
(iii) For each right ideal K of S, there is a unique principal right ideal K'ofS such

that K' D K and for any distinct x, y £ K', there is an element s G Sl satisfying
xs T^ ys, xs, ys £ K. In this case, K is said to be strictly large in K'.

(iv) The family of all principal right ideals of S is a complete, infinitely distributive
lattice under set-inclusion.

COROLLARY 2.3. Let S be as in Result 2.2. Then
(i) E(S) is a right regular band with zero and left identity elements

(ii) for each right ideal J of E{S), there is a principal right ideal J' in which J is
strictly large.

PROOF, (i) This follows from Result 2.1(i) and Result 2.2(i).
(ii) Let J be any right ideal of E(S). Then JS is a right ideal of S. By Result

2.2(iii), there is an idempotent e G S such that JS is strictly large in eS. Let
a, b G eE{S) with a ¥= b. Then as, bs G JS, as =£ bs for some s G Sl. Hence,
a(ss*), b(ss*) £ / , a(ss*) ¥= b(ss*) (s* = I if s = \). Therefore, J is strictly large
in eE(S), proving the corollary.

LEMMA 2.4. Let S be a right self-injective, right inverse semigroup and let M be a
subset of S such that MM*, M*M C E(S). Then there is an element w £ 5 such
that

(2.1) MS is strictly large in wS,

(2.2) wa*a = a for all a £ M and a* £ V(a).

If there is any other element z (E S satisfying (2.1), (2.2), then zw*w — w, wz*z — z.

PROOF. Let a, b £ M. Then for any x £ a*aS f~l b*bS, ax =
a(b*b)(a*a)(b*b)x = (ab*)(ba*)(ab*)bx = (ba*)(ab*)(bx) (by Result 2.1(i)) =
bx. Thus we can define an S'-homomorphism <f>: M*S -» 5 by <£(?) = at if
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/ G a*aS, a£M. Suppose, x, y S M*S, <j>(x) = <j>(y). Then x G a*aS, y G b*bS
for some a, b & M and ax = 6y. Hence, x — (a*a)x = a*by = (a*b)(b*b)y =
(b*b)(a*bXb*b)y (by Result 2.1(i)). Therefore, x G a*aS D fe*W. Similarly, j> G
a*aS Pi ft*6S. Then it follows from the above that ax = bx, ay = by. Hence,
x = a*ax — a*{by) — a*(ay) = y. This means that $ is injective. By Result
2.2(iii), there is an idempotent/ G 5 such that M*S is strictly large in /S . Since S
is right self-injective, there is an S-homomorphism <f>: fS -> S with <ji | A/*^ = <>.
Since M*S is strictly large in/S, it follows that <j> is injective. Put w = <j>(f). Then
it follows immediately that w satisfies (2.1), (2.2). Suppose that there is some other
element z E S satisfying (2.1), (2.2) and that zw*w ^ w. Then by Result 2.2(iii),
zS = wS. So there must be an element J £ S ' such that zw*ws, ws G MS but
zw*ws ¥" ws. Then ws = at for some a G M and ( £ S . Hence, w*ws = w*at =
w*(wa*a)r = (a*a)(w*w)(fl*tf)f (by Result 2.1(i)) = (wa*a)*(wa*a)t (by Result
2.1(iii),(v)) = a*af (by (2.2)). Thus, z{w*ws) - z(a*at) - at (by (2.2)) = ws, a
contradiction. The lemma is proved.

LEMMA 2.5. Let S be as in Lemma 2.4. If xy £ E(S) (x, y G 5) <Aen J>JC G £ (5 ) .

PROOF. Let x* e F(x),^* e F( j ) . Define a mapping <j>: x*S 1) yS ^ xS U y*S
by <f>(a) = xaiia G x*5 and 0(a) = j * a if a G >>S. Then for any b G x*5 D ̂ S,
JC* = X(JJ*)(X*X)Z) = (y*x*)(xy)(y*x*)xb (by Result 2.1(i) and the fact that
y*x* G E(S), by Result 2.1(iii),(vi)) = y*(x*x)(yy*)(x*x)b = y*b. Therefore, $
is well-defined. Since S1 is right self-injective, there is an S-homomorphism <j>:
S -> S with 4> | (x*S U yS) = <j>. By virtue of Result 2.2(i), let H e a left identity
element of S. Put z = (j>(h). Then zx*x = x and zyj* = _y*. Thus, yz = (yy*y)z
— y(zyy*)yz — yzyz->tnat iS'J'2 e E{S). Hence,yx = y(zx*x) = jz(x*x) G £ (5 ) .
The lemma is proved.

THEOREM 2.6. Let S be a right self-injective, right inverse semigroup. Then S/a is
a self-injective inverse semigroup.

PROOF. By Result 2.1(v), S/a is an inverse semigroup. By Result 1.1, it suffices
to show that S/a is complete, infinitely distributive and is-reflexive. Let H be any
compatible subset of S/a. If H is an empty set, then a zero element of S/a is the
least upper bound of H (note that S/a has a zero element, since S has a zero
element, by Result 2.2(i)). So we assume that H is a non-empty set. Put
M = {x G S | xa G H). Then it follows from Result 2.1(vi) that MM*, M*M C
E{S). By Lemma 2.4, there is an element w G 5 satisfying (2.1), (2.2). It will be
seen that wo is the least upper bound of H. Let z be any element of 5 such that za
is an upper bound of H. Then za*aaa for all a G Af and a* G F(a). In this case,
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we have za*aaa*. So by Result 2.1(vi), we get za* G E(S), za*(Slaa*. Hence,
a = za*a for all a G M and a* £ V(a). Then it is easily checked that ww*z
satisfies (2.1), (2.2). By Lemma 2.4, we have (ww*z)w*w = w. Hence, (zw*)(zw*)
= z(w*ww*)z(w*ww*) = (zw*)ww* = zw* G E{S). Thus, zw*w = z(w*ww*)w
= (ww*)(zw*)(ww*)w (since E(S) is right regular, by Result 2.1(i)) = w(w*w) —
w, whence, za s* wo. Therefore, wo is the least upper bound of H, and S/o is
complete. Also it follows from Result (2.1)(vi) and Lemma 2.5 that S/o is
£-reflexive. Let Pr(S) denote the family of all principal right ideals of S. By using
Result 2.1(vi), we can find a one-to-one correspondence between Pr(S) and
E{S/o). This gives an isomorphism of Pr(S) onto E(S/o) as semilattices. So by
Result 2.2(iv), E(S/o) is infinitely distributive. As noted in [7, page 531], we
obtain that S/o is infinitely distributive. The proof of the theorem is complete.

LEMMA 2.7. Let S be a right inverse semigroup which is a union of groups.
(i) S is a semilattice A of right groups Sa(a G A), each Sa being an 9irdass.

(ii) Each right ideal of S is an ideal of S.
(iii) S/o is a semilattice of groups.

PROOF, (i) This follows from Theorem 4.6 of [1] and Result 2.1(i).
(ii) By (i), we can obtain that ab'iilba for all a, b G S. Thus we get Sa C aS for

all a G S. This implies (ii).
(iii) By Result 2.1(v), S/o is an inverse semigroup, while, clearly, S/o is a union

of groups. It follows from Theorem 4.6 of [1] that S/o is a semilattice of groups,
proving the lemma.

LEMMA 2.8. Let S be as in Lemma 2.7. Let J, K be right ideals of S and let \p be
an S-homomorphism of Kp^ ontoJ, where p is a right congruence on S.

(i) K D J.
(ii) For any a G J, a9l^(ap).

(iii) For any a, b G J, ^{ap) = \p(bp) implies a = b.

PROOF, (i) Let a EJ. Then a = 4>(kp) for some k G K. So ak']k - a. By
Lemma 2.7(ii), kS is an ideal of S. Hence, a G kS. Thus we get J D K.

(ii) Let aGJ. Then a = 4>(kp) for some k G K. So, a = \p((ka~]a)p) =
t((kk-lka-xa)p) - mkk~x)p)ka^a. By Lemma 2.7(i), a G ka~'aS C aS. This
implies that a9ika~xa. From Lemma 2.7(ii), we have a, ka~]a are contained in a
right group R. Thus a — (ka~la)t for some t G R. Then \p(ap) = \p((ka~]at)p) —
at, and then \p(ap), a G R. Therefore, a^l\p(ap).

(iii) Let a, b G J with 4>(ap) = t(bp). Then by (ii), a6l^(ap) = ^{bpffib.
Also from Lemma 2.7(i), a, b, aa~[, \(/((aa~l)p) are contained in a right group. So
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we get a = b, since ^{(aax)p)a = \p(ap) = \j/(bp) = \p((aa~l)p)b. The lemma is
proved.

THEOREM 2.9. Let S be a right inverse semigroup which is a union of groups. Then
S is right self-injective if and only if S satisfies the following conditions (i) to (iv):

(i) S has a zero element;
(ii) S/a is a complete inverse semigroup;

(iii) for each right ideal I of S, there is a principal right ideal I' of S in which I is
strictly large;

(iv) for any principal right ideal H of S and for any right congruence p on S with
p D (H X H) = iH, there is an idempotent h G S such that hS = H and apb
(a, b G S) implies ha = hb.

PROOF. Suppose S is right self-injective. Condition (i) follows from Result
2.2(i), condition (ii) follows from the proof of Theorem 2.6, and condition (iii)
follows from Result 2.2(iii). Let H, p be as in condition (iv). Then there is an
S-homomorphism \p: Hp* -> H with 4>(xp) = x for all x G H. Since H is injective,
by Result 2.2(ii), \p extends to an S-homomorphism \p: S/p -» H. By Result 2.2(i),
S has a left identity element, say, g. Put \p(gp) = h. It is easily checked that
hS — H and apb (a, b G S) implies ha = hb.

Conversely, suppose S satisfies conditions (i) to (iv). By condition (iii), S i= uS
for some idempotent u G S. It is clear that u is a left identity element of 5. Also
by condition (i), 5 has a zero element. So by applying Theorem 1.12 of [10], we
see that it suffices to show that for any right congruence p on 5 and for any right
ideal K of S such that kp C K for all k G K, each S-homomorphism \p: Kp^ -» S
extends to an S-homomorphism of S/p into S. Let p, K, 4> be as above. Put
J = i>(Kp^). Then J is a right ideal of S. By Lemma 2.8(i), J C K. Put p = p U
{(x, y) G K X K | t(xp) = xp(yp)}. Since kp C K for all k G K, it follows that p
is a right congruence on S. By Lemma 2.8(iii), p C\ (J X J) = ij. By condition
(iii), there is a principal right ideal / of S in which J is strictly large. Then it
follows that j 6 n ( / X / ) = t/. So by condition (iv), there is an idempotent h G S
such that

(2.3) hS = / and apb (a, b G S) implies ha - hb.

Consider the set {\p(ep)\e2 = e G J} and denote it by M. Take any m, n G M.
Then \p(ep) = m, \p(fp) = n for some idempotents e,fGJ. Then mn~l =
Mep)(^(fp)y] =^(ep)e(^(/p)/)-1a^(ep)(e/)(^(/p))"1 (since S/CT is a semi-
lattice of groups, by Lemma 2.8(iii)) a^(efp){{yl>{fp))efyx = ^(e/p)(^(/e/p))-' =
HefpM(efp))'1 (since £(5) is right regular, by Result 2.1(i)) G £(5). Whence,
fflo(«o)"' G £(5 /a ) for all m, n G M. Thus, Ma*1 is a compatible subset of S/a.
By condition (ii), there is an element w E S such that wm'^mam for all m E M.
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Since by Result 2.1(vi), wm~l G E(S), wm~l<3lmm~\ we have

(2.4) m = wm'xm for all m G M.

Let e = e2 GJ. By Lemma 2.8(ii), e^(ep). Then {^{ep)y\^{ep))6le, and
hence, (\j/(ep))'14'(ep) = (^(ep))"'^(ep)e = e. So by (2.4), we obtain that we —
4>(ep). Consequently, we have

(2.5) wha = wa = \p(ap) for all a E / .

Now define an S-homomorphism 5: 5 -> S by 5(s) = wfe (s G S). From (2.3), 5
induces the 5-homomorphism 8: S/p -* S such that 8(xp) = 8(x) for all x G S.
Let /k G K. Then i//(A:p) G / . So it follows from Lemma 2.8(ii) that xP(kp) = \P(vp)
for some v G / . Then kpv. By (2.3), we have hk = At;. Hence, /̂(/cp) = ^(vp) =
whv (by (2.5)) = w/iA: = S(kp). Therefore, 8 is an extension of \f>. The proof of the
theorem is complete.

From Corollary 2.3 and the proof of Theorem 2.9, we have

COROLLARY 2.10. Let E be a right regular band. Then E is right self-injective if
and only if E satisfies the following conditions (i), (ii) and (iii):

(i) E has a zero element;
(ii) for each right ideal K of E, there is a principal right ideal K' of E in which K

is strictly large;
(iii) for any principal right ideal I and for any right congruence p on E with

p H (I X I) = cr, there is an element h G / such that hE — I and apb (a, b G E)
implies ha = hb.

LEMMA 2.11. Let S be a right inverse semigroup which is a band of groups. Then
(i) % is a congruence on S,

(ii)x G S, e = xx"1 and e ^f(that is, ef = fe—f) imply xf = fx,
(iii) x~xhx = hx^xfor all x G S and h G E(S).

PROOF, (i) Obvious.
(ii) Since x%e and DC is a congruence, it follows that xf%f%fx. Then

xf = f(xf) = (fx)f = fx.
(iii) Let x G S, h G E(S). Then x']hx = x-\x~{xhx~xx)x = (x'xxhx'1 x)x~'1 x

(by (ii)) = x~xxhx~xx = hx'lx (by Result 2.1(i)). The lemma is proved.

Now we shall prove a main theorem.

THEOREM 2.12. Let S be a right inverse semigroup which is a band of groups.
Then S is right self-injective if and only if both S/a and E(S) are right self-injec-
tive.
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PROOF. First, suppose S is right self-injective. By Theorem 2.6, S/a is a
self-injective inverse semigroup. To see that E(S) is right self-injective, it suffices
to prove that E(S) satisfies condition (iii) of Corollary 2.10, by Corollary 2.3. Let
/ be any principal right ideal of E(S) and let p be any right congruence on E(S)
with p n ( / X / ) = i,. Then / = hE(S) for some h G E(S). Define a relation £
on S by a£b (a, b G 5) if and only if a~lapb'lb and ah — bh. Then it is clear that
| is an equivalence relation on S. Let a, b, x G S with a£/>. Then axh =
a(xx"'x)/i = ax(/jx"'x/i) (since E(S) is right regular, by Result 2.1(i)) =
a(hxx'x)xh (by Lemma 2.11 (iii)) = ahxh. Similarly, bxh = bhxh. Since ah — bh,
we have ax/i = bxh. On the other hand, (ax)~lax = x'la'lax (by Result
2.1 (iii), (iv)) = fl-'ajc-'x (by Lemma 2.11(iii)). Similarly, (fcc)-'fcc = Zr'fcr1*.
Since a~xapb'xb, we have (ax)"1axp(fex)"1ftx. Hence, ax£bx, whence £ is a right
congruence on S. Since ala = ha'xaGl,a — aha'la for all a E hS and p D (I

XI)- i,, it follows that £ n ( W X AS) = ihs. So by Theorem 2.9, there is an
idempotent f G S such that fS — hS and ai-b (a, b G S) implies fa — fb. Let
x, y G E(S) with xpy. Then xhpyh. Since xh - hxh, yh = hyh, by Result 2.1(i),
we have (xh, yh) G p n ( / X / ) . Hence, xh — yh, and hence, JC|>>. By the
property of/, we get/* = /^. Also,/E(5) = M ( S ) = /.

Conversely, suppose that S/a and £'(5') are right self-injective. We shall show
that 5 satisfies conditions (i) to (iv) of Theorem 2.9. Condition (i) of Theorem 2.9
follows from Corollary 2.10(i). Condition (ii) of Theorem 2.9 follows from Result
1.1. Now we shall see that S satisfies condition (iii) of Theorem 2.9. Let K be any
right ideal of S. Then by Corollary 2.10(ii), there is an idempotent g G S such
that E(S) n K is strictly large in gE(S). While from Result 2.2(iii) and Result
2.1(vi), there is an idempotent m G S such that Ka^ is strictly large in (mS)o^.
Now that (mk)a = ka for all k G K n E(S), we have mk-k for all k G K n
E(S), by Result 2.1(vi). Hence, mE(S) D K C\ E(S). Thus, E(S) n K is strictly
large in w£(S) n g£(5) . By Result 2.1(ii), mE(S) n g£(S) is a principal right
ideal of E(S). Hence, mE(S) n g£(S) = gE(S), by Result 2.2(iii). This implies
(mS)o* D (g5)a". So it follows that ATa" is strictly large in (gS)a^. Let a, b G gS
such that a =£ b, and either a & K or b & K.

Case 1: aa — ba. Then by Result 2.1(vii), it must be that a~la ¥= b'xb. Since
a'la, b~]b G gE(S), there is an idempotent / G E(S) with a~xat, b'lbt G K, a~xat
¥= b~]bt. From Result 2.1(iii),(iv), we have at ¥= bt, at, bt G K.

Case 2: aa ¥= ba. First note that either aa $ Kak or ba £ ATa\ from Result
2.1(vi). Then there is an element s G S such that (as)a,(bs)a G Ka^, (as)a ^
(bs)a. Also from Result 2.1(vi), we have as, bs G K, but as ¥= bs. This implies
that K is strictly large in gS, that is, S satisfies condition (iii) of Theorem 2.9.
Finally we shall show that S satisfies condition (iv) of Theorem 2.9. Let / be any
right ideal of S and let p be any right congruence on S with p n ( / X / ) = ir.
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Define a relation ft on E(S) as follows: For any e, f G E(S), e\if if and only if
there are elementsx,, x2,• • -,x2n G S satisfying

(2.6) e = x^x{, f=x2
x
nx2n,

xi!x2, = xi\+ 1*2/+1 ( K ' ^ H - 1 ) , * 2 /

By using Result 2.1(iii), (iv), we can see easily that p. is a right congruence on
E{S). Let e, f E I D E(S) with e/i/. Then there are elements x,, x 2 , . . . ,JC2I1 G 5
satisfying (2.6). Then x, G /. Since x,epx2e, and Se C /, by Lemma 2.7(ii), we
have x, = xte = x2e. Hence, xxx^ = (x2e)x2 ' = e(x2xj ' ) (by Lemma 2.11(iii)).
While, x,px2 implies xlx2x2

lpx2px]. Since x, G /, we have x ,x 2 x 2 ' — xt. Conse-
quently, xix1

A = ex2x2' = (xj"1x1)(x2x2l) = xf'x, = e. Put x = ex3. Then x =
ex3 = (x1x2

1)x3px2(x2'x3) = x3x3"'x3 = x3px4, and x 'x = x3'ex3 (by Result
2.1(iii),(iv)) = ex3"'x3 (by Lemma 2.11(iii)) = ex2

Ax2 = (x^xl)x2
]x2 = xf'x, (as

shown above) = e. Thus we have e — x~]x, {— x~2\x2n, xpx4. x\A
ixli =

xTA+\xii+\> x2i+\Px2o+\) (2 < i < n — 1). By repeating the same argument as
above, we can find an element^ G S such that e = y'xy,ypx2n ( a n d / = x2^x2n).
Then y, x2n G /. Hence, y = x2n and hence, e—f. This implies that ju D ((E(S)
n / ) X (E(S) n / ) ) = iE(S)nr. By Corollary 2.10(iii), there is an element h G
E(S) such that hE{S) = E(S) D I and enf(e, f G E(S)) implies he = hf. Then
hS = / . And let a, b G S with apfo. Then a~xajib'xb. Hence, /ia"'a = ^ " ' ^ . While,
ahpbh, and a/;, feA G hS, by Lemma 2.7(ii). Since hS — /, we have ah = bh.
Hence, ha = h{aa'xa) = aha~la (by Lemma 2.11(iii)) = bhb'xb = hbb'lb (also by
Lemma 2.1 l(iii)) = hb. Therefore, ha — hb for all o, b G 5 with apft. The proof of
the theorem is complete.

Combining Theorem 2.12 with Theorem 7 of [12]. Theorem 1.5 of [10] and
Corollary 2.3, we get

THEOREM 2.13. 4̂ semigroup is right self-injective and a band of groups if and only
if it is isomorphic to the spined product of a right self-injective band and a
self-injective semilattice of groups.

EXAMPLE 1. Let 5 — (0, e, f, g,\) be the semigroup with the following multi-
plication table:

s
0
e

f
g
1

0

0
0
0
0
0

e

0
e
e
e
e

f
0

/
/
/
/

g

0

/
e
1

g

1

0
e

f
g
1
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Then S is a right inverse semigroup and a union of groups. Also, % is not a
congruence but a right congruence (that is, 5 is not //-compatible but right
//-compatible in the sense of [10]). From Theorem 4.1 of [10], both S/a and E(S)
are completely right injective, and of course, right self-injective. Now suppose that
S is right self-injective. The S-homomorphism 4>: {0%, e%, f%) -> eS with
<l>(e%) = e, <j>(f%) — f extends to an S-homomorphism <j>: S/% -> eS. Then it
must be that either eg = el or fg — / I , which is impossible. Therefore, S is not
right self-injective.

EXAMPLE 2. Let N be the set of all natural numbers and let A = U , e N ^ , ,
Ai — {et, / } . Define multiplication on A as follows: For a £ At, b £ Aj

\b itfstj,
ab = { . . .

[a if; >j.

Then A becomes a right regular band which is almost commutative in the sense of
[3].

Let B — {(w, n) | m, n £ N} be a bicyclic semigroup with multiplication;
(m, n)(k, h) - (m - n + max(/j, k), h - k + max(n, k)). Let A0, B° denote the
semigroups A, B with zero adjoined. By using Theorem 4.21 of [1], one can
construct an ideal extension of A0 by B° with the following data:

Let l̂ o be the identity mapping on A0 and let p be the right translation of A0

such that Op — 0, e,p = / , , / , p = e, and ap = a if a E. A \AX.
Let a [/?] be a mapping of B into the semigroup of left [right] translations of A0

such that ba = \h [bp = ph] for each b £ B, where

[ V if 2\m - n , 6 = ( w , « ) ,
A f c - V and ph - j

^p i t 2 | m — n, b — (m, n).

Let S denote the ideal extension of A0 by J5° constructed in this way. Then S is a
right inverse semigroup which is //-compatible in the sense of [10]. Also from
Theorem 4.1 of [10], both S/a and E(S) are completely right self-injective, and of
course, right self-injective. But it will be seen that S is not right self-injective.
Take the right congruence on S, /t = (B X B) U iAa and the right ideal of S, A0.
Then there is an S-homomorphism <J>: A0^ -> A0 with <j>(an) = a for all a £ A0.
Suppose that 5 is right self-injective. Then A0 is an injective right ideal of S, by
Result 2.2(ii). So <j> extends to an S-homomorphism <|>: S/a -»A 0 . Put <K(1, l)ju)
— y G A0. Then it must be that eithery equals e, or/ , . Since (1, l)ju(l,2), we have
either e,(l, 1) = e,(l,2) or / , (1 , 1) = / , ( l ,2 ) . In either case, e, = / , , a contradic-
tion. Therefore, S is not right self-injective.
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3. Right self-injective bands

By Corollary 1.11 of [10], a right self-injective band is right regular. So
Corollary 2.10 gives a necessary and sufficient condition for a band to be right
self-injective in terms of right ideals and right congruences. We shall present right
self-injective bands of two types which are characterized as explicitly as right
self-injective normal bands in [10].

According to Hall [3], a band E is said to be almost commutative if for any
e, / G E, either e^f or fe = ef. Thus for a right regular band, we have,

LEMMA 3.1. A right regular band E is almost commutative if and only if for any
e, fe E, either etflforfe = ef.

THEOREM 3.2. Let E be an almost commutative band. Then E is right self-injec-
tive if and only if E satisfies the following conditions:

(i) E is a right regular band with zero;
(ii) for each right ideal K of E, there is a principal right ideal K' of E in which K

is strictly large.

PROOF. The "only i f statement follows from Corollary 1.11 of [10].
To prove the " i f statement it suffices to show that E satisfies condition (iii) of

Corollary 2.10. Let / be a principal right ideal of E and let p be a right
congruence on E with p n (I X I) — i,. Then I — fE for some/ G E. If there are
no elements x, y e E such that xpy, x'Sl/and ( / , y) & 61, then by Lemma 3.1,
either fa = af,fb — bf, or fa — a, fb = b for all a, b G E with apb. Hence, fa = fb
because p n ( / X / ) = tf. So we assume that there are elements x, y G E such
that xpy, x<3l/, ( / , y) £ <3l. Let a, b G E with apb.

Case 1: (a, x) $. <3l, (b, x) £ <&. Then ax - xa, bx = xb, by Lemma 3.1. Since
axpbx, we have xa — xb.

Case 2: (a, x) G <3l, (b, x) £ <5l. Then xapya. So, a = xa — ya = ay (by
Lemma 3.1 and the fact that (a, y) (£ <3l). Also, axpbx. Hence, x = ax = bx — xb.
Since x = xbpyb and a = aypby, it follows from Lemma 3.1 that either xpyb =
bpa or xpyb = bypa. In either case, xpa. Hence, x = a. Therefore, xa = x = xb
(as shown above). Thus, in any case, we get xa — xb. Since xE — fE = I, E
satisfies condition (iii) of Corollary 2.10. The proof of the theorem is complete.

From Theorem 3.2 and Corollary 2.3, we have

COROLLARY 3.3. Let E be a band of idempotents of a right inverse semigroup S. If
S is right self-injective and E is almost commutative, then E is right self-injective.
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Let 5 be a semilattice A of semigroups Sa (a G A). If A is a chain, then we
shall say that 5 is a chain of semigroups. In this case, SaSp C Sa or SaSp C Sp for
any a, /? G A.

THEOREM 3.4. Let E be a chain of right zero semigroups. If E is right self-injec-
tive, then E satisfies the following conditions.

(i) E has a zero element.
(ii) For each right ideal K of E, there is a principal right ideal K' of E in which K

is strictly large.
(iii) Each principal right ideal I of E is generated by an element f G E satisfying

fx — xf for all x G E \I.

PROOF. Conditions (i), (ii) follows from Result 2.2(i), (iii), respectively. Let J be
a principal right ideal of E. Then by Result 2.2(ii), J is injective. Define a relation
£ on E by x^y (x, y G E) if and only if either x, y G J, x = y, or x, y G E \J.
Then £ is a right congruence on E, since is is a chain of right zero semigroups.
Also, £ D (J X J) = ij. So we get an 5-homomorphism <J>: E/£ -> J such that
<H*£) = x for all x G J. By Result 2.2(i), E has a left identity element, say, h. Put
4>(h£) = a £ J . Then aE = J. Let t <EE\J. Then at = <t>(h£)t = <*>(*!) - $("&)
— a. Hence, ta = a = at. Thus, E satisfies condition (iii), proving the theorem.

As is shown in Example 3 below, the converse of Theorem 3.4 is not true. In a
special case, we have

THEOREM 3.5. Let E be a chain of finite right zero semigroups. Then E is right
self-injective if and only if E satisfies conditions (i), (ii) and (iii) of Theorem 3.4.

PROOF. The "only i f statement follows from Theorem 3.4.
Conversely, assume that E satisfies conditions (i) to (iii). Since E is a chain of

right zero semigroups, it is clear that E is a right regular band. So it suffices to
show that E satisfies condition (iii) of Corollary 2.10. Let / be any principal right
ideal of E and let p be any right congruence on E with p D ( / X / ) = if. Then
I-hE for some h G E. Put K - {x G E \ xp n I ¥- 0}. Clearly, K is a right
ideal of E containing /. Now we shall show that for each x G K \ I, there is an
element u G E such that xpu, utflh. Let x G K\I. Then xpu for some u G /.
Then xhpuh. Since E is right regular, we have xh, uh G I. Hence, xh = uh. Also,
since £ is a chain of right zero semigroups, we have xhtflh, uhtflu. Hence, htflu.
Thus, xpu and u'Sih.

Next we shall show that there is an element w G E such that w<3l/i and wkpk
for all k G K\I. First note that for any a, b G E, either a G bE or b G aE. Let
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a, b G K\I. By the above, apu, bpv for some u, v E E with u'Siv^h. If a G />£,
then a = bapva. Thus, apt>a and 6pufe. Also, if Z> G a£, then apwa and bpub. So
since the <5^class containing h is a finite set, we can find an element w E E such
that w<5l/j and wkpk for all k E K\I. Since p n (/ X / ) = i,, it follows that

(3.1) wk = wp for all k, p E Kwith kpp.

By conditions (ii), (iii), there is an element / G E such that fx = xf for all
x G E\fE and A is strictly large in fE. Then it must be that fE - {/} U A".
Suppose that m G fE\K with m ¥= f. Since AT is strictly large in /E1, ms, fs G AT,
ms ^ fs. Since £ is a chain of right zero semigroups, we have s E K and
ms = fs = s. This is a contradiction. Thus, / £ = { / } U A. Put wf=z. Let
c, d & E with cpd.

Case 1: / £ = A. From the definition of A, we get either c, d G A or c, d G £ \ A.
In the former case, clearly, zc = zrf. In the latter case, fc = cfpdf = fd and

/c, /# G A. By (3.1), vv/c = wfd, that is, zc = zd. In either case, we have zc = z<i.
Case 2: f £ A. As shown above, we have either c, d G A or c, d G £ \ A. In the

former case, clearly, zc = zd. In the latter case, we gel fc6A,fdb3{f. Since fE = A U
{/}, it follows tha t / — fc ~ fd. Hence, zc — zd.

In either case, we have zc = zd. Therefore, zc = zd for all c, d E E with cpd.
On the other hand, w^Hh and w G / £ . Since £ is a chain of right zero semigroups,
it follows that h<>ilw6A,wf — z. Hence, z£ = hE = I. Thus, £ satisfies condition
(iii) of Corollary 2.10. The proof of the theorem is complete.

E X A M P L E 3 . L e t B o = { 0 } , B ] = [ b x , b 2 , b v . . . } , B 2 = { a 2 } , B 3 = { a 3 } , . . . ,

and Bx = {1}. Let B be a disjoint union of Bi (i > 0) and Bx. Define multiplica-
tion on B as follows:

Ox = xO = 0, lx = x\=x f o ra l lxGf l ,
xb, - b, for all x E B \ Bo and for all / > 1,

bfij = *min(/.» f ° r a11 ' ^ ] a I l d ^ > 2 '
ajak = amin(j.k) f ° r a l l 7 - k > 2.

Then fi becomes a chain of right zero semigroups satisfying conditions (i) to (iii)
of Theorem 3.4. But it will be seen that B is not right self-injective. Take the right
congruence on B, p = {(a,, £,.),(bt, a,) | / > 2} U tfl and the right ideal of 5,
Bo U 5, . Then there is a fi-homomorphism <J>: (£0 U B^p*1 — B0U Bx with
<j>(xp) = x for all x E Bo U Bx. Suppose that B is right self-injective. By Result
2.2(ii), Bo U Bi is injective. So, <f> extends to a 5-homomorphism <j>: B/p -* Bo U
Bv Put<Hlp) = bm.7hen,bm = bmam+] = ^ (a m + ,p ) = 4>(bm+]p) = bm+], a con-
tradiction. Therefore, fi is not right self-injective.
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EXAMPLE 4. We give an example of a finite right regular band satisfying
conditions (i) to (iii) of Theorem 3.4 and which is not right self-injective.

Let E be the band with the following multiplication table:

E

a
b
c

z
C2

d
0
1

a

a
0
ci

c\

z

0
d
0
a

b

0
b
C2

0
0

c2
d
0
b

c

c\
C2

C

c\
c\
C2

0
0
c

c\
c\
0
cl

cl

cl

0

0
0
cl

z

z
0
z
z
z

0
0
0
z

C2

0
C2
C2

0
0
C2

0
0
C2

d

d
d
0
0
0
0

d
0
d

0

0
0

0
0
0

0
0
0
0

1

a
b
c

z
C2

d
0
1

Then E satisfies conditions (i) to (iii). But it will be seen that E is not right
self-injective. Take the right congruence on E, p = iE U {{a, z), (z, a), (d,0),
(0, d)}. Then there is an £-homomorphism <£: (aE U c2E)pk -> cE such that
$(ap) — z, <j>(c2p) = c2. Suppose that E is right self-injective. By Result 2.2(ii),
cE is injective. So, <J> is extended to an £-homomorphism <ji: E/p -» cE. Then
4>(\p) — c. Hence, c, = ca = <t>(ap) = z, a contradiction. Therefore, E is not right
self-injective.

4. Congruence and representation extension properties

For a set X, let S'(A') ['T*(A')] denote the full transformation semigroup on X
with operation on A' on the right [left] and composition from left to right [right to
left].

Following Hall [4], a subsemigroup U of a semigroup S is said to have the
[anti-] representation extension property in S if for any set X and any representa-
tion (that is, homomorphism) a: U -> ^(X) [<3*(X)], there are a set Y disjoint
from Xand a representation /?: S -> f R * U 7 ) [5"*( X U y)] such that ft, | X = au

for all w G U. A semigroup U is said to have the [anti-] representation extension
property if for every semigroup S with U as a subsemigroup, £/ has the [anti-]
representation extension property in S.

RESULT 4.1 [4, Theorem 17]. Let U be an subsemigroup of any semigroup S. Then
U has the representation extension property in S if and only if for every semigroup T
containing V as a subsemigroup, there are no distinct elements t, t' £ T such that for
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s o m e s l , . . . , s n _ ] G S, f , , . . . , t n G T, u , , v { , . . . , u n , v n G U,

(4.1) ' = ',",, *„«„ = ''.

= V3S3,...,UnSn_t =Vn,

is set of equations is called a length n zigzag of type II (a) over U from t G T to
t' G T with spline «,, « , , . . . , « „ , un (m ?/ja? order)?)

THEOREM 4.2. yl /e/f [ng/if] self-injective semigroup has the [anti-] representation
extension property.

PROOF. Let {/be a left self-injective semigroup, and S, Tsemigroups containing
U as a subsemigroup. Suppose that there is such a length n zigzag of type II (a)
over U from t G T to t' G 7" as in (4.1). There is a tZ-homomorphism \p of the left
{/-system S onto the injective left {/-system with \p\U — iv. Hence we get
M, = v{(s^), H2(.s1i/0 = v2(s2$), u3(s2xp) = o3(j3^),...,Mn(jn_1^) = «„. Then it
follows from equations (4.1) that t — t'. The required result follows from Result
4.1.

Following Hall [4], we say that a subsemigroup U of a semigroup S has the
right [left] congruence extension property in S if for any right [left] congruence p on
{/, t h e r e i s a r i g h t [ l e f t ] c o n g r u e n c e £ o n S w i t h | n ( { 7 X {/) = p . A s e m i g r o u p U
is said to have the right [left] congruence extension property if for every semigroup
S with U as a subsemigroup, U has the right [left] congruence extension property
in S.

The following result is a consequence of Theorem 4.2 and Theorem 9 of [4].
Here we shall prove it directly.

THEOREM 4.3. A left [right] self-injective semigroup has the right [left] congruence
extension property.

PROOF. Let U be a left self-injective semigroup and let S be a semigroup
containing U as a subsemigroup. Take any right congruence p on U. Define a
relation £ on S as follows: for any a, b G S, a£b if and only if either a = b or
there are elements *,, x 2 , . . . ,xn G S1, M,,. .. ,u2n G {/ such that

(4.2) a = «,*,, w2nxn = fc,

«2,-*/ = «2,-+i*/+i ( 1 < / < « - 1) a n d
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Then £ is a right congruence on S. Since U is left self-injective, there is a
[/-homomorphism \p of the left {/-system S onto the left {/-system U with
^ | [/ — iu. Let a, 6, xt, ut be as in (4.2). Then aip = «,(*,»//), M2n(xn^/) = Z>̂ ,
M2/(JC/V') — «2I+I(-*:I + I1/') (1 < ' < « — 1)- Thus if follows that a^pbip. So, if
a,b G U, then apZ>. This means that £ n (1/ X {/) C p. It is clear that £ D (U X
[/) D p. Therefore, £ D (£/ X [/) = p. The proof of the theorem is complete.

REMARKS, (i) It is known [4] that each semigroup with the representation
extension property is absolutely closed, so it follows from Theorem 4.2 that a left
[right] self-injective semigroup is absolutely closed. This has been proved also in
[9]-

(ii) Hall [5] showed that the semigroup ^^x of all partial transformations of a
set X is absolutely closed. This can be also proved by using Theorem 2 of [9] and
Theorem 4.4 below.

For any set X, consider X as a right zero semigroup (that is, xy — y for all
x, y £ X). Take the semigroup A"0 obtained from X by adjoining a zero 0 and
consider the semigroup 9{ A"0) of all right translations of A"0 written on the right.
Then 9{X°) is isomorphic to <3)?fA.. Thus, by the left-right dual of Theorem 3 in
[8], we have

THEOREM 4.4. The semigroup of all partial transformations of a set {written on the
right) is a left self-injective semigroup.

Combining Theorem 4.2 with Theorem 4.4, we have

COROLLARY 4.5 [5, Remark 1]. The semigroup of all partial transformations of a
set {written on the right) has the representation extension property.
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