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Unperforated Pairs of Operator Spaces and
Hyperrigidity of Operator Systems

Raphaél Clouatre

Abstract. We study restriction and extension properties for states on C*-algebras with an eye to-
wards hyperrigidity of operator systems. We use these ideas to provide supporting evidence for
Arveson’s hyperrigidity conjecture. Prompted by various characterizations of hyperrigidity in terms
of states, we examine unperforated pairs of self-adjoint subspaces in a C*-algebra. The configu-
ration of the subspaces forming an unperforated pair is in some sense compatible with the order
structure of the ambient C*-algebra. We prove that commuting pairs are unperforated and obtain
consequences for hyperrigidity. Finally, by exploiting recent advances in the tensor theory of oper-
ator systems, we show how the weak expectation property can serve as a flexible relaxation of the
notion of unperforated pairs.

1 Introduction

The study of uniform algebras (i.e., closed unital subalgebras of commutative C*-al-
gebras) combines concrete function theoretic ideas with abstract algebraic tools [20].
It is a classical topic that has proven to be useful in operator theory. Indeed, a pro-
totypical instance of a uniform algebra is the disc algebra of continuous functions on
the closed unit disc which are holomorphic on the interior. Through a basic norm
inequality of von Neumann, one can bring the analytic properties of the disc algebra
to bear on the theory of contractions on Hilbert space. The seminal work of Sz.-Nagy
and Foias on operator theory aptly illustrates the depth of this interplay [36], and to
this day the link is still being exploited.

In light of this highly successful symbiosis between operator theory and function
theory, it is natural to look for further analogies. One may wish to transplant the
sophisticated machinery available for uniform algebras in the setting of general op-
erator algebras. This ambitious vision was pioneered by Arveson, who instigated an
influential line of inquiry in his landmark paper [3]. Therein, he introduced the no-
tion of boundary representations for an operator system &, and proposed that these
should be the non-commutative analogue of the so-called Choquet boundary of a
uniform algebra. Furthermore, he noticed that these boundary representations could
be used to construct a non-commutative analogue of the Shilov boundary as well.
Although Arveson himself was not able to fully realize this program at the time, via
the hard work of many hands [6, 14, 17, 21], the C*-envelope of an operator system
was constructed by analogy with the classical situation. Nowadays, this circle of ideas
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is regarded as the appropriate non-commutative version of the Shilov boundary of a
uniform algebra, and it has emerged as a ubiquitous invariant in non-commutative
functional analysis [9,13,19,22].

Arveson also recognized that the non-commutative Choquet boundary is a rich
source of intriguing questions. For instance, in [7] he proposed a tantalizing con-
nection with approximation theory by recasting a classical phenomenon in operator
algebraic terms. The classical setting is a result of Korovkin [28], which goes as fol-
lows. For each n € N, let ®,:C[0,1] — C[0,1] be a positive linear map and assume
that

Tim [,(f) - f] =0
for every f € {1, x,x*}. Then it must be the case that
lim [@,(f) - £ =0

for every f € C[0,1]. In other words, the asymptotic behaviour of the sequence (®,, ),
on the C*-algebra C[0,1] is uniquely determined by the operator system & spanned
by 1, x, x*. This striking phenomenon was elucidated by several researchers (see, for
instance, [1] for a recent survey), but the perspective most relevant for our purpose
here was offered by Saskin [37], who observed that the key property of & is that its
Choquet boundary coincides with [0,1].

A natural non-commutative analogue of Korovkin-type rigidity would be an op-
erator system & ¢ B(JH) with the property that for any sequence of unital completely
positive linear maps

®,:C*"(6) —C*(6), neN
such that
lim |®,(s)-s| =0, se&,
n—oo
we must have
lim |®,(a)-a| =0, aecC*(6).
n—o0
In fact, Arveson introduced even more non-commutativity in this picture and defined
the operator system & to be hyperrigid if for any injective *-representation
m:C*(6) — B(H,)
and for any sequence of unital completely positive linear maps
®,:B(H,;) — B(H,), neN
such that
lim |®,(7(s)) - n(s)| =0, se&,
n—oo
we must have

lim [®, (n(a)) - n(a)] =0, aeC*(&).

Note that even in the case where C* (&) is commutative, a priori this phenomenon
is stronger than the one observed by Korovkin, as we allow the maps ®,, to take val-
ues outside of C*(&). Nevertheless, in accordance with Sakin’s insightful observa-
tion, Arveson [7] conjectured that hyperrigidity is equivalent to the non-commutative

https://doi.org/10.4153/CJM-2018-008-1 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2018-008-1

1238 R. Clouétre

Choquet boundary of & being as large as possible, in the sense that every irreducible
*-representation of C* (&) should be a boundary representation for &. This is now
known as Arveson’s hyperrigidity conjecture, and it has garnered significant interest in
recent years [12,26,27,32]. Arveson himself showed in [7] that the conjecture is valid
whenever C* (&) has countable spectrum. Recently, it was verified in [15] in the case
where C*(&) is commutative.

The hyperrigidity conjecture is the main motivation behind our work here. Tech-
nically speaking, however, the paper is centred around extensions and restrictions of
states on C*-algebras, and these issues occupy us for the majority of the article. We
feel this approach to hyperrigidity is very natural, but as far as we know it has not been
carefully investigated beyond the early connection realized in [6, Theorem 8.2]. In the
final section of the paper, we introduce what we call unperforated pairs of subspaces
in a C*-algebra. As we show, they constitute a device that can be leveraged to gain
information about states, and ultimately to detect hyperrigidity. They also highlight a
novel angle of approach to the hyperrigidity conjecture.

We now describe the organization of the paper more precisely. In Section 2, we
gather the necessary background material. In particular, we recall that hyperrigidity
of an operator system & is equivalent to the following unique extension property:
for every unital *-representation 7: 2l — B(H) and every unital completely positive
linear map IT: 24 — B(J) that agrees with 7 on &, we have 7 = II. In Section 3, we
explore the link between hyperrigidity and two properties of states, namely the unique
extension property and the pure restriction property. The first main result of that
section establishes these properties as a tool to detect hyperrigidity. We summarize
our findings (Theorem 3.2, Corollary 3.3, and Theorem 3.10) in the following theorem.

Theorem 1.1 Let & be an operator system and let A = C*(&). Assume that every
irreducible -representation of A is a boundary representation for S. Let m: A — B(H)
be a unital *-representation and let I1:2L — B(H) be a unital completely positive ex-
tension of n1|s. The following statements are equivalent.

(i) Wehaven =11

(ii) We have II(2A) c n(2A).

(iii) Every pure state on C*(I1(2)) restricts to a pure state on m(2L).

(iv) There is a family of states on C* (I1(21)) that separate (I1 — ) () and restrict to
pure states on ().

(v)  Every pure state on C* (I1(21)) has the unique extension property with respect to
().

(vi) There is a family of pure states on C* (I1(21)) that separate (I1 — 7) () and have
the unique extension property with respect to m(2L).

The other main result of Section 3 provides evidence supporting Arveson’s conjec-
ture (Theorem 3.6).

Theorem 1.2  Let G be an operator system and let A = C*(&). Assume that every
irreducible -representation of A is a boundary representation for S. Let m: A — B(H)
be a unital *-representation and let I1:2L — B(H) be a unital completely positive ex-
tension of n1|s. Then the subspace (m — I1)(2L) contains no strictly positive element.
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In Section 4, we delve deeper into the unique extension property for states. Based
on a general construction (Theorem 4.3), we exhibit natural examples where the
unique extension property is satisfied by an abundance of states, which is relevant
in view of Theorem L.1.

Finally, in Section 5, we introduce the notion of an unperforated pair. A pair (&, ¥)
of self-adjoint subspaces in a unital C*-algebra is said to be unperforated if whenever
a € G and b € T are self-adjoint elements with a < b, we may find another self-adjoint
element b’ € ¥ such that [|b'| < |a| and a < b’ < b. This provides a mechanism to
construct families of states with pure restrictions (Theorem 5.2). The precise relation
to hyperrigidity is illustrated in the following theorem (Corollaries 5.3 and 5.5).

Theorem 1.3 Let & be a separable operator system and let A = C*(&). Assume
that every irreducible x-representation of A is a boundary representation for &. Let
m: A — B(J) be a unital +-representation and let I1: A — B(J) be a unital completely
positive extension of nt|s. Then the pair ((I1-m) (L), n(2L)) is unperforated if and only
if 11 = 7. In particular, this is satisfied if (I1 — ) () commutes with m(2L).

Unperforated pairs appear to be elusive in the absence of some form of commuta-
tivity. Accordingly, we aim to find a meaningful relaxation of that notion. Based on
recent advances in the tensor theory of operator systems and the so-called tight Riesz
interpolation property, we propose that the weak expectation property is an appro-
priate relaxation. Our position is substantiated by the following result (Theorem 5.7).

Theorem 1.4 Let A be a unital C*-algebra and let B c A be a unital separable
C*-subalgebra with the weak expectation property. Let a € 2 be a self-adjoint element
and let € > 0. Then there is a sequence (,), of self-adjoint elements in B with the
following properties.

(i) Wehave |B,| < (1+¢€)|al forevery n € Nandlimsup,_, _ |Bx] < |al.
(i) We have

limsup y(B,) < inf{y(b):beB,b>a},

n—oo
sup{y(c) :c€B,c<a} <liminfy(pB,)
for every state y on B.

As an application of the previous result, we refine Theorem 3.10 in the presence of
the weak expectation property (Corollary 5.10).

2 Preliminaries

2.1 Operator Systems and Completely Positive Maps

Let B(H) denote the C*-algebra of bounded linear operators on some Hilbert space
H. An operator system G is a unital self-adjoint subspace of B(JH). Due to work of
Choi and Effros [11], operator systems can be defined in a completely abstract fashion,
but the previous “concrete” definition will suffice for our present purposes. Likewise,
we will always assume that C*-algebras are concretely represented on a Hilbert space.
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For each positive integer 1, we denote by M, (&) the complex vector space of n x n
matrices with entries in &, and regard it as a unital self-adjoint subspace of B(H(").
A linear map ¢: & — B(3(,) induces a linear map ¢(": M, (&) - B(J—Cé,")) defined

as
(p(n)( [Sij]i’j) = [(/’(Sfj)] ij

for each [s;;];,j € M, (&). The map ¢ is said to be completely positive if (") is positive

for every positive integer n.

For most of the paper, we will be dealing with unital completely positive maps with
one-dimensional range. Such a map y: & — C is called a state. The set of states on &
is denote by 8(&). It is a weak-* closed convex subset of the closed unit ball of the
dual space G*, and so in particular it is compact in the weak-* topology.

The structure of unital completely positive maps on C*-algebras is elucidated by
the Stinespring construction, a generalization of the classical Gelfand—Naimark-Segal
(GNS) construction associated with a state. More precisely, given a unital C*-algebra
2l and a unital completely positive map ¢: 2 - B(J(), there is a Hilbert space $),, an
isometry V,: H{ — $), and a unital *-representation o,: 2 — B($),,) satisfying

p(a) =V, 0,(a)V,, ac

and $, = [0,(2A)V,3(]. Here and throughout, given a subset V ¢ J{ we denote by
[V] the smallest closed subspace of J{ containing V. The triple (0, 9, V) is called
the Stinespring representation of ¢, and it is unique up to unitary equivalence. The
following fact is standard.

Lemma 2.1 Let A be a unital C*-algebra and let B c 2 be a unital C*-subalgebra.
Let y:2A — B(3) be a unital completely positive map and let ¢ = y|ss. Then there is an
isometry W:8, — 9y such that WV, = V,, and

oy(b)W = Wa,(b), beB.

Proof We first note thatif b;,...,b, € Band &,..., &, € I, then

n

n 2 n
| S onv&s| = X (Vo (bib) Vit &) = D (w(bib)és &)
j=1 jsk=1 jok=1

n

2

3 (9586 = X (Vo (bib)) Vb )

jrk=1
Using that $, = [0,(*B) V,H(], a routine argument shows that there is an isometry
W:§, — $y such that

w( Zn: 0y (b)) Vyt;) = Zn: ay(bj) Vy§;
j=1 j=1

for every by,...,b, € Band &,..., &, € . It follows readily that WV, = V,, and
Wao,(b) =0y ()W, beB. [ |

—

Z"jaq)(bj)upgj”z.

J
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2.2 Purity, Extreme Points, and the Choquet Integral Representation

Let & be an operator system. A completely positive map y: & — B(J) is said to be
pure if whenever ¢: S — B(H) is a completely positive map with the property that
Y — ¢ is also completely positive, we must have that ¢ = ty for some 0 < ¢ < 1. It
is known that the pure unital completely positive maps on a C*-algebra are precisely
those for which the associated Stinespring representations are irreducible [3, Corol-
lary 1.4.3].

We let §,(&) denote the collection of pure states. It is a standard fact that a state
is pure if and only if it is an extreme point of S(&) (see for instance [16, Proposi-
tion 2.5.5], the proof of which is easily adapted to the setting of an operator system).
A subtlety arises for unital completely positive maps with higher dimensional ranges:
it follows from [38, Example 2.3] and [18] that a matrix state y: & — B(C") is pure if
and only if it is a so-called matrix extreme point.

The following tool will be important for us. It follows from [8, Theorem 4.2] (see
also [34, Chapter 3]). Recall that if & is separable, then the weak-x topology on §(&)
is compact and metrizable.

Theorem 2.2 Let S be a separable operator system and let y be a state on S. Then
there is a regular Borel probability measure on 8(&) concentrated on 8,(&) and with
the property that

v(s) = [SP(G) w(s)du(w), se6.

2.3 Unique Extension Property, Boundary Representations, and Hyperrigidity

One important property of completely positive maps on operator systems is that they
satisfy a generalization of the Hahn-Banach extension theorem. Indeed, let & c
B(J() be an operator system and let ¢: & — B(J{,) be a completely positive map.
Then, by Arveson’s extension theorem [3], there is another completely positive map
y: B(H) - B(J,) with the property that y|s = ¢. In particular, a completely posi-
tive map on & always admits at least one completely positive extension to any operator
system ¥ ¢ B(H) containing &. We denote the set of such extensions by £(¢,¥).
This notation will be used consistently throughout the paper.

In general, the set of extensions may contain more than one element, and this pos-
sibility is one of the main themes of the paper. The following fact quantifies the free-
dom in choosing an extension, and it follows from a verbatim adaptation of the proof
of [7, Proposition 6.2].

Lemma 2.3 Let G c T be operator systems and let ¢ be a state on S. Then
max t) =inf{o(s):se€S,s > t},
max_y(1) =inf{p(s) }
min t) =su 5s):seG,s< ¢},
yemin_y(t) = sup{g(s) }

whenever t € T is self-adjoint.
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Let & c ¥ be operator systems. We say that a completely positive map y:T —
B(3{y) has the unique extension property with respect to & if the restriction y|s ad-
mits only one completely positive extension to ¥, namely y itself. An irreducible
*-representation 7: C* (&) — B(H,) is said to be a boundary representation for & if
it has the unique extension property with respect to &.

We advise the reader to exercise some care: in other works (such as [6]) the use
of the terminology “unique extension property” is reserved for *-representations on
C*(G). Our definition is more lenient, as we do not restrict our attention to *-rep-
resentations and no further relation is assumed between & and ¥ beyond mere con-
tainment.

These notions can be used to reformulate the property of hyperrigidity considered
in the introduction. The following is [7, Theorem 2.1]; therein, some special attention
is paid to separability conditions, but a quick look at the proof reveals that the next
result holds with no cardinality assumptions.

Theorem 2.4 Let G be an operator system. Then & is hyperrigid if and only if every
unital *-representation of C* (&) has the unique extension property with respect to &.

The driving force behind our work is the following conjecture of Arveson [7],
which claims that it is sufficient to focus on irreducible *-representations to detect
hyperrigidity.

Arveson’s hyperrigidity conjecture An operator system & is hyperrigid if every ir-
reducible *-representation of C* (&) is a boundary representation for S.

To be precise, we should point out that Arveson was more cautious and restricted
the operator system in his conjecture to be separable. We explain why this conjecture
is especially sensible in that case. We may think of an arbitrary *-representation as
some kind of integral of a family of irreducible *-representations against some mea-
sure. Since the irreducible *-representations are all assumed to have the unique ex-
tension property with respect to &, the question then becomes whether this property
is preserved by the integration procedure. This rough sketch can be made precise, and
in fact this was the philosophy used by Arveson in [6]. One of the main contributions
therein [6, Theorem 6.1] establishes that if the result of the integration procedure has
the unique extension property with respect to &, then the integrand must have it al-
most everywhere. Arveson’s hyperrigidity conjecture essentially asserts the converse.
Note that in the “atomic" situation where the integral is in fact a direct sum, this con-
verse does indeed hold [7, Proposition 4.4].

Finally, we note that we choose not to make separability of our operator systems a
blanket assumption, although such conditions will occasionally make an appearance
for technical reasons throughout.

3 Characterizing Hyperrigidity via States

In this section, we make partial progress towards verifying the hyperrigidity conjec-
ture and provide several different characterizations of hyperrigidity using states.

https://doi.org/10.4153/CJM-2018-008-1 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2018-008-1

Unperforated Pairs of Operator Spaces and Hyperrigidity of Operator Systems 1243

Before proceeding, we make an observation that will be used numerous times
throughout. Let G be an operator system and let 2 = C*(&). Let m:2 — B(H)
be a unital *-representation and let I1: 2 — B(J() be a unital completely positive
extension of 7|g. Then we have

(3.1) m(A) = C*((&)) = C*(I(S)) c C*(TI(A)).

The basic tool of this section is the following.

Lemma 3.1 Let G be an operator system and let A = C*(&). Assume that every
irreducible *-representation of 2 is a boundary representation for S. Let m:2 — B(H)
be a unital *-representation and let I1: A — B(H) be a unital completely positive exten-
sion of n1|s. Then we have that y o I1 = y o m whenever v is a unital completely positive
map on C*(I1(2A)) with the property that |, is pure.

Proof Recall that 7(21) c C*(TI(21)) by (3.1). Let ¢ = ¥|(a), which is pure by as-
sumption. Let (ay, 9y, Vi) and (0y, 94, V) denote the Stinespring representations
for y and ¢, respectively. By Lemma 2.1, we see that there is an isometry W: §, — §,
with the property that WV, = V,, and

W¥oy(m(a)) W = o,(m(a))
for every a € 2. Since 7 and IT agree on &, we see that the map
aHW*UW(H(a))W, aefl

is a unital completely positive extension of g, o 77|s. Because ¢ is pure, we infer that
0, is irreducible. In particular, o, o 77 is an irreducible *-representation of 2, and thus
is a boundary representation for G. We conclude that

W0, (T(a)) W = gy(n(a))
for every a € 2. Hence, using that WV, = V,, we obtain
y(T(a)) = V, oy (TI(a)) Vy = V, W*ay (TI(a)) WV,
= Vq,*a,p(rr(a)) Vo = (p(n(a)) = 1//( n(a))
for every a € 2, and therefore y o IT = y o 7. ]

Our next task is to reformulate Lemma 3.1 in a language that is conveniently ap-
plicable to our purposes in the paper. Let 2( be a unital C*-algebra and let & c
be a self-adjoint subspace. Let JF be a collection of states on . We say that the
states in F separate G if for every non-zero self-adjoint element s € & we have that

supu/e? |W(S)| > 0.

Theorem 3.2  Let & be an operator system and let A = C*(&). Assume that every
irreducible -representation of A is a boundary representation for S. Let m: A — B(H)
be a unital *-representation and let I1: 2L — B(H) be a unital completely positive ex-
tension of n1|s. The following statements are equivalent.

(i) Wehaven =11

(ii) Every pure state on C*(I1(2)) restricts to a pure state on m(2L).
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(ili) There is a family of states on C* (I1(2L)) that separate (I1 — i) (A) and restrict to
pure states on m(2L).

Proof If 7 =TI, then C*(II(2A)) = () so that (i) implies (ii). It is trivial that (ii)
implies (iii), since (IT — 7)(A) c C*(II(A)) by (3.1). Finally, assume that there is
a family F of states on C*(II(2()), which separate (IT — 7)(2() and restrict to pure
states on 7(2(). To establish IT = 7, it suffices to show that

suply(11(a) - n(a))] = 0

yed
for every self-adjoint element a € 2(. This follows from an application of Lemma 3.1.
We conclude that (iii) implies (i). [ |

In view of the previous statement, we note in passing that it is generally not true that
if every state on a unital C*-algebra 2 restricts to be pure on a unital C*-subalgebra
B, then B = 2. Indeed, simply consider the trivial case of 8 = CI.

We extract an easy consequence related to hyperrigidity.

Corollary 3.3 Let G be an operator system and let 2 = C*(&). Assume that every
irreducible *-representation of U is a boundary representation for S. Let m:2 — B(H)
be a unital x-representation and let I1:2A — B(H) be a unital completely positive ex-
tension of n1|e. Then 7 = I1 if and only if TI(A) c w(A).

Proof Assume that IT(2A) c 7(2(). Then we have
(&) =II(&) c II(A) c (),

which implies that
n(A) = C*(m(&)) =C*(1I(Y)).

Thus, the pure states on 7(2) coincide with those on C*(I1(2()), and Theorem 3.2
implies that 7 = I1. The converse is trivial. ]

In light of Theorem 3.2, it behooves us to understand the states on a unital C*-al-
gebra 2 that restrict to be pure on a unital C*-subalgebra ‘B. Fixing a state  on 2 and
allowing B to vary (while still being non-trivial), it is sometimes possible to arrange
for the restriction | to be pure as well; see [23] and references therein. Typically,
however, one does not expect purity of the restriction, as easy examples show.

Example 3.4 Let M, be the complex 2 x 2 matrices and let {ej, e, } be the canon-
ical orthonormal basis of C2. Choose non-zero complex numbers y;,y, such that

Iy1)* + |y2|* = 1and put € = ye; + y2e,. Define a state w on M, as

w(a) =(a&, &), aeM,.

The GNS representation of w is seen to be unitarily equivalent to the identity represen-
tation on M, which is irreducible. Thus, w is pure. Note however that the restriction
of w to the commutative C*-subalgebra C & C c M, is not multiplicative, since both
y1 and y, are non-zero, and therefore the restriction is not pure.
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Nevertheless, the insight provided by Theorem 3.2 will guide us throughout the pa-
per, and it already contains non-trivial information regarding the hyperrigidity con-
jecture as we proceed to show next. First, we need a technical tool.

Lemma 3.5 Let G be an operator system and let 2 = C*(&). Assume that every
irreducible *-representation of U is a boundary representation for S. Let m:2 — B(H)
be a unital *-representation and let I1: 24 — B(H) be a unital completely positive ex-
tension of nt|s. Fix a state ¢ on () and an element a € A such that n(a) — I1(a) is
self-adjoint. Then we have that

sup{(p(n(c)) cce,n(c) <n(a) - H(a)} <0.

Proof By (3.1), we have 7(2l) c C*(II(2)). Put x = n(a) —II(a) € C*(II(A)). We
infer from Lemma 3.1 that y(x) = 0 for every state y on C*(II(2)) such that /|,
is pure. In particular, if ¢ € 2 satisfies 7(c) < x and w is a pure state on 77(2(), then
we see that

w(m(c)) =y(m(c)) <y(x)=0
for every state y on C*(IT(2l)) such that y| (o) = w. By the Krein-Milman theorem,
the state ¢ lies in the weak-x closure of the convex hull of 8,(7(2()), and thus

sup{ p(n(c)): ceA,m(c) <x} <0. [ |

Let G be an operator system and let 2 = C*(&). We assume that every irreducible
*-representation of 2 is a boundary representation for &. Further, let 7: 2 — B(J)
be a unital *-representation and let IT: 2l — B(H) be a unital completely positive map
that agrees with 7 on &. If the hyperrigidity conjecture held, then we would have
7 = II. In other words, the self-adjoint subspace (7 — IT)(2) would be trivial. The
next development, which is one of the main result of this section, establishes that this
subspace cannot contain any strictly positive element of C*(II(2()), thus supporting
Arveson’s conjecture.

Theorem 3.6 Let S be an operator system and let A = C*(&). Assume that every
irreducible -representation of A is a boundary representation for S. Let m: A — B(H)
be a unital *-representation and let I1:2L — B(H) be a unital completely positive ex-

tension of n|s. Then the subspace (m — I1)(21) contains no strictly positive element
of C*(TI(2L)).

Proof Leta € 2 and assume that the element x = 7(a) — I1(a) is strictly positive,
so that x > 81 for some & > 0. We infer that

sup{q)(n(c)) cce,m(c) < x} > q)(ﬂ((SI)) =4

for every state ¢ on 2, which contradicts Lemma 3.5. ]

Until now, the underlying theme of this section has been the purity of restrictions
of states to C*-subalgebras. The dual process of extending states from a C*-algebra
to a larger one is also relevant for hyperrigidity, and we explore this idea next. We
start by clarifying the relation between the unique extension property for states and
the corresponding property for *-representations.
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Theorem 3.7  Let 2 be a unital C*-algebra and let S c A be an operator system. The
following statements hold.

(i)  Assume that every pure state on A has the unique extension property with respect
to &. Then every irreducible +-representation of A has the unique extension prop-
erty with respect to &.

(ii) Assume that every state on A has the unique extension property with respect to G.
Then every unital +-representation of 2 has the unique extension property with
respect to S. In particular, in the case where 2 = C*(&), we conclude that S is
hyperrigid.

Proof The two statements are established via near identical arguments, so we inter-
twine their proofs. Let 7: 24 — B(J) be a unital *-representation (irreducible in the
case of (i)) and let IT: 21 - B(J) be a unital completely positive map that agrees with
7 on &. We must show that 7 = IT on 2, for which it is sufficient to establish that

(n(a)¢, ) = (1(a){, €)
for every unit vector { € H and every a € 2. Indeed, in that case, for each a € A the
numerical radius of 7(a) — I1(a) € B(H) is 0, and thus 7(a) = I1(a).
Fix henceforth a unit vector { € H and consider the state y on 2 defined as

x(a)=(m(a){,¢), aed

If 7 is irreducible, it is routine to verify that the GNS representation of y is unitarily
equivalent to 77, whence y must be pure in this case. Consider now another state y on
A defined as

y(a) =(II(a)(,{), aefl
We see that ¢ and y agree on &, whence they agree on 2 by assumption. In other
words,
(n(a)(,¢) = (TI(a)(, (), ae,

and the proof is complete. ]

In the classical case where C* (&) is commutative, the pure states coincide with
the irreducible *-representations, whence the converse of Theorem 3.7(i) holds. For
general operator systems G however, it can happen that & is hyperrigid while there
are some pure states on C*(&) that do not have the unique extension property with
respect to &. We provide an elementary example.

Example 3.8 Let {e}, e;} denote the canonical orthonormal basis of C>. Consider
the associated standard matrix units Ejp, Ey; € M. Let & c M, be the operator
system generated by I, E1p, E5;. Then M, = C*(&). For1 < k < 2, we let yx be the
vector state on M, defined as

xk(a) = (aex, ex), aeMs,.

We see that the GNS representations of x; and y are unitarily equivalent to the iden-
tity representation on M, which is irreducible. Thus, y; and y, are both pure. More-
over, every element s € & has the form

s= C()I+ C12E12 + C21E21
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for some ¢y, 12, ¢21 € C. We note that yi(col + c12E12 + ¢21E21) = ¢o for 1 < k <2, 50
that y1le = x2|e, while y1 # x2. Thus, y; does not have the unique extension property
with respect to &.

On the other hand, it is well-known that up to unitary equivalence the only uni-
tal *-representations of M, are multiples of the identity representation. The identity
representation is a boundary representation for & by Arvesons boundary theorem
[4, Theorem 2.1.1]. Since the unique extension property is preserved under direct
sums [7, Proposition 4.4], we conclude that every unital *-representation of M, has
the unique extension property with respect to &. ]

Our next task is to relate the unique extension property to the pure restriction
property. For this purpose, we recall some well-known facts that follow easily from
standard convexity arguments (see Subsection 2.3 about the notation used here).

Lemma 3.9 Let G c T be operator systems.

(i)  Let x be a pure state on ‘T that has the unique extension property with respect to &.
Then the restriction x| is pure.

(ii) Let w be a pure state on S. Then E(w, T) is a weak-* closed convex subset of S(T)
whose extreme points are pure states on X. In particular, w admits a unique state
extension to T if and only if it admits a unique pure state extension to X.

In view of this interplay between the unique extension property for states and the
pure restriction property, we give another characterization of hyperrigidity.

Theorem 3.10 Let G be an operator system and let 2 = C*(&). Assume that every
irreducible »-representation of U is a boundary representation for S. Let m:2 — B(H)
be a unital *-representation and let I1:2A — B(H) be a unital completely positive ex-
tension of |s. The following statements are equivalent.

(i) Wehaven =TI

(ii) Every pure state on C* (I1(2()) has the unique extension property with respect to
().

(iii) There is a family of pure states on C* (I1(21)) that separate (I1 — 7) () and have
the unique extension property with respect to m(2l).

Proof If m = II, then C*(II(2A)) = m(2A) so that (i) implies (ii). It is trivial that
(ii) implies (iii), since (IT — 7)(A) < C*(II(A)) by (3.1). Assume that there is a
family of pure states on C*(II(21)) that separate (IT — 7)(2l) and have the unique
extension property with respect to 7(2(). By Lemma 3.9, this family consists of states
which restrict to be pure on 7(2(). Thus, n = II by virtue of Theorem 3.2, and (iii)
implies (i). ]

4 The Unique Extension Property for States

In the previous section, we gave several different characterizations of hyperrigidity
in terms of states. In particular, Theorem 3.10 provides motivation to examine the
unique extension property for states in greater detail. This is the task we undertake
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in this section. First, we remark that these uniqueness considerations for pure states
on a maximal abelian self-adjoint subalgebra of B(J) were at the heart of the famous
Kadison-Singer problem [24] that was solved in [30]. The case of general subalgebras
has also been studied extensively; see [2] and references therein.

We now turn to examining the unique extension property for states that are not
pure. In the separable setting, those are exactly the states that are given as the inte-
gration of a collection of pure states with respect to some probability measure (see
Theorem 2.2). More generally, we have the following proposotion.

Proposition 4.1  Let 2 be a unital C*-algebra and let S c 2 be an operator system.
Let y be a state on 2 such that

= d
y S(Ql))( U

for some Borel probability measure y on S(21). Assume that y has the unique extension
property with respect to &. If x is a state on 2 satisfying u({x}) > 0, then y has the
unique extension property with respect to &.

Proof Fix a state yo on 2 with the property that u({yo}) > 0. Choose a state &y on
2l that agrees with yo on &. Next, define a state ¢ on 2( as

p(a)=u({xo})eo(a) + S (o) x(a)du(y), aell

Then we see that ¢ and y agree on &, and thus by assumption we must have that
¢ = y. Therefore, for each a € 2 we find that

pDe(@ =o@ - [ d@)du(x)

82 {xo}
A a)d = a).
y(a) S(m)\m}x( )du(x) = #({xo})xo(a)
Since p({x0}) > 0, we conclude that & = yo, and the proof is complete. =

In particular, the previous proposition implies that if a state with the unique exten-
sion property is given as some finite convex combination of states, then all of those
have the unique extension property as well. The question asking whether the con-
dition on y being an “atom” of 4 can be removed from the statement appears to be
difficult. A related fact is known to hold at least in the case where & is separable;
see [6, Theorem 6.1]. In the setting of that paper, however, states are replaced by
*-representations, and it is systematically assumed that 2 = C*(&). Under these
conditions, the unique extension property is known to be equivalent to a dilation the-
oretic maximality property [6, Proposition 2.4]. This important characterization was
first discovered in [31] and exploited with great success in [17]. It plays a crucial role
in Arveson’s proof of [6, Theorems 5.6 and 6.1], and the lack of an analogue in our
context is a major obstacle to adapting his ideas.

In the other direction, we exhibit an example that shows that integrating a col-
lection of pure states with the unique extension property against some probability
measure does not necessarily preserve the unique extension property.
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Example 4.2 Let B, c C? denote the open unit ball and let S, be its topologi-
cal boundary, the sphere. Let A(B,) denote the ball algebra, that is, the algebra of
continuous functions on B, that are holomorphic on B,. Endow this algebra with
the supremum norm over B,. By means of the maximum modulus principle, we can
regard A(B,) as a unital closed subalgebra of C(S,). Let

S = A(B,) + A(B,)" < C(S,)

be the operator system generated by A(B,) inside of C(S,). For every A € B,, denote
by €, the state on & uniquely determined by

a(f)=f(A), feA(B,).
It is a classical fact [20] that S, is the Choquet boundary of A(B;). Hence, for each
{ €S, the state &, on & has a unique extension to a state y; on C(S,). This state x is
in fact the character on C(S;) of evaluation at {, and in particular, it is pure.
Consider now the unique rotation invariant regular Borel probability measure ¢ on
S,, and let y, denote the state on C(S,) of integration against ¢. By virtue of Cauchy’s
formula [35, Equation 3.2.4], we have that y,(f) = f(0) for every f € A(B,). On the
other hand, let 4 denote Lebesgue measure on the circle

{((1,(2) €Sy |G]=1,( = 0}

and let y,, denote the state on C(S;) of integration against y. Then v, # ¥,. The one-
variable version of Cauchy’s formula shows that v, (f) = f(0) for every f € A(B,).
In particular, we conclude that y, does not have the unique extension property with
respect to &. Finally, note that

o= do,
vo= [ xede

and we saw in the previous paragraph that each y; is pure and has the unique exten-
sion property with respect to &.

From the point of view of hyperrigidity, we see that Theorem 3.10 offers some flex-
ibility, in the sense that it only requires that there be sufficiently many states with the
unique extension property. Accordingly, we next aim to identify a class of natural
examples where the unique extension property is satisfied by a separating family of
states. We start with a general result.

Recall that if J is a closed two-sided ideal of a C*-algebra %, then JJ admits a con-
tractive approximate identity. In other words, there is a net (e;)ca of positive ele-
ments e, € J such that ||e, | <1for every A € A and with the property that

11/1\11 [bey - b| = 11){11 leab-b| =0
for every b € J.

Theorem 4.3  Let U be a unital C*-algebra and let § c A be a closed two-sided ideal
with contractive approximate identity (e))rcn- Let x be a state on 2 such that

lim x(aex) = x(a)

for every a € 2. Then x has the unique extension property with respect to J + CI.
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Proof Let v be a state on 2 that agrees with y on J + CI. Let (0y, Hy, &) be the
associated GNS representation, where 51,, € 9y is a unit cyclic vector. Put 3 =
[0y (J)9Hy ], which is an invariant subspace for o, (2(). We can decompose ), as

Ny = H3 0 H5,
and accordingly, we have
oy(a) = oy(a)ls, ®oy(a)ly,, acl
If we let 775: 2 — B($)%) be the unital *-representation defined as
ny(a) = oy(a)lsy,, ae,
then it is readily verified that 75 (J) = {0}. Hence, if we decompose
§y=8 08 en;0n,

then we observe that

X(b) = y(b) = (oy(b)&y, &) = (0y(b) &5, &5)
for every b € J. Note however that

1= x(1) =lim y(ey)

whence | x|;] = 1. We conclude that |[§5]| = 1and & = 0, whence &, = {5 € H;. A

standard verification then yields lim, oy (e )&, = &, in the norm topology of §),,. On
the other hand, we have that ae) € J for each a € 2 and for each A € A, and thus

x(a) =lim y(ae,) = limy(aey) = lim{oy (aer)&y. &y)
= liin(aw(a)ay,(e,\)fw, fty) = (Uw(a)fun 51;/) =y(a).
This completes the proof. ]

We can now identify natural examples where many states have the unique exten-
sion property. Recall that a subset D c B(H) is said to be non-degenerate if DI = .

Corollary 4.4 Let 2 c B(H) be a unital C*-algebra and let J c 2 be a closed two-
sided ideal that is non-degenerate. Let X € B(J) be a positive trace class operator with
tr X =1, and let Tx be the state on 2 defined as

1x(a) =tr(aX), ac2
Then tx has the unique extension property with respect to J + CI.
Proof Let (e)), be a contractive approximate identity for J. By assumption, we
know that H = JH. A standard calculation then shows that (e;))ca converges to

the identity operator in the strong operator topology of B(J). Since 7x is weak-x*
continuous, we conclude that

liin 1x(aey) = tx(a), acll

By virtue of Theorem 4.3, we conclude that 7x has the unique extension property with
respect to J + CI. ]
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Note that Theorem 3.10 implies in particular that C*(IT(2()) = n(2l) if there is a
family of pure states on C*(II(21)) that separate (IT — 7)(2l) and have the unique
extension property with respect to 7(2(), assuming that every irreducible *-repre-
sentation of 2 is a boundary representation for &. We point out here that it is not
generally the case that two unital C*-algebras B c 2 coincide whenever there is a
family of pure states on 2 that separate 2 and have the unique extension property
with respect to B. The next example illustrates this phenomenon, along with the
various properties of states considered thus far.

Example 4.5 Let J{ be an infinite dimensional Hilbert space. Let ‘B be the C*-al-
gebra generated by the identity I and the ideal of compact operators K(H). Clearly,
B # B(H). Recall that any non-degenerate *-representation of K(J) is unitar-
ily equivalent to some multiple of the identity representation. Standard facts about
the representation theory of C*-algebras (see the discussion preceding [5, Theorem
1.3.4]) then imply that any unital *-representation of B(H) is unitarily equivalent to
id) @7, where y is some cardinal number and 7, is a *-representation of B(J()
that annihilates K(3). In light of the GNS construction, this shows that a pure state
on B(H) is either a vector state or it annihilates K (J(). For a general state y on B(J),
we have the decomposition y = 7+, where 7 is a positive weak-* continuous linear
functional on B(¥), and yq is a positive linear functional on B(J() that annihilates
XK (F(). Furthermore, there is a positive trace class operator X, € B(J() such that

7(a) =tr(aXy), ae€B(H).

We now carefully analyze the states on B(JH) using this description.

First, note that if = 7+ where both Tand y are non-zero, then the restriction
p = Y| is not pure. For then p — 7| and p — yq|n are positive linear functionals.
However, 7|3 and yq | cannot be linearly dependent, as they are both non-zero, and
¥q annihilates K(H), while 7 does not.

Second, assume that = 7 + Yo where yq is non-zero. We claim that y does not
have the unique extension property with respect to 8. Indeed, since B(H)/K(K) is
not merely one-dimensional and yq (I) # 0, there exists a positive linear functional y
on B(H) that annihilates K () and satisfies y(I) = yq(I), while y # yq. Then the
state T + y agrees with y on ‘B, yet it is distinct from .

Third, assume that y = . We claim that y restricts to be pure on 5. To see this,
put p = ¥|s and suppose that there are states ¢;, ¢, on B with the property that

1
p= E(q)l +2).

Then we have ¢, (K) = —¢,(K) for every K € K(J). Since ¢, and ¢, are positive, we
conclude that

¢1(K) = 92(K) =0
whenever K € K(H) is positive. Using the Schwarz inequality for states [33, Propo-
sition 3.3], we see that

lp1(K)* < 9(K*K) =0, K € K(H).

Hence, ¢; annihilates (X)), and so does ¢, by the same argument. Since ¢;(I) =
¢2(I) = 1, we must have ¢; = ¢, = p. Therefore, p is pure.
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Finally, assume that y = 7. Then y has the unique extension property with respect
to B by virtue of Corollary 4.4. Also, it is readily seen from Lemma 3.9 that y restricts
to be pure on ‘B if and only if X, has rank one (i.e., ¥ is a vector state).

5 Unperforated Pairs of Subspaces in a C*-algebra

In the previous section, we focused on the unique extension property for states, partly
because it provides a means to produce a family of states on a C*-algebra with the
pure restriction property (see Theorem 3.10 and its proof). In this section, we explore
a different path and introduce a concept, which, under appropriate conditions, also
leads to the identification of an abundance of states that restrict to be pure.

Let 2( be a unital C*-algebra. Let G and ¥ be self-adjoint subspaces of 2(. We say
that the pair (&, T) is unperforated if for every pair of self-adjoint elements a € &, b ¢
% such that a < b, we can find another self-adjoint element b’ € T with the property
that |b|| < |a| and a < b’ < b. Clearly, the pair (S, ¥) is automatically unperforated
if&c%.

We now provide an example of an unperforated pair (&, ) for which there are
self-adjoint elements a € G,b € T with a < b such that no element b’ € T can be
chosen to satisfy a < b’ < b and ||| = | a].

Example 5.1 Let M; denote the 3 x 3 complex matrices. Consider

-2 0 0 1 0 0
s=[{0 -1 0|eM; and t=|0 -2 0]eMs;.
0 0 -1 0 0 1

Let & = Cs and ¥ = Ct, which are both self-adjoint subspaces of M. Let a = as and
b = Bt for some o € C and f € C. Assume that a < b, so that

2a¢ 0 0] [B 0 o0
0 -a 0f<|o 28 o].
0 0 -af |0 0o B

This is equivalent to the inequalities —2a < 8, —a < < /2. In particular, we see that
a > 0and |B| < a. Thus, |b| = 2|B| < 2a = ||a||. We conclude that the pair (S, %)
is unperforated. In fact, it has an additional noteworthy property. Choose « = 1 and
B =1/2. Then we trivially have that

2a<p, -—a<f<al2

so the corresponding elements a € G and b € T satisfy a < b as seen above. If } € R
satisfies a < At < b, then

-2 0 0 A 0 0 /2 0 0
0 -1 0f<|]0 =24 0|<|0O0 -1 0],
0 0 -1 0 0 A 0 0 1/2

which forces A =1/2. We infer that | At]| =1< ||a].
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We will give further examples of unperforated pairs below (see Proposition 5.4).
In the meantime, we illustrate their usefulness for our purposes by leveraging their
defining property.

Theorem 5.2  Let A be a unital C*-algebra, let G c U be a self-adjoint subspace, and
let T c A be a separable operator system. Assume that the pair (S, T) is unperforated.
Then, for every self-adjoint element s € &, there is a state y on 2 that restricts to be
pure on X and such that |y(s)| = ||s||. In particular, there is a family of states on 2 that
separate & and restrict to be pure on X.

Proof Fix a self-adjoint element s € &. It is no loss of generality to assume that
Is| = 1. Upon replacing s with —s, we can find a state 6 on 2| with the property that
0(s) = 1. Since ¥ is assumed to be separable, we can invoke Theorem 2.2 to find a
Borel probability measure i concentrated on 8 (%) with the property that

Ht:f w(t)du(w), teZ.
(0= [ o @(0dn()
Assume on the contrary that for each pure state y on ¥, we have that

max s) <1
e [y (s)]

We will derive a contradiction by showing that ¢(8,(%)) = 0. To see this, first use
Lemma 2.3. We infer that for every pure state y on T, we have that

inf{y(t):teX,t>s}<1,

and thus there is a self-adjoint element ¢, € T such that ¢, > s and x(t,) < 1. Since
the pair (&, T) is unperforated, there is ) € T such that |t} <lands <t} < t,. In
particular, we note that x(#}) < 1. Consider now the weak-* open set

Ay={we8y(%):w(t)) <1}

Then y € Ay, and we see that $,(T) = Ujes, (7)Ay- Moreover, since |t [ <1and

1=0(s) < 0(1)) = [8 o ©)H(@)

we find u(A,) = 0.
By assumption, T is separable, and thus so is the subset

Q= {t; txe8,(%)}
Accordingly, let {y, } ney be a countable subset of 8, (T) such that {t} },e is dense

in Q. Let y € §,(%) and w € Ay, so that w(t}) =1 - & for some & > 0. Thereis N € N
such that |t} — )] < &/2, whence

! !
w(ty,) <w(t)) +e/2=1-¢/2
and w € A . This shows that
8p(T) = Upes, (1) Ay = Unendy, -

Since u(A,,) = 0 for every n € N, we conclude that 4(8,(T)) = 0. This contradicts
the fact that y has total mass 1. ]
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Based on Theorem 3.2, we can now relate unperforated pairs and hyperrigidity.

Corollary 5.3 Let G be a separable operator system and let A = C*(S). Assume
that every irreducible %-representation of U is a boundary representation for &. Let
m: 24 = B(J) be a unital +-representation and let [1: A — B(J) be a unital completely
positive extension of nt|s. Then the pair ((I1-m) (), m(2A)) is unperforated if and only
ifll = m.

Proof IfTI =7, then (IT-7)(2A) = {0} c () so that the pair ((IT-7)(A), 7(2A))
is trivially unperforated. Conversely, assume that the pair ((IT — 7)(2(), 7(2()) is
unperforated. By Theorem 5.2, there is a family of states on C*(II(2)) that separate
(IT-7) (2A) and restrict to be pure on (). Then IT = 7 by virtue of Theorem 3.2. W

Next, we exhibit a non-trivial condition that ensures that a pair (&, %) is unper-
forated.

Proposition 5.4  Let 2 be a unital C*-algebra. Let & and T be self-adjoint subspaces
of A such that T is unital. Assume that S commutes with X. Then, the pair (&, C* (%))
is unperforated.

Proof Leta € &,b € C*(%) be self-adjoint elements such that a < b. Define a
continuous function f:R — R as

t if |t < |a],
f(t)=1lal ift>]al,
~[a] ift<-|al.

Observe that f(a) = a and that |f(b)| < |a| by choice of f. Now, since a < b,
we must have —||a||I < b, and thus the spectrum of b is contained in [-|a], ||b]].
Furthermore, we have that f(t) < t for every t > —|a|. These two observations
together show that f(b) < b.

We claim that a < f(b). To see this, we note that C*(¥) commutes with C* (&),
since & and ¥ are self-adjoint, whence the unital C*-algebra C*(a, b,I) is commu-
tative. Therefore, there is a compact Hausdorft space Q) and a unital *-isomorphism
®:C*(a,b,I) - C(Q). Put ¢, = ®(a),p, = O(b). Recalling that a = f(a), the
claim is equivalent to the fact that f o ¢, < f o ¢, on Q. Since we have that a < b, it
follows that ¢, < ¢;. The function f is non-decreasing, whence f o ¢, < fo ¢, on Q,
and the claim is established. Finally, the proofis completed by choosing b’ = f(b). ®

In particular, we single out the following noteworthy consequence.

Corollary 5.5 Let G be a separable operator system and let A = C*(&S). Assume
that every irreducible %-representation of U is a boundary representation for &. Let
m: A - B(J) be a unital »-representation and let I1: A — B(J) be a unital completely
positive extension of |s. Assume that (I1 - ) () commutes with n(2L). Then I1 = 7.

Proof Simply combine Proposition 5.4 with Corollary 5.3. ]

https://doi.org/10.4153/CJM-2018-008-1 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2018-008-1

Unperforated Pairs of Operator Spaces and Hyperrigidity of Operator Systems 1255

In trying to verify that a general pair (&, C* (%)) is unperforated, one may hope to
proceed as in the proof of Proposition 5.4 and use the functional calculus to “truncate”
b inside of C* (%) to have norm at most | a|. However, in general it is not clear that this
truncation should still dominate a. Indeed, the non-decreasing function f defined in
the proof is not operator monotone. In fact, there are many simple instances of non-
unperforated pairs.

Example 5.6 LetT =C@®Candlet & c M, be the self-adjoint subspace generated
by the matrix [ ¢ } ]. Then the pair (&, T) is not unperforated. Indeed, consider

0 2 1 0
a:[z 0]66, b:[o S]ET,

and note that

is positive, whence a < b. Let

r_|x O
b —[0 y]e‘S

be self-adjoint such that a < b" and || 0’| < ||a| = 2. Then

, lx 2
b—a—[_z y]zo.

In particular, we see that x > 0,y > 0 and xy > 4. Since ||b’|| < 2, we conclude that
max{x, y} < 2. Hence, x = y = 2 so that

, [2 0
b-[o 2].

But then

is not positive.

In view of this difficulty, a pressing question emerges: how common are unperfo-
rated pairs? We saw in Proposition 5.4 that they can be found easily in the presence
of some form of commutativity, but Example 5.6 indicates the situation may be bleak
in general. Accordingly we aim to introduce flexibility in the defining condition for a
pair to be unperforated. The key property we require is the following.

A C*-algebra 2 is said to have the weak expectation property [29] if for every in-
jective -representation 71: 20 - B(J,), there is a unital completely positive map

E.:B(H,) — m(A)”
satisfying En(a) = m(a) for every a € 2 (see, for instance, [10] for details). The next
development shows that if B c 2( are unital C*-algebras, then the weak expectation
property for B may be viewed as a variation on the fact that the pair (2, 95) is unper-

forated. Interestingly, this fact uses (albeit indirectly) some recent technology from
the theory of tensor products of operator systems.
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Theorem 5.7 Let 2 be a unital C*-algebra and let B c A be a unital separable
C*-subalgebra with the weak expectation property. Let a € U be a self-adjoint element
and let ¢ > 0. Then there is a sequence (f3,,)n of self-adjoint elements in B with the
following properties.

(i) Wehave |B,| < (1+¢€)|al forevery n €N, andlimsup,_, _ ||| < |a].
(ii) We have

limsupw(B,) <inf{y(b):beB,b>a}

n—oo

and
sup{y(c) :ceB,c<a} <liminf y(f,)
for every state y on B.

Proof Assume that 8 c 2 ¢ B(%). Consider the sets
U, ={beB:b>a}, Ly,={ceB:c<a}.

Since ‘B is separable, so are U, and £,. Thus, there are countable dense subsets
{un}tnen € Ug, {€n}nen € L4. Because B has the weak expectation property, it fol-
lows from [25, Theorem 7.4] that it has the so-called tight Riesz interpolation property
in B(%). Noting that 98 is unital and that

I, neN,

this interpolation property guarantees that for each n € N we can find a self-adjoint
element 3, € *B satisfying

~(1+enY|alI< Bn < (1+ en M |a|l,

L’j - Tl_II < ﬁn <Up + I’l_II

~(1+en|alI<a<(Q+en)|a

for every 1< j, k < n. In particular, we note that
[Bal < (1+€)]af, neN
and

limsup || B, ] < |a].

n—oo

Moreover, it follows from the construction of the sequence (8, ), that if y is a state
on ‘B, then

sup ¥(€,,) < liminf y(B,) <limsupy(B,) < ingl//(um).

meN n— n—o0

On the other hand, we have that
ingl//(um) =inf{y(b):beB,b>a}
and

sup¥(€,,) =sup{y(c):ceB,c<a}

meN

by density. Hence,
limsupw(B,) < inf{y(b):beB,b>a}

n—oo
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and

sup{y(c) :ceB,c<a} <liminfy(f,). [ |

Of course, the weak expectation property arises naturally without the need for any
kind of commutativity, so that properties (i) and (ii) from Theorem 5.7 constitute a
flexible substitute for the fact that the pair (2, B) is unperforated. We substantiate
this claim in what follows. We start with a concrete observation.

Example 5.8 Let J be an infinite dimensional separable Hilbert space. The unital
separable C*-algebra B = K(H) + CI is nuclear, since K(H) is nuclear [10, Exercise
2.3.5]. In particular, it has the weak expectation property [10, Exercise 2.3.14]. Next,
let 0 be a state on B(HH) that has the unique extension property with respect to B. By
Example 4.5 we conclude that there is a positive trace class operator Xg € B(H) with
tr(Xg) =1and such that

0(a) =tr(aXy), aeB(H).

Upon applying the spectral theorem to Xy, we may find a sequence of positive num-
bers (t,)nen and a sequence of orthonormal vectors (€,,) ey such that

0(a) = tr(aXy) = 3" tulaby &)

for every a € B(J(). In particular, we see that Y v, t, = 1. Now fix a self-adjoint
element a € B(H). A moment’s thought reveals that there must be & € {£,},,ey with
the property that

{a, &) > [6(a)l.

Furthermore, if we denote by y the vector state on B(3) corresponding to &, we see
from Example 4.5 that y restricts to be pure on 8. This is a manifestation of a general
phenomenon, as we show next.

Theorem 5.9  Let 2 be a unital C*-algebra and let B c A be a unital separable
C*-subalgebra with the weak expectation property. Let 0 be a state on 2 that has the
unique extension property with respect to *B. Then for every self-adjoint element a € 2
there is a state y on 2 that restricts to be pure on B and such that |y (a)| > |0(a)|.

Proof Fix a self-adjoint element a € 2, which we can assume is non-zero without
loss of generality. The desired conclusion is unchanged if we replace a by —a, so we
can assume that 8(a) > 0. We argue by contradiction. Assume on the contrary that
for each pure state w on B, we have

max a)l<0(a).
e [y(@)] < 6(a)

Then we infer from Lemma 2.3 that

inf{w(b):beB,b>a}<06(a).
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Now, by Theorem 5.7, there is a sequence (S, ) sen of self-adjoint elements in B with
I8l < 2||a| for every n € N and such that

sup{0(c): ceB,c<a} <liminf 6(B,)

and
limsup w(pB,) < inf{w(b):beB,b>a} <0(a)

n—oo
for every pure state w on ‘B. Since 0 is assumed to have the unique extension property
with respect to B, by Lemma 2.3 we find
0(a) <liminf 6(8,).
n—oo

On the other hand, since ®B is assumed to be separable, we can invoke Theorem 2.2
to find a Borel probability measure i concentrated on 8, (*B) with the property that

o) = [ a(b)du(w), be.
b= [ @(0)du@)

Upon applying Fatou’s lemma to the sequence of non-negative continuous functions
wr—2[a] - w(Bn), we8p(B),

a simple calculation yields

liglsotlp( fSp(‘B) w(ﬁn)dy(w)) < fsp(%) ( limsup w(B,)) dp(w).

n—oo

Consequently,

lim sup 6(f,) :limsup( fsp(%) w(ﬁn)dy(w))

n—oo n—oo

< /;y(%) (limsup ©(B,)) du(w) < (a).

n—oo

But this implies that
0(a) <liminf 6(8,) < limsup 8(f,) < 0(a),

n—oo

which is absurd. u

We mention a noteworthy consequence of Theorem 5.9 that is related to hyper-
rigidity.

Corollary 510 Let & be a separable operator system and let A = C*(&). Assume
that every irreducible %-representation of U is a boundary representation for &. Let
m: A — B(H) be a unital *-representation such that (L) has the weak expectation
property, and let T1: A — B(J) be a unital completely positive extension of 7t|s. Then
7t = 11 if and only if there is a family of states on C* (IL(2l)) that separate (I1 — 1) (2l)
and have the unique extension property with respect to m(2l).

Proof Assume that there is a family of states on C* (T1(21)) that separate (I1—7)(2l)
and have the unique extension property with respect to 7z(2(). We can apply Theorem
5.9 to the inclusion () c C*(II(A)) (see (3.1)) to find a (potentially different)
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family of states on C*(II(2()) that separate (IT — 7)(2() and restrict to be pure on
7(2(). Consequently, 7 = II by virtue of Theorem 3.2. The converse is trivial. ]

We draw the reader’s attention to the main point of Corollary 5.10: unlike in The-
orem 3.10, the separating family is not assumed to consist of pure states.

We finish by mentioning that it would be of interest to obtain a version of Theorem
5.2 or Corollary 5.3 based on Theorem 5.7. It is not clear to us how this can be achieved
at present. The promise of such an application of Theorem 5.7 is the reason we chose to
state it in the context of B being separable. The reader will notice that this condition
can be removed at the cost of obtaining a net rather than a sequence. We opted for
the current version, as sequences seem more appropriate for arguments relying on
integration techniques.

References

[1] E Altomare, Korovkin-type theorems and approximation by positive linear operators. Surv.
Approx. Theory 5(2010), 92-164.

[2] R.]. Archbold, Extensions of pure states and projections of norm one. II. Bull. London Math. Soc.
33(2001), no. 1, 67-72.  http://dx.doi.org/10.1112/blms/33.1.67

[3] W. Arveson, Subalgebras of C*-algebras. Acta Math. 123(1969), 141-224.

http://dx.doi.org/10.1007/BF02392388

, Subalgebras of C* -algebras. 1I. Acta Math. 128(1972), no. 3-4, 271-308.

http://dx.doi.org/10.1007/BF02392166

, An invitation to C*-algebras. Graduate Texts in Mathematics, 39, Springer-Verlag, New

York-Heidelberg, 1976.

, The noncommutative Choquet boundary. J. Amer. Math. Soc. 21(2008), no. 4, 1065-1084.
http://dx.doi.org/10.1090/50894-0347-07-00570-X

[7] —, The noncommutative Choquet boundary II: hyperrigidity. Israel J. Math. 184(2011),
349-385. http://dx.doi.org/10.1007/s11856-011-0071-z

[8] E. Bishop and K. de Leeuw, The representations of linear functionals by measures on sets of
extreme points. Ann. Inst. Fourier. Grenoble 9(1959), 305-331.

[9] D. P. Blecher, The Shilov boundary of an operator space and the characterization theorems. J.
Funct. Anal. 182(2001), no. 2, 280-343.  http://dx.doi.org/10.1006/jfan.2000.3734

[10] N.P. Brown and N. Ozawa, C*-algebras and finite-dimensional approximations. Graduate Studies
in Mathematics, 88, American Mathematical Society, Providence, RI, 2008.
http://dx.doi.org/10.1090/gsm/088

[11] M. D. Choi and E. G. Effros, Injectivity and operator spaces. J. Functional Analysis 24(1977),
no. 2, 156-209.

[12] R. Clouatre and M. Hartz, Multiplier algebras of complete Nevanlinna-Pick spaces: dilations,
boundary representations and hyperrigidity. J. Funct. Anal. 274(2018)m no. 6, 1690-1738.
http://dx.doi.org/10.1016/j.jfa.2017.10.008

[13] R. Clouétre and C. Ramsey, A completely bounded non-commutative Choquet boundary for
operator spaces. Int. Math. Res. Not. IMRN, rnx335. http:/dx.doi.org/10.1093/imrn/rnx335

[14] K. R. Davidson and M. Kennedy, The Choquet boundary of an operator system. Duke Math. J.
164(2015), no. 15, 2989-3004.  http://dx.doi.org/10.1215/00127094-3165004

[15] —, Choquet order and hyperrigidity for function systems. 2016. arxiv:1608.02334

[16] J. Dixmier, C*-algebras. North-Holland Mathematical Library, 15, North-Holland Publishing
Co., Amsterdam-New York-Oxford, 1977.

[17] M. A. Dritschel and S. A. McCullough, Boundary representations for families of representations of
operator algebras and spaces. ]. Operator Theory 53(2005), no. 1, 159-167.

[18] D.R. Farenick, Extremal matrix states on operator systems. J. London Math. Soc. (2) 61(2000),
no. 3, 885-892.  http://dx.doi.org/10.1112/50024610799008613

[19] A.H. Fuller, M. Hartz, and M. Lupini, Boundary representations of operator spaces, and compact
rectangular matrix convex sets. 2016. arxiv:1610.05828

[20] T. W. Gamelin, Uniform algebras. Prentice-Hall, Inc., Englewood Cliffs, N. J., 1969.

(4]

[5]
(6]

https://doi.org/10.4153/CJM-2018-008-1 Published online by Cambridge University Press


http://dx.doi.org/10.1112/blms/33.1.67
http://dx.doi.org/10.1007/BF02392388
http://dx.doi.org/10.1007/BF02392166
http://dx.doi.org/10.1090/S0894-0347-07-00570-X
http://dx.doi.org/10.1007/s11856-011-0071-z
http://dx.doi.org/10.1006/jfan.2000.3734
http://dx.doi.org/10.1090/gsm/088
http://dx.doi.org/10.1016/j.jfa.2017.10.008
http://dx.doi.org/10.1093/imrn/rnx335
http://dx.doi.org/10.1215/00127094-3165004
http://arxiv.org/abs/1608.02334
http://dx.doi.org/10.1112/S0024610799008613
http://arxiv.org/abs/1610.05828
https://doi.org/10.4153/CJM-2018-008-1

1260 R. Clouéitre

[21] M. Hamana, Injective envelopes of operator systems, Publ. Res. Inst. Math. Sci. 15(1979), no. 3,
773-785.  http://dx.doi.org/10.2977/prims/1195187876

[22] article , Triple envelopes and Silov boundaries of operator spaces. Math. J. Toyama Univ.
22(1999), 77-93.

[23] J. Hambhalter, Multiplicativity of extremal positive maps on abelian parts of operator algebras. J.
Operator Theory 48(2002), no. 2, 369-383.

[24] R. V. Kadison and I. M. Singer, Extensions of pure states. Amer. J. Math. 81(1959), 383-400.
http://dx.doi.org/10.2307/2372748

[25] A.S.Kavruk, The Weak expectation property and Riesz interpolation. 2012. arxiv:1201.5414

[26] M. Kennedy and O. M. Shalit, Essential normality, essential norms and hyperrigidity. J. Funct.
Anal. 268(2015), no. 10, 2990-3016.  http://dx.doi.org/10.1016/j.fa.2015.03.014

[27] C.Kleski, Korovkin-type properties for completely positive maps. Illinois J. Math. 58(2014), no. 4,
1107-1116.

[28] P.P. Korovkin, On convergence of linear positive operators in the space of continuous functions.
(Russian) Doklady Akad. Nauk SSSR (N.S.) 90(1953), 961-964.

[29] C.Lance, On nuclear C* -algebras. J. Functional Analysis 12(1973), 157-176.
http://dx.doi.org/10.1016/0022-1236(73)90021-9

[30] A.W. Marcus, D. A. Spielman, and N. Srivastava, Interlacing families II: Mixed characteristic
polynomials and the Kadison-Singer problem. Ann. of Math. (2) 182(2015), no. 1, 327-350.
http://dx.doi.org/10.4007/annals.2015.182.1.8

[31] P.S. Muhly and B. Solel, An algebraic characterization of boundary representations. In:
Nonselfadjoint operator algebras, operator theory, and related topics, Oper. Theory Adv. Appl.,
104, Birkhiuser, Basel, 1998, pp. 189-196.

[32] M. N.N. Namboodiri, S. Pramod, P. Shankar, and A. K. Vijayarajan, Quasi hyperrigidity and
weak peak points for non-commutative operator systems. 2016. arxiv:1610.02165

[33] V. Paulsen, Completely bounded maps and operator algebras. Cambridge Studies in Advanced
Mathematics, 78, Cambridge University Press, Cambridge, 2002.

[34] R.R. Phelps, Lectures on Choquet’s theorem. Second ed., Lecture Notes in Mathematics, 1757,
Springer-Verlag, Berlin, 2001.  http:/dx.doi.org/10.1007/b76887

[35] W. Rudin, Function theory in the unit ball of C". Classics in Mathematics, Springer-Verlag,
Berlin, 2008.

[36] B. Sz.-Nagy, C. Foias, H. Bercovici, and L. Kérchy, Harmonic analysis of operators on Hilbert
space. Universitext, Springer, New York, 2010. http://dx.doi.org/10.1007/978-1-4419-6094-8

[37] J. A. Sagkin, The Mil'man-Choquet boundary and the theory of approximations. Funkcional. Anal.
i PriloZen. 1(1967), no. 2, 95-96.

[38] C. Webster and S. Winkler, The Krein-Milman theorem in operator convexity. Trans. Amer. Math.
Soc. 351(1999), no. 1, 307-322.  http://dx.doi.org/10.1090/S0002-9947-99-02364-8

Department of Mathematics, University of Manitoba, Winnipeg R3T 2N2, Manitoba
e-mail : raphael.clouatre@umanitoba.ca

https://doi.org/10.4153/CJM-2018-008-1 Published online by Cambridge University Press


http://dx.doi.org/10.2977/prims/1195187876
http://dx.doi.org/10.2307/2372748
http://arxiv.org/abs/1201.5414
http://dx.doi.org/10.1016/j.jfa.2015.03.014
http://dx.doi.org/10.1016/0022-1236(73)90021-9
http://dx.doi.org/10.4007/annals.2015.182.1.8
http://arxiv.org/abs/1610.02165
http://dx.doi.org/10.1007/b76887
http://dx.doi.org/10.1007/978-1-4419-6094-8
http://dx.doi.org/10.1090/S0002-9947-99-02364-8
mailto:raphael.clouatre@umanitoba.ca
https://doi.org/10.4153/CJM-2018-008-1

