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Abstract We consider spectral projectors associated to the Euclidean Laplacian on the two-dimensional
torus, in the case where the spectral window is narrow. Bounds for their L? to LP operator norm are
derived, extending the classical result of Sogge; a new question on the convolution kernel of the projector
is introduced. The methods employed include ¢? decoupling, small cap decoupling and estimates of
exponential sums.

Keywords: Spectral projectors; 12 decoupling; lattice points in annuli; exponential sums

2000 Mathematics subject classification: 11L07; 11P21; 42B15

1. Introduction

1.1. Eigenfunctions of the Laplacian on the two-dimensional torus

We consider the torus:
T? = R?/Z?,

on which Fourier series are given by:

f(l‘) _ Z ﬁ@Qﬁik'z, ‘]/c;g _ . f(x)e—Qﬂikm dz.

kez?

A classical question is to estimate the LP norms of eigenfunctions of the Laplacian: if ¢
is such that —Ap = A2p on T?, and if it is normalized in L?, what is the optimal bound
on ||¢|lLp, for p > 27 What should be expected is unclear (the question is asked in [4]),
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432 C. Demeter and P. Germain

but one possibility is that:
leller Sp 1 if p < oo, while [lplpee Se A (1.1)

This was proved for p =4 by Cooke [11] and Zygmund [26]; and for p = co, the bound

C
Aloglog A follows from the divisor bound in Gaussian integers. Proving optimal bounds
for ||¢||Lp for any p € (4,00) appears to be a very hard problem, which can be relaxed
by considering spectral projectors on narrow spectral windows, to which we now turn.

1.2. A conjecture on spectral projectors on narrow windows

For A>2 and 6 <1, the spectral projector on the range (A — 4, A 4+ §) for the square
root of the Euclidean Laplacian is given through functional calculus by the formula:

Prs =1 spin)(V-A) o Pasfla)= Y fue?mr

kE.A)\’(;
where A) 5 is the annulus with inner radius A — § and width 24:
Arvs={r eR? N—d<|z|<A+6}.

Two consecutive eigenvalues of /—A close to \ are at least ~ %/\’1 apart. Thus, if
6= %)\*1, bounding P, s is equivalent to bounding eigenfunctions of the Laplacian.

In the present paper, we consider the following conjecture, which focuses on the case
where the spectral window is at least slightly larger than A~!.

Conjecture A. ([15]). Ifp > 2, the operator norm of Py s satisfies for any k> 0:

1_2 1 11 . 14k
[Pasllpzpp Swp A2 P02+ (A0)E 20 if 6> A7, (1.2)
or in other words:
1_ 1
(A)T 2 ifp<6
1_ 1 148 _
[Prsll2rr Sk § (A)27 22 if p>6,6 < A e
8
AETBOE ifp>6,6> A TR,

The conjecture is said to be satisfied with € loss if:
. 1_2 1 11 . 14k
1Pxsll 210 Skope A°[AZ7 P02 4 (A))% 2P if 0>\ . (1.3)

Remark 1.1. The justification for this conjecture can be found in [15], where two
basic examples are considered: the Knapp example, and the spherical example. They
lead to the two terms on the right-hand side of (1.2).
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Remark 1.2. Combining the conjecture with the guess (1.1), it might be the case
that the estimate (1.2) is true for any £ > 0 and p € [2, 00|, with an implicit constant
C(p, k) which only blows up as (p, k) — (o0, 0).

1.3. Known results on Conjecture A

Conjecture A is known to hold in a number of cases:

e If 6 =1, the conjecture corresponds to the fundamental result of Sogge [23], which
holds on any Riemannian manifold (see also [1] for a recent extension to loga-
rithmically small spectral windows for general non-positively curved manifolds,
including in particular the torus).

e If p=4, the conjecture was proved for the full range A\™! < § < 1 by
Bourgain—Burq—Zworski [6].

o If p < 6, the conjecture with € loss is a consequence of the ¢2 decoupling of
Bourgain—Demeter [9] as was observed in [15].

o If p = o0, the conjecture for the full range A™' < § < 1 with € loss follows
immediately from the bound A€ for the L* norm of eigenfunctions.

e If p = oo, the conjecture without e loss would be a consequence of the estimate
N(\) = 7A?2 + O(Xd) for the number N(r) of integer points in the disc with
radius 7. This corresponds to the Gauss circle problem, for which the best current

bound, due to Huxley [20], allows ¢ > )\7%“, with 27—078 ~ 0.37. Note, however,

that Conjecture A is expected to hold down to § = A~!**, while the estimate
N(A) = 7A2 + O(\J) can only be true for § > A2

For the two-dimensional Euclidean cylinder, the conjecture is identical, and it has
been proved with e loss [14]. Finally, this conjecture has also been considered in higher
dimensions, for which we refer to [4, 5, 7-10, 15, 16, 18].

1.4. A new conjecture

The convolution kernel:

)

b5 = Z 2™ ig such that Pysf=®xs5xf.
keAy sNZ2

Conjecture B. Ifp > 2 and x>0, then if § > \~117,
12 1
[Prsllp Spox A PO+ (XG)2,
or in other words,

( if2<p<4
4
[Pxsllp S (M) ifp>4and§ < \p*
2 4
NP6 ifp>4andd > AP

> >

(ST
~

[N
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This conjecture is interesting in two respects: first, it is partially equivalent to
Conjecture A; and second, it is equivalent to questions on additive energies of
subsets of Z2. See § 4 for more on these two points. This conjecture is based on the
two following observations, which also show that the conjecture is optimal, if true.

e A naive counting argument shows that, for a given ¢, there exists in any interval
of length 1 a A such that #.A4, s N Z? > 6. For this choice of § and A, Hélder’s
inequality and Parseval’s theorem imply that:

1 1
[®xsllze 2 [@asll2 = (#ANs)2 2 (M)2.

e Still considering A and § such that #.4, s N Z? > A5, Bernstein’s inequality gives
that:

_2 _2 _2
[@rsllze 2 AP [ sllnoe = A PHAL 5 2 NP6

Note that the conjecture cannot hold all the way to k=0 and p > 2, since it would
imply a uniform bound on the number of lattice points on a circle, which is known to
fail.

1.5. Main results
Our main results verify the conjectures for various ranges in (p, A, ).

Theorem 1.3.

6 64
1-6 10— 64
p P .

302 T oo_ia
(i) Conjecture A holds if 2 <p <6, orp>6 and 6 > min | A VhoA P

(ii) Conjecture A holds with € loss if 2 < p < 10, or § > )\_%, or p = oo.

This statement follows from combining Theorem 2.5 and Theorem 3.1. Turning to

a8
Conjecture B, it is a consequence of Conjecture A if § > A 1+P+2; thus, the previ-

ous theorem gives the validity of Conjecture B in some range. Furthermore, combining
Corollary 4.5 and Proposition 4.6 gives the following theorem.

Theorem 1.4. Conjecture B holds with € loss if 2 <p <6 or A > 5_%,

Finally, we refer to § 5 for a graphical representation of the ranges in (p, A, ).

1.6. Ideas of the proofs and plan of the paper

1.6.1. Decomposition into caps

This is the first possible line of attack on Conjecture A, which is carried out in § 2; here,
caps are rectangles which optimally cover the annulus Ay 5. We investigate estimates on
functions whose Fourier support is restricted to caps containing a bounded number of
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lattice points, relying crucially on ¢? decoupling. Combining these estimates with an
estimate on caps with a given number of lattice points leads to our result in that section.

1.6.2. Dyadic decomposition of the kernel

This approach to Conjecture A is carried out in § 3. It relies on a dyadic decomposition
of the convolution kernel of Py 5, which is reminiscent of the original proof of the Stein-
Tomas theorem. In the regime where this approach is useful (p large), an important

1
threshold is the line § = A7 3. Reaching (slightly) smaller ¢ can be achieved with the
help of pointwise bounds on exponential sums, whose investigation is a classical topic in
analytic number theory.

1.6.3. Conjecture B and small caps

Section 4 is dedicated to Conjecture B. We show that it is partially equivalent to
Conjecture A, and explain its connection with additive combinatorics. In order to make
progress on this conjecture for p < 6, £2 decoupling is not strong enough, the right tool
proves to be small cap decoupling. Combining this tool with careful estimates on the
distribution of lattice points in A) 5 leads to our main result in that section.

1.7. General curves

How much do our results depend on the geometry of the circle? Is it possible to replace
it by an ellipse (which would correspond to general tori R?/[Ze; + Zes)], where e1 and ey
are non-colinear vectors in R?), or even by a general curve? We consider a smooth arc or
a closed smooth curve, which is denoted by I' and is compact; the natural generalizations
of Py s and ®) s are given by:

15;\:”(- _ Z ﬁGQﬂik'z and (I;:\:;(x) _ Z eZﬂik-fE’

kEN§(AT)NZ2 kEN§(AD)NZ2

where N5(AT') stands for the d-neighbourhood of AT'.

Nearly, all the proofs below remain valid as long as the curvature of I does not vanish,
and almost all the intermediary estimates proved in this paper still hold. This is the case
for the cap counting Lemma 2.1, the L* estimate Lemma 2.3, the decoupling estimate
Lemma, 2.4, the exponential sum estimates' in § 3, and the small cap estimates in § 4.3.

But the bound on the number of lattice points in Ay s is lost! For the square torus
R2/Z2, the divisor bound immediately gives the estimate A7¢§; but for a general torus,
or a general curve, such an argument is not available to estimate #Ns(A[')NZ2, and this
bound is much more difficult to obtain. Exponential sum bounds seem to be the only
possibility, which are closely related, if not equivalent, to the Gauss circle problem. They

1
give the expected result for § > A™ 3 easily, but it is difficult to go significantly below
this barrier.

1 To see why these exponential sum estimates still hold, observe that the asymptotics of the Fourier
transform of the superficial measure supported on I' are very similar to (3.1). The only difference is that
the phase function |£| is replaced by a function ¢(§), but it remains smooth and 1-homogeneous, see [24],
page 360.

https://doi.org/10.1017/50013091524000099 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091524000099

436 C. Demeter and P. Germain

As a result, for general smooth curves (with curvature) and the associated ]3;;
operators,

e Theorem 2.5 remains true for § > /\_%, and a little beyond, even though we will
not compute here the exact exponents.

e Theorem 3.1 remains true. L

e Theorem 4.4 and its corollaries remain true for § > A7 3.

However, conjectures A and B break down for general curves (with curvature) for small
0: see Remark 4.8 on the case of the parabola.

2. Caps decomposition of the kernel

In this section, we prove Conjecture A for some range of (p,A,d) by decomposing a
function supported on the annulus (in Fourier) into a sum of functions supported on
caps (in Fourier).

2.1. Counting points and caps
Recall that the annulus of inner radius A — § and width 26 is denoted:
Axs :{CEGRQ, A—0 <|z| < A+0}.

Next, we will split the annulus into caps: Ay s can be covered by a finitely disjoint

collection C of caps 6, of dimensions § x ()\5)%:

A5 C Ugech.

11
The number of such caps is ~ A24~ 2. We will be interested in the number of lattice
points contained in a cap; therefore the notation:

0 =6n7Z>3, and, more generally, E' =FENZ? if E C R,

will be useful. .
The maximal cardinality of 6’ is ~ A24§2; as for the average cardinality of #’, it is

1.3
expected to be given by the area of 6, namely A\2462.
We will now split the collection C into U;Cs U Cq as follows:

1.3 1.1
e If 2% issuch that 1+A262 « 2% < A262, C,s gathers all caps 6 such that #6’ ~ 2%,
e All remaining caps go into Cg; in other words, caps in Cy are such that #6 <

AZ53 4+ 1.
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Lemma 2.1. [f2° > 1+ /\%5%, then
HCy < N2,

Proof. This follows along the lines of the argument for Theorem 2.17 in [9]. Since

1.3
2% > A262, which is the area of a cap, the set ' is one-dimensional.? It consists of
colinear points, with equal spacing. We now split S into:

Ss,m = {0 € C, #60' ~ 2°, and two consecutive points in 6" are ~ 2™ apart}.

On the one hand, we can associate to § € S, its direction dy, which is the difference
between two consecutive points in #’. This is a vector of Z? with magnitude ~ 2™;
therefore, the number of possible directions is < 22™.

On the other hand, the angle between ¢’ and the major axis of 6 is 2—m=s If
we consider a subcollection of § € S, ,, with angular separation > §27™7*, then the
directions dy are distinct. Such an angular separation can be achieved by labelling all
caps in the collection C, starting at one cap, and following the circle; and then keeping

S
ol

1.1
only those caps which are in a fixed class modulo ~ A24§227™7%,
These arguments show that:

HSm.s S ABFTITMIQM — \T5Toms, (2.1)
Summing over 2™ < )\%5 %2*8 gives the desired result. O
Lemma 2.2. If \d > 1,
#(Axs) S AT
Proof. There are ~ \J integers n such that A—§ < y/n < A+4. For each such integer,

there are at most O(\¢) solutions of 2 + y? = n, by the divisor bound in Z[i]. O

2.2. L? estimates on caps with bounded numbers of points

The basic idea behind the L* and L8 estimates which are stated below is to break
down our spectral projectors into projections on caps. In order to do so, we choose first
a smooth partition of unity (yg) associated to the collection C:

Supp x¢ C 0, and ZXG =1 on Ayg,
oeC

and define next the Fourier multipliers:
P? =% (D).

2 Indeed, if a convex body K C R? is symmetric with respect to the origin, a € R? and K N (a + Z?)
has dimension 2, then #(a + Z?) N K < |K]|.
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Lemma 2.3. (L* estimate by the bilinear argument). Let f be a function on the
torus whose Fourier support S C Ay s is such that for any 0 € C, # (SN 9)/ < N. Then

1
1fllpa Se N2 £l p2-

~

Proof. The argument essentially follows that of Proposition 2.4 in [6]. Since f is
supported in Ay g,

2

1Paofllpa=| > POfPoy

9,566 L2

The key geometrical observation is that, up to exchanging the roles of #; and 62, the
supports of P1 fP% f and P%2 fP% f are disjoint unless,

dist (61, 62) + dist (61, 02) < A3 3.

As a consequence, almost orthogonality followed by Holder’s inequality gives the bound:

4
~ 2 ~ 2
[Prsfllza < Z HPGfPQfHLz < Z HPGin4 HPGfHL4
0,0 0,0

W=

Applying successively interpolation, the Cauchy-Schwarz inequality and Lemma 2.1,
we can estimate:

1 1 1 1
1P fllpa S PP FIZc PP FI 2 S #6) 2P fll 2 < NT|POf]| 2.

Injecting this inequality in the previous estimate, and using once again almost
orthogonality,

4
1 2 7.2 1
e PV LG P Ll P

O

Lemma 2.4. (The L® estimate by (2> decoupling). Let f be a function on the
torus whose Fourier support S C Ay 5 is such that for any 0 € C, # (SN 9)' < N. Then

el
[fllps Se A6 N3 fll 2.

Proof. The proof follows from [15], the fundamental ingredient being the 2 decou-
pling of Bourgain-Demeter [9]. Writing f as the sum of its Fourier series f = 3" aze?™k*
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and changing variables to X = Az and K = k/\,

1
" S\, (X K
I£llzsrey = || 2 axe®™ <(3) e (F) T awemer|

kez2 £6(12) Kez2 /2 L6(R2)

where the cutoff function ¢ can be chosen to have compactly supported Fourier transform.
As a result, the Fourier transform of the function on the right-hand side is supported on

a §/A-neighbourhood of S*. It can be written as a sum of functions which are supported
1

on caps 6/\ with dimension ~ % x 92 (recall from § 2.1 that the collection C of caps 0
A2

provides an almost disjoint covering of Ay s5):
0X 2miK-X _ 0X 2miK-X
5 (A) S e X =30 (25 T K )anee X,
KezZ/x 6 KeZ2 )\

By #? decoupling, the L norm above is bounded by:

1 N
0 37 0X 2mi K- X
<(3)7 (X[ (X) Z et
6 KEZQ/)\ LG(RQ)
At this point, we use the inequality:
. il_1
ifp=>2, 191l p @2y S lgllp2g2) | Supp g2 7,

which follows by applying successively the Hausdorff-Young and Hélder inequal-
ities, and finally the Plancherel equality. We use this inequality for ¢(X) =
10 (5TX) Yk Xo(AK)axk ™ 5% Since #(SN0) < N, its Fourier transform is supported
on the union of at most N balls of radius O(§/\), giving | Supp f| < N§?A~2. Thus, the
L% norm we are trying to bound is less than:

1
1 2 2

5<f\>3_ (N(SQ)\—Q)% Z (b(dj() Z XG()\K>G>\K62MK~X

0 KeZ2 /X L2(R2)

By almost orthogonality and periodicity of the Fourier series, this is in turn bounded

by:
5 1—e
<= N
<(3)

which is the desired estimate. O

o=

6X . 6\ 1
¢<>\> Z arge X SJ()\) N3Hf||L2('JI‘2)7

2
KeZ4/X\ LQ(RQ)
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2.3. Interpolation

Interpolating between the estimates proved in the previous subsections enables us to
prove the following theorem.

Theorem 2.5.
() Ifp €[2,6) and \™1% < § < X7F for some k>0,

1
2p .

=

HPA-,5||L2_>LP Sp,n ()‘5)

(ii) If either p € [6,10] and 6 > A~', or p € [10,00] and § > )\_%,

_1
2p:| .

Proof. Decomposition of Py s Recall that the Fourier multipliers P? were defined in
the previous section. They are now used to set:

p=> P and P'=> P

0eCs 0€Cy

P

[ Px,s

‘L2~)Lp ~€E

< X {Aéf’é% +(\0)

as well as
Pis=P\sP® and Py ;=P;P°

We will split Py s into:
Pys =Py +ZP,\S,57
S

and estimate the different summands on the right-hand side by interpolating between
L? — LP bounds, with p = 4, 6, co.
Basic bounds We learn from Lemma 2.3 and Lemma 2.4 that, if § > A~ and 2% >

142563,

ool

1P sllp2mspa S ABSE +1
1P sll 2 s S 24
1PLall 2 p6 Se A [ABaE +1]
1PN sfll2 6 Se 223
Furthermore, lemmas 2.1 and 2.2 give the bounds:
1P 512, o0 S AYNG)2

1 .1
1S sl 2y oo S AZ02273
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The case 2 < p < 4 By the basic bounds above,

1.3 s 1
1Pysllp2 s S IPsl 2 s + ) 1P sll 2, e SASSE +14 Y 21 S(A)5.
7 1<25<A2 52
This is the desired bound if p =4, and the case 2 < p < 4 follows from interpolation
with the trivial case p =2.
Bounding Pg s Interpolating between the basic bounds for Pf\{ 5 bounds gives, if 4 < p <6,

1_1

3_3
||P)(\)75||L2—>LP SA° [1+)\4 2p§4 217} )

which is consistent with the conjecture if A=1" < § < \.
If 6 < p < oo, we obtain instead:

RSN
D=

1_3 1
||P>?,6||L2_>Lp S AC [()\5)7 P+ )2

5}.

Sl
Nl
hS{N
(o9
[
DNl
hSI[N)
(=%
[

1
This is consistent with the conjecture with € loss if (A§)27 P + A SA +

()\5)71:“%1’, which is the case if 6 > A~ or p < 10.
Bounding ), Py 5 if 4 < p < 6. Interpolating between the basic bounds for PY ; from 2

to L* and L? to L,

1.2 1 2 (1,3 . 1.3
1P allo, e S ABBb B2 (CH8) ipae 1 adst,

Therefore, if p <6,
) s st
1PN sllp2spp S AT 2200 2P,
13 11
142262 «25<A252

which is consistent with the conjecture.
Bounding °, P5 5 if p > 6. Interpolating between the basic bounds for P s from L* to

LS and L? to L,

1.3
if 2°>> 14 A262.
Summing over 27 gives if p < 10

| 1 1_1
Z ||P)j\5||L2_>Lp§)\€)\%_%5%_% Z 23(—54‘5) NAG(A6)17%7
353 343 11
142262 «25S0262 25 <aB o3

which is consistent with the conjecture with € loss.
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If we assume now that p > 10,

Z HP§,6||L2~>LP N )\6)\%7%5%7% Z 25<_7+%)

13 11 1
142262 «25<A262 2514126

1_1
This is < A¢ {)\%_12755 + (M) ﬂ if and only if 6 > A~ 5. O

3. Dyadic decomposition of the kernel

In this section, we will prove the following theorem, which validates Conjecture A for
some range of (p, A, ). The idea of the proof is to decompose dyadically (in the Poisson
summation formula) the kernel of the spectral projector.

Theorem 3.1. Forp > 6 and € >0,

1-6 10— 64
E — P +e

1

29-F

1.2 1 ‘ _ 322
|Prsll 2 p Se A2 P62 if  d>min [ X PPN

Remark 3.2. The proof given below uses a pointwise bound on a two-dimensional
exponential sum, which is borrowed from Miiller [22] and enables us to prove the theorem

for scales § (moderately) smaller than A~%. The bound in [22] has the advantage of
being robust and admitting a rather simple proof, by the Van der Corput method, while
providing an improvement over the trivial estimate. But it is certainly not optimal;
in particular, the methods recounted in Huxley [19] leading to Huxley [20] could give
further improvements, though they do not seem immediately applicable to the sum under
consideration.

Proof. Decomposition of the kernel For technical reasons, it will be more convenient
to consider a mollified version of the projector Py s: let

P)b\ 6627mk~w — X)\’(S(k)e%rzk:‘a:’

)

where the function x, s is a non-negative and smooth cutoff function adapted to the
annulus Aj s, namely xxs(z) > ¢ > 0 if & € Ay ;. To be more specific, it is defined
as follows: consider the superficial measure do) induced by the Lebesgue measure on
the circle of centre 0 and radius A (in other words, doy is the uniform measure on that
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circle with total mass 2w \). Consider furthermore a positive function x whose Fourier
transform is compactly supported. Finally, let

X\6 = 5_1x(5_1~) *doy.

We now introduce a dyadic partition of unity, namely C3°, non-negative functions ¢
and v such that:

e@+ Y v(5) =1,

Me2N

and furthermore ¢ is supported in a ball, and 1 in an annulus.
Denoting @*3\76 the kernel of PK’(;, it can be written by Poisson summation as:

Z X)\5 2Tk _ Z m<m_

kez? mez2

where ~ stands for the Fourier transform on R) and further decomposed, with the help of
the partition of unity, into:

By = Y em—amim-n+ Y Y v ( )mm—x)
mezZ2 meZz2 MeaN
bO
= (x Z q>

Me2N

Finally, the operators associated to these convolution kernels are denoted by P;:g and
b, M
Py -
Asymptotics of x»,;. Denoting J(§) for the Fourier transform of doy (superficial measure
on the unit sphere), it follows from the definition of x» s that:

Xx6(8) = A6J(AE)X(88).
The function J is smooth, and its asymptotic expansion is well-known:

etlél

e—iEl 2 )
Z%| |+ — ) bilel . (3.1)
€12 =0

We refer to [24], Chapter VIII, for the proof of this statement and the meaning of the
series in the equivalent (see in particular Proposition 3).
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Bounding P;’g. By Young’s inequality and the above expansion,

4
<ABS  ifp>S.

b,0 b,0 —
|1 Py sl o pp S H(I))\,&”L% S ||X/\,6||Lg S A<5||J(A§)||Lg S

To treat the case p € [6,8], we can invoke the fact that the operator on R? with

4
symbol x» s(§) has LP — LP operator norm < A7D§, which follows from the Stein-
Tomas theorem [24, 25]. As a consequence, the operator with convolution kernel py.s

4
has operator norm < ATPS (indeed, the function pxxs can be written under the form
dXx1 by modifying the cutoff function).
. . .. . . b,0
Since ¢ is compactly supported, this implies the desired Eo\und for the operator P/\7 5
whose convolution kernel is given by the periodization of ¢ 5.
Bounding P)b\’gw. This will be achieved by interpolating between L? — L? and L' —

L bounds, in a manner which is reminiscent of the classical proof of the Stein-Tomas
theorem [25]. Before doing so, we observe that the range of M can be restricted to
M < 6~1; this follows from the fact that X is compactly supported, and the formula for
X0 above.

e To obtain the L? — L? bound, we deduce from the definition of the kernel @E\’fgl

and Poisson summation that P;:éw is the Fourier multiplier on the torus with
symbol M?i)(M-) x x» 5. Therefore,

1Py |22 S IMPO(M-) * xasllee S M6 if M S o7

e To obtain the L' — L bound, we rely on exponential sum estimates. Reducing
the asymptotics of xxs to its leading order (lower order terms being easier to
treat), we need to bound:

. iA|n—z|
S)\,M,ac:A%é Z 1/)(an> <6 1

ez n—ux)?
A first obvious bound is:
1 3
[Saarel S ABaME
Furthermore, this sum can be  written under the form
1 1 4
A2OMT230 0 W(m)e'f (™) which is the form considered in [22] (see

also [17]). In order to apply Theorem 2 in [22], we note that W and f satisfy the
required derivative bounds; as for the condition on the determinant of iterated
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derivatives, it is verified thanks to Lemma 3 in that same paper. This yields the

bound:
_o, 2
|Sxz] Se AB eSS (@t wte g\ > MG with
2
w = — = 2q.
4Q—-1)+2Q @

Choosing ¢ =3, this means that:

Saar| S ATroMBF i > Mi

=)

5
Overall, still under the assumption that A > M4,

rojco
>
o
<
l\’)‘l\.’)
|\v Ne}
+
m
—

. 1
125 N1y poe S 1955 200 S min(A26M

Interpolating between these two bounds, we find that:

29 7

12
S, M2 TIpT)

1ipg).

sl
He

1_
AZ

Sl

b . 3_
”PAZQ/IHLP/HL]D <. min(M 2

4
Since M < 671, this is < A7 74 provided:

Conclusion of the argument Reconstructing Pf\,é as the sum of P;(];VI for 0 < M <671

4
gives the L? — L? bound ATP6. By the classical TT* argument, this implies a L? — LP
1_2
bound )\7_55% for the operator with symbol /X s, from which we deduce the desired
L? — LP bound for Pys. O

4. The conjecture on the L norm of the convolution kernel

This section is dedicated to Conjecture B, which was introduced in the introduction. We
show how it is related to Conjecture A on the one hand, to additive energies on the other

1
hand, and then use small cap decoupling to prove it with an € loss, if p <6 or § > A\™ 3.

4.1. Partial equivalence of Conjecture A and Conjecture B

Lemma 4.1.

a8
(i) Ifo > X 1+P+2, Conjecture A for (8, A, p) implies Conjecture B for (0, A, p).
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4
(ii)) If p > 4 and § > NP, Conjecture B for (6, \,p) implies Conjecture A for
(6, 2p).
148

Proof. Let us assume first that Conjecture A holds for (6, A,p) and § > A" P+2,
Note first that:

L 1
[@x5ll2 = 1Pasll 7o = [[Prsll L2, 00 = (AD)2,

where we used Conjecture A for (4, A, 00), which is a consequence of the conjecture for
(0, A, p). Then, estimating ||®y s||,;2 by Parseval’s equality,

1.2 1 1.1 _2
[®xsllze = [Prs®rsllze < |[Pasllp2 ol ®rsll2 S [A27P62][A262] = A 754,

~

which proves Conjecture B.

4
Conversely, let us assume that Conjecture B holds for (4, A,p) and § > A"'*P . Then,
by Young’s inequality,

_2
[Pxofll 20 = 1Pxs* fllp2e S (1 @asllzelfI], 2py < Al POIfI capy -
This means that

< A"Bs.

||P>\7(S |L(2p)/4)L2p ~

By the classical TT* argument,

1 1.1 .1
_ 2 55853
1Pxslla o = 1Pyl 2y o S AR,
which proves Conjecture A for (J, A, 2p). d
4.2. Link to additive energies
For p an even number, the £-additive energy of the set A C R? is defined as:

]E%(A)z#{(xl,...,xp)eApsuchthata:1+---+a:g:x%+1+-~-+xp}.

If p is an even number,

]E%( /)\,6) - ||(p>\,5||ip('ﬂ*2)3
so that the conjecture can be reformulated, for even p, as:
P
2

Ep (4. 5) ~ V726 + (30)

How can this conjecture be interpreted in terms of additive energies? The second term
on the above right-hand side comes from diagonal contributions, in other words from the
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universal inequality:
!/ i B
Ep(Ays) = [Aysl2-

For the first term on the right-hand side, note that there are ~ (A§)P/2 possible sums
of p/2 elements of AI)\«S’ and they all lie inside the ball of radius ~ A. Moreover, two
distinct sums will have to be at least 1 apart from each other. As a result of this, many
pairs of sums are forced to coincide, and a simple application of Cauchy—Schwarz proves
the first lower bound.

Additive energies of annular sets A 5 in dimension 2 were considered in [21], and then
by Bombieri-Bourgain [2] who could prove that:

NI~

Es(A) o) S [#A) o)

They conjectured that the exponent % can be replaced by 3 (which is equivalent to the

1
case p =6 of (1.1)). Bourgain—Demeter [9] proved the conjecture for p =6, 6 = A\™ 3 with
an e-loss. Finally, the question was also considered in dimensions 4 and 5, see [§].

4.3. Small cap decoupling

In this section, we write A 5 B if A S¢ P°B holds for all ¢ >0, where P is the scale
parameter, typically denoted by R or A.

The chief tool for proving Conjecture B in the range 4 < p < 6 is small cap decoupling,
a result first proved in [12], and further refined in [13].

Let I be a compact interval and let I' : I — R be a smooth curve with:

min [17/(¢)| > 0. (4.1)

Let 0 < f < 1. For R > 1, partition its 1/R-neighbourhood Ny, (T) into tubular
regions I' with length R~# and width/height ~ 1/R. We will call such v an (R~?, R™1)-
cap. There are ~ R” such caps.

We introduce the Fourier projection onto L?(7):

ﬂ@=/ﬂwu@%

Given a ball Bp = B(xg, R), we define the weight:

|z _330|)—100_

wpp(7) = (1+ 7

The following was proved in [12] for the parabola. The extension to arbitrary curves I'
as above is fairly standard, see the sketch of proof below.
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Theorem 4.2 (I?(L?) small cap decoupling, [12]). Assume f : R? — C has Fourier
transform supported in Ni,r(T). Then for 4 < p < min(2 + %,6) and each ball Br we
have:

1 1
1 llzpmg) % B2 70 Q1A s )" (4.2)
vy

When 8 > 1/2 this is a good substitute for [2(LP) decoupling:

1fllrBR) & lefwl\mwB) ;

which is only true if 8 < 1/2. The reason for the failure of this inequality when 5 > 1/2

is the fact that there are many (more precisely R”? _%) consecutive caps [ inside an
essentially rectangular/flat cap 7 with dimensions (R~1/2, R=1).

Parts of our forthcoming argument need a slightly stronger (via Holder’s inequality)
version of (4.2). This is a particular case of Corollary 5 in [13].

Theorem 4.3 (I7(LP) small cap decoupling, [13]). Assume f: R2 — C has Fourier
transform supported in Ny r(T). Then for 4 < p < min(2 + 6) =1- % and each
ball Br we have:

B 1
1flzr (s, S RP277) Z||fw|\Lp(wB )t (4.3)

The upper bound p < min(2 + %,6) is sharp in both theorems. The value 2 + % is
called the critical exponent for small cap decoupling.

Sketch of proof: Let us comment on the extension of these theorems to general
C? curves I' : [-1/2,1/2] — R satisfying |['(z),|T"(z)] < 1 and |I”(z)| ~ 1 for = €
[—1/2,1/2].

The main step in the proof for the parabola was proving a bilinear version of the small
cap decoupling inequality. More precisely, the function f is replaced with the geometric
average \f1f2|1/2 where the spectra of f1, fo lie in ~ 1 separated parts of Nl/R~ The only
relevance of this separation is that normals at points lying in the two pieces point in
separated directions.

Two special tools were used to prove this bilinear inequality. One of them is Cordoba’s
inequality, whose validity and proof remain the same for curves I' as above. The other
one is a refined Kakeya inequality, which takes the same form for all I' with non-zero
curvature. Indeed, curvature forces the spatial rectangles localizing wave packets to point
in distinct directions.

The remaining step in the proof for the parabola was a Whitney-type decomposition
for this curve into smaller pieces, and the application of the previously mentioned bilin-
ear small cap decoupling to each piece, via parabolic rescaling. The latter amounts to
mapping a small arc on the parabola to the full scale-one parabola via an affine transfor-
mation (it is crucial that affine transformations commute with the Fourier transform).
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Strictly speaking, this strong form of parabolic rescaling fails for arbitrary curves.
However, the following totally satisfactory analogue is true: given any interval J C
[-1/2,1/2] of length A and centred at ¢, the affine map:

(€ — (55, IO T,

maps the arc I' : J — R to some I'' : [-1/2,1/2] — R that has the same properties as T
And since the bilinear decoupling holds true with uniform bounds for such curves, the
argument closes in the same way as in the case of the parabola. O

In our applications of (4.2) and (4.3), f will be supported only on a small number
Nactive of the total number Niysq; ~ R? of caps 7. Then, (4.2) gives:

”fHLP(BR NtotalN ctive m3X||fv||’L’p(wBR)7 (4.4)

while (4.3) leads to the more favourable:

3— 3
||fHLP(BR Nfofalefctwe m$X||f7||1£p(wBR)~ (4.5)

When 3 < 1/2, we have an even stronger estimate, as a consequence of [?(LP) decoupling:

/2
||fHLp(BR) S Nfctwe mgx Hf“/”lzp(wBR)- (4.6)

We will work with I" : [-1/2,1/2] — R given by I'(§) = /1 — £2. In fact, for reasons
of symmetry, we may as well work with the full circle S*. We rescale (4.4) and (4.5) to
allow f to be supported on Ay s, for some ¢ < 1. If v are now (/\(g)ﬁ, d)-caps partitioning

N5(ASY) = A, 5, we find that if f is supported on Ay s then (4.4), (4.5) and (4.6) hold
with R ~ 1/4.

4.4. Some progress on the kernel conjecture

The main result we prove is as follows. It is important to note that the difficult range
4 < p < 6 does not follow by interpolating the easier endpoint cases p = 4, 6.

Theorem 4.4 (Square root cancellation at the critical exponent). Assume
4
pe4,6] and 5 = AP " Then

19551l Lo o.112) S (A)2.
Proof. Note first that

6> A3, (4.7)
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so that in particular 6=1 < v/Ad. We cover Ay 5 with (6='/100,§)-caps 7. This choice is
important for two reasons. On the one hand, it has area smaller than 1/2, and this forces
structure on the lattice points inside 7. On the other hand, the length scale ~ §~1 of 1 is
the smallest for which we get LP square root cancellation via small cap decoupling. We
illustrate this in Case 1 of the following four-case argument.

Decompose

(I)A,é = Z (I)Tlv
n

with @, (z) = ZkeanQ e2mik-x
Case 1. We apply (the rescaled version of) (4.4) to f =3 @, (soy =nand f,; = ;)
and R ~ 1/§, with the sum restricted to those 7 containing exactly one lattice point.
Let us check that n has the desired length ~ )\( )8, for some f3 satisfying p < 2 + ﬁ

Solving § = )\(X) and using that § = )\P , leads to 8 = pfz. Thus, we apply (4.4) at
the critical exponent.

Note that Nyprar ~ Ad. We allow for the possibility that Ny e may be comparable
to Niotal, See the comment a few lines below. Note also that ||f,,7HLp(,wBR) ~ R2/?_ Using

first the 1-periodicity of f, then (4.4), we conclude with the desired bound:
—2 2
||Z(b ||Lp(01] ||Zf7l||Lp ([0, R] (Aé)P/

The argument just presented works when considering caps 1 with 2° < 1 points. The
counting arguments that we will use next show that most lattice points in A, s are
absorbed by such caps. In particular, for at least one of these small scales s, we have that
Nactive 2 A0. This shows the sharpness of the argument, and motivates the use of small
cap decoupling.

In the remaining cases we restrict attention to those 1 containing at least two lattice
points. All lattice points inside 7 need to sit on a line we call /,. This is because the area
of the triangle determined by any three lattice points is half an integer, while the area
of (the convex hull of) 7 is smaller than 1/2. Moreover, all lattice points on I, N7 must
be equidistant, with separation of consecutive points of order ~ 2", for some m > 0.
Pigeonholing at the expense of a (log R)? loss, we may focus on those 7 corresponding to
a fixed m, and also containing ~ 2° lattice points, for some fixed s > 0. It follows that:

length(l, Nn) ~2°T™ < 5L (4.8)

Finally, call o the angle between I, and the long axis of 7.

Case 2. We restrict attention to those n with a > ecc(n) ~ §%. We call them active.
It is worth pointing out that n is essentially a rectangle. In fact, each 7 sits inside a
((A6)}/2,5)-cap (as part of Ay s) that is also essentially a rectangle. We will call such
caps by the letter 7. The fact that 7 is longer than 7, (A6)/2 > 6~!, is a consequence
of (4.7).

Since o is much bigger than the eccentricity of 7, the lines I, need to be different for
all active 7 inside a fixed 7. This will force some separation between any two consecutive
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active 11 and 72, as follows. Pick two lattice points Py, P> € l,,; N1y with dist(Pr, Pa) ~
2™. Pick any point P3 € (I, Nn2) \ Iy, . Let d = dist(P3,1,, ). Since the area of APy P, P3
is at least 1/2, we find that:

a2m > 1. (4.9)
Since a > ecc(n) ~ §2, we have that:
. )
an~sina~ oo (4.10)
On the other hand,
d
a ~sina ~ PP (4.11)

Combining these two and using that |Py P3| ~ dist(ny, 12) shows that:
diSt(Th, 772) ~ d5712s+m'

When combined with (4.9), this leads to dist(n;,72) = 2567 1.

This suggests partitioning each 7 into (2671, §)-caps 6. Each n will sit inside some 6,
and each 6 contains at most one active 7. We call § active if it contains some active 7.
Let now:

f: Z (I)na

n: active

f9: Z ‘Dn-

nCo: active

We apply (the rescaled version of) (4.4) to f, with the caps v being the active 6's.
We need to check that the length 2°6~! of § may be written as )\(g)ﬁ, for some [

satisfying p < min(2 + %, 6). However, this is immediate, since we have observed earlier
2

that 61 = )\(%)P—? The small cap in this case is getting longer than in the previous
case.
Periodicity and (4.4) with R = 1/6 gives:

p —2 p
| Z ©n|‘LP([071]2)NR I Z f9||Lp([0,R]2)

n: active 0: active

L1
—2na72
é R NtotalNactive Oglc?i)q(;ergng(wBR).

Note that there are Nipar ~ A/(2°671) caps 6.
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0
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2t5—1

T

Figure 1. Lattice points and caps inside 7.

Here is how we evaluate the number Ng,4pe of active 8. A 7 containing at least one
active @ will itself be called active. Each active 7 contains < §(A\§)/2/2% active #, and
by (2.1), the number of active 7 is < (A§)1/22™~%. We conclude that:

S(A6)Y/2 (A6)1/22m

= \§22m928,
25 2s

Nactive ~

Since each 6 contains ~ 2° points, we have the trivial sharp estimate:

erHI[),P(wB S HfG”LQ(wB 23(;0 2) 23(1’ 1)R2

Putting things together, we conclude with the desired bound

Ad .\ p 7— mo—2s6s
|30 Bl oy S (GE A2 220D = (3g)

n: active

4 P
2 2

<2m+86)28(%—3) 5 ()\5)

where the last inequality follows from (4.8) and the fact that p < 6.

Case 3. We now restrict attention to those 17 with (§/A)/2 ~ ecc(7) < a < ecc(n) ~ 62
In particular, we assume « ~ 2762, for some fixed ¢ > 0. The line [, is now the same
for < 2! consecutive active 1. We cover each group of such n with a (257!, §)-cap o, and
call the common line [,. We call ¢ active. Since [, crosses at least one 7, we have that
amts 5L,

Next, we prove separation between consecutive active o1 and o, using the argument
from Case 2. Pick two lattice points Py, P> in 01 N, with dist(Py, P2) ~ 2™ and pick
a lattice point P3 € (02 Nlyy) \ I, Letting d = dist(P3,ls, ), we find as before that
d2™ 2 1. Also as before,

d

272 v~
@ diSt(O’l,O'g)
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SO
dist(0y, 09) ~ d28672 ~ d2m2stis—1 > 95tig—l,

We cover each 7 with (2571§~1, §)-caps 6. Each @ contains at most one active o, and
is contained in a unique 7. We call 8 active if it contains some active o, and we also call
active the 7 containing such 6.

We decouple into caps 6. Small cap decoupling is applicable, as 6 is even longer than
in Case 2. Note first that:

Niotal ~ )\52—s—t.

1/2
There are < (A§)1/22m=5 ~ 227(\§)1/2527F active T, each containing < 6(;‘;5_)‘_/ active
0. Thus the number of active 6 satisfies:

302m—2t— s
Nartwe ~ )\6 2

Since # now contains < 2% points, we have as before:

||f9||Lp(wB ) S S foll?2 2(s+t)(p 2)  9(s+t)(p-1) 2.

We first make the point that (4.4) is not strong enough in this case, as it leads to:
p -2 p
” Z (I)n||Lp([071]2) ~R ” Z feHLl’([O,R]Q)
n: active 0: active
SR 2NtotalN ctive Mmch ||f9||ip(wBR)
< ()\6)p/2<2m+86)22s(%—3)2t(%—2)
~ ()\5)17/225(%*3)275(%*2).

When p >4, we cannot force this to be < (A§)P/2, as ¢t may be much larger than s.
However, using instead (4.5) we find the desired upper bound:

-2 P
Z ® ”Lp ([0,1]2 ~ k77| Z f"HLP([o,R]?)

n: active 0: active

3
< R~ 2Ntota2l N{fct?ve Gmax ||f9||Lp wBR)
< ()\6)17/22_(5+t)(3_§)(6222m72t75)p732(5+t)(p71)
S, ()\5)17/2(52221’?’7,228)1)—325(57371))2t(27%)

~ ()\5)11/223(5—*)2“2 )

This is < (A0)P/2 if p > 4.
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Case 4. When a < ecc(T), the points on distinct active 7 are aligned in distinct
directions. Thus, there can only be O(22™) active 7. We have that 2°t™ ~ §=! and each 7
contains < 2°(\8)'/25 points. The desired bound follows from the I?(LP) decoupling (4.6)
into caps vy = 7:

p -2 p
” Z (I)n||Lp([071]2)NR ” Z fTHLp([QR]Z)

n: active T: active

< RNZLE,. max ||fs

p
active Factive HLP(wBR)
5 2mp(25()\5)1/25)p—1
571
~ (NP2 ——.
(A9) 254/ A6
This is < (AJ)P/2 due to (4.7). O

We may now prove Conjecture B in the range § > \~1/3.

Corollary 4.5. Assume 1> 6 > A\~Y/3. Then Conjecture B holds for all p.

4 _
Proof. There is ps € [4,6] such that § = APs LIt p < ps, the result follows from
Theorem 4.4 and Holder’s inequality. When p > ps, it follows from the same theorem
and the L bound:

(A6
A2

/ @y 5P < / B3 5|75 (ASYP 75 5 (AS)PS/2(AG)P 5 =

A simple application of [?(L°) decoupling gives the following.
Proposition 4.6. Conjecture B holds for p < 6 and § < AL/3,

Proof. We may assume § < A~'/3. The case p <6 follows from p=6 and Holder’s
inequality. When p =6 we use [?(L%) decoupling (4.6). More precisely, we decouple into
((A6)Y/2,8)-caps 7. Their volume is < 1/2, so lattice points in 7 are contained in a line.

Reasoning as before, there are Nyciive < 2’\7‘1 caps T with ~ 22 points. Then, (4.6) gives,

/‘(I))\,5|6 é maX(Nacti'ue)325s é maX2_s()\5)3 ~ ()\6)3
s>0 s>0
O

Remark 4.7. A small improvement over the results presented here, which would

1

reach the region § < A73, p>6 for Conjecture B, are possible with the help of bounds
on exponential sums. We will not pursue this approach, in order to avoid further technical
details.

https://doi.org/10.1017/50013091524000099 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091524000099

Spectral projectors on the two-dimensional torus 455

Theorem 4.4 and thus also Corollary 4.5 continue to hold true (via the same argument)
if A, s are the lattice points in the §-neighbourhood of AI', where I is any curve satisfying
(4.1). However, Proposition 4.6 needs the fact that Ay s contains < A0 lattice points.
Its proof relies on this bound in order to guarantee that Nyciiwe & A0 for the caps 7
containing only one point. For caps with at least two points, the upper bound < A\6/2°
remains true for arbitrary I' as in (4.1), via the same geometric argument, that only
exploits curvature. The fact that this inequality is also true for caps with one point in
the case of S! is an consequence of Lemma 2.2.

Remark 4.8. For certain I', the analogue of the set A) s may contain significantly
more lattice points than Ad, when § is significantly smaller than A=/, One such example
is the parabola I'p, (&) =& 1f A/2 = n is an integer, then Al'p; contains ~ /2 lattice
points (nl,1?),|l| < n, far more than Ad when § < A™/2 (this is as much as possible for
a general curve, up to a subpolynomial factor, by [3]).

In the case of the parabola, these points are arranged along an arithmetic progression
in the horizontal direction, which leads to constructive interference on a large set: note
that,

Z e(lnzy + 1Px5)| ~,n

[l<n

if 1 € Uj<nli/n, j/n+1/10n2], || < 1/10n%. Thus

p

/ Z e(lnzy + 1Px9)| daidas > Ab-3, (4.12)
[0,1)2

lij<n

Recall that the generalized projection operator and its kernel are defined by:

ﬁ;:if _ Z f/';ge%rikw and (I/);;s(‘r) _ Z eQTrik-z.

EEN§(AD)NZ2 kEN§(AD)NZ2
From the inequality (4.12), it follows that:

o L — 1_3
1Prsll 2 2 A% 20 and || ®asller 2 A2 2P,

which shows that conjectures A and B (for the latter, at least when p is even) do not
apply to the parabola for small enough §. We refrain from making a precise conjecture
for the parabola, as there might be additional examples.

5. Graphical representation

Figure 2 represents in the coordinates (%, — }gg 6) the different regions where Conjecture A

is verified. The vertical coordinate gives the size of § which decreases, making the problem
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__ logé
— logA 1

1
3
0
0 1 1 11
10 6 4 p
Figure 2. The vertical axis corresponds to a = 1063 " and the horizontal axis to 1. In the dark

- log A
blue region, Conjecture A is verified; in the light blue region, it is verified with an e-loss. The

—14-5 . . . . 1_2 .1
red line is the curve 6 = A 1+P+2, which separates the region where the conjecture is A2~ »{§2

(below) from the region where the conjecture is (>\6)i_% (above).

harder, as one goes up in the picture; for the bottom line d = 1, the conjecture corresponds
to Sogge’s theorem. The horizontal coordinate gives the size of p; if p < 10 and p = oo,
the conjecture is settled (with € loss), but it appears that intermediate values of p are
harder to understand.

If the conjecture holds at a given point in the above diagram, then it is also true
on a whole region depending on that point. These implications are summarized in the
following lemma.

Lemma 5.1.

(i) If Conjecture A is satisfied at a point (%,ao) below the red curve, consider the

rectangle with that point as its top right verter. Then the conjecture holds at any
point in that rectangle.
(ii) If Conjecture B is satisfied at a point (plo,ao) above the red curve, then it holds to

the right of this point, that is on the segment joining this point to (%, ap).

Proof. (i) We will show that the conjecture holds at points (%, ap), with p > pg, and
also at points (Zl), a), with & < ap; this will prove the assertion.

e If p > pg, the Bernstein inequality gives:

2 2 2 _2

12 12 1
[Prsfllee SAPO P Pysfllpro SAPO PAZ P02 fll 2 SAZ P02 f] 2

~
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log &
o= log A 1
1
3
0 ]
0 1 1 11
10 6 4 p
Figure 3. The vertical axis corresponds to a = —llggf\, and the horizontal axis to *. In the dark

blue region, Conjecture B is verified without loss; in the light blue region, it is verified with an
4
e-loss. The red line is the curve § = /\_H'F, which separates the region where the conjecture is

TS (below) from the region where the conjecture is ()\5)% (above).

e To deal with the case a < «, we observe first that the classical TT* argument
shows that || Py sl 2_,.p = [[PxsllLpr— p- Assume now that:

[T

1_2
HP)‘O#;O”LQ—)LPO = CO/\g Pé

)

for constants (Ao, dg, po, Co), and consider § > dg. Then the interval (A — 3, A+ 9)
can be covered by O(d/d¢) disjoint intervals (I;) of length §y and,

|P)‘0 5”L2—>Lp = H Z HL2—>LP0 H ZP HLPO—>LZDO

S _4 14
< 4 < — 70 <\, P06
= Z HPIJ HL”6—>LP0 ~ 5 >\° % 3 /\0 0
J

(7) is a consequence of interpolation, and of the trivial bound [|Ps|;2 ;2 S 1:if

2 < p < po, choosing # such that ]lj — % =0 (PLO — %),

o(1__1
1Pl e SIHPslG2Y, ol Prsllfa, 1o S (AD) <4 o ) (/\5)
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We now turn to Conjecture B; Figure 3 depicts the different regions where it is verified.
Furthermore, if the conjecture holds at a given point in this diagram, then it follows on
a region depending on that point. Such implications are summarized in the following
lemma.

Lemma 5.2.

(i) If Conjecture B is satisfied at a point (%,ao) below the red curve, consider the

rectangle with that point as its top right verter. Then the conjecture holds at any
point in that rectangle.

(ii) If Conjecture B is satisfied with € loss at a point (==, ) above the red curve, then

1
Po
it holds with € loss to the right of this point, that is on the segment joining this point
to (3, ).

Proof. This is very similar to Lemma 5.1. For (i), we use Bernstein’s inequal-
ity and the fact that, if §9 < 4, then ®,; can be written as the sum of O(%)

functions of the type @, ,. For (@), it suffices to interpolate with the trivial bound
1
[Pxsllp2 S A°(AD)2. O

~
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