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Abstract

In a well-known paper, Hall and Higman proved the reduction theorem on a coprime order operator group
acting on a finite group. This theorem plays an important role in local analysis of finite group theory.
In this paper, we generalize the Hall-Higman reduction theorem by dropping the restrictive hypothesis
(IGI, |H|) = 1 and determine the detailed structure of G completely.

1991 Mathematics subject classification (Amer. Math. Soc.): 20D10, 20D15.

1. Introduction

It is useful to consider the following critical case when we consider a group acting on
another group. Let G be a finite group, and H an operator group of G.

HYPOTHESIS (*). H acts nontrivially on G but acts trivially on every proper H -
invariant subgroup of G.

Our purpose is to determine the structure of a group G which satisfies hypothesis (*).
In [2], Hall and Higman have considered this question when (|G|, {H{) = 1. They
proved the following famous reduction theorem.

REDUCTION THEOREM. Suppose that (G, H) satisfies hypothesis (*) with
(|GIl,|H]|) = 1. Then G is a special p-group.

The hypothesis (|G|, |H|) = 1 here is very restrictive. For example, the very
important case of a subgroup H of G acting on G by conjugation cannot satisfy
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this coprime order hypothesis. In this paper, we drop this hypothesis and obtain the
detailed structure of G. We also give some applications and examples.
The main results are as follows:

MAIN THEOREM. Suppose that (G, H) satisfies hypothesis (*). Then, there is a
unique maximal H-invariant subgroup C of G. Moreover, C = Cg(H) = Ng(H)
is a normal abelian subgroup of G and [G, H]C < Cg(C). Furthermore, G must
satisfy one of the following conditions:

(I [G,H])# G. Then|G/C| = p, H/Cy(G) is isomorphic to a subgroup of C
and H' acts trivially on G. Furthermore, F(G) # C if and only if G is a p-group.

D [G,H)=G. Then C < Z(G). Furthermore,

(1) Assume Rs(G) # G. Then G is a p-group in &2/, N .o withclass <2. H
acts trivially on ®(G) and irreducibly on G/Z(G). G’ is an elementary p-subgroup.
If p # 2, the x? = 1 for every element x of G.

(2) Assume Rg(G) = G. Then C = Z(G) = F(G) = ®(G). Moreover
G/Z(G) = G, x ... x Gy is a direct product of isomorphic nonabelian simple
groups. For every i € {1,...,k}, there exists H; < H such that |H : H;| = k,
G; = Inn(G;) < H;/Cy(Gy) ; Aut(G;). (Hence H is nonsolvable).

Our notation follows that of [4]. All the groups in this paper are finite. p always
denotes a prime. &/ denotes the class of abelian groups while &/, denotes the class
of elementary abelian groups. &, denotes the class of {1, C,,}, where C, is the group
of order p. Rg(G) = N{N | N 4 G such that G/N is solvable}.

[G]H expresses the semidirect product of the group G and H where G < [G]H.

2. Preliminaries

LEMMA 2.1. Let M be a subgroup of G. Suppose that M # 1 and Ng(P) < M for
every nontrivial p-subgroup of M and p € n(M). Then M is a Hall subgroup of G
and G is a Frobenius group with Frobenius complement M .

PROOF. Let p € 7(M) and P € Sylp(M). Since Ng(P) < M, we have P ¢
Syl,(G). Hence M is a Hall subgroup of G. Forevery x € G with M N M* # 1, there
exists p | |IM N M*|. Let 1 # P € Syl,(M N M*). We have Ng(P) < M and M*
and so P € Syl (G) NSyl, (M) NSyl,(M*). Since P and P* € Syl (M), there exists
m € M such that P = P~ by Sylow’s theorem. It follows that x € M Ng(P) < M.
Thus M N M* = 1, for every x € G — M. This yields that G is a Frobenius group
with Frobenius complement M.

LEMMA 2.2, Let N < Z(G), NN ®(G) = 1. Then G = G, x N for a subgroup
G, OfG
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PROOF. Suppose N # 1. Let G; = min{M | NM = G}. We assert that NN G, =
1. In fact, if N N G, # 1, then there is a maximal subgroup M of G such that
M#NNG and (NNG)M = G. Thus M NG, < G, since G; < G, where
G=NG, =NGN(NNG)Y)M) = N(NNG)(MNG,) = N(MNG,), contrary
to the choice of G. Hence G = G, x N.

LEMMA 2.3. Let G = G, x S = G, x S, where S is a solvable group and G, is a
direct product of some nonabelian simple groups. Then G; = G».

PROOE. G; = G/S = G,. Let G = Gy; x ... x Gy, where Gy; is a nonabelian
simple group foreveryi € {1, 2, ..., k}. Since G,; < G, x §,foreach g,; € Gy, we
can uniquely express g,, as g); = g5 where g, € G,, 5 € S. Seto : g;; — 5. Then
o is a homomorphism from G, into S, since gl,s'g? s> = gl,g}s's>. Now Gy, is
nonabelian simple and S is solvable. Hence Ker o # 1,Ker o = G andso G, < Ga.
Similarly, G,; < G, foreveryi € {1,2,..., k} and finally G, = G.,.

We say that a group H acts irreducibly on a group G provided that G has no
nontrivial proper H-invariant subgroup.

LEMMA 2.4. Suppose that a solvable group H acts faithfully and irreducibly on a
finite group G. Then G is an elementary abelian p-group.

PROOF. The result is trivial if H = 1. Consider H # 1. Since H is solvable,
there exists a minimal normal g-subgroup Q of H such that Cs(Q) is H-invariant.
Irreducibility implies that C;(Q) = 1. By the orbit formula, |G| = |Co(Q)| + kg =
1(mod g),so G is ag’- group. By Glauberman’s theorem [4, Theorem 7.5] there exists
P € Syl,(G) such that P is Q-invariant for every p € m(G). The same theorem
yields that the Q-invariant Sylow p-subgroup is unique since C¢(Q) = 1. Since
0 < H, we have (P")2 = (P2)" = P". Hence P" = P by uniqueness and so P is
H -invariant. Again, irreducibility yields that G = P and ®(P) = 1, thatis , G is an
elementary abelian p-group.

3. Proof of the main theorem

LEMMA 3.1. Suppose that (G, H) satisfies hypothesis (*). Then:

(1) G/IG, H]is a cyclic p-group or the identity group.

(2) The unique maximal H-invariant subgroup of G is C = Cg(H) = Ng(H)
and C is a normal subgroup of G.

(3) I[G, H] < Cg(N) for every proper H-invariant subgroup N of G.

https://doi.org/10.1017/51446788700037460 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700037460

132 Yan-Ming Wang (4]

PROOF. (1) The conclusion is obvious if G = [G, H]. Suppose [G, H} < G.
Since H acts trivially on G/[{G, H] but nontrivially on G, there exists x € G such that
{x, H] # 1 and (x)[G, H] is an H-invariant subgroup of G. Hypothesis (*) yields
that G = (x)[G, H], thatis, G/[G, H]iscyclic. Let G/[G, H] = P, /|G, H] x ... x
P,/1G, H] be the direct product of Sylow subgroups, where each P; is H-invariant.
We have k = 1 and G/[G, H] is a cyclic p-group by hypothesis (*).

(2) It is clear that every proper H-invariant subgroup of G is contained in C =
Cs(H). Therefore C is the unique maximal H-invariant subgroup of G. We claim
that Ng(H) = C. In fact, if Ng(H) > C, we have N;(H) = G since Ng(H) is
H-invariant. It is easy to see that [G, H] = 1 in this case, contrary to the hypothesis.
Our next goal is to show that C <0 G by induction on |G|. If C = 1, there is
nothing to prove. We consider C # 1. Set Core(C) = (),.; C*. Suppose Core
(C) = 1. Then there is no nontrivial normal subgroup of G contained in C. For
each p € n(C), let 1 # P be a p-subgroup of C. Since N;(P) is H-invariant and
Ng(P) # G, we have Ng(P) < C. Now G = K[C] by Lemma 2.1, where K is
the Frobenius core and so is H-invariant. Since C # 1, it follows that K # G and
hence K < C. Thus G < C # G, a contradiction. Thus we have Core(C) # 1.
Consider H acting on G = G/Core(C). Suppose H acts nontrivially on G. Then
(G, H) satisfies hypothesis (*) and the unique maximal H-invariant subgroup of G,
Cs(H) = L/Core(C) is normal in G by induction. Itisclearthat L > Cand L # G.
We conclude that C = L < G. If H acts trivially on G, then [G, H] < Core(C) < C
and G /Core(C) is cyclic, hence C < G. This completes the proof of (2).

(3) Since [C,H]=1and C < G, wehave [C,H,G]=1=][G,C, H]. Thus
we have [G, H] < Cg(C). Hence [G, H] £ Gg(N) for every proper H -invariant
subgroup N of G by (2).

In the following, C always denotes C(H).

THEOREM 3.1. Suppose that (G, H) satisfies hypothesis (*) with [G, H] # G.
Then |G/C| = p and C is an abelian group. Moreover H | Cy(G) is isomorphic to a
subgroup of C, and H' acts trivially on G.

PROOF. Since [G, H] < G, [G, H] is normal and H-invariantin G, and [G, H] <
C by Lemma 3.1 (3). Since H acts trivially on G/C and C is a maximal H-
invariant subgroup of G, we find G/C has no nontrivial proper subgroup, and so
|G/C| = p for some prime p. Since H acts trivially on both G/C and C but
nontrivially on G, there is some a € G such that [a, H] # 1 and (a)C = G. For
each h € H, there is an unique ¢, € C such that " = c,a. Seto : h — c,.
Then o is a homomorphism from H to C. In fact, if a" = c¢;,a, a" = c;,a, then
a"" = (cy,a)" = cy,cp,a. Since Kero = Cy(a) = Cyla, C) = Cy(G), we have
that H/C(G) is isomorphic to a subgroup of C. It remains to prove that C is abelian.
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For every x € C, C 4 G yields that x* € C. Since H acts trivially on C, we
get x4 = (x)*" = (a7 'xa)" = (") 'x"a" = a7'c;'xc,a for every h € H. Thus
xc, = cpx, ¢ € Z(C), a* = cya € Z(C){a). Since Z(C) char C 4 G, Z(C)(a) is a
subgroup of G. Hence G| = {(a* | h € H) < Z(C){a). Itis clear thata € G,, G, is
H-invariant and H acts nontrivially on G,. So G = G, < Z(C)(a) by hypothesis (*).
It follows that C/Z(C) is cyclic and C is abelian.

REMARK 1. By Lemma 3.1(3) and Theorem 3.1, we have that C is abelian in all
cases (independently of whether [G, H] = G or not).

THEOREM 3.2. Suppose that (G, H) satisfies hypothesis (*) with (G, H] = G.
Then
(1) every proper H-invariant subgroup of G is contained in Z(G);
(2) furthermore, if Rs(G) # G, then we have the following:
(@) G isa p-group in S, N o . with class at most two.
) G < ¥(G) < Z(G), G' isan elementary abelian p-group. H acts trivially
on ®(G) and irreducibly on G/ Z(G).
() Ifp#2,thenx? =1 foreveryx € G.

PROOF. (1) For each proper H-invariant subgroup N of G, we have G =
[G, H] < Cs(N) by Lemma 3.1 (3). Thus N < Z(G).

(2) If Rs(G) # G, then Rg(G) < Z(G) by (1). So G/Z(G) is solvable and
G’ < G, and G' < Z(G) by (1). Therefore G/Z(G) is abelian and G is nilpotent. It
is easy to show that G is a p-group by hypothesis (*).

Proof of (b). It is clear that G’ < ®(G) < Z(G). H acts trivially on ®(G) since
®(G) # G. By (1) and ®(G) < Z(G) we conclude that G/Z(G) is elementary
abelian and H acts irreducibly on G/Z(G). For x,y € G, we have y* € ®(G) <
Z(G) and [x, y] € Z(G). Thus 1 = [x, y’] = [x, y]* and so G’ is an elementary
abelian p-group.

Proof of (a). G/G’' € &/, G' € &, by (b), and G/Z(G) € &/,. Hence G €
g, N &, and the class of G is at most 2.

Proofof (c). If p # 2,then p | p(p—1)/2. Since H acts trivially on G*G’, (G')? =
1and G' < Z(G), and we have [x, h])? = (x " x*)? = (x?)~ ' (x ") [x 1, xH]Pr-1/2 =
1. The conclusion follows from that [G, H] = G and (xy)? = x?yP[x, y]P*~/2,

LEMMA 3.2.

(1) Suppose that group H acts faithfully and irreducibly on a nonabelian simple
group G. Then G = Inn(G) < H < Aut(G).

(2) Suppose that a group H acts faithfully and irreducibly on a nonsolvable group
G. Then G = G, x ... x G is a direct product of isomorphic nonabelian simple
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groups, and for each i € {1,...,k}, there is H; < H with |H : H;| = k, such that
G; = Inn(G;) < H;/Cyi(G;) < Aut(G;). (Hence H is nonsolvable).

PROOF. (1) Consider L = [G]H. Then C;(G) < L. It is obvious that Inn(G) =
G and H = Ng(G)/Cx(G) < Aut(G). We only need to prove Inn(G) < H.

(a) Weclaim C (H) # 1.

If this is false, then H = L/G < Aut(G)/Inn(G) since L = N (G)/CL(G)
< Aut(G). Now Aut(G) is solvable by [1, Theorem 4.239] and so H is solvable. By
Lemma 2.4, G is a p-group, which contradicts the fact that G is nonabelian simple.

b)) G={g|lgeG,qh e H,suchthat gh € C.(G)}.

Set Gy, = {g | g € G,3h € H, such that gh € C.(G)}. Since Gx(G) =1
and C;(G) # 1, wehave 1 € Gy and G, # {1}. Let g,,8, € Gy, h;,h, € H be
such that g;h; € CL(G), i = 1,2. Then h; = g7'(g1h)) = g1h1g7', g1l = higi,
gr'hi = (g1h)7! € CL(G), 50 g7' € G,. Moreover (g281)(h1h;) = g2(g1h)hy =
211820 € CL(G). Thus G, is a subgroup of G. Foreach h € H, gih" = (g,h))" €
C.(G)" = CL(G). Thus g" € G,. It follows that 1 # G, is an H-invariant subgroup
of Gandso G = G,.

(c) There is an injective map from G to H. In fact, for each g € G, there is
h, € H such that gh, € C.(G). If gh, = ghy, then h]'h), = (gh,) 'gh, €
C.(G)NH = Cy(G) = 1,s0 hy = hy. Thus h, is uniquely determined by g. Let
o:g — hg“. We assert that o is an injective homomorphism from G to H. In
fact, suppose g1k, 82hg, € C (G). Then g1g2h,,h, = gahg, 81k, € CL(G). Thus
0(8182) = (hg,hy)™ = h'h! = 0(g1)0(g2), s0 o is a homomorphism. Now
Kero 4 G. If Kero = G, then h, = 1, forevery g € G and so G < C.(G). Thus
G is abelian, a contradiction. Therefore Ker o = 1 since G is simple.

For each I, € Inn(G), x € G, x*" = x, x8 = x"'. Hence H contains every /,. It
follows that G = Inn(G) < H < Aut(G).

Proof of (2). H acts irreducibly on G, so G is characteristically simple. Hence
G = G| x ... x G is a direct product of isomorphic nonabelian simple groups.
Let Hy = Ny(G,). Let H=H, + Ha, + ...+ Ha,, {1 =a;,a,,...,a,} be the
transversal of H, in H. Since G, is a minimal normal subgroup of G, G = G‘;’, if
and only if ; = @;. Now 1 # (GY : h € H) = G, x G} x ... x G}" = G since
(G" : h € H) is an H-invariant subgroup of G. It is clear that k = n, hence |H :
H,|=k.If 1 # K, < G and K, is H)-invariant,then | # K = K, x ... x K{* <G
and K is H-invariant, contrary to irreducibility. It follows that H, acts irreducibly on
G. Hence G; = Inn(G,;) < H;/Cyi(G)) ; Aut(G;) by (1). The same argument for i
implies the conclusion.

THEOREM 3.3. Suppose that (G, H) satisfies the hypothesis (*) with Rs(G) = G.
Then G = [G,H)land C = C5(H) = Z(G) = F(G) = ®(G). G is a perfect
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quasinilpotent group, and G = G/Z(G) = G, x ... x Gy is a direct product of

isomorphic nonabelian simple groups. For each i € {1,...,k}, there is H; < H
with |H : H;| = k, such that G; = Inn(G;) < H;/Cy.(G;) < Aut(G;). (Hence H is
nonsolvable).

PROOF. G =[G, H]follows from Theorem 3.1. Since R¢(G) = G, G =G and G
is perfect. Thus F(G) # G # Z(G), hence F(G) = C = Z(G) by Theorem 3.2 (1)
and Lemma 3.1. Hence G = G/Z(G) has no nontrivial proper H-invariant subgroup,
s0 G = Gy x ... x G, has the properties mentioned in Lemma 3.2. G is perfect
nilpotent by [3, X Section 13]. There is only ®(G) = Z(G) left to prove. We prove
this by induction on |G|.

Firstly, we consider ®(G) = 1. If Z(G) # 1,then G = Z(G) x G, by Lemma 1.2,
Since G, = G/Z(G) is a direct product of isomorphic nonabelian simple groups,
Z(G) x G, = G = G" = Z(G)" x G},Vh € H. Hence G, = G" by Lemma 1.3.
thus G; # G and G is H-invariant. This yieldsthat G, < Z(G)and G < Z(G) # G,
a contradiction. We conclude that Z(G) = C =1 if &(G) = 1.

Now, consider ®(G) # 1. Consider H acting on G/®(G). If H acts trivially on
G/®(G), then G = [G, H] < ®(G), a contradiction. Hence (G/®(G), H) satisfies
hypothesis (*) and Rs(G/®(G)) = G/P(G), ®(G/P(G)) = 1. The proceeding
argument yields that 1 # Z(G/®(G)) = Z(G)/P(G) and so P(G) = z(G) = C.

The main Theorem follows from Theorem 3.1, Theorem 3.2 and Theorem 3.3.

4. Applications and examples

COROLLARY 4.1. Let G be a solvable group. Let H be an operator group of G.
Suppose H acts trivially on every H-invariant /'€ ,-subgroup of G and every H-
invariant p-subgroup of G which lies in o, N & .o with class at most two. Then
H acts trivially on G.

PROOF. Assume that the conclusion is false and let G be a counterexample of
minimal order. Since the hypotheses in Corollary 4.1 are inherited for H-invariant
subgroups, by the choice of G, H acts trivially on every proper H -invariant subgroup
of G. Thus (G, H) satisfies hypothesis (*). Since G is solvable, by Theorem 3.1
and Theorem 3.2, G € &%, or G is a p-group in F&, N &/ . & with class at most
two. Thus H acts trivially on G, contrary to our choice. This shows that there is no
counterexample and the corollary is proved.

COROLLARY 4.2. Suppose that H is a solvable operator group of G and H acts
nontrivially on G but acts trivially on every proper H-invariant &€ ,-subgroup of
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G and every proper H-invariant p-subgroup with class at most two which lies in
A, oA 4. Then G is solvable.

PROOF. Assume that the conclusion is false and let G be a counterexample of
minimal order. We assert that (G, H) satisfies hypothesis (*).

In fact, H acts nontrivially on G. Suppose H acts nontrivially on a proper H-
invariant subgroup G, of G. Then G, satisfies the assumption of Corollary 4.2;
thus G, is solvable by the choice of G. Hence (G, H) satisfies hypothesis (*). By
Theorem 3.2, C = Cs(H) < G and C is abelian. Consider H acting on G/C.

Assume C # 1. If H acts trivially on G/C, then G/C is cyclic by Lemma 3.1
and so G is solvable, a contradiction. If H acts nontrivially on G/C, then (G/C, H)
satisfies hypothesis (*) and so satisfies the hypothesis of Corollary 4.2. The choice of
G yields that G/C is solvable and hence so is G, contrary to our choice.

Therefore C = 1. Since (G, H) satisfies hypothesis (*), Lemma 3.1 yields that
every proper H-invariant subgroup of G is contained in C = 1. Hence H acts
irreducibly on G. Since H is solvable, by Lemma 2.4, G is an elementary abelian
p-group, contrary to our assumption. This shows that there is no counterexample and
the corollary is proved.

We say that a group G is 3-step solvable if G® = 1.

COROLLARY 4.3, Suppose that A is an abelian subgroup of G and suppose A lies
in the centre of every 3-step solvable subgroup of G which contains A. Then A lies in
the centre of G.

PROOF. Consider A acting on G by conjugation. Assume that the conclusion is
false and let G be a counterexample. Now A £ Z(G) means that A acts nontrivially
on G. Forevery M < G, where M is A-invariant and either M € /¢, or M is a
p-group in Hof, N o .4 with class at most two, we have M® = 1and M < MA,
(MA)Y < M. Hence (MA)® = 1. By assumption, A < Z(MA), that is, A acts
trivially on M. Corollary 4.2 yields that G is solvable. Now, Corollary 4.1 forces that
A acts trivially on G, contrary to our assumption. This completes the proof of the
theorem.

COROLLARY 4.4. A p-element x of G lies in Z(G) if and only if both of the following
hold

(1) there exists P € Syl,(G), such that PN {x% | g € G} = x;

(2) x centralizes every p'-characteristic subgroup of M, where M is a 3-step
solvable subgroup of G which contains x.

PROOF. Similar to the proof of Corollary 4.3
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REMARK 2.

(1) Corollaries 4.3 and 4.4 are generalisations of the main results in [5].

(2) Suppose (G, H) satisfies hypothesis (*) with (|G|, |H|) = 1. Then G is
described by case II(1) of the Main Theorem, by Glauberman’s theorem. We can
easily prove that G is a special p-group and obtain the original Hall-Higman theorem.

(3) The tools used in the proof of the applications above are elementary; all of
them can be found in [4].

We give an example for each case in the Main Theorem.

(I) G = A, = [B4]C; where B, is Klein 4-group. Let H = B, with H acting on
G by conjugation. Every proper H -invariant subgroup of G is contained in Bj.

(II) (1) Let G be any cyclic group of order P, p an odd prime, 1 # H < Aut(G).

(II) (2) (i) Let G be a nonabelian characteristic simple group, H = Aut(G).

(ii) Let G/Z(G) be a nonabelian simple group, G = H, H acting on G
by conjugation.
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