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Abstract

Given a morphism 7" from a Banach algebra 8 to a commutative Banach algebra A, a multiplication is
defined on the Cartesian product space A X B perturbing the coordinatewise product resulting in a new
Banach algebra A X B. The Arens regularity as well as amenability (together with its various avatars)
of A X1 B are shown to be stable with respect to T'.
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1. Introduction

Let A and B be algebras, let T : B — A be an algebra homomorphism, and let A
be assumed commutative throughout. (It suffices to assume that the range of T is
contained in the centre of A.) We define a product on A X B as follows:

(a,b)d,b')=(ad’ + T(b)a' + T(b')a,bb’) ((a,b), (@',b)eAxB).

Then the Cartesian product space A X B is an associative, not necessarily
commutative, algebra with this product. We denote A X B with this product by
Axp B. If A and B are Banach algebras and if ||T|| < 1, then A X7 B is a Banach
algebra with the norm

(@, b)ll = llall +11bll - ((a, b) € A X1 B).

We note that A is a closed ideal of A Xy B and (A Xy B)/A is isometrically
isomorphic to 8. When T =0, this gives the coordinatewise product. Thus X7 is
the perturbation of the coordinatewise product induced by 7. Besides giving a new
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method of constructing Banach algebras, the product X7 has relevance in at least the
following two situations.

(a) Let A be unital, and let 8 : 8 — C be a multiplicative linear functional. Define
T:8— AasT(x)=0(x)e (x € B). Then the above product coincides with the product
investigated by Lau [11]. This product is of relevance in Lau algebras arising in
harmonic analysis and providing an abstract setting for several Banach algebras of
harmonic analysis. A Lau algebra (called an F-algebra in [11]) is a pair (A, M),
where A is a complex Banach algebra; M is a W*-algebra and A is the predual of
M such that the identity e of M is a multiplicative linear functional on A. Examples
of Lau algebras include the group algebra L'(G), the measure algebra M(G) and the
Fourier algebra A(G) of a locally compact group G [11]; the Fourier—Stieltjes algebra
of a topological group [12]; the measure algebra M(S) of a locally compact semigroup
or a hypergroup; as well as the predual algebra of a Hopf von Neumann algebra [16].
The Banach algebra M X7 A, T : A — M being T(x) = e(x)e, encodes a Lau algebra
(A, M).

(b) In the framework of Brown—Douglas—Fillmore theory [4], given an extension
of compact operators K(H) on a separable Hilbert space H by the abelian C*-
algebra C(X) of continuous functions on a compact space X manifested by a short

exact sequence 0 — K(H) —l—> A AN C(X) — 0 of C*-algebras, the above product
produces a Banach =-algebra C(X) X, A encoding the extension. This aspect of the
extension is yet to be explored.

The purpose of the present paper is to determine the Gel’fand space of A Xy B
which turns out to be nontrivial even though A Xy B need not be commutative
and to discuss the Arens regularity as well as the amenability of A Xy B. These
topics are central to the general theory of Banach algebras [3]; and are of current
relevance [3, 5, 6]. Arens [1, 2] showed that the given product on a Banach algebra
A induces two canonical products on the second dual A” of A; and A is Arens
regular if these two products coincide. We prove in Theorem 3.1 that for an Arens
regular commutative Banach algebra A, A X7 B is Arens regular if and only if B is
Arens regular, thereby showing Arens regularity to be independent of 7. A Banach
algebra is amenable if any bounded derivation of A into the dual E’ of a Banach A-
module E is inner in the sense that it is of the form ¢,, 6,(a)=a-x— x-a (a € A),
for some x € E’. Replacing E’ by the dual A’ (which is an A-module) results in weak
amenability. There are closely related notions like approximate amenability, weak
approximate amenability, and cyclic amenability. It is shown in Theorem 4.1 that
A X Bis amenable (weakly amenable, approximately amenable, weak approximately
amenable, cyclic amenable, approximate cyclic amenable, respectively) if and only if
A and B also are. A localised version is also discussed in Theorem 4.2. These results
provide analogues for the perturbed product X7 of the results for the Lau product
proved recently in [13]. In fact, the present paper and the arguments herein are
inspired by [13]. The message of the paper is that the notions of Arens regularity
and amenability are fairly stable with respect to Cartesian product.
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2. Gel’fand space and geometrisation of Xy

THeOorREM 2.1. Let A be a commutative Banach algebra with the Gel fand space A(A),
let B be a Banach algebra, and let T : B — A be a homomorphism with ||T|| < 1.
Then A(A Xt B)={(p,poT):pe AA)} UL, ) : ¢ € A(B)}, a disjoint union, and
E:={(p,poT): e A(A)} and F :={(0, ¢¥) : y € A(B)} are closed in A(A X1 B).

Proor. It is easy to see that
{(ppoT): e AU, ) 1 ¢ € AB)} C A(A X1 B).
Conversely, let (¢, ) € A(A X7 B). Then

(o, Wla, bY@, b)) = (¢, Y)(a, b)(p, Y)(d', b')
gives
plad’ + T )a + T(b)a') + y(bb") = p(a)p(a’) + p(a)p(b") + @(a W (b) + YL (?').

Taking b = b’ =0, we get p(aa’) = p(a)p(a’), and taking a =a’ =0, we get Yy(bb’) =

Y(by(b').
First let ¢ # 0. Then

e(T(b)g(a’) + e(T(b)p(a) = p(a W (b) + p(ay(b").

Taking a = a’ and b = b’, we get o(T'(b)) = y(b). Hence y = ¢ o T.

Suppose that ¢ = 0. Then (0, ¥) € A(A X B).

Thus E U F = A(A x7 B). Let (¢o, go o T) € E. Then there exists a € A such that
wo(a) #0. Let € = |go(a)|/2, and U = U((¢g, o © T), €, (a, 0)). Then

U ={(p,¥) € AAXT B) : (¢, ¥)(a, 0) = (w0, po © T)(a, 0)| < €}
= {(@, ¥) € AA X7 B) : |p(a) — po(a)| < €}.

If (0, ¥) € U, then |py(a)| < €, which is not possible. Hence U C E. This shows that E
is open in A(A X7 B) and hence F is closed in A(A X1 B).

Let (0, ¥) € A(A X7 B) be in the closure of E. Then there is a net ((¢q, o 0 T)) C E
converging to (0, i), that is,

Pa(@) + o 0 T(D) = Y(b) ((a,b) € AXr B).

In particular, taking b = 0, ¢,(a) — 0 (a € A). Takinga =0, ¢, o T(D) — Y(b) (b € B).
Since ¢, — 0, we have ¢, o T — 0, that is, ¢ = 0. This is a contradiction. Hence E is
closed in A(A X7 B). O

COROLLARY 2.2. Let A and B be commutative Banach algebras, and let T : B — A be
an algebra homomorphism with ||T|| < 1. Then A Xy B is semisimple if and only if
both A and B are semisimple.
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Proor. Let A Xy B be semisimple. Let a € A be such that ¢(a) =0 (¢ € A(A)).
Then (¢, ¢ 0 T)(a,0) =0 (¢ € A(A)) and (0, ¥)(a,0) =0 (Y € A(B)). Since A Xy B
is semisimple, a = 0. Therefore A is semisimple. It also follows by an analogous
argument that 8 is semisimple.

Let (a,b)e Axr B be such that (@, ¥)(a, b)=0 (¢, )€ A(A X1 B)). In
particular, ¥(b) = (0, ¥)(a, b) =0 (Y € A(B)). Since B is semisimple, it follows that
b =0. Since b = 0, we have ¢(a) = 0 (¢ € A(A)). Since A is semisimple, a = 0. Hence
A X1 B is semisimple. O

Since A is a closed ideal of A X7 B and (A X7 B)/A is isometrically isomorphic
to B, it follows from Theorems 4.2.6 and 4.3.8 in [8] that A X7 B is regular if and only
if both A and B are regular.

Theorem 2.1 shows that given locally compact Hausdorff spaces X and Y and a
proper continuous map & : X — Y (that is, a continuous map for which the preimage
under % of any compact set in Y is compact in X), the product X X, ¥ defined below
gives a geometrisation of the perturbed product X7

XX, Yi={(x,h(x)): xe X} U{O,y):yeY}].

3. Arens regularity

Let A be a Banach algebra. Let A’ and ‘A” be the dual and second dual Banach
spaces, respectively. Let ae A, 1€ A" and ©,¥ e A”. Then A-a and a- A are
defined as A-a(x) = A(ax) (x € A) and a - A(x) = A(xa) (x € A), making A’ an A-
module. Now A” is an A’-module by

(a,®-)=(D,1-a), {a,A1-O®)=(D,a-A).
This defines two Arens products O and ¢ on A” as

making A" a Banach algebra with each. For each ¥ € A", the maps Ly : ® — ¥ & @
and Ry : ® —» ® 0¥ are continuous on (A", o), where o = (A", A’) denotes the
weak”-topology on A" by the duality (A’, A”"). The products O and < are respectively
the first and second Arens products on A”. The algebra A is Arens regular if these
products coincide on A”.

The left and right topological centres of A’ are defined by

JNAN =G A DTY =D O (¥ AN,
JNAN= DA WDDO=Y oD (¥ eA").

The Banach algebra A is left strongly Arens irregular if 355) (A") = A, right strongly
Arens irregular if 3@ (A" = A, and strongly Arens irregular if it is both left and right
strongly Arens irregular.
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Let T : A — B be a continuous algebra homomorphism. Define 77 : 8’ — A’ as
T"(A)=AoT, and T : A" - B” as T"(F)=F oT’. Then by [3, p. 251] both
T7:(A”,0) - (B”,0)and T” : (A", ©) — (B”, ©) are continuous homomorphisms.
If||T|| < 1, then ||T”|| < 1 in both the cases.

Let A be a commutative Banach algebra. Then A is Arens regular if and only if
(A”,0) is commutative [3].

Tueorem 3.1. Let A and B be Banach algebras, and let A be commutative and Arens

regular. Let T : B — A be an algebra homomorphism with norm at most 1.

(1)  Suppose that A", B”, and (A X1 B)"' are equipped with their first (respectively,
second) Arens products. Then

(Axy B = A" xp» B (isometric isomorphism).

(2) Let 3, be either a left or a right topological centre of A”. Then 3,(A X1 B)’) =
A" Xy 3(B"). In particular, A X7 B is Arens regular if and only if B is Arens
regular.

Proor. (1) Since A is commutative and Arens regular, (A”,O) is commutative.
The first Arens product on A” Xy~ B is given as follows. Let (O, V), (®’', V) €
A" X B”. Then

(O, ¥)(D,¥):=(@od +T"(P)o®+T"(P)Oo ', Yo ). (3.1)

We compute the Arens product O on (A Xy B)”’. For this purpose let (a, b) €
Axr B, (p,)e A x B, and (O,V), (O, V)e A’ xB". Let (d’,b')e Axr B.

Then
(¢, ) - (a, b))(@’, b) = (¢, ¥)((a, D)(d', b))
= (¢, Y)(aa’ + T(b)a' + T(b')a, bb")
= ¢(aa’ + T(b)a' + T(b")a) + ¢(bb")
=(p-a+¢-Tb))+(T'(¢p-a)+y-b)b)
=(p-a+¢-Th),T(¢-a)+y-b)d', D).
Therefore
(6. ¥)- (@, b)y=(p-a+¢-Th),T'(¢p-a)+y-Db).
Also

(@,F) - (¢, ¥))(a, b) = (D, ¥)(¢, ¥) - (a, b))
=(@,¥)¢-a+¢-TD), T (¢p-a)+¢-b)
=®(p-a+¢-TO)+V(T'(¢-a)+y-b)
=0@-a+¢-TD)+YoT (p-a)+¥Y(-b)
=®(p-a+¢-TO)+T"(¥)¢-a)+ ¥ -b)
=(@-¢+T"(W) P)a) +(T"(D-¢) +¥ - yY)(b)
=@ p+T"W) ¢, T (®-¢) +¥-¥)(a, b).
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Therefore
(D) (. )= (D -¢+T"(¥)- ¢, T'(D-¢) +¥ - ¥).
Now
(D,) 0 (', )¢, ¥) = (O, V)(D', V) - (&, ¥))
=(@,Y)D - ¢+ T"(¥) ¢, T (D" - ) +¥ - ¢)
=O@ - p+T"(V) @)+ V(T (D - ) +V - ¢)
=0@ -p+T"(¥V) )+ T"(P)D" - ¢) + (¥ - ¢)
=(@aOd +0aT’"P)+0" aT’(P)(¢) + (YO V)W)
=(@Ood +0aT7"P)+0' oT’(P), YO ¥)¢,y).

Therefore
(O, )0 (@, ¥)=(@od +oaT7”"(¥)+d' aT”(¥),¥Yo¥),

which is the same as (3.1). Calculations for the second Arens product are analogous.

(2) Since A is commutative and Arens regular, A" = 3O(A"”) = 3V (A"). Let
(®,¥) € 3O(Axr B)) =3O(A"” xp» B”). Then for any (¥, V)€ A" X7 B,
(O, Y)o (@, V) =(D,¥) ¢ (D, V), that is,

(o +0ooT’"P)+d' oT”(¥),¥YoV)
=(POD +OOT' W)+ OT"(¥), PO ).
In particular, Y oW =¥ & ¥ for every ¥’ € 8”. Therefore
;%(f)(ﬂ// X 8”) c A’ X 3(€)(B/,).
Conversely, assume that (®, ¥) € A” X7 3O(B”). Since A” = 3O(A"), it follows
that (©, )0 (@', V') =(®,¥) ¢ (¥',¥) for every (@', V') e A’ xXp» B”, that is,
(D, ¥) € 3OA” xp» B”"). Therefore A” X7 3OB")c 3OCA” xp» B”). This

means that 3O(A xr B)") = A” xp» 3O(B"). 1t also follows that A X B is Arens
regular if and only if B is regular. O

4. Amenability

Let A be a Banach algebra, and let £ be a Banach A-module. A bounded E-
derivation is a bounded linear map D : A — E such that

D(ab) =(Da)-b+a-(Db) (a,beA).

The set of all bounded E-derivations on A is denoted by Z'(A, E).
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Given xe€ E, let 6,: A — E be given by 6,(a)=a-x—x-a(a€A). Then §, €
Z' (A, E). The derivation 6, is called an inner E-derivation. Let B'(A, E) be the set
of all inner E-derivations. Let

H'(A, E) = Z'(A, E)/B' (A, E).

Then H' (A, E) is the first cohomology group of A with coefficients in E.

A Banach algebra A is amenable if H'(A, E’) = {0} for every Banach A-module
E and it is weakly amenable if H'(A, A’)={0}. By [3, Proposition 2.8.59], a
Banach algebra (A is amenable if and only if for each Banach A-module E and each
D € Z'(A, E), there exists a bounded net (x,) in E such that

D) =lim(a - x, — x, -a) (a€A).

If I is a closed ideal of A, then, by [3, Proposition 2.8.66], A is amenable if / and A/I
are amenable and A is weakly amenable if / and A/I are weakly amenable.

A derivation D : A — E is approximately inner if there exists a net (x,) C E such
that D(a) = limy(a - X, — Xo - @) (a € A). The algebra A is approximately amenable if
for each Banach A-module E every bounded derivation D : A — E is approximately
inner and A is approximately weakly amenable if every bounded derivation D : A —
A’ is approximately inner. By [6, Proposition 2.2 (iii)], if / is a closed ideal in a
Banach algebra A, I is weakly amenable and (A/I is approximately weakly amenable,
then A is approximately weakly amenable.

A derivation D : A — A’ is cyclic if D(a)(b) + D(b)(a) =0 (a, b € A). Every inner
derivation from A to A’ is cyclic. A Banach algebra A is cyclic amenable if every
cyclic derivation is inner.

A Banach algebra A is approximately cyclic amenable if every cyclic derivation
D: A — A is approximately inner.

The following theorem exhibits the stability of amenability with respect to
the product X7. Looking to the elementary nature of product X7, the proof
is quite elementary, avoiding deeper results in amenability such as its functorial
properties [15].

THeOREM 4.1. Let A be a commutative Banach algebra, let B be a Banach algebra,
and let T : B — A be an algebra homomorphism with ||T|| < 1. Then:

(1) A Xy Bis amenable if and only if both A and B are amenable;

(2) A Xy Bis weakly amenable if and only if both A and B are weakly amenable;

(3) AXr B is approximately weakly amenable if and only if both A and B are
approximately weakly amenable;

4) Axr Bis cyclic amenable if and only if both A and B are cyclic amenable;

(5) Axr B is approximately cyclic amenable if and only if both A and B are
approximately cyclic amenable.

Proor. (1) Assume that both A and B are amenable. Since I is a closed ideal in
AXr Band (A Xy B)/A=B, AXr Bis amenable.
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Conversely, assume that A X7 B is amenable. Let E be a Banach A-module, and
let d : A — E be a bounded derivation. We may consider this map as d : A x {0} —
E x{0}. We note that E x {0} is a Banach A Xy B-module. Let P: A Xy B be
defined as

Pla,b)y=(a+T»),0) ((a,b)eAxr B).

Then D=do P:Axr B— E x{0} is a bounded derivation on A X7 B. Since
A X7 B is amenable, there exists a bounded net ((x,, 0)) in E X {0} such that

D(a, b) =1lim((a, D) - (x4, 0) — (x4, 0) - (a, b)) ((a,b) € Axr B).

In particular,
d(a) = d(a, 0) = D(a, 0) = lim((a, 0) - (xa, 0) = (xa, 0) - (a, 0))
= lién(a c Xg — Xo - Q).
Hence A is amenable.

Similarly, by taking P: A Xy B — {0} X E as P(a, b) = (0, b) it follows that B is
amenable.

(2) Assume that both ‘A and B are weakly amenable. Since / is a closed ideal in
A Xy Band (A X7 B)/A =B, Axr Bis weakly amenable.

Conversely, let A Xy B be weakly amenable. Let d: A — A’ be a continuous
derivation. Let P : A X7 B — A be defined as

Pa,b)y=a+T®b) ((a,b)eAxr B).

Let D=P odo P. Then D is a derivation of A X7 B to A’ X B’. Since A Xy B is
weakly amenable, there exists (¢, ¢) in A’ X B’ such that D = §, ).
Leta,a’ € A. Then

(d(a),a’y = (P" odP(a,0), (d’,0)) ={(a, 0) - (¢, ¥) = (¢, ¥) - (a, 0), (d, 0))
={a-p—¢-a,a’)y=0 (as Ais commutative).

Hence Z'(A, A’) = {0}, that is, A is weakly amenable.
Let d : B — B’ be a continuous derivation. Let P : A X7 B — B be defined as

Pa,b)y=b ((a,b)e Axr B).

Let D=P odo P. Then D is a derivation of A Xy B to A’ X B’. Since AX B is
weakly amenable, there exists (¢, ) € A’ x B’ such that D = ¢, ).
Let b, b’ € B. Then

(d(b), b’y = (P’ od o P(0, b), (0,b"))
= ((07 b) : (‘109 lﬁ) - ((p’ lﬁ) : (Oa b)’ (O’ b,)>
= (b-y-¥-bb).

Hence d = 6. Therefore 8 is weakly amenable.
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(3) Assume that both A and B are approximately weakly amenable. Since A
is commutative, it is weakly amenable. Since A is a closed ideal in A x7 B and
(AXr B)/A =B, Axr Bis approximately weakly amenable.

Conversely, assume that A Xy B is approximately weakly amenable. Let d:
A — A’ be a continuous derivation. Then D = P’ o d o P is a continuous derivation
of Axy B. Since A Xy B is weakly approximately amenable, there exists a net
((Pa> Yq)) C A’ X B’ such that

D(a, b) =1lim((a, D) - (¢a: ¥a) = ($0: Y1) - (@, D)) ((a, D) € A X7 B).

Now
(d(a),a’) = (D(a,0), (d’, 0))
= <1i;n((a, 0)  (Par Ya) = (Pas ¥a) - (a,0)), (@', 0))

={lim(a - o, — @q - a),a’) = 0.

Therefore d = 0. Hence A is approximately weakly amenable.

The proof of approximately weak amenability of B is analogous to the above.

(4) Let A and B be cyclic amenable. Let D: Axy B - A x B’ be a bounded
cyclic derivation. Then Dy, : A — A’ and D, : B — B’ are cyclic derivations. Since
A is commutative, Dy, = 0, and since 8 is cyclic amenable, there exists i € 8’ such
that D|,(0, b) = (0, b) - (0, ¢) — (0, ¥) - (0, b) (b € B). Let (a, b) € A Xy B. Then

D(a, b) = D(a, 0) + D(0, b)
=(a,b)- (0,¢) - (0,¥) - (a, b).
Therefore A X7 B is cyclic amenable.
Conversely, assume that A X7 B is cyclic amenable. Let d: A — A’ be a cyclic
derivation. Then d can be considered as a map d: AX {0} > A x{0}Cc A’ x B'.
Let P: AXy B— A be defined as P(a, b) =(a + T(b),0) ((a,b) e A Xy B). Then

doP:Axr B—- A x{0}cA x B is a cyclic derivation. Since A X7 B is cyclic
amenable, there exists (¢, ) € A’ X B’ such that

do P(a,b)=(a,b) (p,¥) — (p,¢) - (a,b) ((a,b) € Axr B).
Let a € A. Then

d(a) = do P(a,0)=(a,0) - (¢, ¥) = (¢, ¥) - (a,0)
=a-¢p—¢-a=0 (as Ais commutative).

Therefore A is cyclic amenable. Similarly, one can show that 8 is cyclic amenable.
(5) Let A and B be approximately cyclic amenable. Let D: AXy B - A x B’
be a bounded cyclic derivation. Then D, : A— A" and D), : B — B’ are cyclic
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derivations. Since A is commutative, D), = 0, and since 8B is approximately cyclic
amenable, there exists a net (¥,) in B’ such that D, (0, b) = lim,((0, b) - (0, ) —
(0,¢,) - (0, b)) (b e B). Let (a, b) e Axr B. Then

D(a, b) = D(a, 0) + D(0, b)
=1lim(b - Yo — Yo - b)
= lirfln((a, b) - (0,y¢,) — (0, ¢,) - (a, b)).

Therefore A X1 B is approximately cyclic amenable.

Conversely, assume that A X7 B is approximately cyclic amenable. Letd : A — A’
be a cyclic derivation. Then d can be considered as a map d : A X {0} - A’ x {0} C
A XB'.Let P: A Xy B— Abedefined as P(a, b) = (a + T(b),0) ((a, b) € A X1 B).
Then do P: A Xy B—- A x {0} c A’ X B’ is a cyclic derivation. Since A X7 B is
cyclic amenable, there exists a net (g, ¥,) in A’ X B’ such that

do P(a,b) = li;n((a, D) - (¢a> Ya) = (Pas Yo) - (a, b))  ((a, D) € AXr B).
Let a € A. Then

d(a) = d o P(a, 0) =1im((a, 0) - (¢a; ¥a) = (g0, Ya) - (@, 0))

=lim(a- @, — ¢ -a) =0 (as A is commutative).
(07

Therefore (A is approximately cyclic amenable. Similarly, one can show that 8 is
approximately cyclic amenable. ]

There is a localised version of amenability of much recent interest, namely character
amenability [7, 9, 10, 14]. Let ¢ € A(A). Following [5], A is ¢-inner amenable if there
exists m € A” such that m(¢)=1and mOa=a0m (a € A). Such an m is called ¢-
inner mean. A Banach algebra A is character inner amenable if A is p-inner amenable
for all ¢ € A(A). We note that every commutative Banach algebra is character inner
amenable.

TueEOREM 4.2. Let A be a commutative Banach algebra, B be a Banach algebra, and

let T : B — A be an algebra homomorphism with ||T|| < 1.

(1) AxXyp Bis (¢, poT)-inner amenable for all ¢ € A(A). If (m,n) is a (p,poT)-
inner mean and n(p o T) # 0, then B is ¢ o T-inner amenable.

(2) For all y € A(B), Axy B is (0, y)-inner amenable if and only if B is y-inner
amenable.

(3) A xp Bischaracter inner amenable if and only if B is character inner amenable.

Proor. (1) Let ¢ € A(A). Since A is commutative, there exists m € A” such that
m(p)=1and moa=aom for all a € A. Then (m, 0)(¢,p o T)=1 and since A is
commutative, (m, 0) O (a, b) = (a, b) O (m, 0) for all (a, b) € A Xy B, that is, AxXr B
is (¢, ¢ o T)-inner amenable.
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Let (m,n) be a (p, o T)-inner mean and n(p o T)# 0. Then it follows that
(n/n(poT))(poT)=1and (n/n(poT))Ob=>b0O(n/n(po T)) for all b € B, that is,
B is ¢ o T-inner amenable.

(2) The proof is analogous to that of (1).

(3) Assume that 8 is character amenable. Let (¢, ) € A(A X7 B). First let ¢ = 0.
Since B is character amenable, there exists n € 8” such thatn(yy) = landnOb=b0On
for all b € B. Now

0, )0,y =n@)=1, (O,mDO(@b)=(T"(n)0anob)

and
(a,b)a(0,n)=(T"(m)Oa,bon).

Since A is commutative, m O a = a O m for every m € A" and a € A. Hence (0, n) is
a (0, ¥)- inner mean for A X7 B.

Second, assume that ¢ #0. Then (¢, ) = (¢, ¢ o T). Since A is character inner
amenable, there exists m € A” such thatm(y) = 1 andm 0 a = a O mforeverym e A".
Now

(m, 0)((p, o T)) =m(p) =1,
(m,0)0(a,b)=(moa+ T(b)am,0)=(a,b)D (m,0).

Hence A X B is character inner amenable.

Conversely, assume that A X7 B is character inner amenable. Let ¢ € A(B).
Then there exists (m,n) € A” X7 B” such that (m,n)((0,¥))=n@y)=1 and
(m,n) 0 (a,b) =(a,b) O (m, n) ((a, b) e A Xy B). It follows that n(y) =1 and nO b =
bOn (b e B), that is, n is a Y-inner mean for B. m|
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