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Characters for summary functions

associated with cartesian products

Peter D. Finch and Elizabeth Heathcote

In deriving macroscopic descriptions of microscopic phenomena
one often uses a vector valued summary function which is defined
on a cartesian product in terms of component summary functions.
We show that any character of such a summary function is the

product of characters of its component summary functions.

1. Introduction

We adopt without further comment the notation and terminology of Finch
[7]. In many practical situations one is considering two non-empty sets
X' and X' together with a universal M'-valued summary function
g' : Xy > M and a universal M'-valued summary function E" : Xj > M’
One's immediate interest is in the cartesian product X = X' x X" and the

universal M'xM'-valued summary function & : X, » M' x M" Qdefined by

(1.1) vn=z1: gn(xi, xi](xé, xg) ces (xé, x;]

' n 1. n "
ves X clx! ... X
n’ gn 172 n)

If x' 1is a character for &' and X' is a character for §&" then

x: M xM +C with
domy = domy' X domx"

and

)

(1.2) x(m'y m") = x"(m")x"(m") ,

for all m' in domyx' and all m" in domX" , is a character of £ .
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However it is not immediately obvious that a general character of £ must
be of the form (1.2) where X' and Y' are characters of &' and &"
respectively, and it is our purpose in this paper to show that this is so.
Howevér we require a preliminary result sbout identity elements for summary

functions and this is established in the next section.

2. Adjunction of an identity element

Let X be a non-empty set and let & : X, * M be a universal
M-valued summary function. We say that & has an identity element e
when there is an element ¢ in X such that, for any positive integer
n > 1 and any elements Lis vevs Ty g Tpyys covs &y in X,

Enxl vee Xp_18%pyq e X, S gn-lxl Cee Ty 1%y Ty

In particular

When & does have an identity e one has X(Ele) = 1 for any non-trivial
character x of & .

If £ does not have an identity element we can adjoin one to X in
the following way. Let e be any symbol not representing an element of
X, and write Y = X ue . Similarly let g be any symbol not represent-
ing an element of M and write L= Mu g . Define n : Y,~+L vy

(1) nlX, =€,

(ii) nee ...e=ne=g, n =1,

(iii) for »n > 1 and any @1} Yps e yn] in Y, with
exactly k < nm occurrences of e ,
NY1¥p =+ Yy = gn—kxle Tk
where (xl, Loy ooy zn—k) is the sequence obtained from
(yl, Yps +s yn) by deleting the Kk occurrences of e .

It is easily verified that n is a universal [L-valued summary

function with identity e . Moreover if o : L » C is a non-trivial
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character of n then a(g) =1 and ¥ = ot|codom£ is a character of £ .
Conversely if X 1is a character of £ and we define a : codomn > C by
extension from o|codomf = x and alg) = 1 then o is a character of

n . It follows that there is no loss of generality in supposing that a
summary function does have an identity element. It should be noted,
however, that an identity element for a summary function & is not
necessarily unique; if e and f are identities then we have

Ele = Elf .

3. The theorem

We return now to the situation of Section 1 involving two summary
functions &' and £&" and the derived summary function £ defined by
equation (1.1). We will, however, suppose now that &' has an identity
e' and that £" has an identity e" . We start with the

LEMMA. Let x : codomf » C be a character of & and define
x' : codom&' » C by

¥m' € codom&' : x'(m') = x(m', E;e")

Then X' 1i& a character of &' . In like manner X" : codomf +~ C defined
by
¥Ym" € codom&" : ¥"(m") = X(Ej'_e', m")
is a character of &" .
Proof. For any n = 1 and any :c]'_, xé, , ' in X' one has
] ] ] ] ) —_ ' ' ] ] n_n
X (En:r:l:x:2 xn} = x(&n:clxg C T, gle )
= X(E;"zxixé .'c"z, E'r'le”e" oo e
= X(gn(x;;_’ e") (xé, e") ... (x;l, e")

)
x(& (215 €"))x(g (235 ")) - x(&, =5 "))
£

X(Eixi’ E'ie")X(Eixé, g,ie") “o X( ix;[" g”en)

X (e () - X' (62,

This esteblishes that X' is a character of &' and the result for X

is proved in the same way.
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We are now in a position to prove our main result, namely the

THEOREM. Let X be a character of & . Then for any (m', m") in

the codomain of & ,
(3.1) x(m', o) = x"(m" )" (m")

where x', X' are the characters of &', £ vespectively which are
defined in the lemma.

Proof. We start by establishing that

(3.2) W&l €X' & Wa" e X' x(g (e, &) = ¥ (g]m")x" (E12")

To prove (3.2) we observe that

(&, (2" ")) = x(gz', €)a")
= x(gyz'e’, gpe"x")
= X(Ez(x' Me', &)
= x(&; (=", e")x(g (", "))
= x(

1
Eix'a E'e")X(E e s gy n)
(E .’L‘) u[gn n)

Suppose now that (m', m") is in the codomain of £ ; then there is

' . ]
vy X in X and elements

]
> 1 and there are elements ., »

1 2’
"

xl, xz, > @, in X" such that

Pt n__n n
m' xlx! ... x & m' = X, ... &
= g2 £

To establish (3.1) we make use of (3.2) in observing that

x(m', m") = (gnxlxz e xé E;xzxg ... xZ)
(gl ) () =) e (o &)
n 1) n
- 7T xtg s =)
- TT et | [P e
= (gn 1 2 e )X (EZ { g T xn)
= Xi(m )Xn(mn)
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This is the desired result.

wote that the result just established can be easily extended to the

case of an arbitrary but finite number of component summary functions.
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