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Abstract

The Banach *-operator algebras, exhibiting the second-order noncommutative differential structure and
the noncommutative Lipschitz structure, that are determined by the unbounded derivation and induced by
a closed symmetric operator in a Hilbert space, are explored.
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The aim of the present paper is to understand the noncommutative second-order
differential structure and the noncommutative Lipschitz structure defined by a closed
symmetric operator in a Hilbert space. Let S be a closed symmetric operator with
dense domain D(S) in a Hilbert space H. Let B(H) and K (H) be the C*-algebras
consisting of all bounded operators and all compact operators on H, respectively. Let
ﬂ; consist of all operators A in B(H) such that AD(S) c D(S),A*D(S) c D(S) and
SA — AS extends by closure to a bounded operator on H. Let Ag :=(SA —AS)™,
where the bar above denotes the closure of the respective operator. Then ﬂ; is
a Banach *-algebra with norm |[|A||; := ||A|| + ||As]||, with || - || denoting the operator
norm. Let Us be the C*-algebra obtained by completing 7{; in || -||. Let 65 be
the *x-derivation defined by S as dg(A) = iAs with domain D(dg5) = \?{é in Us. Let
Ky = Ay NK(H), T4 :={A € K} : As € K(H)} and F be the closure in the norm
|| - ||; of all finite rank operators in ﬂé. The algebra ﬂé is a Banach (D7)-algebra [KS2]
in the sense that it is a Banach *-algebra that is a dense *-subalgebra of a C*-algebra
satisfying [ITRIl, < ITILIIRI + TN IRIl; for all T, R in Aj}. The algebras Ky, Ts, Fo
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are closed subalgebras of (AL, || - ||;) and TSI C jsl - ‘KS1 C ﬂé. In [KS2, KS3, KS4],
Kissin and Shulman have investigated the structure of these algebras, regarding them
as noncommutative differential algebras defined by the derivation J.

The classical Banach function algebra C'[a, b] (consisting of functions f € C[a, b]
such that the derivative f’ exists on [a, b] and f’ € Cl[a, b]) as well as the Lipschitz
algebra Lip[a, b] (consisting of functions f € C[a, b] such that the derivative f’
exists almost everywhere on [a,b] and f’ € L™[a, b]) suggest that the algebras
ﬂ;, V(Sl,j Sl and TSI represent the noncommutative Lipschitz structure defined by S
(more precisely, defined by S relative to B(H)). The noncommutative C'-structure
defined by S may be described more accurately by the following modified versions of
these algebras. Let

AL :={A e Us: AD(S) c D(S),A"D(S) C D(S),(SA - AS)™ € Us),

K= xKH) NAP, TP = (A e K" : As € K(H)) and 7" be the || - ||;-closure of
finite rank operators in 3{(51). These Banach algebras, together with the Banach algebras
considered in the previous paragraph, exhibit the first-order differential structure
defined by S and described in terms of the derivation 6g. We consider the second-
order differential structure defined by S, which is exhibited by the algebras and is
defined as follows.

Let ﬂ§ ={A € f(é :05(A) € ﬂ;}, which is a Banach *-algebra with norm ||Al|; =
AL+ 1185 A + (1/2)I62 (A, K = A2 NK(H)and T3 = {A € K} : 55(A) € T}}, and
let 7-'S2 be the closure in || - ||, of finite rank operators in ﬂé. Notice that, for A in ﬂ%,
6§ (A) € B(H), and thus the algebra ﬂ§ corresponds to the algebra of C'-functions
whose derivatives are Lipschitzian. The analogues of the algebra of C2-functions are

given as follows. Let ﬂf) ={A e ?{S) 10s(A) € ﬂél)}, which is a closed subalgebra of

ﬂé, ‘Kéz) = ?I(Sz) N K(H), j;z) ={Ae ‘Kél) 1 0s(A) € jél)}, and let TS(Z) be the closure
in || - | of finite rank operators in ﬂ(sz). Thus the noncommutative second-order
differential structure defined by S is manifested as the following complex of Banach
algebras which are dense smooth subalgebras of C*-algebras.

AP ¢ A c AP c AL < U

) U U U
K c K2 c kP c Kl
U U U U
gs' e I5 < I < I
U U U U

An algebra of the form B§ (and, analogously, Bgz)) should not be confused with
(Bs)? which is the linear span in Bs of the set {XY : X € By, Y € Bg}. Notice that,
when S is a bounded operator, all the three norms || - |5, ]| - ||; and || - || are equivalent,
ﬂgz) = ﬂé = ﬂg}) = ﬂé = Us = B(H), and the remaining Banach algebras coincide
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with the C*-algebra K(H). A comparison with the classical C'-algebra and the
Lipschitz algebra in real analysis suggests that the noncommutative C'-structure is
likely to be more rigid than the noncommutative Lipschitz structure. The purpose of
the present paper is to contribute to the understanding of the noncommutative second-
order differential and Lipschitz structures defined by S using the method adopted
in Kissin and Shulman [KS2] and in Weaver [W1, W2] for the investigation of the
first-order structures. Throughout the paper, we assume that the closed symmetric
operator S is such that the operator S? with domain D(S?) := {x € D(S) : Sx € D(S))}
is a densely defined operator. This would ensure that S? is closable.

The paper is organized as follows. In Section 1, we develop basic properties of
the Banach *-algebra A2, and compute the finite rank operators therein. The densely
defined second-order derivation 5§ : ﬂé — B(H), with domain D((5§) = ﬂ%, turns
out to be a closed operator in the C Lnorm || - ||; on &zlg and the operator norm on
B(H). We also discuss the regularity properties, such as spectral invariance and
closure, under functional calculi. In Section 2, it is noticed that the derivations Jg
and 63 are W*-derivations in the sense of Weaver [W1, W2] with the result that Ag
and ﬂ% are W*-domain algebras [W 1] which are duals of Banach spaces. This enables
us to discuss Lipschitz functional calculus in these Banach algebras. In Section 3,
we discuss approximation properties in A2; the approximation being by a || - ||;-
convergence of a || - ||,-bounded sequence. In Section 4, closed essential left ideals
in the algebra 7-'52 are determined. As a whole, the paper seeks analogues for second-
order derivation 6§ of results pertaining to first-order operator g in [KS2], and adds
a new perspective to a noncommutative Lipschitz structure defined by S. The paper
discusses only some basic properties. Many important issues such as duality [KS3],
isomorphisms [KS3], second-order analogues of differential Schatten algebras [KS4],
analogues of Calkin algebra, as well as higher-order differential structures defined by
S remain to be investigated.

1. Noncommutative differential structure

ProposiTiON 1.1.

(1) The class ﬂ§ is a Banach *-algebra with norm ||All, = ||All + |l6s (A)|| +
(1/2NI63 (Al Also, for any A in Az, AD(S**) C D(S*?), and 53(A)lps-) =
—[S*2A - 25*AS* + AS 2.

(2) Foreachi=1,2, the algebra ﬂ(Si) is a closed *-subalgebra of ﬂg.

(3) If 65 is a generator and, in particular, if S is self-adjoint, the algebra ﬂ% is
dense in Us. Also, the algebra .?(gz) is dense in Us.

Proor. (1) First, we note that, for A € A2, AD(S?) ¢ D(S?) and A*D(S?) c D(S?).
Indeed let A € A2. Then A € A} and, as A* € AL, A*D(S) C D(S). Let y € D(S?).
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Then SA*y is defined. Let x € D(S*). Then

i(SA™y,S*x) = i(SA™y,S"x) — i(A*Sy,S*x) + i(A*Sy,S " x)
Os(A™)y,S"x) + i(A™Sy, 8" x)

= (65 (A)'y,S*x) + i(A*Sy,S"x)

= (S6s5(A)'y, x) + i(A*Sy,S"x)

because A € A%, with the result 55(A)*D(S) € D(S). Also, since y € D(S?), A*Sy €
D(S) and SA*Sy is defined. Hence, in the above expression, i(SA™y, S*x) =
(S0s5(A)'y, x) + i(SA*Sy, x). It follows, from the definition of the domain of the
adjoint of an unbounded operator, that SA*y € D(S*) = D(S), with S being closed.
Thus A*y € D(S?). This proves A*D(S?) ¢ D(S?). Similarly, it follows that AD(S?) C
D(S?).

Clearly, A3 is a complex vector space. We assume A € Az, B € A; and verify that
AB e A;. As Aj is an algebra and A, B € A}, we have AB€ AL. As 65(AB) =
8s(A)B + Ads(B) and d5(A), ds(B) € AL, we have §5(AB) € ﬂ;. Thus AB € ﬂ%.
To show that A3 is a “-algebra, we show that A* € A; for A € A;. We have A €
AL, 85(A) € Ay. Since Ay is a *-algebra and Js is a *-derivation, A* € Ay, 65(A*) =
Ss(A)* € AL Thus A* € Az.

We show that (A2, || - |l) is complete. Let (A,) be a Cauchy sequence in fﬂé. Then
(A,) is || - |l;-Cauchy in the Banach algebra (AL, || - |;). Hence there exists A in 3@
such that in the operator norm, both ||4,, — A|| = 0 and ||ds(A,) — ds(A)|| = 0. Also,
since A, € ﬂé,ds (A) € ﬂé and since (A,) is || - |[>-Cauchy, (65(A,)) is || - ||;-Cauchy.
Hence, for some T € &Z(;, llos(A,) = T| — 0, ||(5§ (Ap) — 0s(T)|| — 0. It follows that
T = 6s(A). Thus A € A and ||A, — All, — 0, showing that (A2, || - ||,) is complete.
The norm inequality [|AB||> < [|All2]|Bll> (A, Bin ?(g) follows easily from the derivation
property of dg. Thus (ﬂé ,II - 1l2) is a Banach *-algebra.

Let A€ A;. We show that AD(S*?) c D(S*?) and 63(A)lps=) = —[S™A -
2S*AS* + AS*?]. By [R, Theorem 13.2, page 330], S*> c (§%)*. Now let y €
D(S8?),x € D(S*?). Since A € AL, AD(S*) € D(S*), by [KS2, Lemma 3.1, page 16],
and 05 (A)|pis+) = i(S™A — AS™). Also, 65(A) € &Zl;. Hence 65(A)D(S™*) € D(S*). Now
xeD(S*?),5*x e D(S*),AS*x € D(S*) and

—(03(A)x,y) — (AS%x,y) + 2(S*AS *x, y)
= —(x, 05 (A")y) — (x, S*A%y) + 2(x, SA*Sy)
= (x,A*S%y) = (Ax, S 2y).

Hence y — (S?%y, Ax) is a bounded linear functional on D(S?) and so Ax € D(§?*).
As x € D(S*?), x € D(S*). Since AD(S*) c D(S*),Ax € D(S*) and y — (S*Ax, Sy) =
(Ax,S2y) is || - || bounded. Thus S*Ax € D(S*) and so Ax € D(S*?). This gives
AD(S*?) € D(S*?) and 6%|p(s2) = —[S*?A — 2S*AS* + AS*?]. This completes the
proof of (1).
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(2) Is obvious.

(3) If 65 is a generator, then the set C®(ds) of smooth vectors (in B(H)) of s is
dense in Us [S1]. Since C(65) € A’ © A2, it follows that each of A and A2 is
dense in Us. O

Given norms | - | and || - || on a vector space X, | - | is called closable with respect to
|| - || if, for any sequence (x,) in X, the assumptions (x,) is | - [-Cauchy and ||x,|| — O
imply that |x,| = 0. The following lemma captures, in the present framework, an
important property of the C>-norm on the commutative Banach algebra C?[a, b] of
C?-functions.

LemMa 1.2. On the Banach algebra Az, each of the norms || - ||, and || - ||, is closable
with respect to the operator norm || - ||, and || - ||» is closable with respect to || - ||;.

Proor. First, we show that || - ||; is closable with respect to || - || on ﬂé (and hence
also on ﬂg). As S is closed, dg is a closed operator. If A, — Oin || - | and if A, is a
Cauchy sequence in || - ||, then d5(A;,) is Cauchy in || - ||. As ds is a closed operator,
05 (A,;) — 0. Hence ||A,|l; — 0. If A, is Cauchy in || - |2, then 85 (A,) and 6§ (A,) are
Cauchy in || - ||. As above, [|0s(A,)|| = 0. Applying this again, |I6§ (A,) — 0. Hence
lAull2 = 0. Since || - | < |- lli £ - Il Il - Iz is closable with respect to || - ||y. ]

The following follows immediately as in the previous lemma.

ProposiTioN 1.3. The operator 6% with domain D(6§) = ﬂé is a closed operator from

(Ag, I 1D) to (BEH), II - 1I).

For x,y in H, let x®y be the rank one operator defined as z — (z, x)y. For a
densely defined operator 7, if y € D(T), x € D(T*), then ||[x®y|| = ||x]| IYIl, (x®y)* =
YRX,(x®@y)u®v) =, x)(u®y), T(x®y)=x®Ty, and (x®y)T extends to (T x)®y.
It is shown in [KS2, Lemma 3.1] that x® y € ﬂé if and only if x,y € D(S), and that
any finite rank operator F € ﬂ; is of the form F =} x; ®y;, a finite sum, where
X;, y; € D(S). We use this to prove the following analogue in the present framework.

ProposiTioN 1.4. Given x,y in H, the rank one operator x®y € .?Ié if and only if
both x and y are in D(S?). Further, any finite rank operator F in ﬂé is of the
form F =Y x;®y;, a finite sum, with all x; € D(S?), y; € D(S?).

Proor. Let x € D(S?),y € D(S?). Then for all z € H, (x®y)z = (z, x)y € D(S). Also,
O0s(x®y) =i{S(x®y) - (x®y)S} =i{x®Sy— S*x®y}. Further,
05 (0s(x®Y)) = i{0s (x®Sy) — 65 (S"x®y)}
=—{§(x®Sy)—(x®Sy)S —S(E*x®y) + (S*x®y)S}
= —(x®S%y-S"x®Sy-S*x®Sy+Sx®y}.
In fact, S ¢ S* and Sxe D(S),Sy € D(S). Hence 6§(x®y) =—-(x®8% -
25x®Sy+S%x®y). Asy e D(S),(x®y)D(S) c D(S),andas x € D(S), (x®y)*D(S) =

(y®x)D(S) Cc D(S). Also, ds(x®y) =if{x®Sy—-S*x®y} =i{x®Sy—-Sx®y} €
B(H). Thus x®y € ﬂé. Moreover, ds5(x® y)D(S) C D(S), {0s(x®y)}*D(S) =
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Ss(y® x)D(S) € D(S), and S5(5s(x®Yy)) = —{(x® 5%y —25x®Sy + S2x®y)} is a
bounded linear operator on H. Hence x®y € Az.

Conversely, let x,y in H be such that x®y € .?(% .We show that x € D(S?),y € D(S?).
Note that x®y € ﬂ; and 0s(x®Yy) € ﬂé. By [KS2, Lemma 3.1(ii)], x € D(S) and
yeD(S). Also 6s(x®y)D(S) c D(S) and {6s(x®y)}*D(S) c D(S). Now, for any
Z€H,

Os(x®Y)z=i{x®Sy—S*"x®y}z = i{(z, x)Sy — (z, S *x)y}.

Since 05 (x®y)D(S) € D(S) and (S*x®y)D(S) € D(S) as y € D(S), it follows that
(x®Sy)D(S) c D(S), so that, for all z € D(S), we have (x® Sy)z = (z, x)Sy € D(S).
Choosing z such that (z, x) is nonzero, we get Sy € D(S), so that y € D(S?). Now
x®Sye€ ﬂé. Since 05 (x®Yy) € ﬂé, we get S x®y € ﬂé. Then, by above result stated
in [KS2], Sx = S*x € D(S). Thus x € D(S?).

Now let F € ﬂ% be a finite rank operator, say F' = )’ x; ® y;, a finite sum. We can
assume all x; to be linearly independent, and also all y; to be linearly independent.
For any z € H, Fz =Y. (xi®y)z = 2(z, x;)y;. Since F € ﬂ%, we have F € ﬂé and
os(F) e ﬂfg. By [KS2, Lemma 3.1], all x; € D(S) and all y; € D(S). Also,

85 (F) = Y 6s(®y) =i ) (S(x;®y) = (xi®y)S)
= iz{xi@’syi -S$"xi®yi} = iz{xi@’s)’i - Sxi®yil.

As 65(F) € AL, again [KS2, Lemma 3.1(ii)] implies that all Sy; € D(S) and all
S x; € D(S). Thus all x; € D(S?), and all y; € D(S?). This completes the proof. O

By [KS2, Lemma 3.1(iii)], Kj and [J; are closed *-ideals of (AL,|l - l;) and
(‘K; ¥ cJ. Sl The following contains an analogue of this in the present case.

ProposiTION 1.5. 7(S2 and jsz are closed *-ideals of (AZ, || - |l2), and (‘K§ N jsl ) c j’g.

Proor. Clearly, K7 is a closed *-ideal of Az. Let A€ JZ. Then A € K3, 65(A) €
K(H), 63(A) € K(H). Let B € Az. Then 65(B) € AL, 6%(B) € B(H). Then 55(AB) =
Ss(A)B + Ads(B) € K(H) and 65(AB) = A3 (B) + 265(A)Ss(B) + 63(A)B € K(H).
Similarly, BA € 7, 2 A" ed. Sz showing that Sz is a *-ideal of ﬂg. Clearly, 7. 52 is
closed in (AZ, || - [l.). Now let A, B € Kg N Jy. Since B € K7, we have B € A and
so 05(B) € ﬂé. Since B € jsl, B is compact and 65 (B) € K(H). Thus 65(B) € (KSI.
Also, A € J5 C K. Therefore Ads(B) € Jg. Similarly, 55(A)B € Jg. Thus 65(AB) =
ASs(B) + 65 (A)B € J§. We already have AB € K. It follows that AB € J3. o

ProposiTioN 1.6. The Banach algebras (A), || - 1), (K311 - ). (T2, |l - 112) and (F, || -
l2) are semisimple, ?'Sz has no closed two sided ideals, and 7—'S2 c I for any closed *-
ideal I of (AZ, || - II).

Proor. Let 1 be a closed *-ideal of 7:52 Let A€ 7. Let x € D(S) such that A*x is
nonzero. Now A*x®y = (x®y)A € T for all x,y € D(S?). Then, for all zin D(S?),

(A" x®Y)A*(z®x) = (A" x®y)(z®Ax) = |A*x|*(z® ).
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Hence z®y € 7. Since I contains all finite rank operators in A2, we get TSZ crl
and, since 7 C F2, 7"52 = 7. If I is a closed *-ideal of ﬂg, this argument implies that
TSZ C 7. The Banach algebra ﬂ§ is an A*-algebra (that is, a Banach *-algebra with a
C*-norm). Hence it is *-semisimple, and so is semisimple. O

We consider the regularity properties of these Banach algebras. Following [KSI,
KS2], a Banach (Dy)-subalgebra of a C*-algebra (U, || - ||) is a dense *-subalgebra
A of U such that A is a Banach *-algebra with some norm || - ||; satisfying ||xy||; <
[l 1yl + Il llyll, for all x,y € A. This models a noncommutative differential
structure of order one, and the algebra :71; is a Banach (D;)*-subalgebra of the C*-
algebra Us. A Banach (D})-subalgebra of U [KS1] is a dense *-subalgebra A with
seminorms || - ||, ]| - ||> such that:

(1) for each i =1,2 and for each x,y € A, there exist D; > 0 satisfying ||x||; =
(11 eylls < Nxllallyllis eyll: < Didllxllillylli-1 + llxlli-1llyll:); and
(2) |l ll2 is anorm and (A, || - ||») is a Banach *-algebra.

This is a noncommutative analogue of the Banach algebra of C>-functions. The
following theorem, which exhibits regularity properties of noncommutative C2-
structures defined by S, contains analogues in the present set-up of several well-
known results on the Banach algebra of C>-functions. For terminology, we refer
to [BC, BIO, KS1]. A Q-normed algebra is a normed algebra in which the set of
quasiregular elements is an open set.

THeEOREM 1.7. For B = ﬂg,‘](g,jsz, 7"52 let A stand for their respective C*-algebra
completions. The following hold.

(1) 8B is a differential Banach algebra of order two and total order less than or
equal to two, B is a Banach (D})-algebra and B is a smooth subalgebra of a
C*-algebra.

(2) SBisa Q-normed algebra in the C*-norm on A, and the algebras B and A have
the same K-theory.

(3) B s closed under the holomorphic functional calculus of A, and is also closed
under the C3-functional calculus of self-adjoint elements of A.

(4) The algebra B is hermitian and spectrally invariant in A.

(5) The map I — I N B is a one-to-one correspondence between the closed ideals
of A and the C*-norm closed ideals of B. The inverse of this correspondence is
given by I — I~, the closure of the ideal I of B in the C*-norm || - || on A. Not
every ideal in B closed in || - ||, is of this form.

(6) Letn:B — B(K) be a*-representation of B into bounded operators on a Hilbert
space K. Then m is continuous in the C*-norm on B, and it extends uniquely to
a representation of A into B(K).

(7) Let Us be unital. Every completely positive map ¢ : &7@ — B(K) extends
uniquely as a completely positive map ¢ : Uy — B(K).
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Proor. (1) Consider ﬂé. Let T = (Ty, Ty, T2) on ﬂ% be Tyo(A) = ||All, T1(A) =
llos (A, T2(A) = (1/2)||c$_2g (A)|l. Clearly, T is a differential norm of order two.
Further, T1(AB) < To(A)T1(B) + T1(A)To(B) and T,(AB) < ||A||IT>(B) + T1(A)T1(B) +
T>(A)||B|| showing that T is of logarithmic order p =log, 1 + 1 =1 [BC]. By [BC,
Proposition 3.10], T is of total order less than or equal to two. Also, the total norm of
Tis Tyt :=To+ Ty + T, =||-]|l». The same arguments apply to other algebras. Thus B
is a differential Banach algebra of order two and total order less than or equal to two.
By [BC], fﬂ_zg is a smooth subalgebra of its C*-completion in operator norm.

(2) That B is a Q-normed algebra with the C*-norm from A follows from
[BC, Proposition 3.12] or [KS1, Theorem 5], and hence closure under holomorphic
functional calculus and K-theory isomorphism follows by [C].

(3) The closure under C>-functional calculus follows from [BC, Proposition 6.4] or
[KS1, Theorem 12].

(4) The fact that 8 is a Q-subalgebra of A gives hermiticity and spectral invariance
(see also [KS1, Theorem 5]). Notice that the C*-norm from A is the greatest C*-norm
on 8.

(5) As B is a Banach Dj-subalgebra of U, the assertion follows from [KSI,
Theorem 13]. Let 7 be a closed ideal of the C*-algebra Us. Then the set J g =
{Ae .?(g NI1:05(A)eT, 6% (A)e I}isall-|l,-closed ideal of ﬂ(sz).

(6) This follows from the fact that every *-representation of a O-normed algebra
into a C*-algebra is norm continuous.

(7) The completely positive map ¢ on the unital Banach *-algebra f@ is Stinespring
representable [B1] in the sense that it is of form ¢(T) = V*a(T)V where « : ﬂ% -
B(K) (K a Hilbert space) is a *-homomorphism and V : K — H is a projection. Now
n, and hence ¢, extends to the C*-completion of A2, and Arveson’s famous completely
positive extension theorem applies. O

2. Noncommutative Lipschitz structure

We consider the Lipschitz structure defined by S following the ideas in [W1, W2].
Let M c N be von Neumann algebras with same unit. A W*-derivation 6 : M — N
is an unbounded linear map whose domain dom(9) is a unital *-subalgebra of M such
that (i) dom(9) is ultra weakly dense in M (ii) the graph of ¢ is ultra weakly closed in
M@ N and (iii) ¢ is a *-derivation. Then dom(9) is called a W*-domain algebra.
It is a Banach *-algebra with norm ||x||; := ||x]| + ||0(x)]. A W*-domain algebra is
envisaged as a noncommutative Lipschitz algebra; equivalently, as a noncommutative
metric space. The following brings out an essential difference between the Banach
*-algebras ﬂ(sl) and ﬂ;, illuminating the difference between a noncommutative C'-
structure and a noncommutative Lipschitz structure. Let Mg := W*(Us) be the von
Neumann algebra generated by the C*-algebra Us. Notice that Mg = W*([ﬂ_lg) and
Us =C *(ﬂé).

ProrosiTioN 2.1. Let S be as above.

(1) Thederivation 6s : Ms — B(H) with domain dom(ds) = &1{; is a W*-derivation.
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(2) The Banach *-algebra ﬂé is dual of a Banach space, and the weak*-topology o'
on ﬂé is described as A, — A in o' if and only if A, — A ultra weakly in Mg
and 5(A,) — 05(A) ultra weakly in B(H).

Proor. (1) Let M., be the predual of My, consisting of all ultra weakly continuous
linear functionals on Mg, so that the ultra weak topology on Mg is the weak *-
topology o(Ms, M.,). Clearly, ﬂé is ultra weakly dense in Mg. The graph of
0s is G(ds) ={(A,05(A)) : A e &7@)}, a subspace of Mg & B(H). We prove that
G(dy) is closed in the ultra weak topology on the direct sum von Neumann algebra
Ms & B(H). Let (A, B) be in the closure of the graph G(ds) in the ultra weak topology
on Mg & B(H). Let (A,) be a net in ﬂé such that A, — A ultra weakly in Mg and
0s(Ay) — B ultra weakly in B(H). We show that AD(S) c D(S),A*D(S) c D(S),
0s(A) is bounded and B = §5(A).

Notice that, since A, € ﬂé, A,D(S) c D(S),A;,D(S) c D(S) and 05(A,) are
bounded operators. Now, since My is ultra weakly closed, the operator A € Mg is
bounded; similarly B is bounded, and for all ¢, 57 in H, (A, — AW, ) — 0, ((6s(Ay) —
By,n) — 0. Now let y € D(S),ne€ D(S*). Then (By,n) =1lim,(5s(Ax)¥, 1) =
i1img (S Ay — AaSW. 1) = i limg(Auth, S*n) — i(AS Y, ) = iAW, S*) — i(AS Y, 7). As
S* =§ since S is closed, we have Ay € D(S*™) = D(S) and By = i(SA — AS)y.
Thus AD(S) ¢ D(S) and (SA — AS) extends to a bounded operator. Next we
show that A*D(S) c D(S). Let ¢ and n be as above. Then (7, (A, — A)*Y) —
0, (1, (65 (Ag) — B)") = 0. Now (1, B'Y) = lim, (1, 65 (A0)"y) = limy (1, 85 (AL)¥) =
lim, i(n, (SA:; - AZS W) = lim, i(n, SA;;{//) - lim, i(n, AZS ¥) = lim, i(n, SA;'#) -
i(n, A*Sy). Thus (, SA%Ly) converges and lim,(n, SALY) = —i(n, B*Y) + (n, A*Sy).
Also, limy(n, SALY) = lim,(S*n, ALy) = (S*n, A*Y). Thus (A*y, S*n) = i(B* Y, n) +
(A*Sy,n). Hence A"y € D(S*) = D(S). Thus A*D(S) c D(S). It follows that G(ds)
is ultra weakly closed in Mg & B(H).

(2) This follows from (1) above as in [W1, Proposition 2]. Indeed, the Banach
space ﬂ; is isometrically isomorphic to the graph of dg by the map A — {A, d5(A)},
and the graph of d5 is an ultra weakly closed (and hence norm closed) subspace of
Ms & B(H). Now M & B(K) is the dual of the direct sum Banach space M, & C'(H),
where M, is the predual of Mg and C'(#) is the Banach space of trace class operators
on H whose dual is B(H). Hence it follows that ﬂé is a dual space. In fact, it is the
dual of (M, @ C!(H))/ L, where L is the annihilator of graph of 55 in M, & C!(H). o

The following continues from the above in view of [W1, Corollaries 4 and 5].
For a metric space (X,d), the Lipschitz algebra Lip(X) consists of all bounded
complex valued Lipschitz functions f on X, where the Lipshitz number L(f) of f
is L(f) = sup{|f(x) — fOW)I/d(x,y) : x,y € X, x # y} < co. It is a Banach *-algebra with
norm ||f|l + L(f), and is a subalgebra of the abelian von Neumann algebra L™ (X)
of essentially bounded Borel measurable functions on X. For an operator 7', Sp(T)
denotes the spectrum of T'.

COROLLARY 2.2. Let S be as above.

(1) Let X=X"€ ﬂ; Let f € Lip(Sp(X)). Let 65(X) commute with X. Then
J(X) € Ag and (165 (fFON < LNHISs X)II-
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(2) Let J be a o'-closed *-ideal of ﬂé. Then J is the o' -closure of (J)*, where
(J)? is the linear span of {AB: A€ J,Be J}.

(3) Let J be a*-ideal of ﬂé. Then 65(J) is contained in the ultra weak closure of
IB(H) + B(H)T.

(4) Let I and g be *-ideals of ﬂé. Then I N7 is contained in the o' -closure of
I9 and, if I and J are ol-closed, then I N 7 is the o'-closure of 1.7.

We consider the second-order Lipschitz structure. Let Lip®[a, b] := {f € Lip[a, b] :
f € Lipla,b]} = {f € C'[a,b] : f’ € Lip[a, b]} a Banach *-algebra with norm ||f||Lip2 =
[1fllco + Ilf Mo + (1/2) max{||f"|lco, L{f")}. Let ¢ be the linear operator ¢ : 3@ > Ms o
Ms & B(H), $(A) = (A, 55(A), 63(A)). The operator 63 : Ay — B(H) is 63(A) =
Ss(65(A)) with domain dom(63) = As. The following theorem gives the Lip?-
functional calculus in Az

THEOREM 2.3.

(1) The graph of the operator (5§ : ﬂ; — B(H), d0m5§ = fﬂé, given by G(6§) =
{(A, 6§ (A):Ae ﬂg} is closed in ﬂ; ® B(H), where ﬂ; carries the o' -topology
and B(H) carries the ultra weak topology. The range of the map ¢ is an
ultra weakly closed subspace of Mg & Mg & B(H) with the product ultra weak
topology.

(2) The algebra .?@ is dual of a Banach space. The weak *-topology on Az,
denoted by o2, is given as A, — A in o if and only if A, — A ultra weakly,
0s(Ay) — 05 (A) ultra weakly and 6§ (Ag) — 6§ (A) ultra weakly.

(3) Let X=X*€ ﬂg. Let f € Lipz(sp(X)). Let X commute with 6s(X). Then
f(X) € A% and

165 FCCOII < LIONISS CONl + LII(Es (X))]l-

Proor. (1) Follows by application of Proposition 2.1(1) from which (2) follows as in
Proposition 2.1(2). Indeed, ﬂ% is isometrically isomorphic to a closed subspace of
ﬂé ® B(H), and the latter is a dual space.

(3) The proof is a second-order analogue of that of [W1, Theorem 1]. The function
f can be extended as a Lipschitz function without changing the Lipschitz constant
L(f) to the interval [—||X]|,||X]]]. Now let f be a polynomial f(¢) = ) a,t". Then
f(X) e dom(éé) and, since X and §5(X) commute, we get 55 (f(X)) = X na, X" 65(X)
as well as

(X)) = ) na,ds (X" 65(X)
= ) na, (X" 6L (X) + 65 (X" ) (X))
= )" na, X" 3 (X) + (n = DX" (65 (X))
= Z na, X"~ 6%(X) + Z n(n — 1a, X" (55 (X))>
= ['X)55(X) + 7 (X)(65 (X)*.
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Hence

1165 (SOOI < LIONSS CONl + L5 (0)’1I-

Now let I = [-||X]|, ||X]|]]. Let f € Lipz(I). Then f”” € L*(I). Choose a sequence
of polynomials g, such that g, — f” in L'(I) and |lg,lille < If”lle = L(f"). Let
10 = f(0)+ fot gn(t)dt. Then f, are polynomials and ||f;, — f|lo — 0. Hence the L'-

norm ||f, — f’lli = 0 and [|f; [/l < L(f"). Let h,(r) = f(0) + fot fa(t)dt. Again h, are
polynomials, ||i,l; = fllo = O, 1A} |/llec < [If'llc = L(f). Then, by the above estimates,

1165 (ra GOII < [l lleollSs COI + 1177 ool (85 ()
< LINHISS Ol + LIS (X))I-

Therefore there is a subnet (h,) of the sequence (h,) such that 6% (ho(X)) — Y for
some Y in the ultra weak topology. Now h,(X) — f(X) uniformly, A,(X) — f'(X)
uniformly and dg (1,(X)) — 05 (f(X)) uniformly. Since the graph of 6% is o2-closed,

f(X) € dom(83) and [l65 (F I < LA 165 CON + LI S5 (X))l o

3. (~)-convergence

Let X be a linear subspace of a normed linear space (Y, || - ||). Let || - |l; be a norm
on X such that ||x|]| < ||x||; for all x € X. Following [KS2], we say that a sequence
(xp) in X (~)-converges to y € Y if sup||x,|l; < oo and ||x, — y|| = 0 as n — oco. For a
subset M of X, its (~)-closure in Y (respectively, in X) is the set of all elements in Y
(respectively, in X) which are (~)-limits of elements from M. Then M is (~)-closed in
Y (respectively, in X) if it coincides with its (~)-closure in Y (respectively, in X). This
auxiliary mode of convergence has been found useful in understanding the first-order
structure in [KS2]. By [KS2, Theorem 3.3], the Banach algebra fﬂ_'g is (~)-closed in
B(H), and every closed subspace of (jsl, [l -11) is (~)-closed in jsl. The following
gives an analogue of this in the present set-up. We say that a sequence (A,) in ﬂg
(~)-converges to A € B(H) if ||A,ll; < o, ]||A, — Al| = 0 in operator norm. Thus (~)-
convergence in ﬂ_% is an analogue of a sequence of C2-functions bounded in C?>-norm
and converges uniformly to a continuous function. In the following, we shall use a
technical result [KS2, Corollary 2.7, page 7] that states that if ¢ is a closed linear map
from a Banach space (X, || - ||x) to a Banach space (Z, || - ||z) with domain dom¢ such
that the set W consisting of bounded linear functionals f on Z (with fo¢ extendable
as bounded linear functionals on X) is norm dense in the dual Z* of Z, then any closed
subspace of the Banach space (domg, || - ||1), ||xll1 := ||x|lx + ll¢(x)||z, is (~)-closed in X.

TuaEOREM 3.1.

(1)  The Banach algebra ﬂg is (~)-closed in B(H).
(2)  Every closed subspace of (J2,]| - |l») is (~)-closed in (. §). In particular, the
ideal TSZ is (~)-closed in (js2).

https://doi.org/10.1017/51446788715000403 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788715000403

156 S. J. Bhatt and M. M. Shah [12]

Proor. (1) Let A, € A%, A € B(H) be such that ||A, — A|| = 0, sup [|A,|l, < co. Then
sup |I6§ (Al = r < co. Now the ball B, of radius r in B(H) is weak *-compact. Hence
there exists R € B, such that each neighbourhood of R contains an infinite number of
elements from {6% (A} Let x € D(S?),y € D(S*?). Then there exists a sequence (Ay)
from {A,} such that (6§ (A,)x,y) = (Rx,y). Then

(Rx,y) = lim(63 (A,,)x,y)
= —lim({S*A,, — 25A,,S + AS?}x,y)
= —{lim(S?A,,x,y) — 2(SAS x,y) + (AS?x, y)}.

Notice that the (~)-convergence with || - |[;-implies (~)-convergence with norm
Il -1l Since A} is (~)-closed by [KS1], A € AL and AD(S) C D(S). Thus

(Rx,y) = —lim(A,, x,S>*y) + 2(SAS x,y) — (AS>x, )
= —(Ax,S¥y) + 2(SAS x,y) — (AS?x,y).

Thus Ax € D(S%**) = D(S?) and (Ax, S>*y) = (S2~Ax, y). Then
(Rx,y) = —{(S*"Ax,y) + 2(SAS x,y) — (AS*x, )}

for all y in a dense subspace of H. Thus Rx = —(S?>~Ax + 2SAS x — AS?x) = 6§Ax,
A € A% and AL is (~)-closed in B(H).

(2) We shall apply [KS2, Corollary 2.4, page 7] stated above. Let ¢ := 6§ | 72
D(¢) = jsz C ﬂé — K(H). By Proposition 1.3, it is a closed linear map in the
I -1ly = - | topologies. For x,y in H, let F,,(A) = (Ax,y), which is a bounded linear
functional on K (H). Now take x € D(S2),y € D(S?). Then, for any A in J2,

Fry(¢(A) = (65(A)x,y) = (IS A - 2SAS + AS?}x,y)
= —{(STAx,y) — 2(SAS x,y) + (AS%x,y)}
= _{Fx,SZy(A) - 2FSx,Sy(A) + FSZX,y(A)}'

Thus F,0¢ extends as a bounded linear functional on K (). Since D(S %) is dense in
H, the set span {F,, : x € D(S %),y € D(§?)} is dense in the dual of (), identified
with trace class operators. By [KS2, Corollary 2.4], any closed subspace of (7 Z -1
is ~-closed in jsz. In particular, TSZ is (~)-closed in j’g. O

An estimate for the first-order functional calculus in &7@ is given in[KS2,
Lemma 2.6]. The following gives an estimate for the second-order functional calculus
in ﬂ_%. Our proof is different: it uses differential algebras as discussed in [BC, BIO].

ProrosiTioN 3.2. Let X = X* € .?Ig. Let d = ||X|| the operator norm. Let h be a C>-

function on [—d,d]. Let ||hll3) := l1hllco + 11 ]leo + 11" llco + 1" llco.  Then [|R(X)]l> <
Cllhll3).
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Proor. Notice that h(X) € ﬂé by Theorem 1.7(3). The Banach algebra norm || - ||, is
the total norm of the differential norm 7' considered in the proof of Theorem 1.7(1)
above. The differential norm 7 is of total order less than or equal to two. Thus, by

the definition of the derived norm [BC], || - ||, is a derived norm of order less than or
equal to two. By [BC, Proposition 6.4, page 270], ||2(X)|l» < C||All3), with the constant
C depending only on X. O

It is shown in [KS2, Theorem 2.8] that, given X = X* in 3’(;, there exists a sequence
¢, of functions in C*(R), each vanishing on a neighbourhood of zero, such that
1X? — ¢,(X)|l; = 0 as n — oco. The following theorem gives a partial analogue of this.
The proof follows that given in [KS2] as much as possible.

TueoreM 3.3. Let X consists of all smooth functions f on the real line R, vanishing on
a neighbourhood of zero. Let X = X* € .ﬂé.

(1)  There exists a sequence ¢, in X such that | X* = ¢,(X)|, = 0 as n — oo.
(2) X% lies in the || - |lo-closed ideal of the || - ||,-closed subalgebra ﬂ§ X) of ﬂg
generated by X.

Proor. The following constructions are as in [KS2, proof of Theorem 2.8]. Let n > 3.
Let u, = u,(t) be the segment of the straight line u = nt/(n —2) — 2d/(n — 2) on the
plane joining the points (2d/n,0) and (d, d). Let T, be the circle that touches the ¢-
axis at (d/n, 0) and also touches the graph of u,(f) at point P,, = P(¢,,u,). Let v,(f) be
the arc of T, between the points (d/n,0) and P,. Now define the following functions
a(+), B(),y() and 6(-) tobe even as a,(t) = 0if 0 <t < d/n, a,(t) = v, (1) ifd/n <t <t,
and a,(t) = u,(t) ift, <t <d.

Balt) = 2 f a(s)ds i£0<1<dBo(~1) = Bl
0

() =3 f Bu($)ds iE0 <1< d,ya(~1) = yal0),
0

o0n(t) = 4f vu($)ds if0<t<d, 6,(—t) =8,»1).
0

Then a,(f) = Bu(t) = yu(t) = 6,(t) = 0 in [-d/n,d/n]. Also, a, € C'[-d,d],B, €
C?’[~d,d),y, € C*[-d, d], 5, € C*[-d,d]. These functions satisfy the following
conditions.

(i) e = @Il < 2d/n, |l |l = llu, || = n/(n = 2) < 3.

(i) 1imy e [ = B@ = O, sup{l|B.ll, 18,11, 118,11} < co.

(i) 1imy e 122 =y @)1l = 0, sup{llyall, by, |l Iy, 1l 11} < oo
(iv) lim, e ”t4 = 6,0 = 0.

Let d = ||X||. By the functional calculus [KS1, Theorem 12], 8,(X) € A2, y,(X) €
Az and 6,(X) € Az. It follows from above (i)—(iv) that ||* — 6,(¢)l|3) — 0 as n — oo,
Hence, by Proposition 3.2, ||X* = §,(X)|l, — 0. Choose functions ¢, € X such that
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16, — @ulla) — 0 in C*[~d, d]. Then, by Proposition 3.2, [[6,(X) — ¢.(X)|l, — 0, and so
1X* = ¢, (X)|l — 0. Let ﬂé (X) be the closed subalgebra of ﬂé generated by X. Let
To={¢(X): p e X}, I =]||r-closure of I in ﬂé. As XITgcC Iy, Tisall-|l,-closed
ideal of ?(E (X) and, by the above, X* € 7. O

In the above, we do not know whether X> € 7. Let (A, || - ||») be a dense Banach
*-subalgebra of a C*-algebra (U, || - ||). Let A, be the set of all self-adjoint elements
h = h* of A such that its spectrum Sp(h) is nonnegative. Let A" = (x%:xe A,
It is shown in [KS2, Theorem 2.5] that if A is a Banach (D7)-subalgebra of U, then
A, = (~)-closure of A, The following gives a D,-analogue of this. It applies to
the Banach algebra Az . Notice that, in view of [KS1], A is spectrally invariant in its
C*-completion in the operator norm, and hence in Us.

Tueorem 3.4. Let A be a unital Banach (D3)-subalgebra of a C*-algebra U. Then
A, = (~)-closure of A

Proor. We have AL c A,. Also A, is (~)-closed. Hence (~)-closure (A°) c
A, . To prove the reverse inclusion, leta € A,. Then 0 < a <||a||1, and sp(a) C [0, ||al|].
For any € > 0, the function k.(f) = (¢ + €)'/? is analytic on sp(a). For sufficiently small
€, ke(t) € C*[0, ||lal| + 1]. By the functional calculus in the C*-algebra U, b, := k.(a) =
(a+ €l)'/? e U, and by the C*-functional calculus in D,-algebra (Theorem 1.7),
be € A. Then b2 = a + €l and |la — b?|| = € — 0. Also, ||b?||» < |lall, + 1 showing that
bg (~)-converges to a. O

4. One sided ideals in (Tsz, I-12)

Since § is closed, its domain D(S') is a Hilbert space with inner product < x,y >;=
(x,y) + (Sx,Sy). Also, S? is a densely defined closable operator, and its domain
D(S?) is an inner product space with the inner product (x,y), := (x,y) + (Sx,Sy) +
(S2x,5%y). We show that D(S?) is a Hilbert space. Let |x|, := ||x|| + [IS x| + ||S >x|| be
the norm on D(S?) defined by the inner product (, ),. First, notice that | - |, is closable
with respect to the Hilbert space norm || - || on . Indeed, let (x,) be a Cauchy sequence
in|- | and ||x,|| = 0. Then ||S x,, — S x,,|| = 0. Since S is closed, ||S x,|| = 0. Similarly,
since S? is closable, ||S2x,|| — 0. Thus |x,|» — 0, showing that | - |, is closable. This
implies that the completion £ of D(S?) in |- |, is contained in H. Now let x € L.
Choose a sequence x, in D(S?) such that |x, — x|, — 0. Then ||x, — x|| — 0 and S x,, is
|| - ||-Cauchy. By the closure of the operator S, x € D(S) and S x,, = Sxin|| - ||. Further,
since Sx, € D(S) and S2x, is || - ||-Cauchy, again, by the closure of S, it follows that
SxeD(S) and S%x, — S2x in || - ||l. Thus x € D(S?). It follows that £ = D(S?) and
thus D(S?),| - |,) is a Hilbert space.

For any K c D(S?), let I;(K) be the closure, in the norm || - ||, of the Banach *-
algebra A2, of the linear span of {x®y : x € K,y € D(S?)}, and I.(K) be the closure
in || - ||, of the linear span of {x®y: x € D(S?),y € K}. Since, for any operator T,
T(x®y)=x0Ty,(x®y)T =T*x®y, and since (x®y)* = y® x, it follows that I;(K) is
a closed left ideal of 72, I,(K) is a closed right ideal of 7_~Sz and [;(K) = I.(K)*. Further,
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let I be a nontrivial left ideal of 7"S2 Let L(I) = {x e D(S?) : x®y € I for all y € D(S?)}.
Since D(S?) is dense in H, for any nonzero A in I, there exists x € D(S?) such that
A*x is nonzero. Now A*x € D(S?) and, for all y € D(S?), (A*x)®y = (x®y)A € I.
Hence A*x € L(I) and L(I) is nonzero. Similarly, if / is a right ideal of 7—}2, then
R(I) ={xe D(S?) :y®x el for all y € D(S?)} is nonzero. Recall that a closed ideal
Lin (FZ, |- |lo) is essential if I = (FZI)"Mk, which is the || - [l,-closure of the linear
span of the set TSZI ={T\T,: T, € F2,T, €l}. The following provides a second-order
analogue of [KS2, Theorem 4.1, page 24] that determines the essential left ideals of
the algebra TSI

THEOREM 4.1.

(i)  Let K be a linear subspace of D(S?). The following hold:

(1) LK) is an essential left ideal of (TSZ, | - l2), and
(2) K c LU(K));, LU(K)) equals the closure of K in (D(S?),|-|,), and
L(1(K)) = R(1,(K)).

(i) Let I be a closed nontrivial left ideal of (F{, || - |I,). The following hold:

(1) L) is a nontrivial closed subspace of (D(S?),||»); and
)  L(L(D)) is the || - ||o-closure of span TSZI, it is the largest essential ideal
contained in I, and it contains all finite rank operators in I.

Proor. (i)(1) The || - ||,-closure (7‘?1[([())_““2 is in [;(K), as I;(K) is a closed left
ideal of 7"32 For any x € K,y € D(S2), ) ®y)(x®x) = [y|>(x®y) € 7—'3211(1(). Hence
x®y € FZI(K) and, by the definition of [(K), I;(K) C (FI(K)) M. Thus [(K) =
(FE1(K)) Mk and [,(K) is essential.

(2) Notice that, for x,y € D(S?),

2 2 2 11221/2
Il = (Il + 11S %l + 115 %21}

< |lxll + (1S xII + 1S 2]
Therefore

lxl3 < {llxll + 1S x| + 11S ]I}
< I + 1S X0 + 115 2l + 201l 1S Xl + 2118 X[ 1S ]| + 2118 > x| 11}
< 31l + 1S I + 1S 2x]}
= 3Jxf3.
xlallyll < el + 11S xIl + 1S > xIDIl
= [lx@yll + ISx®yll + IS x|
<[x@)l+ISx®@y — x®@Sy|l + Ix® Syl
+1S2x®@y —25x@Sy + x®@S2y|| + 2/ISx@ Syl + [[x® S 2y
< [lx@ylla + I IS Yl + 2018 XIS ylI + (1€l 1S 2.
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Also

Ix®yll, < [lx@yll + 155 (x@ )l + 1165 (x@ )l
= [lx@yl[+ Ix®Sy - Sx@)ll + l6s(x®Sy — Sx@y)ll
= x®@yl| + Ix®Sy — Sx®yll + [x®S %y — 25 x®Sy + S2x ®)|
< el 1L+ 1S i+ 1S I+ (elS 2yl 2008 xS i+ 1S x| Iyl
< Iyl + IS Y+ 1S 21D + Il + 1S I+ 1S 2]l + 2118 X 1S ]|
< 32(lldl Iyl + Il Iyl + 211 *I1 IS ¥l
Clearly, K c L(I(K)). We show that L(I)(K)) ¢ K. Lety € D(S?),lyll = 1, and let
z€ L(I)(K)),z ¢ K. Then z®y € [;(K), and there exists a sequence A, = Z:’i"l X, ®y, €
I(K), x\ € K,y € D(S?) such that ||z®y — A,|l, — 0. Then
10@YE®y) = (®YAL = 2@y - A,y @)l =iz — 2) @)l = 0,
where z, := A;y. Thus ||(z — z,) ®y|| = 0 and ||(z — z,) ® y|l; — 0. Hence ||z — z,|| — 0.
This also implies that ||S (z — z,)|| — 0. Indeed,
Iz =z ®ylh = Iz = z) @Il + IS {(z — z2) @y} — {(z — z) ® YIS ||
== z) @) + Iz = 2)®Sy = {S(z - z)} ® )l
2 Iz = zall Iyl + 111z = z2) @ SYIl = [I{S (z = zw)} @ Wl
= llz = zall + lllz = zall = IS (z = za)III-
Thus ||S (z — z,)|| = 0. Then, by the above norm relations,

2= zal2 = |z = zalallyll
< Iz =z @l + llz = zall IS ¥ll + 1z = zall 1S 2yl + 211 (z = 2 IS Y
-0
as n — oco. Therefore z € K~ and L(I;(K)) ¢ K2, On the other hand, let z € K72,

Then there exists a sequence (z,) C K such that |z — z,/, — 0, so that ||S (z — z,)|| — 0.
Then, again by the norm relations discussed above,

lz®y =z, ®ylla < 3'2(llz = zulllyla + |z = zalallYID + 21IS 2 = 2N IS yll = 0.

Hence z®y € I)(K) and z € L(I)(K)). Thus L(I;(K)) = K~ Similarly, we can prove
that R(I,(K)) = K.

(i) (1) Let I be a closed nontrivial left ideal of (F2,] - ||»). Then L(I) is nonzero,
where L(I) = {x e D(S?) : x®y eI for all ye D(S?)}. If L(I) = D(S?) then,
by Proposition 1.4, I = 2, which contradicts the nontriviality of /. Thus L(/) is a
nontrivial subspace of D(S?). We show that L([) is closed. Let x € D(S?), and let (x,,)
in L(I) be such that |x, — x|, — 0. Then x,, — x in . By the norm relations discussed
above,

Ix®y = %, ®ylla < 3"2(llx, = xlllyla + 12, = xhallxll) + 2118 (0 = OISyl = 0

as n — oo for all y € D(S?). Since I is closed and x, ® y € I, we get x®y € I. Then
x € L(I) and L(J) is closed.
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(2) We show that I;(L(1)) contains all finite rank operators from /. Let F € [ be a
finite rank operator. By Proposition 1.4, F = }’ x; ® y;, which is a finite sum, where
x; € D(S?) and y; € D(S?) with (y;) assumed to be linearly independent. For u,v in
D(S?), u®v)F = F*u®v € I. Therefore F*u = Y. (y;, u)x; € L(I) for all u € D(S?).
For a fixed i, choose ()7, in D(S?) such that (v, ;) = 1, (y;, uj)=0forall j#i It
follows that all x; € L(J) and F € I;(L(1)).

We show that (Fg1) "k c I,(L(I)). Let A € F¢ and B € I. Then there exist finite
rank operators A, in ?"52 such that |[A — A,|l, — 0. Now all A,,B are finite rank operators
in I and, by above arguments, A,B € I;(L(I)). As |[AB — A,B|| — 0 and as [I;(L(])) is
closed in || - ||, we get AB € [,(L(I)). Hence (F¢ 1) Mk c 1,(L(D)).

Next, we show that I;(L(])) € (FZ) M. Let x € L(I) and y € D(S?). Then x®y €
I(L(D)and x®y € I. Now (y®y)(x®Y) = y|P(x®y) € TSZI. Thus x®y € TSZI. Since
I(L(I)) is the closed linear span of all x®y, x € L(I),y € D(S?), [(L(I)) c (FZ)~ k.
It follows that I,(L(])) = (FZD) .

Further, I;(L(1)) is essential and, by construction, I;(L(/)) C I. Let J be an essential
left ideal in I. Then L(J) C L(I) and I,(L(J)) C I,(L(I)). As J is essential, J =
(FENHMe = [,(L(J)) € I (L)), showing that I,(L(I)) is the largest essential ideal
in /. O

THEOREM 4.2. The map ¥ defined as y(I) = L(I) gives a one-to-one correspondence
between the set of nontrivial closed essential left ideals of (TS2, [| - Il2) and the set of
nontrivial closed subspaces of (D(S?),| - |»).

Proor. Given a closed nontrivial essential left ideal I of 7—"52, L([) is a nontrivial closed
subspace of D(S?), and then I,(L(I)) = (()7:521)‘”'”2 = 1. Thus ¢ is one-to-one. If I C J,
then L(I) ¢ L(J), and, by the injectivity of v, L(I) # £.(J)if I # J. Let K c D(S?*) be a
nontrivial | - |,-closed subspace. Then [;(K) is essential and ¥(1;(K)) = L(I;(K)). Hence
I(K) # TS2 and ¢ is surjective. Also, if K € K, then I;(K) C I;}(Ky). If [(K) = [;(K)),
then L([;(K)) = K~ = K = L(I)(Ky)) = K? = K. Since K # Ky, I[;(K) # I;(K;). Thus ¢
is a one-to-one partial order-preserving map and (/) C y(J) ifandonlyif /CcJ. O

Thus a closed left ideal I of (7’52, [ - l2) is essential if and only if I = [;(K) for a
K c D(S?). In this case, I = I;(L(I)). Further, it is maximal essential if and only if the
closure of K in (D(S?),|-|») is of codimension one in D(S?). The following can be

proved exactly, as in [KS2, Theorems 4.2(iv) and 4.3]. An operator A is essential for
Fg if A € (FA) M, the closure in (F¢, || - [l2).

THEOREM 4.3.

(i) Let I be a closed left ideal of (7:52, l| - ll2) and let J be the intersection of all
maximal essential left ideals containing 1. Then L(L(I)) = [[(L(J)). If I is
essential, then I = [;(L(J)). If all closed left ideals of (7’52, || - l) are essential,
then every closed left ideal is the intersection of all maximal closed left ideals
containing 1.

(i1) All left ideals (TSZA, || - |lo) are essential.

(ii1) All finite rank operators in TSZ are essential.
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