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NOTE ON THE BEHAVIOR OF SOLUTIONS
OF PARABOLIC EQUATIONS
WITH UNBOUNDED COEFFICIENTS®
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To Professor Katuzi Ono on the occasion of his 60th birthday

1. Let
L= 3 + Eb + :
T J_la” ax ax ¢ ax T

be a parabolic differential operator defined in 2 = R" X (0,), where R"™ is
the n-dimensional Euclidean space, the point z € R" is represented by its
coordinates (%, + * +,%,) and a;;(=a;;), b; and ¢ are functions in (z,?) € Q.
We assume that there exist constants k,(>0), K;, K,(>0), K;(>0) and K,
such that

E(le]® 4+ 142 < é ]551 K(|x|®+ 1)-7|&]3,
(1) [0:1 < Ky(Ja]2+1)V3 (1< n),
—~ K(lz|?+ 1} + K,

for some 1< (0,1].

Consider the Cauchy problem
Lu=0 1in £,
(@) {

u(x,0) = f(z).

2. Throughout this note, we shall say that «(z,#) is a solution of the
problem (2) when «(z, ) is continuous in 2 = R" x [0, ), twice continuously
differentiable in 2 and satisfies (2).
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In this note we shall prove the following which is a general form of
Krzyzanski’s theorem [2].

THEOREM. Let u(x,t) be a solution of the Cauchy problem (2) and |u(z,t)]|
< Kger(al*+D2 for some constants Ky and p. Assume that the coefficients of L satisfy
(1). If the Cauchy data f(x) is bounded in R™ and if

(3) 5 RE(1~ 2) = k] YK Tn* F KK, — Kon) + K, <0,

then u(x,t) tends to zero uniformly in x € R™ as t tends fo infinity.

In the case of the differential operator

— s 0 _ 2y gy 0
Lo_—igl ax% +( K3|xl +K3) ot ’

we may take k, =K, =1, K, =0, K,=K;—K; and 1=1 in Theorem. So
the solution «(z,¢) of the Cauchy problem

Liu=0 in 0,
u(2,0) = f(x)

for a bounded Cauchy data f(x) tends to zero uniformly in & € R™ as ¢
tends to infinity, if

VKin > K4 — K.

3. To prove our theorem, we use the following.

LemMA.  Let a be a positive root of the quadratic equation AX*+ BX + C=0,
where B>0 and C<0. Then the function

¢(t) = atanh Aat
satisfies the inequality
@'(t) + A¥(t) + Bo(t) + C < 0.

The proof is given by the direct calculation, so we may omit it here.

Now we shall give the proof of Theorem.

Let ¢(¢) and ¢(¢) be functions twice continuously differentiable in [0, ).
Putting

(4) H(x,t) = exp[— o(f) (|@|® + 1)} + ¢(¢)],

https://doi.org/10.1017/50027763000013222 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000013222

PARABOLIC EQUATIONS WITH UNBOUNDED COEFFICIENTS 3

we see from (1) that
’L—If‘= 4re¥(t)(lz|? + 1)““21,';‘:41 a;%2; + 421 — D)o(¢) (|a |2 + 1)? LJZ; a;52:%;
— 220(8) (1212 + 107 3 (@ + bew) + ¢ + ¢(1) (0] + 1 = ¢/(8)
< (lo]2 + 10[9'(2) + 4K, 220%(t) + 2K,nag(t) — K;)
+ [42(1 — DK o(t) — 22kno(t) + K, — ¢'(1)].
So, if
(5) ¢(t) = atanh 4K, 2%at
for the positive root

_ —Kmn+vKin® + 4K K,
4K,2

(44

of the quadratic equation 4K,22X?+ 2K,niX — K; =0, then we see from
Lemma that

O'(t) + 4K 29t) + 2Kmap(t) — Ky < 0.
Further, it is easy to see that

9K .7 loglcosh 4K, 2%at] + K,t

satisfies

4201 — DK p(t) — 22k mo(t) + K, — ¢'(t) =0

for ¢(¢) given by (5). Thus H(z,?) given by (4) for ¢(¢) in (5) and ¢(¢) in
(6) satisfies

LH<O

in 2. It is evident that H(z,0) = 1.
As the Cauchy data f(x) in (2) is bounded, we may assume |f(x)|<M
in R*. If we put

wy(x,t) = MH(%,t) + u(z, t),

then Lw, = MLH+ Lu=MLH<0 in 2 and w.(2,0)= M+ f(z)>0. More-
over, we have clearly |w.(z,?)|< Kie*Us*+D% in @ for some constants K

https://doi.org/10.1017/50027763000013222 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000013222

4 LU-SAN CHEN

and g’. The maximum principle due to Bodanko [1] implies that w.(z,#)>0
in @, that is,

— MH(x,t) < u(zx, t)

in 2. We apply the same argument to w_(z,¢) = MH(x,?) — u(xz,?) as the
above, we get

MH(x,t) > u(x, t).
Thus we obtain

lu(z, 8)| < MH(z, t)
< Mexp{[4K, X1 — Da — 22kna + K]t}

for ¢ in (5) throughout £. From the assumption (3), it is obvious that
u(x,t) tends to zero uniformly in 2 € R™ as ¢ tends to infinity.

Remark. Krzyiaﬁski [2] considered the case 2 =1 in our Theorem and
gave an analogous result.
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