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1. Introduction »
In this paper we consider a function f(x) defined by

b

f(x)= I GHENdt. ... SURUUESURRRRN ¢ §)
R(x)

All quantities are taken to be real, it is assumed that R is a function of the
variable x, b is a constant, N and G are functions of the variable ¢ and all the
functions are such that the integral (1) exists when x is large enough. We
wish to find an asymptotic representation of f(x) as x— + co, assuming that
we are given certain information about the limiting behaviours of the functions
R, Nand G.

Asymptotic representations of integrals like (1) but with fixed limits of
integration are customarily found by Laplace’s method. Erdélyi (1) gives a
convenient discussion of this method, including further references, and proves
the following general result about the case where R(x) = a, a constant with
a<b.

Suppose that N and G are functions on (a, b) for which the integral exists
Jor all x sufficiently large; N is continuous at a, continuously differentiable with
dN|dt<0 in (a, a+¢&] and N)SN(a)—A in [a+ & b] where £>0, A>0;

b
J | G | dt exists; as t—a, dNjdt~ —n(t—a)"'~*, G(t)~g(t—a)’~* where y, v,
a+é&

n>0. Then as x—»wx

S~ @Y @VV0x)]"e™@, i, 2

where T'(T) denotes the Gamma-Function,
b
The condition on J | G | dt is not explicitly stated as a hypothesis in
S atd .

Erdélyi’s theorem but is used in the proof, so we shall include it among the
hypotheses. ,

In the present paper we shall apply Laplace’s method to the more general
case where R depends on x. We shall assume that R—a+ in a prescribed
fashion as x— oo and shall allow G to have a more violent singularity at a
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than is possible when R = a. The main theorem is stated in § 2, some useful
definitions and lemmas are established in §3, and the proof of the main
theorem is given in §4. §5 contains a discussion of various special cases of
the general result, and the resulting asymptotic formulas are summarised in
§6.

 The proof follows the general lines of the one given by Erdélyi in the case
‘where the limits of integration are fixed.

2. Statement of the Main Theorem
~ “At the outset we shall assume once and for all that G(r), N(r) and R(x)
are such that the integral (1) exists for all x sufficiently large and shall not in
the theorem state conditions guaranteeing the existence of the integral.
" Theorem: Suppose that
(i) as x>0
R(X)—a~rX ™%, correniiieieiiiiiieeeeieieena, 3)
where r>0, p>0%;
© (i) N is continuous at a, N'(t) = dN/dt is continuous and N'(£)<0 in
(a, a+&] for some £>0;
(i) N()SN(a)—A in [a+ &, b] for some A>0;

N
@iv) j | G | dt exists for any s satisfying a<s<b;

) as:t—m,
N(@O~=n(t—a)" "o, )]

GO~ gAY, oo, ()

where n>0, v>0, but g and y can be any real constants.
Then as x— o0,

FX)~(@gM[V[(x) )N Ty/y, M%), -..... v 6)

where T'(2, y) is the Incomplete Gamma-Function,

I, y) = jw u*"le *du
and ' .
A(x) = x{N(a)— N[R(x)1}.

3. Definitions and Lemmas

In this section we shall record the definitions to be used in the subsequent
sections and establish some very simple lemmas (under the conditions of the
main theorem) that are needed in the proof of the main theorem.

1 So far as the main theorem is concerned we need only assume that R—a+ as x—»co.
However, when we derive specific asymptotic formulas in § 5, we shall limit ourselves to the
situation described by (i), and so shall assume this from the outset.
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Definitions:
F(x) = J e N gy )
R(x)
== NCAY = N wonin s iinisessn e s ibusa sosdadasisans (8)
W) = GIDINTD  seem irsnnisomiminises sossssmpesssssinssos ®)
@ =N@)=N@+E)>0 .eeieiiiieiiiieeeieeetreeeeees (10)
Ay =%{N(@)—=NIRE)]} «isersssansnervismssmmsnersuigasavanil i)
OV st s s R S S S (12)
B=(g/0uIn)Y iviivvivivivssivinsismvioinsisssvassesss vnbess (13)
Q(x, ) = x"*I'o, wx] = x"'[ Ot L (14)
A(x, @) = x"I'[a, A(x)] = x_"[ e e - () (15)
Ax)
#x, ) = B r T T (16)
Alx
ol an
HETY  ovimmmsssmnus vomvss s S SR e (18)
W) =T M) ] sssvsnmmimsmguina s (19)

Lemma 1: J(u)~pu*"* as u—0.
Proof. Inserting (5) in (8) we have as t—a

u= ,r [=N'(s)]ds~n J.t (s—a)'~'ds =(n/v)t—a)",

from which

t—am @MY, e (20)
Combining (4) and (5) with (9) and then using (20), (12) and (13), we obtain
finally

W) ~pu .

Lemma 2: ¢(x, o) = B[A(x, a)—Q(x, a)].
Proof. Setting s = ux in (14) and (15), we obtain directly

B[A—Q] = ﬂU:x - E] W leT Ry = ¢,

Lemma 3: For any constant, ¢>0, e“*A(x, a)—> o0 as x— 0.
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Proof. We put s = ux in (15) and find

o
e““A(x, o) = I u*"leemxdy,
’ Alx

From (11) and (3) 4/x—0 as x—»o. Hence we can choose x so large that
A/x<c—04, where 9 satisfies 0<d<c. Then

c-é
-1 (e~
eEFA> f u® " lele~xgy,,
A/

X

and, since c—u> 4 in this integral,
‘c—é
e“A> e u* " du.

Alx

The last integral is posmve and bounded away from zero for x large enough,
hence e“*A— 0.

Lemma 4: (a) Q/A—0 as x— .
(b) e“(A—Q)— 00 as x— 0 for any ¢ with 0<c<w.

Proof. From the asymptotic representation for the Incomplete Gamma
Function (see (2)) we have as x— o0

Q=e"0(x"1) oo, @n

and so
Q/A = 0(x"1)/e**A—>0

by Lemma 3 since w>0. This proves part (a). To prove (b), we have from
(21) as x>0

€Q = 7 *0(x~ )0,
and the proof then follows from the fact that ¢ *A— o0 by Lemma 3.

Lemma 5: If ¢ satisfies 0<c<w, f | Y(u) | du exists.

Proof. Because of (ii) one and only one c* exists satisfying ¢ = N(a)— N(c*)
and a<c<a+£&. From (8) and (9) then,

r |¢(u)|du=f"” ]G(t)]dt=jb |G|m_r |G|
u=c t=c* »t=c‘ a+{

and the last two integrals exist according to (iv).

4. Proof of the Main Theorem

We observe first that for x sufficiently large a<R<a+¢&. The mtegral
is split as follows:

1) ='[ Ge""dt+f GENdb. oo 22)
R

a+é
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The second of these two integrals may be estimated immediately from condition
(iii).
b
J Ge™Vdt
a+§

b
Condition (iv) states that J | G| dt exists, hence

gr |G [ etN@-a1gp = geiee)p=xa f " 6|t
até .

at§

a+d
b
j GeVdt] = NP0 ). i (23)
a+§
Let us now turn our attention to the first integral in (22). From (7)
at+d
I Ge™dt = D F(x). oot 24)
R
If we introduce in F(x) the transformation defined by (8)-(11), the result is
Fx) = J Ye™™du. i (25)
u=2lx
The next step in the proof will be to show that F~BA as defined by (13) and

(15).
From (25) and (16)

-ls |

A/,

[}

| Y(u)—Pu*~" | e™*du

< U + f ] | w(u)—But | e du, ......... (26)
Alx c
-where ¢ is a number satisfying 0 <c<w and such that in O<u<c¢
[ @) —Bu~t | <e|Blu™t i @7

for any ¢>0. ‘ That such a number, c, exists follows from the fact that y ~fu*~!
as u—0 according to Lemma 1. Since A/x—0 as x— o0, (27) holds true in
Afx <u<c for x sufficiently large, and so from (27) and (16)

J‘c‘ | 'ﬁ(u)—ﬂu“‘.‘ | e ™du<e| B |Jc ule " du<e | ¢ | ....(28)
x Alx

A
In the second iﬂtegral of (26) we have

r' | Y(u)— pus~* | e-“duge_-'?*[r | ¥(u) | du+| B r u=-1du]. ...... 29)

The first integral on the right exists according to Lemma 5, and the second
obviously does also. Thus an upper bound (say M,) exists for the bracketed
expression in (29). If we use (28) and (29) in (26) and take account of Lemima 2,
we obtain :

M,
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Then by Lemma 4 (), the second term on the right approaches zero and so
F~¢ as x—»o0. By Lemmas 2 and 4 (a)

¢ = BA{1—(Q/A)]~BA,
and so we get that F~fA, or
Fum BRI T, “ivvovcsenssmininsvivssianeds ..(30)

where F;—0 as x—o0.
The proof of the theorem is completed by putting (23), (24) and (30) into
(22) to obtain

f(x)e™ @ = BA(1+ F,)+ 0(e™ ™)

_ 0(e™™)
_ﬁA[1+F,+ T ]

The last term in the bracket approaches zero by Lemma 3, and so
Jx)~BA(x, a)e™®,

When account is taken of definitions (11), (12), (13) and (15), the conclusion (6)
of the main theorem is reached.

5. Discussion

In order to obtain specific asymptotic formulas for f(x) in various cases,
it is necessary first to find an asymptotic representation of A(x). To do this
we observe that from (11) and (4)

oY j “® N{Odt~ )[R~ aT’
and so because of (3), (17) and (18)

AX)~Mr WX = Ex* e ..(31)

as x—»o0. We shall now use the known properties of the Incomplete Gamma
Function to find asymptotic formulas for f{x). In doing this a number of
different cases may be distinguished, depending on the values of the parameters
pv and o = y/v. The cases in which A(x) approaches a finite value as x—o0,
ie. when pv=1, are straightforward. More care is necessary when A—oco,
or pv<1, as in this case the function obtained by substituting the asymptotic
representation of i(x) as x—oo into that of I'(x, 1) as 1— oo is not necessarily
the asymptotic representation of the function y(x) = I'[a, A(x)].

We consider first the cases where pv=1. In particularif pv = 1, A->(n/v)r* >0
as x—o0, and so we obtain in this simple situation just

F)~(gMTQ]v, ne*W[vinx) e .
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If pv>1, A—»0 as x— o0, and the asymptotic behaviour of I'(x, 4) depends on
e and is given in (2) as

I'(a, 4) = [(@)+0(%) if as0
= T A4-000) i il
= * n+owl+o) if a<o,

(—a)

where. I'() = I'(a, 0) is the (Complete) Gamma Function. When we insert
the asymptotic dependence of A upon x from (31), we obtain

T'(ylv, A) ~ (/) if ‘y/v>0
~ (pv—1)In x if yv=0
~ PO s iy,

(=v/v)

The asymptotic representations of f(x) are obtained by substituting these
asymptotic representations of I'(y/v, 1) into (6). We obtain finally for pv>1

f(x) ~ (g G)[v/(nx)]""e™@ if y/v>0
~ (g/v)(pv—1)(In x)e¥© if yv=0
~ gri(—y)  x 77PN if y/v<0.

By considering the remainders in the original asymptotic representations we
may verify that it is permissible to substitute asymptotic representations as
we have done in all the foregoing cases.

The first of the above formulas is just the result (2) given by Erdélyi (1)
for the case where R = a and y>0. Since the parameter p characterises the
rapidity with which the lower limit of integration approaches a as x— o,
we conclude that the asymptotic representation is too insensitive to distinguish
between the situations where R = aand R—a = O(x™?) and p>1/v.

" We consider now the case 0<pv<1, for which A» 00 as x—ow. To see
that in this case it is not permissible merely to substitute the asymptotic
representation of A(x) into that of I'(x, 1), we combine the asymptotic repre-
dentation of I'(a, 1) as A— co (see (2)),

Tz, )= 2o MR UE ™) ssnsvnsmonssaminsass (32)
with that of A(x) given by (31),
Ax) = Ex*[1+4 4,(x)],
where 1,(x)—0 as x— o0 and u>0 in the present case. This leads to
x2(x) = T[a, A(x)] = {(Ex*)*"te 5"} x [1+0(4)][1 -!'-O(Ix"‘)]e'x‘_”"” ....... (33)

If the result
2(x)~(Ex*)*"1e” B e s (34)
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is to be true, than we must have x*4,(x)—0 as x— 00, and this does not necessarily
follow from 4,—0.

It is clear from (32) that we must retain more terms in the asymptotic
representation of A(x) if we want to find a correct representation of x(x) when
p>0. ‘We have assumed in the main theorem that

R—a =rx"?[1+R,(x)]
N(f) = —n(t—a)"~ [1+N,(®)],

where R,(x)—»0 as x—o0 and N,(1)—»0 as t—a; we shall now assume in
addition that the remainders, R, and N,, possess asymptotic expansions in
powers of x ¢ and (¢—a)® (where a>0 6> 0) to any desired number of terms,
say ¢, and ¢, respectlvely,T i.e.

Ry= 3 Tx 1400~

q=1
Ny= Y Ujt—a)y®+0[(t—a)].
p=1

Using these assumptions in the formula

A(x) = x r [— N'()]dt,

t=a

and carrying out the integration, we obtain

A(x) = Ex*[1 +R;(x)]'{pzo V,x P +R1(x)]”°+o(x"”"‘6)}, ...... (35)

where
=1

V,= U vr""/(v+p6) .p>1 }

Using the binomial expansion, we ﬁnd after some mampulatlon

e, reerriennnn (36)

[1+R (X)) = Z A x"’"‘+o(x‘“‘)

[1+R1(x)]"" Z B,(p)x "‘+o(x ¢"“")

where
A0=1 .
m h
A, =Y (")Z (H T) for m21
n=1\h m\i=1 ’
BO=1

B(p)= ¥ (pé)Z,(ﬁ T,) for s=1.
n=1\ h i=1

t ¢, and c,.do not need to be assumed arbitrarily large; see the remarks preceding (43).
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In these formulas X, denotes that the summation is over all terms with
]
Y ij=m and i; taking integer values satisfying 1<i;<c,. Z, denotes a
=1
h
similar summation except that ) i;=s. If these results are used in (35),

. iz
we obtain
A(x) = Ex* [1 + Y Wypx ot mpedy o(x")]
p,m8
= xll[l +)'1]3
where
Woms = VpAnB(P)s cooeveiiiiiiniiiii 37
the summation is over all integer values of p, m and s satisfying
p+m+s21

0sm,s<¢,, O0Zp=c,

and t is the smaller of pc,6 and c,0. If we insert the above asymptotic expan-
sion for A(x) into (32), we find

1) = (Ex")* " [1+0(A)][1+0(x"")]

X exp {—E [x“+ )X W,,,...,x““"""’"""‘+o(x“")]}. ......... (38)
p.m,3

The summation in this formula can be split so that

Y =TI e (39)

p.mys
where I, is extended over all integer indices satisfying
Au—-a(m +5)—ppd=0 ...... R (40)
p+m+s=1
0=<p=c;, 0=m, s=c,,
and X, is extended over all integer indices satisfying
p—o(m+5)—ppd<0 ...ccooiiiiiiiiin, 41)
p+m+s=1
0<p=Zc,, 0<m, s=<c,.

As x— 00, it is clear from (38) and (41) that £,-0 and also that the remainder
term o(x* ) approaches zero if ¢, and ¢, are large enough. Then we obtain

) ~(Ex*)Y " Lexp [—E(x*+Z)] -ocovviviriniiernannnn. 42)
as x—0o0.

- It is now possible to see that we do not need to assume that ¢, and ¢, are
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arbitrarily large but only that they are large enough so that £, contains ali
the terms of 2, not approaching zero as x—»o0. The following inequalities

pom,s
are sufficient to ensure this:

2zplpd =A=plps| 3)
2pfe =(1-pv)lo

It is also worth observing that if X, is vacuous, then (34), which is obtained by
substituting (31) into (32), is in fact correct. Sufficient conditions for this
to be so are found by setting p =1, m=s=0and p=5s=0, m=1in
(41). Hence (34) is true if the two inequalities

po>p=1—py

o>u=1-—pv
are met.
Combining (42) with (6), and using the definitions of F and u, we obtain
for the case 0<pv<1

Fx)~gn~ P x " 1*P0 Nexp [xN(a)—nr*v™ '(x' """ +Z,)].

For convenience we include here a list of the first five of the coefficients
A,.; the coefficient B, is identical with A, except that the binomial coefficient

(l:) must be replaced by (p: ) With these coefficients and the formulas (36)

for V,, enough of the coefficients W,,, may be calculated by (37) 1o cover
most cases of probable interest. The coefficients 4,, ...4, are

1
(”)
4= () ()7
1
4= )7+ () emmo+ ()
v v 2 v 2 v 4
A, = (1) T, + <2).(2T1T3+ )+ (3) QBT T+ (4) Ty.

6. Summary of Results
We consider f(x) given by

f(x) = Jb G(Ne™d1.

R(x)

|l

Il
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Under the conditions of the main theorem, if

R(x)—a~rx~? as x—o0; r>0, p>0,
N'(t)~—n(t—a)*"* as t-a; n>0,v>0,
G(H)~g(t—a)y'~! as t—a,

(g and y may be any real numbers), then as x— co, the asymptotic behaviour
of f(x) is as follows:

For pv>1,y>0,  f(x)~(g/V)TGm)[v/(nx)]"eNe
y=0, f(x)~(g/v)(pv—1)(Inx)e™¥
7<0,  f(x)~gr(—y)~ x 1N
For pv = 1 S~ (g, nr'v)[vi(nx)]""e*N
For pv<1 F)~gn i T 10 Nexp [xN(@)—nr'v™ Y (x' TP+ 2,)),
where X, is defined by (39) and (40).
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