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ABSTRACT

Let A/K be an abelian variety over a function field of characteristic p > 0 and let ¢
be a prime number (¢ = p allowed). We prove the following: the parity of the corank r,
of the ¢-discrete Selmer group of A/K coincides with the parity of the order at s = 1 of
the Hasse-Weil L-function of A/K. We also prove the analogous parity result for pure
l-adic sheaves endowed with a nice pairing and in particular for the congruence Zeta
function of a projective smooth variety over a finite field. Finally, we prove that the full
Birch and Swinnerton-Dyer conjecture is equivalent to the Artin—Tate conjecture.

1. Introduction

Let K be a global field and let A be an abelian variety defined over K. The conjecture of Birch
and Swinnerton-Dyer (BSD) asserts that the rank of the Mordell-Weil group A(K) is equal to
the order of vanishing of the Hasse-Weil L-function L(A/K,s) as s = 1 (also called the analytic
rank of A/K). In the number field case, at the exception of strong numerical evidences, very
little is known about this conjecture. In the function field case, it was shown in [KT03] that the
conjecture is equivalent to showing the finiteness of any ¢-primary part (¢ a prime number) of
the Tate-Shafarevich group II(A/K).

A weaker question is to know whether these two integers have at least the same parity.
But even this conjecture remains unproven. The following exact sequence of cofinitely generated
Zy-modules

0— A(K) ®Qu/Z¢ — Sely= (A/K) — LI(A/K)[¢>] — 0 (1)

leads to the following conjecture.

CONJECTURE 1.0.1 (¢-parity conjecture). Let ¢ be a prime. The corank 7, of the ¢ discrete
Selmer group Sely~(A/K) of A/K has the same parity as the order at s = 1 of the Hasse—Weil
L-function of A/K.

In the number field case, this conjecture is now known in several cases, in particular when
A is an elliptic curve and the ground field is K = Q by the work of the Dokchitser brothers
[DD08, DD09, DD10, DD11], Kim [Kim07, Kim09], Nekovar [Nek13, Nek01, Nek09], [Nek06,
Ch. 12], Cesnavicius [Ces12], Coates et al. [CFKS10] and others.

In [TW11], the p-parity conjecture (for p equal to the characteristic of the function field)
has been proved for elliptic curves. The proof of [TW11] is purely arithmetic and based on
the existence of a natural p-cyclic isogeny provided in the function field case by the relative
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Frobenius. In particular, the proof only works for £ = p or a prime for which the elliptic curve
has a [-isogeny, or in a few other cases [TW11, Theorem 2|. Moreover, the proof requires an
argument due to Ulmer to reduce to the semistable case which works only so far for elliptic
curves.

One of the main results of this paper is as follows.

THEOREM 1.1. Let A/K be an abelian variety over a function field in one variable over a finite
field. Then the (-parity conjecture holds for any prime ¢ and any abelian variety.

We give a totally new demonstration a la Deligne-Grothendieck, using the old (¢ # p)
and comparatively newer (¢ = p) ‘Weil 2’ type arguments as well as some elementary linear
algebra. The case £ # p and £ = p are treated separately but the arguments are very symmetric.
After the proof of the hard Lefschetz theorem for projective smooth varieties over finite fields
and the Sato—Tate conjecture in the function field case, this is one more surprising application
of the deep theorem of Deligne.

Let us mention the following easy corollaries. First, since the analytic rank is known to be
greater than or equal to 7, in the function field case, our main theorem immediately implies the
following corollary.

COROLLARY 1.0.2. If A/K is an abelian variety with analytic rank O or 1, then ry is equal to
the analytic rank of A.

We are also able to deduce from our main theorem and from the short exact sequence (1)
the following new piece of information on the Tate—Shafarevich group.

COROLLARY 1.0.3. The corank of the {-primary part of the Tate-Shafarevich group of A/K
has the same parity for any prime £.

Incidentally, we also give a new (p-adic) functional equation of the Hasse—Weil L-function of
A/K without Euler factors at the places of bad reduction (see Remark 4.2.1).

In the last section, we extend our main theorem to any smooth f-adic sheaf Fy if £ # p
and any overconvergent F-isocrystal Fj,, both pure of weight —1 and endowed with a skew-
symmetric pairing Fy x Fy — Qy(1) (see Theorem 5.1) and to compatible families of such objects
(see Theorem 5.2). When ¢ # p we generalize our technique to higher-dimensional varieties
(Theorem 5.3). Finally, we consider the case of the congruence zeta function of varieties over
finite fields. In the special case of surfaces, we have the following theorem.

THEOREM 1.2 (Theorem 5.5). The Artin—Tate conjecture is equivalent to the BSD conjecture
in the function field case.

This last result is merely a remark after the precursory work of Tate, the results of [KT03,
LLRO5] and a final observation of Ulmer.

We finish by proving the analogue of Theorem 1.1 for projective smooth varieties over finite
fields (see Corollary 5.6.2).

2. Setting and first reductions

Notation. Let A/K be an abelian variety over K a function field in one variable over the field
F,, where q is some power of a prime p. We fix K a separable closure of K and let C'/F, be
the proper smooth connected curve with function field K. Let f : A — C be the Néron model of
A/K. We denote by U the open subset of C' where we have removed the places of bad reduction.
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We recall the following facts of [KT03]. For convenience we will follow the same notation as
much as possible. The only facts we need to know are summed up as follows.
By [KTO03, 3.3.5], we have a short exact sequence for any [

0 — cokergy — Halnv{ﬁ} — keryy — 0,
where ker; ¢ /coker; ¢ is the kernel/cokernel of some map

pe—1: Hi Qe/Zy Hé Qe /Zy

and the modules Hy o, , and H} ar,v1¢} are cofinitely generated torsion Z,-modules (see [KT03,
ch. 3 and 6] for the de nition of these modules).

The crucial point is that corank(H}, v{f}) = corank(Sely= (A/K)) = r; by the short exact
sequence [KT03, 2.5.2]. Moreover, cokero,g is a finite group for any ¢ so that r; = corank(ker; /).

On the other hand, we can relate this corank with the rank of the Q-coefficient cohomology
theory as follows: recall that the abelian variety A/K induces an é-adlc smooth sheaf V;(.A) for the
(-adic étale cohomology and an F-overconvergent isocrystal R! f,O / for the rlgld cohomology
of Berthelot. We denote by Df(A) the dual F-overconvergent isocrystal of R!f,O o' AU In the
category ab/ fab (of abelian groups modulo finite abelian groups), we have a short exact sequence

0= Lig — Hy, = Hyg,/z, = 0,
k =1,2, where L;, is a Z-lattice of the finite dimensional Q-vector space

H(i@e = et C(U W(A))? (E 7'é p)

and
Hy = H}, (U,DY(A)), (£=p).

rig,c

Note that for any /£, HQ is endowed with a Frobenius operator also denoted ¢, for simplicity. For
{ # p, vy is induced by the geometric Frobenius, while for £ = p, the operator is ¢ ~1 times the
Frobenius operator induced by the Frobenius of DJr (A). The operator 1—¢, : H! 1.Qu/Z0 H27@z /74
is compatible with id —py acting on Hg, so that

r¢ = dimg, (ker(id —¢y, H@))

The space ker(id — ey, HQ ) is denoted I5 ¢ in [KT03]. We also denote by I3, (as in [KT03])
the part of HQ where ¢, acts unipotently. We have

Iy C 130 C H@,

with equality between I ¢ and I3 ¢ if and only if the semisimplicity conjecture holds for (H@, ©r)-
Finally note that the Hasse~Weil L-function of A/K without Euler factors at the places of
bad reduction is obtained by

2
L(U, A, s +1) = [ [ det(1 — ¢%p¢, Hp,) D™
=0
and the left-hand side of the equation is independent of the prime £. Moreover, the dimension of
I3 ¢ is equal to the analytic rank 7 of the abelian variety, that is, the order of the zero at s =1
of the Hasse-Weil L-function so that it is also independent of ¢ (see [KT03, 3.5.3]).
Therefore our main theorem, Theorem 1.1, can be reformulated as follows.

509

https://doi.org/10.1112/50010437X13007501 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X13007501

F. TRIHAN AND S. YASUDA

THEOREM 2.1. For any prime ¢,

dimg, I ¢ = dimg, I3, modulo 2.

3. Proof of Theorem 2.1 when £ # p

3.1 We first treat the case ¢ # p. Define H@ as HY (C,j.Vi(A)), where j : U — C denotes the
canonical inclusion. Similarly to the previous section, we also denote by Z3, the part of HQ@
where ¢, acts unipotently and set Z ¢ := ker(id —¢y, H@z)

3.2 Recall [Sch82] that the Hasse-Weil L-function of A/K is defined as
L(C7 Av 5) = Hdet(l — (pxq(l_s) deg(m)’ W(A)I(I))_17

where x runs over all closed points of C, deg(x) = [k(x) : Fy], ¢ is the (geometric) Frobenius at
x given by sending y to y? | Viy(A) = (lim,A(K)[("]) ® Q; and I, is the inertia group
at x, where we have fixed a place T € K above z.

LEMMA 3.2.1. We have

1)i+1

L(C,A,s) Hdet 1—¢ cpg,H@)(*

Proof. To see that, put F' = j,Vy(A). By the Grothendieck—Lefschetz trace formula the right-hand
side is equal to the product

Hdet 1 s deg(ac) 7FE)—1’

where Fgz denotes the stalk of F' at a geometric point T of C over z, so it is enough to prove that
for any closed point x in C,
Fp~ V(A

Let L be the I,-fixed part of K and let T denote the unique place of L below the fixed place
of K. Let Orz C L denote the valuation ring with respect to the valuation corresponding to Z.
Then the ring Of, 7 is a strict henselization of the local ring Oc, at . We may and will assume
that the geometric point T above x is equal to the closed point of Spec Or, z. We write L as a
union L = J; L; of finite subextensions of L/K. By the definition of the stalk Fz, we have

= (@@HO(Spec L;, A[ﬁ”})) ®z, Q¢ = (Lgn A@)V"]) ®z, Qe
n J n

It follows from the definition of L that A(L)[¢"] is equal to the I,-fixed part of the Gal(K/K)-
module A(K)[¢"]. Hence the claim follows. O

LEMMA 3.2.2. We have for k = 2,3 and for any prime { # p
Ik,é ~ ij.

Proof. Let i : C\U — C denote the closed immersion of the complement of U. We abbreviate
Ve(A) by Vp. We have an exact sequence

0— 1V — 7.V = 14175 Ve — 0. (2)
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Since the sheaf F' = i,i*j,V; is supported on C\U, we have H'(C,F) = 0 for i > 1. Hence the
map H}(U,V;) — HY(C,.V;) is surjective and its kernel is a quotient of H°(C, F). Note that
det(1—ppq* =%, H(C, F)) ! is equal to the product of the local L-factors of L(A, s) at the places
not belonging to U. By [Del80, 1.8.1], the eigenvalues of ¢, on H(C, F) have complex absolute
values ¢" with r < —1/2. It follows that H(C, F) does not have a non-trivial subquotient on
which ¢, acts unipotently. This shows that I3, is isomorphic to Z3 4. Since this isomorphism is
compatible with the Frobenius operator, we deduce immediately that Z , ~ I . O

LEMMA 3.2.3. For any prime £ # p, we have a perfect pairing compatible with the Frobenius
action
()0t HY, x Hiy,e = Q,

where bet is the analogue of H(bz associated to A, the dual abelian variety, instead of A.

Proof. The perfectness follows from the duality and the fact that the shift j.Vy(A)[1] is the
intermediate extension (in the sense of [KWO01]) of the perverse sheaf V;(A)[1] on U with respect
to the inclusion j. More precisely, the perfectness can be proved by combining [KWO01, Corollary
I11.5.3, p. 149] (which says that the intermediate extension commutes with taking duals) and
the statement (in which the authors give an explicit description of the intermediate extension)
in [KWO01, p. 153, Example]. a

3.3 Fix a polarization of A inducing an isogeny X : A — A’. Then, )\ induces an isomorphism
Vi(A) ~ V4(AY) and therefore an isomorphism

1 ~ 1
)\ . HQ[ = Hth.

LeEmMMA 3.3.1. The pairing (.,.); induces by composition with the isomorphism A a non-
degenerate symmetric pairing compatible with the Frobenius action

(-, )e: Hy, x Ho, = Qo
for any prime £ # p.
Proof. The perfectness of (.,.); follows immediately from the perfectness of (.,.); since A :
”H@ = Hbm is an isomorphism. To prove that (.,.), is also symmetric, it suffices to show that the
homomorphism 5, V;(A)[1]@% . Ve(A)[1] — Q¢(1)[2] induced by the isomorphism D (7, V;(A)[1]) =

F:Vo(AN[1] = 5. Ve(A)[1] is symmetric, where we denote by D the dualizing functor [KWO01, 11,
Definition 7.2]. Let us consider the commutative diagram

End(j.Vi(A)) = End(V;(A))

]

Hom (5, Vi(A) @" 5. Vi(A), Qe(1)) — Hom(Vy(A) @ Vi(A), Qu(1))

R

where the horizontal arrows are given by the restrictions to U C C. Thus we only need to show
that the homomorphism V;(A) @ V,(A) = Vi (A) @F Vi (AY) — Q(1) is anti-symmetric. This last
statement is proved in [Mil84, 16.2]. O

3.4 The previous pairing induces by restriction a perfect pairing symmetric and compatible with
the Frobenius action
(. s .)g :1.375 X Ig}g — Qg.

We can see @y as an unipotent element of the orthogonal group O((.,.)s).
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LEMMA 3.4.1. We have
dimg, (Z3¢) = dimg,(Z3 ) modulo 2.

Proof. Tt is known (cf. [Nek07, Lemma 2.2.2]) that for any quadratic space (V,q) over a field L
of characteristic not equal to 2 and for any element u in the orthogonal group O(V, q), we have
det(—u) = (—1)dimekerl=v) " Applying this to V = Z34 and u = ¢y, we obtain the claim. O

4. Proof of Theorem 2.1 when £ = p

4.1 Clearly, for £ = p, Lemma 3.4.1 will hold without change so that we are reduced to proving
analogues of Lemmas 3.2.2, 3.2.3 and 3.3.1. We can lift C' and U to smooth proper formal schemes
7 : C — Spf(W(FF,)) and an open formal subscheme &/ C C. We denote F' := Frac(W (F,)) and
let C%" be the rigid analytic space associated to C and denote by sp : C#' — C the specialization
map. We also fix ¢, an embedding of F' in C.

4.2 We recall some facts concerning the rigid cohomology with coefficients over a smooth curve.
The constructions are due to Crew [Cre98]; see also [Ked06, 2.6]. We denote [Cre98, 7.1.1 and
7.2.1]

Al = lim T(V,Ov)

and for x € C\U,
Ay(x) := limVF(Vﬂ]x[, Ocan),

where V' is running through a cofinal set of strict neighborhood of |U[ := sp~'U. We have a
short split exact sequence

0— A, = Ag° = P Av(a) = AF =0 (3)
zeC\U

where the algebra on the right is defined by this short exact sequence. Note that since DT (A) is
overconvergent over the affine curve U, it can be seen as a finite locally free ATU—module endowed
with a connection

V:DI(4) = DNA) ®,; O
U U

horizontal with respect to the Frobenius operator.

For R = AL, R = A}° or A} and (M, V) a R-module with connection, we denote by
DRp/(M) :=[M ®r R — M ®r Q% ®g R'], the complex concentrated in degree 0 and 1.

The short exact sequence (3) induces a short exact sequence of de Rham complexes
(see [Cre98, 9.5.2])

0— DR ¢ (DY(A)) = DR g0 (DY(A)) = DR g (D'(4)) — 0. (4)
We therefore deduce a distinguished triangle
DR ygs (D'(A4))[-1] = DR (D'(4)) = DRye(D'(4) > DRe(D(4)).  (5)
We have by [Cre98, 8.1.1 and 8.1.3]
HI(DR i (D(A))) = Hiy, (U, D' (4)),
H'(DR 4o:(D'(A))[-1]) =~ Hj, (U, D'(4))

rig,c
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inducing therefore a long exact sequence

- = Hyy, (U, D'(A)) = H}, (U, DY(A)) — H' (DR 4oe (D(A)1)) = --- . (6)

rig,c rig

Remark 4.2.1. We can obtain the following p-adic functional equation for the Hasse—Weil
L-function of A/K without Euler factors outside U:

Hdet(—qscpgl)(_l)iL(U, A'1—5s)=L(U A,s+1)

1
T det(t — g0y, HI (DR yoe (DT (A)))
=0

In order to obtain this formula, recall that
2 1
LU, A, s +1) = [ Pea(A, )0, (7)
=0
where t = ¢7° and Pr;(A,t) = det(1 — top; Hyj, . (U, DT(A))). Hence we have
L(U, A 1= s) HPCZ (Af, DT (8)

We define the action of ¢, on ng(U, DT(A)) in such a way that the pairing

H: (U ,D'(A)) x H2,' (U, D(A")) —

rig rig,c
is ¢p-invariant. It then follows that the natural homomorphism of the long exact sequence (6)
from HY, . to Hy, is compatible with the action of . Since the operator 1 —t~'p, on H2 " i

rig,c Tig,c
g, 1 g,

adjoint to the operator 1 —t~ "¢, L on Hlflg with respect to this pairing, we have

PC,Q—Z'(AZ t_l) - det(l - t_l 1 lelg(Uv DT(A)))

= det(—t~ 1  Hyig (U, DY(A))) det(1 — tip; Hy, (U, D'(A)))

rig

:det(_t 1()0;0 ) rlg(U DT(A))) 'Pi(Aat)7

with P;(A,t) = det(1 —tpp; rlg(U DT(A))). On the other hand, taking the alternating product
of the characteristic polynomial of ¢, on each of de Rham complexes of the distinguished triangle
(5) and using the Poincaré duality as well as [EL93, Main Theorem, 11|, we deduce

1
[TE@m o0 = HPZC (A, )"0 T det(1 — iy, HI (DR e (D' (A4)))) 7D,
1=0

1=0

which we can rewrite, using the formulas (7) and (8), as
2
[ det(—a°0, )V LU, A", 1 = 5) = L(U, A, s + 1)

1
[T det( = a0y, H"(DRAgc(DT(A))))(_l)M,
1=0

which is nothing other than the desired formula. This fact will not be used in our proof.
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Setting H¢, = Im(H" (DR a:(DT(A))[-1])) — H' (DR, (D¥(A))), we deduce a surjective
U
map Hép — H(bp, whose kernel is a quotient of HO(DRA%])C(DT(A))).
LEMMA 4.2.2. The dual F-overconvergent isocrystal of DT(A) is DT(A?).

Proof. Observe that the assertion holds at the level of Dieudonné crystals by [BBM82, 5.1]. In
particular it also holds at the level of the associated convergent F-isocrystals, via the natural
functor

{F — crystals over U} — {F — convergent isocrystal over U}.

Finally, using the fully faithfulness of the functor
res : {F' — overconvergent isocrystals over U} — {F — convergent isocrystal over U}

(see [Ked04]), we deduce that the assertion holds also at the level of overconvergent
F-isocrystals. O

Recall [Ked06] that an overconvergent F-isocrystal ET is t-pure of weight w, if for any = € U
and for any eigenvalue a of ¢, acting on the fiber at = of ET, we have |¢(a)| = ¢“/2. Recall also
that a finite dimensional F-vector space V endowed with a linear operator f is called (-mixed
of weight less than w if for all eigenvalues a of f, we have |t(a)| = ¢(*9/2 for some integer
i=1i(a) <0.

LEMMA 4.2.3. We have (D'(A), ¢,) is t-pure of weight —1.

Proof. By the previous lemma, we know that DT(A) is equal to R ,fO;t Ju S0 the fiber at any
xin U is HL (AL /W (k(x)))[1/p] which is pure of weight 1 [KM74] since the fiber AL of A’ at

crys
x is an abelian variety over k(z). Since ¢, is ¢! times the Frobenius operator, we conclude that

the absolute value of the eigenvalues is ¢~ *11/2 = ¢~1/2 and the assertion is proved. ]

LEMMA 4.2.4. We have for k = 2,3
Ik:,p ~ I]w,.

Proof. We can reason as in the case £ # p. We are therefore reduced to showing that 1 is not an
eigenvalue of (HO(DRA%?C(DT(A))), ¢p). By the previous lemma and [Ked06, 6.4.4], we see that
(HO(DRAEC (DT(A))), ) is -mixed of weight < —1, so the assertion is clear. O

LEMMA 4.2.5. We have a perfect pairing compatible with the Frobenius action
oyl 1
(. s '>p : HQP X HQp,t — Qp7
where Hép,t is the analogue of ”H(bp associated to A!, the dual abelian variety, instead of A.

Proof. Note that Df(A) is quasi-unipotent [MTO04] and therefore ‘strict’ in the sense of Crew
[Cre98, 10.2]. Thus the assertion follows from [Cre98, 9.5] and Lemma 4.2.2. ]

4.3 As before, the isogeny A : A — A? induces an isomorphism
A:Hy, = Hy,

LeMMA 4.3.1. The pairing (.,.), induces by composition with the isomorphism A a non-
degenerate symmetric pairing compatible with the Frobenius action

(- )p s Hp, X Hp, = Qp.
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Proof. The perfectness of (., .), follows immediately from the perfectness of (., .),. To prove that
(.,.)p is also symmetric, it suffices to look at the level of Dieudonné crystals or even at the level
of p-divisible groups. By [Oda69, Proposition 1.12], the polarization A induces a skew-symmetric
map of p-divisible groups A : A|y[p™®] — A'|y[p™], in the sense that the Cartier dual A’ of this
map coincides with —\. Applying the covariant Dieudonné functor we deduce a map of Dieudonné
crystals D(A) : D(A|y) — D(A'y). By [BBMS2, 5.1], we have D(A)Y = D(\') = —D()), where
we write . for the dual F-crystal. Now the map A also induces a map DT(\) : DT(A4) — DT(A?)
such that res(DT()\)) = D()). By fully faithfulness of res we deduce that the map DT()) is such
that D(\)Y = —DT()). The rest of the proof is formal. O

4.4 Again, the previous pairing induces by restriction a perfect pairing symmetric and
compatible with the Frobenius action

(. s -)p : I3’p X 1371, — Qp'

Finally, the Theorem 2.1 in the case £ = p is deduced as in the case £ # p from the p-adic analogue
of Lemma 3.4.1.

5. Extensions of the method

5.1 Let ¢ be a prime, F; a smooth Q- sheaf on U when ¢ # p and an overconvergent F isocrystal
on U when ¢ = p. We denote HQ (Fy) = H, C(U Fy) when ¢ # p and Hz (Fp) = HY, (U, Fp).

Similarly to the previous section, we also use I 3,0 (Fy) for the part of H [ (Fg) where g acts
unipotently and set Iy ¢ ;(F7) = ker(id — ¢y, HQ (Fg)) Let ran (Fy) denote the analytic rank of Fy,
defined as the order of the zero of

L(U, Fy,s) := H det(1 — Frobg ¢—d8(®). Fpo)7!
zelU
(where Fy, is the fiber at a fixed geometric point above x when ¢ # p and the usual fiber at «

when ¢ = p) at s = 0.

5.2 We define for any ¢ the Selmer complex Sel(Fy) associated to Fj; by the following
distinguished triangles:

Sel(Fy) — RT o(T, Fy) =5 RT¢y o(T, Fy) — Sel(F)[1] (9)
and

Sel(F,) — Rl yig (U, Fp) gr RTyig (U, F,) — Sel(F,)[1] (10)
and set r(Fy) :=Y_;(—1)%. dimg, H'(Sel(Fy)).

Remark 5.2.1. With the present definition, the Selmer complex is only defined up to
isomorphisms. It is however possible to define this complex up to a canonical isomorphism.
When ¢ = p the construction of such a complex is easy, using de Rham complexes which
compute RI'yig (U, Fp,). When ¢ # p, this can also be done by using a Godement resolution of
J1Fy p for each n. Here (Fy )y is a system of smooth Op/¢"-sheaves on U which represents Fy,
where Op is the ring of integers of a finite extension £ C Q, of Q.

By definition, we have

ran(Fe) = _(=1)"" dimg, (I3.¢4(Fy))

i
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and conjecturally (if we assume the semisimplicity of the Frobenius acting on H@e (Fp))
ran(Fr) = Y _(=1)"" dimg, (I5,0,4(Fr)) = r(Fo),
i
where the second equality is deduced from the short exact sequences

0 — coker(1 — ;1) = Hi(Sel(Fg)) — ker(1 —¢y;) — 0,

where ¢, ; denotes ¢, acting on I3 ¢ ;(Fy).

5.3 We assume that the sheaf Fy is pure of weight —1. In this case, 1 — @y is an isomorphism
on H@e(Fg) for i # 1. We say that Mg, (Fr) = HE(C,juFy) when € # p and Hg (Fp) =
Im(H., (U, F,) — HL (U, Fp,)). For k = 2,3, we write

rig,c rig
I o (Fy) = I e1(Fy).

We set Ty ¢(Fy) = ker(id —@g,H@) and write Z3 ¢(Fy) for the part of H(l@Z(Fg) where ¢y acts
unipotently.

LEMMA 5.3.1. Assume that Fy is pure of weight —1 (¢ any prime). Then we have for k = 2,3
Tieo(Fr) =~ I o(Fy).

Proof. The proof is completely analogous to the proof of Lemmas 3.2.2 and 4.2.4. O

LEMMA 5.3.2. Let Fy be as above, pure of weight —1.
(i) For any prime { # p, we have Sel(Fy) = Rl (U, Fy).
(ii) For any prime ¢, we have dimg,(Z2 ¢(Fy)) = r(F}).

Proof. We deduce from the Hochschild—Serre spectral sequence for ¢-adic cohomology the long
exact sequence

(UaFﬁ) 116@ H? (UaFf)_)

7
- — Hg ét,c

ét,c

(UaFf) _>H§

ét,c
and so the first claim is clear. The second results from Lemma 5.3.1 and the fact that 1 — ¢y is
an isomorphism on H@(Fg) for i # 1. O

We deduce, as in the previous two sections, the following theorem.

THEOREM 5.1. Assume that Fj is pure of weight —1 and equipped with a skew-symmetric
non-degenerate pairing Fy X Fy — Q,(1). Then

7ﬁaun(-FZ) = T(Fg) modulo 2.

Remark 5.3.3. (i) If we are interested in the behavior of the Hasse-Weil L-function of Fy at s = r,
then by replacing Fy with the twist Fy(r), defined as the twist of F; by the unramified character
which sends the geometric Frobenius to ¢7" when ¢ # p and as (F), pp(r)) when £ = p, we may
assume that r = 0. Then it follows from the weight argument that the Hasse-Weil L-function

does not have a zero at s = 0 unless F' is of weight —1 (with respect to a fixed isomorphism
between Q, and C).

(ii) More generally, one can ask when ran(Fy) will be equal to r(Fy). This should hold for
¢ # p, when F} is a semi-simple object in the category of smooth Q,-sheaves on U. It follows
from the global Langlands conjecture (Lafforgue’s theorem) for GL,, over K [Laf02] that any
irreducible smooth Q-sheaf is an unramified twist of a pure Q,-sheaf. Hence in order to verify
the expectation for all Fy as above, it suffices to verify it for all Fy that are irreducible and pure.
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The weight argument shows that, to verify the expectation for a fixed Fy, it suffices to prove that
¢ acts semi-simply on H'(C, j.Fy). Note also that H'(C, j.F;) behaves better than H'(U, Fy)
and H} (U, F}) in the following senses: first, if I} is pure of weight w then H'(C, j.F}) is pure
of weight w + 1. Moreover, the group H'(C,j,F;) does not depend on the choice of U, that
is, the group for F} is isomorphic to the group for the restriction of F; to any non-empty open
subscheme of U.

We can also consider families of ¢-adic sheaves, where the prime ¢ varies. Following Serre, we
make the following definition.

DEFINITION 5.3.4. Let E be a finite extension of @Q and let S be a set of pairs (¢,.) of a
prime number ¢ and an embedding ¢ : E — Q. A strict compatible (E,S)-family of f-adic
sheaves (¢ any prime) corresponds to the data (Fy,)()es of smooth Q-sheaves Fy, on U
(¢ # p) and of an overconvergent F-isocrystal (Fy,,,,) over U/Q, such that for any z € U,
det(1 — Frob, g sdes(®), Fy, o) = t(Py) (where Fy, , is defined as above) for some P, € E[q "]
which is independent of (¢,.) € S.

Remark 5.3.5. For a finite extension E of Q let S%. denote the set of pairs (¢,¢) of a prime
number ¢ # p and an embedding ¢ : E — Q. Let ({o,t0) € S and let Fy, ,, be an irreducible
smooth Qy,-sheaf on U whose determinant character takes values in 1o(£)*. Then it follows from
Lafforgue’s theorem that there exist a finite extension E’ of E and an embedding ¢, : E' — Q,
extending ¢o such that for any = € U, det(1 —Frob, ¢=*4¢®): F , ) € «(E')[¢"*], and moreover
that Fy,,, is uniquely extended to a strict compatible (E’, St,)-family of ¢-adic sheaves (Fé’L)
with Féow{) = Fiy10-

THEOREM 5.2. Let F' = (Fy)y be a strict compatible system of {-adic sheaves pure of weight
—1. Then r,,(F}) is independent of ¢ and we denote it ran(F'). Assume moreover that all (-adic
sheaves are endowed with a skew-symmetric non-degenerate pairing Fy x Fy — Q(1). Then

Tan(F) = r(Fy) modulo 2.

Proof. By hypothesis, the L-functions of Fy for varying primes ¢ have the same local factors so
that L(U, Fy,s) = L(U, Fy,s) for any distinct primes ¢ and ¢'. The first assertion follows. The
second assertion results from Theorem 5.1. a

5.4 Obviously Theorem 5.1 is a generalisation of our main theorem. Here is another example
where this theorem applies. We assume ¢ # p (but we have no doubt that we can construct a
similar example in the case ¢ = p). Let f : X — U be a smooth projective morphism of pure
relative dimension d. A fixed embedding X — P}, gives a Lefschetz operator NV : R f.Q, —
R*2£,Q,(1) for each i. Let m be an odd integer with 1 < m < d. We let F, denote the primitive
part of R™ f,Qu((m + 1)/2), that is, Fy is the kernel of the d — m + 1-fold iteration

Ndferl : Rmf*@g((m + 1)/2) N R2d7m+2f*@e(d — (m — 3)/2)

of the Lefschetz operators. Then F is a smooth Q-sheaf on U which is pure of weight —1. It
follows from the hard Lefschetz theorem that the cup product

—U—: R"£.Qu((m+1)/2) x R**"£,Qq(d — (m —1)/2) — R*£.Qu(d + 1) = Qy(1)

induces a skew-symmetric non-degenerate pairing Fy x Fy — Q,(1) which sends a local section
(z,y) of Fy x Fy to x U N4™y,
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5.5 Our argument can be also proved useful for higher-dimensional varieties, but in this case, and
since we have to deal with more ¢,-Qy-vector spaces, we need to work with the pure @,-Qg-vector
spaces ’Hf@e rather than with the mixed yg-Qy-vector spaces Hf@[ In the rest of this section we will
restrict to the case £ # p. The same reasoning applies to the case | = p by using the intermediate
extensions as defined in the recent work of [AC13].

Let X be a proper and smooth variety of dimension d over a finite field I, and let U be an
open dense subscheme of X. Let F be a smooth Q/-sheaf on U pure of odd (respectively even)
weight w. Let G denote the intermediate extension of F' to X. Then G is a pure perverse sheaf
on X. We define the completed L-function L(X, F,s) to be the Euler product

[ ] det(1 — ;" Frob,, Gz)~!

where x runs over the closed points of X. For i > 0 we put #' = HZ (X, G). By the Grothendieck
Lefschetz trace formula we have L(X, F, s) = H?io det(1— g HHD™ Here o, denotes the
geometric Frobenius. Since each H' is pure of weight i +w [KWO01, I, Corollary 7.3], the function
may admit a zero (respectively a pole) at the integer s = n := (2k+1+w)/2, for k=0, ...,[d/2]-1
(respectively s =n = (2k + w)/2 for k =0, ...,d). The order r,n(F,n) of the zero (respectively
pole) of L(X, F,s) at s = n is equal to the multiplicity of the eigenvalue 1 for the action of ¢,
on H?"%(n).
We set
Sel(F,n) := HZ""(X,G(n))

and r(F,n) := dimg, (Sel(F,n)).

THEOREM 5.3. Let F' be as above. Assume that d and w are odd (respectively even) and

that F' is endowed with a skew-symmetric (respectively symmetric) non-degenerate pairing
(,): F®F — Qy(—w). We have

ran(F, (d+w)/2) =, (F,(d+w)/2) modulo 2.

Proof. Let Io, denote the kernel of 1 — ¢y on H((d + w)/2) and let Z3, denote the part of
HA((d+ w)/2) on which ¢, acts unipotently. Then we have Zp » = Sel(F') and dimg, T3¢ is equal
to the order of pole or zero of L(X, F,s) at s = (d+w)/2. Thus it suffices to prove that dimZ
and dim 73 » have the same parity. Since the intermediate extension commutes with taking duals,
the pairing Fy x F; — Qu(—w) extends to a non-degenerate pairing G @ G — Q,(—w) which
is symmetric (respectively skew-symmetric) if d is even (respectively odd). The cup product
HA(d + w)/2) @ HI((d + w)/2) = HZY(X,G @ G(d + w)) combined with this pairing induces
a symmetric pairing He((d + w)/2) x HY((d +w)/2) — HZY(X,Qy(d)) = Q, which is invariant
under the action of ¢,. Therefore the argument in § 3 shows that dimZ,, and dimZ3 ; have the
same parity. O

5.6 We turn now our attention to the congruence Zeta function of a projective smooth variety V'
over a finite field F, of pure dimension d. Let £ be a prime distinct from p. By the Grothendieck—
Lefschetz trace formula, the Zeta function of V' is a rational function in the variable ¢~*. More
precisely, we have

2d
2(V,s) = [[ Pta) D™,
=0

with P;(t) = det(1 — tgy, HL (V, Qp)).
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The Riemann hypothesis asserts that all the zeroes are on the lines Re(s) = 1/2,3/2,...,
(2d — 1)/2 and the poles are on the lines Re(s) = 0,1,2,...,d. Let (V,n) = r(n) denote the
order of the pole of Z(V,s) at s=n, forn=0,...,d.

The Artin-Tate conjecture [Tat94] predicts the following result.

CONJECTURE 5.6.1 (T'(n)). We have:

(i) r(n) = dimg, Hg"(V,Qe(n));
(ii) r(n) is equal to the rank of the numerical equivalence classes of cycles of codimension n.

This conjecture is related to some arithmetic invariants of the variety in a very similar way
to the case of abelian varieties. Consider the short exact sequence

0 — Zy @ Pic(V) — HZ(V,Zy(1)) — Hom(Q;/Z¢, Br(V)) — 0. (11)

THEOREM 5.4 [Tat94, 4.3]. Let V be a projective smooth variety over F,. The following assertions
are equivalent:

(1) T(1) holds;
(2) for all primes [ (respectively for one prime 1), the (-primary part of Br(V) is finite;
(3) for all primes | (respectively for one prime 1), the map Z; @ Pic(V) — HZ (V. Zy(1)) of the
short exact sequence (11) is an isomorphism;
(4) r(1) = rank(Pic(V)).
In fact it is possible to deduce the full BSD conjecture from the Artin—Tate conjecture.

THEOREM 5.5. The conjecture T'(1) for projective smooth surfaces over finite fields is equivalent
to the BSD conjecture for abelian varieties over function fields in one variable over finite fields
of characteristic p > 0.

Proof. Clearly, if the BSD conjecture is true for abelian varieties, it is true for Jacobians and
therefore by [Gro68] the Brauer group is finite for any smooth projective surface over F,. Hence
the conjecture 7'(1) holds for smooth projective surfaces. Conversely, let C'/F, be a projective
smooth connected curve with function field K. Assume that the conjecture T'(1) for surfaces
over finite fields is known. Let X/F, be a smooth proper and geometrically connected surface
endowed with a proper flat map f : X — C such that the generic fiber X /K is a proper smooth
geometrically connected curve of genus g. As is observed by Saper (see [LLR05, Theorem 2]),
the main result of [KT03] implies that the BSD conjecture is true for the Jacobian of Xy /K.
Now take any abelian variety over a function field that is a Jacobian of a curve X /K. We can
find a proper flat model X/C ([Liu06, 10.1, Remark 1.8]). Thanks to [Liu06, 10.1 Remark 1.9],
we can moreover assume that X is regular. Since IF, is perfect, it follows that X is smooth over
F,. Now, by the classical theorem of Zariski, which says that any proper regular surface over an
algebraically closed field is projective (see [Har77, II, Remark 4.10.2]), we conclude that a proper
regular surface over a perfect field is projective [EGAII, Corollaire (6.6.5)]. Therefore our model
X/F, is a projective smooth surface. Assuming the Tate conjecture for surfaces, we deduce the
BSD conjecture for Jacobians. The last input is due to Ulmer [Ulm12]. Since his argument is
short we reproduce it integrally. Observe that given an abelian variety A over K, there is another
abelian variety Ay over K and a Jacobian J over K with an isogeny J — A x Ag. If BSD holds
for Jacobians, then it also holds for A @ Agy. But since we have an inequality rank < ord for
abelian varieties over function fields, equality for the direct sum implies equality for the factors.
Thus BSD (which is equivalent to the rank conjecture in the function field case) holds for A as
well. a
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In the direction of these conjectures, our method leads to the following parity result.

COROLLARY 5.6.2. Suppose that V is projective and smooth of pure dimension d over a finite
field of characteristic p and let £ # p. Then for each integer i with 0 < ¢ < d, we have
r(i) = dimg, HZ(V, Q¢(i)) modulo 2.

Proof. By Poincaré duality we may assume that 0 < i < d/2. Fix an embedding of V' to a
projective space and for each integer j with 0 < j < d let P/ denote the primitive part of H gt(f/,
Q). By the hard Lefschetz theorem, we have a direct sum decomposition HZ (V,Qu(i)) & P% (i)
P%=2(;—1)@®---@ PY. Since we have a non-degenerate symmetric pairing P () x P%(j) — Qy
on each j, the claim follows from Theorem 5.3. a

Remark 5.6.3. (i) Using the log de Rham-Witt cohomology of Illusie (see for example [Mil84])
instead of the group HZ(V,Q(i)), we also get a p-parity statement. Note that for i = 1, the
crystalline analogue of HZ (V, Q,(1)) is just HJ%Z(V, Qp(1)) == lim%nHJ%l(X, ppn ) @Qy, (see [Mil84,
p. 309)).

(ii) This corollary covers in particular the case of a surface and should be considered in this
case as equivalent to our Theorem 1.1 for Jacobians. To see that, consider a projective smooth
surface X/F, equipped with a flat morphism f : X — C whose geometric fiber is a smooth
projective geometrically connected curve X /K and denote by Jx /K its Jacobian. Let | be a
prime number and denote H?(X,Qy(1)) = HZ (V,Qe(1)) if I # p and H]%Z(V, Qp(1)) otherwise.
Set:

r(X) = rankz NS(X);
r(Jx) = rankzJx (K);
o(X) = dierHz(X7 Qe(1));
¢(Jx) := corankg, Sely (Jx/K);
ran(X) the order of the pole at s = 1 of the Zeta function of X;
f) ran(Jx) the order of the zero at s = 1 of the Hasse-Weil L-function.

Then it can be shown (see [Ulm12, 6.2.4]) that

r(X) = r(Jx) = ro(X) = re(Jx) = ran(X) = ran(Jx) =2+ Y (fo = 1),
vel

<

o
S N N N N
3

where f, is the number of irreducible components of X, and so the equivalence of the two results
is now clear.
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