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Fundamental Solutions of
Kohn Sub-Laplacians on Anisotropic
Heisenberg Groups and H-type Groups

Yongyang Jin and Genkai Zhang

Abstract. 'We prove that the fundamental solutions of Kohn sub-Laplacians A+iad; on the anisotropic
Heisenberg groups are tempered distributions and have meromorphic continuation in a with simple
poles. We compute the residues and find the partial fundamental solutions at the poles. We also find
formulas for the fundamental solutions for some matrix-valued Kohn type sub-Laplacians on H-type
groups.

1 Introduction

The purpose of this paper is to study explicit formulas for the fundamental solu-
tions of certain sub-Laplacians on anisotropic (or non-isotropic) Heisenberg groups
and on nilpotent groups of H-type. Let n = V @ t be a step-two nilpotent algebra
equipped with an Euclidean inner product (-, -). We identify n with its Lie group
N. Take an orthonormal basis X, ..., X, of V, viewed as left-invariant differential
operators on N. The Kohn sub-Laplacian is then

)4
No =Y X
i=1

The fundamental solution of the sub-Laplacian /Ay on general nilpotent groups has
been studied extensively, see e.g., [1,6,9] and references therein. In a recent article [3],
Chang and Tie considered the anisotropic Heisenberg group N = C" & R and found
an explicit formal formula for the fundamental solution of the sub-Laplacian £, =
No +iaT, where T = % acting on the last variable; see also [2], where some similar
sub-elliptic operators on the Heisenberg group and some Hermite operators on R”
are studied. This operator actually appears when we study the boundary CR complex;
more precisely the sub-Laplacian associated with the boundary CR operator dj,

0= 858; + 3;;3[,,

acting on the (0, q) forms on the Heisenberg group, can be expressed in terms of the
operator L. See [10].
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The operator L, has fundamental solution for generic values of a. However, when
« is in certain discrete set A, then L, has kernel and thus there arises the question
of finding the corresponding partial fundamental solution and the integral kernel for
the projection onto the kernel of £,. See [10] for the case of the Heisenberg group
with o = 4n, where the integral kernel becomes the Cauchy-Szego kernel for the
Hardy space of the Siegel domain. In this paper we find the partial fundamental
solution in the setting of anisotropic Heisenberg groups. Since many formal com-
putations in finding the fundamental solution (see e.g., [3]) are done using Fourier
transform, it is desirable to prove that the fundamental solution K, is a tempered
distribution. Indeed we prove that this is the case and that K, has a meromorphic
continuation as tempered distribution to all & € € with simple poles at the singular
set A (when properly normalized). The partial fundamental solution for oy € A
becomes the constant term Ké?)) in the Laurent expansion of K, near o, while as the
integral kernel onto the null space of £, is —iTK{; " with K{;! being the residue
(see Theorem [2.2). The formulas for the partial fundamental solution and the inte-
gral kernel are in terms of integrals or sum of certain simple functions. In particular,
in the case of Heisenberg groups, those formulas become rather simple, and the in-
tegral kernel for the null space has also been obtained earlier by Strichartz [12] using
slightly different methods.

We consider a similar problem for a nilpotent group of H-type with Lie algebra
n = V @t. We define a certain operator dy acting on the horizontal differential forms
on 1t and consider the similar operator Oy = dpd}; + df;dy. We express Oy in terms
of the action of t (more precisely, the dual t*) on the horizontal forms. For one-
forms this question can be formulated in terms of Clifford module action of t on V*,
and Oy = dpdj; + djdy can be written as — > E? + 2p(9,), where p(9,) is a Dirac
operator. We consider thus the general case of a Clifford bundle, and we find the
fundamental solution of £, = — > E? + ap(9,). The space of horizontal differential
forms and the horizontal vector fields play an important role in the theory of quasi-
regular mappings [6] and are of considerable interest. It would be interesting to find
the fundamental solutions for forms of higher degrees. To our knowledge, even in
the case of the Heisenberg groups, the fundamental solutions for the sub-Laplacians
Oy + ap(0,) on general (p, q)-forms are still not known except for special values of
p and q. We hope that our result will also shed some light on that question.

The paper is organized as follows. The main results are stated in Theorems 2.1]
through Section 2 is devoted to computations of the partial fundamental solu-
tions on anisotropic Heisenberg groups. The fundamental solution for £, on Clif-
ford module-valued functions is computed in Section 3.

2 Anisotropic Heisenberg Groups
2.1 Meromorphic Continuation of the Fundamental Solution of L,

Leta = (ay,az,...,a,), a1,az,...,a, > 0. We equip C" with the anisotropic (or
non-isotropic) Hermitian inner product

n

(z,w), = 2:1 a;zjwj.
iz
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Let N = N(a) = C" + R be the corresponding anisotropic Heisenberg group with
the product
(z,t) o (w,s) = (z+w,t + s+ 2Im(z, w),).

We consider the following left-invariant sub-Laplacian on N,
Ly,=-2 Z(Zij +Zij) —iaT
=1

where

0 . 0 - o . 0 0
ijaizj—lajfja, ijaizj-l‘lajzj'a, TZE
are the left-invariant differential operators on N generated by the right translation
with respect to the coordinates (z, z,t). Vectors z = (zy,...,z,) € (", z; = x; + iy},
will also be identified with (xi,...,X,, y1,..., y.) € R*™
The fundamental solutions K, of L, at 0 € N, i.e., L,K, = 9 were studied by
Chang and Tie [3]; see also [10] for the isotropic case a; = 1 for all j. They found
the integral formula

(2.1) Ku(z,t) = (1 /+oo e‘%s[ e

gl v(z,s) — it]"’

and the following formal formula for its Fourier transform

~ 2n (€& 2a;
i+

ke ar + Y 2a;|7|(4k; + 1) 77!
j=1

n

where ¢i(x) is the Hermite function, y(z,s) = Zj:1

H?:l Smh“% See also [1] for the study of fundamental solutions of general Kohn
)

type sub-Laplacian. We recall that the Fourier transform on R is normalized by

ajlzj|* coth(ajs) and v(s) =

o) = / e s

I

The integral formula (2.1) for & = 0 can also be obtained from a more general
formulain [1, Theorem 3]. It is elementary to see that the integral (2.1]) is convergent
if and only if |[Re(a)| < 4 Z’;:] a;j. There arises therefore the question of analytic
continuation of this integral and the proper justification of convergence of the se-
ries (2.2)).

Let L,(f ) be the Laguerre polynomial and write L; = L,io). Then the Laguerre poly-
nomials and the Hermite functions are related by

1
22kk!

=

L) = (1) e 0,
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and fOI'f = (§17£2) eC= ]R{Z

€1

L(gPe+ = (-1f 5 W

ky+ky kilk;!

Pk, (§1) P2k, (£2),

which can be easily deduced from the following generating function formula of La-
guerre polynomials

oo
(2.3) gj;*Lgﬂ(x)::(147r)*@*1e*“ﬂ‘*, 7| < 1.
=0

The sum (2.2]) over 72" can then be rewritten as one over 7" in terms of the Laguerre
polynomials,

(24) Ki¢7)=2" 3 ! M L (sl )ei',

kez! aT + Zj:l 461]‘T|(2k] + 1) j=1 2| ‘

where |k| = Z?Zl kiand € = (&,...,&) € C" =R™.
Denote

A:{i42@&h+nﬂuﬂhwukﬂeﬁ}
=1
We have the following result on the meromorphic dependence of K,, on «, which will
also be used in the proof of Theorem[3.3]

Theorem 2.1 The function K, defines a tempered distribution for |Re(a)] <
4 Z?Zl a; and has a meromorphic continuation to the whole complex plane with simple
poles at A.

Proof We will only prove the result for n = 1. The general case can be proved by the
same method except that the notations are more complicated. In this case we can put
a=1.

For g € 8(IR?), the Schwartz class, we let f = ¢, then f € S(R?). We have

(Ka,g) = (K, f)

(-1 €PY
_2/ /R{zk 00z+4(2k+1)L(2| |) AT d§d7

(-1 Py —ke o 1
+2/ A%OW%QHUL(mOefQJ%%h

=1L +h.

Now we estimate I; = I;(f) in terms of the family of seminorms defining tempered
distributions on f € S(N) = S(R?). Recall [11, Chapter I] that these seminorms are

ps(f) = sup [y’ 07 f(y)|
yER?
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and

pse(H) =" > pas(f)

18l=s, |1|=t

where 3 = (81,2, 3;) are multi-indices and we use the usual convention for y’
and 8”. We divide I; into two parts,

1 [}
Il :/ / +/ / :Ill+112-
0 IR2 1 IR2

Recall also ([13, Chapter 1, Lemma 1.5.4]), that
@3) [ mtepre ¥ de < car .
R2
The term |I1,] is thus an absolutely convergent series, and it can be estimated by

1] < Cpoo()) !

——— <C .
o aks Dt = )

To treat I;; we write each integral as
e _ L
(2.6) / /2 Li([€]P) e 2 f(\/2|7]€, T)dédT
1 IR

by a change of variables. However, the Laguerre functions Ly(|£|*)e™ 2 satisfy the
harmonic oscillator equation

2 2 ) .
('52 - a% - 3852) (Li(€)e ) = 22k + DL(JEP)e
1 2

and we can perform partial integration in (Z.6) to get

1 = 2 —% 292 92
202k 1) / . /WLkOfl Je = (1€ — 02 — 82) (f(V/2lrle, 7)) dear.

We estimate the term (|€]* — 9 — 02)( f(1/2]7[¢,7)) in the integrand. By the

definition of py,(f),
€ FV/2ITIE ™) < prol )5
Also,
(0% +3E)F/20E Dl < psa(f) 5,
since

(@ + ) (f(V2l7]E, 7)) = 2/7|@} f + 33 V2T, 7).
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Using the previous estimate (2.5]) again, we get

(k+1):
|oe + 42k + 1)|(2k + 1)

1
C
< p3,2(f); |a+4(2k+1)|(k+1)%

[Ii2] < C ps3a(f) Zk:

<C P3,2( f ).
Putting those together we obtain

1
L] < C-(p32(f) + poo(f)) Xk: m < Clp32(f) + poo(f)).

The estimate for |I;| is the same.
Finally, we find ~
|(Ka, NI < Clp32(f) + poo(f)),

and the temperedness follows from the definition [11, Chapter I,Theorem 3.11]. The
meromorphic continuation follows from the absolute convergence of the series for
aé A [ |

Whena, = a, = --- = a, = 1, an explicit formula for K, is given in ([10, Chapter
XIII, Theorem 1]); see the formula (2.7]) below. Even in this case, it seems easier to
prove the tempered property of K, by using the expansion formula as done
above.

One can also prove, by dealing with the integral of the form

oo 5 n e s
S
e — s
/0 ]1;[1 sinh(ajs)

that the integral (2.I]) as a function of (z,¢) # 0 has meromorphic continuation with
poles at A.

2.2 Partial Fundamental Solution for Singular o

Notice that if « = oy = +4 Z?:l aj(2k; +1) € A, then L, has a kernel; thus it does
not have a fundamental solution. We compute then the partial fundamental solution.
For that purpose we consider the expansion of the distribution K, near ay. It is of

the fOl‘m
[(J/ : (0) (1)
K '7“+R0+(a_a0)K’0+...

by Theorem[2.1] Recall the notation |z|2 = "

=1 a]‘|Z|?.

Theorem 2.2 Let ag = +4) .} a;j(2k} + 1), K, and K{;V be as above. The
following formula holds as tempered distribution on N,

Lo, KO —iTK D = 6.

@0t ay
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Moreover, K((m_” is explicitly given by

K((10 1) _ :F 611 Ay (‘Z|§ I it)*"
x Z(—l)Z}L] mNY (e i =Y M
m Lh<my,...,<m, ie
x H1< )( 2ajzi*)",
j

where the first sum is over all m € 7" such that Z?:l aj(m; — k?) = 0. The Fourier
transform of K is

) 1
K€1) =2"Y ; (DM 1T L, (F )e ,
QT + Z4a]|7'|(2k]+1) =1 | |
=1
where the sum is over all k € 7" such that 37’ a;(2k; + 1) # 3%, aj(ZkS»O) +1).
Proof We start with the formula
L(yKa = 50

in a punctured neighborhood of «. The Laurent expansion of the left-hand side of
the formula is then

Lo, KG Y (= 1)
O 4 (Lg, K &n —iTK,, ) + O(|ac — ) = bo.
o —
Thus
Lo, KV =0, Lo KQ —iTK Y = 6.

We compute now the residue K. Using equation (lﬂ[) and the fact [3, (15)] that
Laguerre functions are eigenfunctions of the Fourier transform

—ﬂLka\z)(g)f( D5Vame F L6,
we find

nfla1 --a,

_ - 2
K Y = Res[K,(z,1), £4 Z a;(2k) + 1)) = F

j=1

o0
> (—1)2?:1mf/ o= 2 arrle i) HL(O)(2a17'|Z]\ )"
0

n 1
20 aj(m]—k‘}):o =

This integration can be evaluated by the definition of the polynomials L,(co) and their
Laplace transforms as in [12], and we find the formula as claimed.
The formula for the constant term K follows directly from (Z4). ]
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When o = 4 Z?Zl a; is the first positive pole, we get the following well-known
result

Corollary 2.3 Letag =4, aj. Then

2" —Dlay - -a, [ & -
—1 n 2 . .
K((Io ) = - n+1 Z a]‘z| + It )
Y j=1
and X
e
TR = 2

n! - 2 sy —h—1
o0 o x(jZ::laj|z| + it)

is the Cauchy-Szego kernel for the domain:
Qpi1 = { (21, .- 2u11) € C" 2 Im(zy1) > > aj|Zj|2} .
=1

We specialize our result to the case of (isotropic) Heisenberg groups.

Corollary 2.4 Leta; =a, =---=a, = 1. Then
KD 27 k=D (J2] =ik
A(nt2k) T el k! (|Z|2 + it)”*k’
and
CrrD 2n—1 " (n+k! (|2 - it)k o 1a e it
a(nt2k) T ol k! (|2|? + ir)ntkl n+k |z>—it]’

Proof The residue can now be directly computed using ([2.2) and Fourier inversion
in the z variable,

(—=1) _
Kypian (2:1) =

—2nl (71)k > e(f‘r|z|2)L(n71)(27_|Z|2)7_nflefit7'd7_
(7r)m+] 0 k )
This integral was evaluated in [12] by using identity (Z.3)), and it is

2" N+ k—1)! _ (|z|* — it)k

KU = —
4(n+2k) Lkl (|Z|2 " it)"”"
Meanwhile,
gy 2T k= DU — i (4 k(2 - inf
4(n+2k) k) (|Z|2 + it)n+k (|Z|2 + it),ﬁkﬂ

2N+ U] (2 — ik is k |z|? + it .
o (mmk | (2] + i)t n+k\ |z?—it) |’
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Remark 2.5 Whena; = --- = a, = 1 the kernel K,, can be explicitly evaluated by
using formula (2.2)),

21171 n o n o ) . —(2+2) 2 . —(2-2)
(27) KWZWF(Efg)F(E+§)(|Z| +lt) > (|Z| 711’) 28

A partial fundamental solution K{* (which is not unique) and the kernel —iTK{; "
at ap = —4nin A, i.e., the first negative singular point, were found in [10] using the
above formula. We may find them at any point oy = £4(n + 2k). Indeed K((Xo_l) is as
given in Corollary[2.4} and

<O (=DMt k-1

)! K ek
£4(n+2k) = ey (2> F i) (|z]* £ it) ™"

k1 1) |z|? + it
X = F (log 7) .
{ <jk+1 j |2]? — it
However, the function (|z|> F it)*(|z|> & it) ™"~ ¥ is in the kernel of £,, and disre-
garding the constant multiplier, the function
|z|? + it

2 k(|12 o sy —n—k
(|2]* Fit)"(J2|* £ i) """ log ZF—it

is also a partial fundamental solution. This kernel is also the integral kernel of the
projection onto the k-th “Heisenberg fan” studied by Strichartz [12].

3 H-type Groups
3.1 H-type Groups and Sub-Laplacians on Clifford-valued Functions

We recall that a step two nilpotent algebran = V @ t, [V, V] C tis of Heisenberg
type, or simply of H-type, if there is an inner product ( -, - ) in N such that the linear
map J: t — End(V) defined by (J;(u),v) = %(t, (u, v]) satisfies J> = —|t|*I for all
t € t. Here I is the identity map on V. Then the dimension p = dimV is even, and
we write p = 2n and denote g = dim t.

The corresponding Lie group N will be identified with the Lie algebra 1, and the
group product is

(x,8) - (7,5) = (x+y, 1+ 5+ S [x, y]).

Groups of H-type were introduced by Kaplan in [8], and they have been studied
in several contexts for different motivations, see [4,5,7]. We will introduce certain
Dirac operator and Kohn sub-Laplacians on vector-valued functions and find their
fundamental solutions.

Let t* be the dual of t. We equip t* with the induced inner product (-, -) by
identifying v € t with the element w — (v,w) in t*. Let W be any Clifford module
of t*. Recall that a Euclidean space W is a Clifford module if there is a linear map
p: " — End(W) such that

p(TP =—|T|PI, Tet
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where I is the identity map on W. For any W “-valued function f, we define the Dirac
operator

(3.1) p(0y) f (v, 1) = i p(T5")(Or, f).
=1

It is easy to see that it is well defined, namely, it is independent of the choice of the
orthonormal basis.
Note that when N is the Heisenberg group R*" & IR, a 2m-dimensional Clifford

module W of R is given by a skew symmetric matrix p with p*> = —I. The com-
plexification of W is W¢ = €™ + C™ with p acting by +i. The Dirac operator is
then

p(D2) f(v 1) = i0, fr(v,t) —i0 f—(v,1),

where f = f, + f_ and fy are the decomposition of f as C}-valued functions. For
W being the dual of the subspace R?", those are the (1,0) and (0, 1)-forms on the
Heisenberg group with the given CR-structure [10].

Let {e;}} and {Ty}? be an orthonormal basis of V, respectively t . We let {E;}
and { Ty} be the corresponding left-invariant differential operators acting on vector-
valued functions. They are given by Ty f (v, t) = Or, f(v, ) and

q
Ejf(V7 t) = ae,f"' %8[1/,6]']]: - aejf"' Z(]Tkva ej)ka;
k=1
in terms of the operator J. Let

2n
(3.2) L, =— ngjl E} + ap(9,)

be the Kohn type sub-Laplacian acting on W-valued functions. We are interested
in finding the fundamental solution of £, namely, an End(W®)-valued distribution
such that &, f = 41

3.2 Kohn Sub-Laplacians on Horizontal Differential Forms

In this subsection we shall find a formula for the Kohn sub-Laplacian acting on hor-
izontal j-forms on the H-type group H = V x t; for j = 1 this is a special case
considered in the previous subsection with the defining Clifford action of t* on V*.
Let T(N) be the tangent bundle of the H-type group N and T*(N) the dual tan-
gent bundle. For each x € N we identify the tangent space T, (N) with 1 via the (dif-
ferential of the) left multiplication ;: 1 = To(N) — T (N). We let Ty (N) be the
subspace Ty (N) = .V and Tf; ,(N) the dual space; we shall identify T7; ,(N) with
V¥, with {dv,, ..., dv,} beinga dual basis to a fixed orthonormal basis {0, . .., 9, }
of V. Let Ty(N) and T7;(N) be the corresponding vector bundles, which we shall call
the horizontal tangent, respectively cotangent, bundles. We consider the exterior
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product A/T}(N) for 1 < j < p, and their smooth sections, which will be called the
horizontal differential j-forms; see [6]. Any section of the bundle is of the form

f=;fzd1/’

where dv! = dv;, A--- Advi, I = (iy,...,i;) with 1 <iy,... ij < p. We define the
following horizontal differentiation

dyf = E (é Ekfldvk> Adv

T
and dj; its formal adjoint.

Definition 3.1 We define the Kohn sub-Laplacian on the horizontal differential
forms by

(3.3) Uy = d;;dH + de;iI

Let M; be the multiplication operator by dv;, M;f = dv; A f and ¢; the (negative
of) dual of M;,

dviy N+~ Ad % L1
udviy N Ndvy, = . — ;
14Vi, 1 (—l)lk_ldvil A - "dVik A dyij, | = irel

see [10].
We also define a Dirac operator p(d;) on A/V*-valued functions by

p
p00)f 1= 5 S S (0 fi) e e)iMidy’.
—1

s=1k,l=

The operator p(9,) cannot be formulated as in (38.I)). For j = 1 this coincides with
(B)); see below. However, for j > 1 the induced action t* on A/V* does not form a
Clifford module.

Proposition 3.2 The Kohn sub-Laplacian (3.3) is of the form
A,
On = = (2 B +20(02)).
=

For j = 1 the Dirac operator p(0,) coincides with the Dirac operator p(0,) in Section 3.1
with the Clifford action of t* on V* given by the dual action.

Proof Let f =, fidv'. By definition,

)4 )4
—Ouf = Z(I;Eif]dvl + 3 ([Ek,El]fI)LledvI) .

i ki=1
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Let ci"l be the structural constants, i.e., [Ey, E;] = Zle ciJTS with
1 = (Ts, [Ex, Bi]) = 2(Jr,Ex, Ep).

Namely,
q q
(Ex, Ellf =2 (Ur,E, EDT.f =2 (Jr,Ex, EOs f.
r=1 r=1

The second term can then be written as

P qa p
3 (B, B o) uMidv' = 23" 3" (9 f) U, Ex, E)ueMdv'.
k=1 s=1k,l=1

This proves the first claim.
For j = 1 one observes that the formula

P
T — 3 (Jrex, en)ixM,
K=l

where T € tis the dual element of T* € t* defined T*(v) = (v, T), defines a Clifford
action, and it coincides with the dual action of t on V, which can be seen easily by
choosing an orthonormal basis {ej, ..., e, €1, ..., e} such that Jrey = |T|enk,
]Ten+k:—\T|ek,j:1,...,n. |

The above proposition is a generalization of the known formula for the Kohn sub-

Laplacian on (0, q)-forms on the Heisenberg group C" + IR; see e.g., [10, Proposition
2.2, Chapter XIII].

3.3 Fundamental Solution

We now compute the fundamental solution of the operator £, in (32)) for any Clif-
ford module W of t* (identified with t). Let W, g(x) be the Whittaker function; see
e.g., [14].

Theorem 3.3 Let W be a Clifford module of t as in Section 3.1. Then for |Re(r)| < 2n
the fundamental solution of the equation &, f = 6l is given by f = %(ﬁr + f_), where

frt) = 5001 + p(2) 12 (v, 1),
font) = 7001 = p@) (1),

and
(2 + 9) ‘
() _ n/2— it
fo ) = (27T)i147TnTV\” /t|T| P Weajan—ip(I7] - ) dr,
gy TEED [ o
N S [ 7" W g o7 - e .

Moreover, f defines a tempered distribution for |Re(«)| < 2n and has meromorphic
continuation to the whole plane with simple poles at {£+2(n + 2k) : k € Z, }.
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Proof We seek the Fourier transform g of the fundamental solution f, namely

1 .
/e’(”)g(v7 T)dr.
t

=G

The formal computations below will be justified in the end. The distribution d(v, t)
in (v, t) is the Fourier transform of the function d(v) in v,

1 .
i / etTs(v)dr.
t

Let the Kohn sub-Laplacian £, act on f,

o, t) =

1

Lafuh) = o

/ei(t,ﬂ{ _ %(@ +i(Jv, €))” + ap(T)}g(V, T)dr,
t j=1

where {e;}/ is an orthonormal basis of V. Thus we look for a solution g(v, 7) of the
equation

2n
[Z 8]2- — |7 + 2i( T, e;)0; + iOép(T):| gv, ) = §(W)I.
=

By rotation invariance, we can require that (J;v, e;)0;g(v, 7) = 0, since the previous
equation for g is rotation invariant. Then the function g(v, 7) satisfies

{ - []2_21 0 — |T\2|v|2} + iap(T)}g(v, ) = 6.

The operator p(1), 7 = |—:| defines a complex structure of W, and its complexifi-

cation is
WE=wie WS, WL =Ker(p() + i),

with %(I +ip(#)) the projection onto W§ parallel to Wg. Accordingly, we write the
functions g and I in terms of the decomposition as

g 1) =1(g (1) +g-(v, 7)),
I=1(T+ip(H) + (I—ip(1))),
gr(vt) =3I +ip(?))sg.

The equation for g then breaks into two equations,
2L 20,02 .
(—[Z 05 — |7]°]v| ] + a|7\)g+(v, T) = 5(V)(I+ zp(TA))
=1
and

(<[22~ 1rPwP] —alrl) g-um) = 60 (1 - ip(#)) .
j=1
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But they are the (matrix-valued) Hermite oscillator equations in 2n-variables studied
in [3] with @« — +a|7|, \; — |7], so the solution is, for a|7| & |7|{—(2n + 4k) :
keZ},ie, a¢ {£2(n+2k): k € Z,}, formally given by

|T|n/2_1]-—‘(g + %)Wfa/4.nfl/2(|7—‘ : |V|2)

47 |y|"

&1 = (I+ip(7)),

and

7|27 T4 = DWasan—1p2(I7] - [v]*)

2
47 |y|"

g-(v1)= (I —ip(1)).

See [3, (12)] with our 2n corresponding to their n. The solution f is then

f= 30 fatnn) = o [ gt

(2m)4

The function f, can be written, using the formula for g, as a sum of a scalar multiple
of I and an integration of the matrix p(7), namely

rég+9)
(2m)a4xn|v|"

fint) = %1 + / T2 W jawrp (7] - [VPip(#) €47 dr
t

where the scalar function fo(a) is given as stated. The second integration of p(), apart

from the constant factors, can then be expressed as the operator p(0,) acting on an
integration, namely

/ 712 W o (7] - [VP)ip(F) 07 =
t

() /\T|”/2*2W—a/4,n—1/z(|7| ) €7 dr.
t

Here we have used the trivial fact that |7|p(#) = p(7) and that p(0,)e'"™ =

ip(1)e’™™). This proves the formula for f+, and that for f_ is the same.

The functions g, and g_ defines a tempered distribution in (v, 7) for |[Re(ev)| < 2n
and has meromorphic continuation to the complex plane with simple poles as indi-
cated, which can be proved by similar methods as the proof of Theorem.Tlusing ex-
pansion in terms of Hermite polynomials. Thus the functions f; and f_ are also well-
defined tempered distributions. This completes the proof of the Theorem[3.3] ]

We note that there is a discrepancy between the pole set A = {+4(n + 2k)} in
Section 2 for the Heisenberg group and the pole set {+2(n+2k)} in Section 3. This is
due to the different normalizations, the J; operator for the Heisenberg group satisfies
J? = —4t? instead of —t2.

INote that there is a typo in the formula [3, (12)]. The Whittaker function W_ ga_1 should be in
the numerator instead of the denominator.
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