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1. Introduction. Krall and Frink [4] aroused interest in what they term 
Bessel polynomials. They studied in some detail what may, in hypergeometric 
form, be written as 

(1) yn(x9 a, b) = 2^o( - », a - 1 + »; — ; — x/b). 

The simple Bessel polynomial is the special case a — b = 2. In essence the 
polynomials considered by Krall and Frink, and by others [1; 3], are the 
terminating 2-FVs with numerator parameters ( — ») and (c + »), » a non-
negative integer. We shall therefore work with 

(2) 2F0( — », c + »; — ; — x) 

for brevity. From (2), the polynomial (1) is easily obtained. 
Burchnall [1] produced a convergent generating function for yn(x> a, b). 

It is the purpose of this note to obtain relations which yield in simple special 
instances two generating functions, one of them Burchnall's, for Bessel 
polynomials. 

2. Generating functions of Burchnall type. 

(3) M*) 
— », c + », 1 — 0i — », 1 — 02 — », 

= q+2FP\ 

Consider the polynomials 

, 1 - 0 , »; 
( - D îH-ff+l 

1 — ai — », 1 — ai — » , . . . , 1 — av — n; 

in which the c and all the as and 0's are independent of », and in which n is a 
non-negative integer. The a's and 0's are not to be non-positive integers, but 
are otherwise unrestricted. 

If in (3) no a's and no 0's are used, the resulting polynomial is that of (2), 
the generalized Bessel polynomial. 

We now prove that 

(4) (1 - 4x/)-* 
1 + V (1 - 4xt) 

•ai, a2, It 

L0i ,02 , . . . ,0 < 7 ; 

£o U\ (0!)n(02)n . . . (0*)n ' 

1 + V (1 - 4x0 

in which (1 — 4xtf —•> 1 as / —> 0. Burchnall's [1] generating function is a 
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special case of (4) in which there are no a's and no /3's, x is to be replaced by 
(x/b) and / by (\bt). In Burchnall's paper the misprint, {§ — §(1 — 2xtf}2~a 

where {| + J( l — 2xt)*}2~a was intended, should be corrected. 
For our proof of (4) we need a simple result from the theory of the 2Fi-

LEMMA. 

. *<7 , y + 1; 2T ; 4s) = (1 - ^ y ^ ^ ^ ' 

To obtain the result in the lemma, use Gauss's formula 

2Fl(a1 b; 2b; 4x(l + x)"2) = (1 + x)2a
 2/Ma, a + J - b; b + J; x2), 

for which see Magnus and Oberhettinger [5], put b = 7, s — 7 + \, x(l + x)~2 

= z, and use the fact that a iF0 is a binomial. 
Since (1 — a — n)k = ( — l)*(a)»/(aO„-*i it follows that 

Mx)(<xi)n(<X2)n • • • (<*P)w = y^ (c)n+k(ai)n-k(a2)n-k • • « (ap)n-kx
k  

(ftWft)*-* • • • (&)»-*(» ~ *)! ft!' 
Therefore, 

y > ^n(*)(<*l).n(«2)n • • • (<*pV 

feo »! (/Si)»(|8,). • • • (&)» 

_ ^ y^ (c)»+it(ai)n-*(«2)»t-* • • • (<*?)«-* x f 
» h (e)„(0i)»Ht(ft)*^ • • • (&).-*(» - *)! *! 

_ y* y> (c)n+2A;(ai)«(̂ 2)ra . . • (ap)nx
ktn+k 

£ 0 £i> W,+»(ft),(ft)» . . . (18,), »! ft! 

_ y> y> (c + WKQEQ* (cm)»(«2)n • • • (ap)nln 

7A tt> (c + »)* ft! ' (0i)„(ifc), . . . (&)„ n! 

= Ë ,Fx ( Jc + en, *C + i» + i ; c + n; 4x0 ^ w ^ " ' " r ? W i 

= V M — ^r/^-^l - \~l(ai)n{<X2)n » » • (<Xp)n F 

Ùo U j Ll + V(l - 4x0 J (ftUft)» . . . (&)» »! 

= (1 - 4x/)"H ^ j — ^ — ^ pFJ Î + Vt t - 4x0 
L J L p i , P2, • • • , Pq, 

which completes the derivation of equation (4). The method used is nothing like 
that in Burchnall's work. 

I f / > < g + l , a s i s true for the generalized Bessel polynomials, the generating 
function series, the PFQ, even has a region of convergence near t — 0. For gene
rating function purposes the luxury of convergence is, fortunately, not at all 
necessary. 

3. Another generating function for Bessel polynomials. Consider next 
the polynomials 

https://doi.org/10.4153/CJM-1953-013-5 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1953-013-5


106 E. D. RAINVILLE 

(5) 
/ x J\ — n,c + n, ah a2, . . . , ap; 

L Pi , p2, • . • , Pq, J 

of which the Bessel polynomials are again a special instance, namely that in 
which no as and no /3's are used. This extension of the generalized Bessel poly
nomials is, of course, distinct from that in equation (3). 

We shall obtain the generating function relation 

(6) (1 - tyc
p+2Fq 

\c, \c + ^, «i, a2, . . . , ap\ Axt 

Pu 02, . . • , fiq; 
(i - ty 

= y1 _̂MM _̂ 

which contains a divergent generating function, a 2F0, for the Bessel poly
nomials, namely the choice of no as and no /3's. The series in (6) converge near 
/ = Oif p < q - 1. 

We find that 

f* <Tn(x)(c)nt
n
 = f, A ( - n) t(c + »)t(c)»(«i)it(«2)ib • • • fa)*( - *)*** 

» »! S i f e l (/5i)*(ft)*...(i8 t f)t*!n! 

n =0 A;=0 (@l)k(p2)k 

(c)n+k(ai)k(<X2)ic . . . (ap)kx
ktn 

(0,)* * ! ( » - * ) ! 
OO CO 

_ N T y * ( c)»+g*( t t i)*(«2)* • • • (otP)kX tn 

3 S (0i)*G8,)*.. .(0,)**!»! 
OO OO 

« > S > »! (i8i)*(ft)*... (&)**! " 

Y (g)2fc(^l)fe(^2)fc • » » (<Xp)k fa) 

fA(PMfo)*...(Pq)kkl(l-t)c+2* 

= (1 — /) C
p + 2 ^ 

^C, | c + J , « i , 0£2, 4x/ 

(i - / ) ' 
0i, 02, . . . , 

which completes the derivation of equation (6). 
For c = 1, the equivalent of equation (6) has already appeared in Sister 

Celine's work [2]. 
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