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FORMULAE ASSOCIATED WITH 5, 7, 9 AND 11 SQUARES

PIERRE BARRUCAND AND MICHAEL D. HIRSCHHORN

Let rx(n) denote the number of representations of n as the sum of k squares. We
give elementary proofs of relations between r,(n) and r(m) where n = 4*m and
44m, when k=5, 7, 9 and 11. These relations, which were first stated without
proof by Stieltjes, are of the form r¢(n) = Cry(m) where C depends on A and on
the residue of m modulo 8. They have recently been included by S. Cooper in a
more complete description of the relations between rx(n) and rx(n') where n’ is

the squarefree part of n, when k =5, 7, 9 and 11.

INTRODUCTION

Let rx(n) denote the number of representations of n as the sum of k squares. Due
to the work of Ramanujan and many others, rx(n) is well understood for k£ even, but is
less well so for & odd. In two recent papers ([1, 2]), Cooper has given the relationship
between r{n) and r(n') where n’ is the square—free part of n for k=5 and k=7

and for k =9 when n’ =5 (mod 8) and for ¥ = 11 when n’ =

(mod 8). In so doing,

he needs the relations between rx(n) and r¢(m) where n = 4*m and 4 { m. The object
of this note is to give elementary proofs of these relations, which were apparently first
stated, without proof, by Stieltjes in the 1880’s. They are as follows.

If n = 4*m where 4 {m then

(8'\+1 - 1)/7
r5(n) = Crs(m) where C =< (5 x 8**1+9)/49
(4 x 8 +3)/7
(40 x 32* - 9)/31
r7(n) = Cr7(m) where C = ¢ (32! —1)/31
(35 x 32*1 4+ 27) /1147
12821 —1
ro(n) = —Trs(m)
and
5122 +1 — 1
r11(n) = —51—17‘11(7”)
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if m=1 (mod 8),
if m=5 (mod 8),
ifm=2or3 (mod 4),
ifm=1or2 (mod 4),
if m =3 (mod 8),
if m=7 (mod 8),

ifm=5 (mod 8),

if m=7 (mod 8).
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PrOOFS
Let

#@) =Y ¢, vlg=) ¢+

nz0
Following Cooper, we define ¢, for s,t > 0 by

Gor =D bar(n)g" = #(a) 2 ¢ 49 (¢?)"

n20

and we define T' by

T Z u(n)q¢" = Z u(4n)q™.

nz20 n20

We shall require only

6(q) = ¢(g%) + 20 (¢%), #(q)* = #(¢%)” + 4qv(¢*)? and 9 (¢)* = ¢(q)v(?).

FORMULAE RELATING TO FIVE SQUARES

LEMMA. For A >0

5(8* —1
T 5.0 = 50 + (—7—)'451,4-

PRrooF: We have

¢s50 = #(g)°
= (¢(q") + 209 (¢%))°
= #(¢*)° + 10g6(q*) "9 (¢®) + 40026 (¢*) v (¢°)” + 804° 4 (q*) "4 (¢°)
+80g%¢(¢*)%(¢®)" + 32¢°%(¢%)°

3

from which it follows that

Ts0 = 6(q)° + 80g(q)w (¢2)"*
= ¢s50+ 5¢1.4, 7

while
$1.4 = 16qd(q)y (92)4
= 1600()6(a?) "% (¢*)?
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= 169(#(¢*) +2a0(¢") ) (#(¢*)" + 4°w(¢*)") ¥ (a")"
= 169(¢(a*) + 208(¢%) ) (6(a*)" + 4a°%(¢")") #(a") ¥ (c")

from which it follows that

T14= 1289¢(4)¢(42)4
= 8¢1,4.

Thus, with respect to the basis {¢s 9, ¢1,4} the matrix of T is

(s )

and
N /\1 0
T =| 5(8 7— 1) g 0
The result follows.
THEOREM.
10(8*+1 —1
d_rs(9Er+1))g" = —(—7——) (#(0)* + 1609(a*)*) w(a),
n20
10 x 822 + 144
> rs(#}(8n+8))g" = ——————u(a)’,
n20
20 x 81 1120
> rs(4*(dn+2))g" = —X—7—¢(q)3¢ (¢®)>,
nz0
5 x 822 4240
D rs(4M4n+3))q" = —X—7—¢(Q)2¢(¢12)3-
nz20
ProoF: We have
5(8* -1
> rs(4*n)g” = T ¢s0 = ¢s,0 + ‘LT—Z¢1,4

nz0

A_
= ¢(q)° + wqtb(q)?ﬁ(qu

x_
= ¢(q)° + w—87—2q¢(Q)¢(42)2¢(q4)¢(q8)

https://doi.org/10.1017/50004972700020554 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700020554

506 P. Barrucand and M.D. Hirschhorn (4]

= (o(q*) + 2qv (%) "4 mq o(q*) + 2qv(¢®)
7

(<;’>(q")2 + 4q2¢(q8)2) $(a*)v(q®)

10(8*1 —1
= (")’ + —%qcﬁ(q“)‘;w(qs)
A+1
L 20x8 . + 120q2¢(q4)3'¢(q8)2
A4-2

5 x 8 - + 240q3¢(q4)21/)(q8)3

80(8* 1 —1

¥q“¢(q“)¢(qs)4 +32¢°9(¢%)°

It follows that
10(8*1 -1
> rs(aMan+1))g" = (f)dM)W(qz) +32¢9(¢%)°,
nz20
20 x 821 4+ 120
> rs(4an +2))g" = = = - * #(9)°¥(¢%)?,
n20
A+2
S (@M dn + 3))gn = 22X £ 240 ) 2404 )29 (¢2)>.
n20
Further,
10(8* 1 -1 2
S rs (42 (dn +1))g" = % (<15(C12)2 + 4q¢(q4)2) ¥(a%) + 3299 (¢%)°
n20

from which it follows that

A+1 _
3 15 (428 +1))g" = 10(87—1) (¢(@)* +16q9(*)*).

n20
_ 10x 82 4144

> s (42 (8n + 5))q" - ¥(q)®.

n20 . []

COROLLARY.

/\+1_1

r5(4*(8n + 1)) = 8 T5(8n + 1),

5x 8149 .
r5(4*(8n +5)) = Trs(Sn +5),
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rs(4*(4n +2)) = 4—5—%7'5(471 +2),
rs(4*(4n +3)) = 4—18—;+—3rs(4n +3).
Proor: We have
> rs(4X(8n +1))g" = E;l'—l) (#(0)* +16qw(¢)*).

n20

In particular

> rs@n+1)g> =10 (#()" + 160p(*)*)

n>0

It follows that

rs(4*(8n+1)) = §’\i,17—_——1-7‘5(8'n, +1). O

The other results follow in the same way.

FORMULAE RELATING TO SEVEN SQUARES

LEMMA. With respect to the basis {¢7,0, ¢34},

1 0
T‘(ss 32)’

A Ly O
T = | 35(32* —1) sor |-

31

THEOREM.

Z:On (42 (4n +1))q" = Weﬁ(qyﬂqz) (ci>(t1)4 + 48q¢(q2)4),

g rr(4M(d4n + 2))g" = 2 32;:1 =22 4 @y (e?)’ (360" + 1640 (%)*),

30

3 (42 (@n +3))g" = %—Q (¢(@)* +1608:(¢*)*)w(@)®,

n30

S v (4 (80 + 7))g" = 70 X 32’:12 + 1728?/)((1)7.

n30
COROLLARY.

r7(4*an +1)) = fl—o—x—g’i:—grv(% +1),
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40 x 32> —
7 (4)‘(471 + 2)) = O—Xgl—gr7(4n + 2),
2A+1 -1
T7 (4)\(871 + 3)) = §Tr7(8n + 3),
' 35x 3221 4 97
r7(4*(8n + 7)) = Tm(&z +7).

We omit proofs of these results and those for nine and eleven squares since they
are essentially the same as those for five squares.

FORMULAE RELATING TO NINE SQUARES

LEMMA . With respect to the basis {¢g0, ¢5.4, P18},

1 0 0
T=1|126 120 128 |,
9 8 0
1 0
A 2160x 128> +254(—8)* —2414  16x128*+(-8)>  16(128*—(-8)*)
T = 2159 17 17
135x128™—254(—8)*+119 128* —(—8)* 1282 +16(—8)*
2159 17 7
THEOREM. '
Z ro(4*(8n + 1)) g™
nz20

34560 x 128> + 4064(—8)* + 238 2
- 29500 X 1+ A28 (4()* + 160(a)") ()

72990720 x 128* — 260096(—8)* + 502656
+ 2159 ?

¥(q)°,

> " ro(4*(8n +5))q"

nz20

_ 43200128} — 1) (¢(q)4+ 16q¢(q2)4)¢(¢1)5s

127
A n
Z ro(4*(4n + 2))q
nz20 .
380160 x 128> — 24384(—8)* — 44880 ,, .7 , ,\2
= 5159 d(a) ¥ (q%)
12718080 x 128> + 390144(—8)* — 1501440 6
. (=8) 06(0) % (¢)°.
2159
Z ro (4‘*(471 +3))qg"
nz20
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1589760 x 128* + 48768(—8)> — 187680 , g ., 5.3
= 2159 o) ¥ (q%)
12165120 x 128* — 780288(—8)* — 1436160 VRN
+ 5150 a(9)“¥(¢%) "
COROLLARY.
12821 1
7'9(4'\(871 + 5)) = ——TTQ(&H +5).

FORMULAE RELATING TO ELEVEN SQUARES
LEMMA. With respect to the basis {¢11,0, ¢7,4, $3,8},

1 0 0
T=133 336 320},

165 176 192
1 0 0
TA — | 9900xs122 41124216 ~21142  20x512*111x16> 20(512*—16*)
- 15841 31 31
5445x512% —11242x16* 45797 11(512*-16*) 11x512* +20x16*
15841 31 31
THEOREM.
> ru(4ran+1))g°
n20
158400 x 512* + 179872 x 16* + 10230 ,, .10,/ o
= 58l ola) ¥ (q?)
219985920 x 512> + 14207424 6.,/ 2\5
+ Te8dl a9(9)"¥(¢°)
462274560 x 512* — 46047232 x 16> + 29855232 , .5 , 2190
+ 5841 a°¢(a)"¥(q%)
Z T11 (4’\(471, + 2))(]"
n20
3611520 x 512> — 359744 x 16* + 233244, g , 522
= TE8dl o(a) v (d®)
439971840 x 512 + 28414848 5,/ 2\6
+ 581l a¢(9)"¥(a°)
81100800 x 512* + 92094464 x 16* + 5237760 , 2,10
+ 58l *oaw(d)
Z ™1 (4/\(871 + 3))q"
n20

https://doi.org/10.1017/50004972700020554 Published online by Cambridge University Press

509


https://doi.org/10.1017/S0004972700020554

510 P. Barrucand and M.D. Hirschhorn (8]

22302720 x 512* — 1438976 x 16> + 46376 4 na\2 . 3
= 16
T5eal (cb(Q) + 1647 (¢) ) ¥(q)
6617825280 x 512* + 92094464 x 16* + 13761024
+
15841
_ 63360(512**! — 1)

;r11(4"(8n +7))g" = bt (¢(q)4 + 16q¢(q2)4)w(q)7-

av(a)',

COROLLARY.

5123+ _ 1

511 7‘11(871‘!‘7).

ri(4*8n+7)) =
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