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Abstract  The following rather surprising result is noted.

(1) A function f(z) = 3" anz™ such that a, | 0 (n — oo) belongs to H! if and only if 3" (an/(n + 1)) <
0.

A more subtle analysis is needed to prove that assertion (2) remains true if H?1 is replaced by the predual,
B1(c H'Y), of the Bloch space. Assertion (1) extends the Hardy-Littlewood theorem, which says the
following.

(2) f belongs to HP (1 < p < o) if and only if > (n + 1)P~2a}, < oco.

A new proof of (2) is given and applications of (1) and (2) to the Libera transform of functions with
positive coefficients are presented. The fact that the Libera operator does not map H! to H'! is improved
by proving that it does not map B! into H!.
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1. Introduction and result

One of many important results of Hardy and Littlewood states that a function

fz)= Z an2"
n=0

that is analytic in the unit disc D satisfies the conditions

fEHY = > (n+1)'|a,P <00 (0<p<2) (1.1)
n=0
and
Z(n+1)p_2|an|p<oo = feH’ (2<p< o). (1.2)
n=0
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Recall that the p-Hardy space H? consists of those f € H(D) (i.e. the set of all functions

analytic in D) for which
[fI} = sup Mp(r, f) < oo,
0<r<1
where
1 2m "
My f) = 52 [ Iy a0

(see [3]). In the case when p = 2, both the relations are consequences of (and are weaker
than) Parseval’s Theorem. As noted in [14], (1.1) can easily be deduced from the impli-
cation

1
feH? :>/M§(T,f)(1—r)_p/2dr<oo (0<p<2),
0

which is a special case of another theorem of Hardy and Littlewood [3, Theorem 5.11].
Then (1.2) is obtained from (1.1) by a duality argument. The converses of (1.1) and (1.2)
do not hold in general, but Hardy and Littlewood showed in [6] (see [23, Chapter XII,
Lemma 6.6]) that if the sequence {a,} decreases to zero, then the converses hold for all
p>1.

Theorem A. Let 1 < p < c0. If a,, | 0 as n — oo, then the function f(z) =Y a,2"
is in HP if and only if

i(n +1)P72a? < 0. (1.3)

n=0

The proof given in [23] and the proof that we present below depend heavily on the
hypothesis p > 1, and they suggest, perhaps, that Theorem A does not hold for p = 1.
However, we have the following.

Theorem 1.1. Ifa, | 0 as n — oo, then f is in H' if and only if

= a
Zn_:1<oo.

n=0

Moreover, there exists a constant C' independent of {a,} such that

— > a
CHfIh <D 57 <Cll (14)
k=0

Proof. The ‘only if” part is contained in (1.1). To prove the ‘if’ part, write f as

2.

f(2) =) (ar —ags1)

k=0

.
[en}
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Hence, for 0 < r < 1,

2

2mdi(r )= [ 1)l a0
0
> 2m k PR
< Z(ak - ak+1)/ erelje do
k=0 LU
0o 2 k )
< (ax— akﬂ)/ | g
k=0 0 lj=o
OZ ap — Gp41 10g(k —+ 2)
k=0

where we have used the following well-known estimate:

2m k B
/ E elj0
0

§=0
where C' is an absolute constant. Next, we use the inequality

df < Clog(k +2),

to obtain

o] k
My(r, f) < Cy > (ax — arpr Z
k=0 7=0

Jj+
oo 1 o0
=0Cs i1 Z(ak — Q1)
J=0‘7 k=j
=1
=C
2;0 RS

as desired. (The existence of a constant C satisfying (1.4) follows from the proof.) O

Remark 1.2. When writing the sum in (1.3) as

(f:((nJrl)an)zu(n+ 1)2>1/p

n=0
and letting p — oo, we get sup,,(n + 1)a,. In this limiting case we have the following.
Let BMOA denote the space of analytic functions of bounded mean oscillation.

Theorem B (Xiao [22, Corollary 3.3.1]). Ifa, | 0, then f belongs to BMOA if
and only if sup, (n + 1)a, < co.
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2. Proof of Theorem A
Let

An(2) = Z 2",

kel,

where
Ly ={k: 2" ' <k < 2"} forn>1, Iy = 0.

Let A, f denote the Hadamard product of A,, and f:
Anf(z) = Z apz”.
keI,

The following useful fact was proved in [14]. The proof is relatively easy and is based
on the Riesz Projection Theorem and a theorem on LP-integrability of power series with
positive coefficients [13, Theorem 1].

Theorem C. Let 1 < p < co and a > —1. The following quantities are then equivalent
for g € H(D):

Qilg) = / 9(2)P(1— |2)* dA(2),

Q2(g) =Y 27D A gl

n=0

‘Equivalent’ means that Q1(g) < oo <= Q2(g) < oo, and that C~'Q1(g) < Qa(g) <
CQ1(g), where C is independent of g. The latter is denoted as Q1(g) < Q2(g).
We need the following consequence of the Riesz Projection Theorem.

Lemma A. Let A\ = {\,} be a monotone non-negative sequence, and let \g =
oo o Anby 2™, where g(z) =Y b,z". Then

C™ a1 [[Anfllp S NANfllp < CAan||Anfll,  if A is non-decreasing
and

C 1 Non

A fllp < N[ARAfllp < Chgn-1||Anfll, if A is non-increasing.

This fact is familiar from the theory of Schauder bases. In our case the sequence
en(z) = 2" is, by the Riesz Theorem, a Schauder basis of H? for 1 < p < oo (but not
for p = 1). The proof of the lemma is easy and is based on summation by parts and we
therefore omit it (see [11, Proposition 1.a.3] concerning this point).

In [17], a short elementary proof, based on a simple version of Green’s formula, of the
following theorem of Littlewood and Paley [12] was given.

Theorem D. Ifp > 2, and f € HP, then there is a constant C' such that
[ irera—laraac < sy, (21)

where dA is the Lebesgue measure in the plane.
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In fact, in [17] a seemingly different result is proved: if u = Re f, then
[ 1vutap - jzpr ) <
D

but this is the same as (2.1) since |Vu| = | f’|, and || f||, < C||u||, (by the Riesz Theorem).
Another useful fact is the following.

Lemma B (Mateljevié and Pavlovié [14, Lemma 3.1]). If g(z) =Y ;_  ci2",
then
gl < Mp(r,g) <™ lgllp, 0<r <1, 0<p< oo

Proof of Theorem A. It follows from Theorem D, via Theorem C and Lemma A
with A\ = k, that

dolAnflE<Clflp, 2<p<oo. (2.2)
n=0
This holds for all f € HP. If a, | 0, then we again appeal to Lemma A, with A\, = a,,

to obtain
07 1 agn

Anllp < Anfllp < Cagn-r]|Ap]p.
In order to finish the proof (for p > 2) we need to estimate ||A,||,. First we have
|Anlloe =271 for n > 1. Then we use the inequality

My (r,g) < C(1—7r)"YPM,(r,g), 0<r<1,

together with Lemma B, with 7 = 1 — 27771, to find that |A, | < C2"/?||A,||,, which
implies [|A,||, > C~12n(=1/p),
In the other direction, let g(2) = (1 —2)"! and g,(2) = g(rz), 0 < r < 1. By the Riesz
Theorem, we have
18ng: 15 < Cllgrllly < C(L—7)'7P.

On the other hand, we have 12" [|Ang[l, = 7" | Ay ]I, < | Angy |, from which we obtain,
by taking r = 1 — 27771, that ||A, ||, < C2"1~1/P), Thus,

A, ]|, < 2 =1P) 0 p >l (2.3)
Combining this with (2.2) and (2) we get

> ab. 2" < O fIIp,

n=1

which, together with (1.2), proves Theorem A in the case p > 2.
If 1 < p < 2, then we use the Riesz Projection Theorem and a duality argument to

show that -
AP < C Y IAflE, 1<p<2
n=0
Then proceed as in the case p > 2 to complete the proof of Theorem A. O
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3. On the predual of the Bloch space: Hardy—Bloch spaces™

Let BP (1 < p < 00) denote the space of all f € H(D) such that

1/p
1l = 7(0)] + ( [1rera- |z|>p-1dA<z>) < co.
In the case p = oo this quantity is interpreted as
Il = 70+ supl ()1 = 2.

and hence B> coincides with the Bloch space 8.
From Lemmas B and A we get

1£1150 = D 1AfIIE, 1 <p<oc.

n=0
From this, Lemma A and (2.3) we obtain the following.

Theorem 3.1. Let 1 < p < oo and a, | 0. The function f € BP (if and only if
f € HP) if and only if

o0

Z(n +1)P2aP < 0.

n=0

It is easily shown that if a, | 0, then

feB << sup(n+1)a, < oo,

and so f € 9B if and only if f € BMOA. Therefore, it is natural to ask what is happening
with the space

3= {1 [1rElae <)
normed by

[fllsr = [£(0)] +/D|f’|dA.

This space is the predual of the ordinary Bloch space with respect to the duality pairing
(f.9)= tim > f(n)g(n)r"
n=0

(see, for example, [19]). It turns out that the situation is the same as in the case of H!.

Theorem 3.2. Let f(z) = > " a,z", where a, | 0. Then f € B! if and only if

Qp
nZ:%n—i—l < 00,

* This term was introduced in [5].
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and we have
o
ag

[1fllwr = :
P k+1

The ‘only if’ part is true because of Theorem 1.1 and the inclusion B C H!.

In order to prove the ‘if’ part we need a decomposition of B1. In [8], a sequence {V},}5°
was constructed in the following way.

Let w be a C*-function on R such that

(1) w(t)=1fort <1,
(2) w(t)=0fort > 2,

(3) w is decreasing and positive on the interval (1,2).

Let o(t) = w(3t) — w(t), let Vo(z) =1+ z and, for n > 1, let

00 2n+1_1
= wlh/2r ) = S k)t
k=0 k=on—1
These polynomials have the following properties:
= Z Vog(z) for g e H(D), (3.1)
[Vaglly < Cllgllp for g € H, p >0, (3.2)
[Villp =< 270712 for all p > 0. (3.3)

In [9, Lemma 2.1}, the following analogue of Lemma B was proved.

Lemma C. Let 0 < p < oo, let &« > —1 and let v be a non-negative integer. A function
g € H(D) satisfies the condition

Zw )+ / g (P~ |2])® dA(2) < oo

if and only if

)
Ky(g):= ) 2P|V g|lp < oo,
n=0

and we have K1(g) < Ka(g).
(In the case v = 0, the sum Zj_:lo is interpreted as zero.)

Proof of Theorem 3.2. We have to prove that

[l < Cag +C Y aze .

n=1
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By Lemma C,
o
1fllwr = laol + D Ve Sl

n=1
Let n > 1, let m = 2""! and let Q; = Z?zm @(j/m)e;. Since Qum—1 =V, we have

4m—1

Vof = Y olk/m)akes

k=m
4m—1
= Y (ar — ars1)Qk + amQam—1

4m—1

= Z (ak: - ak+1)Qk + a4mVn~

k=m

On the other hand, Q = V,,A,, i, where

k
Ay = Z 2Pl Lk g ot
j:2"*1

By (3.2), with g = A,, 1, we have

1Qkllr < CllAnkll < Clog(k +1-2""1) < C(n +1).

Combining these inequalities we get

4m—1

IVaflh C Y7 (ar = akpa)(n+ 1) + Casn [ Va1

k=m
< Cn+ D)(am — aam) + Casm
= C(TL + 1)(a2n71 — a2n+1) 4+ Cagn+1.

Here we have used the relation |[V,]1 < C (see (3.3))! Thus,
||an||1 S C(n + 1)(a2n_1 — CLQn) + C(n + ].)(agn — CL2n+1) + (761,277/4—17

and therefore it remains to compute the sums

S = Z(n +1)(agn—1 —agn) and Sy = Z(n +1)(agn — agn+1).
n=1 n=1

In order to compute Sp, observe that from the convergence of 3 (ax/(k + 1)) and the

monotonicity of {a,} it follows that

a 1
vl Dl e S LD DR

27L/2<k<2n 27L/2<k<2n

> c(n+ 1)age (¢ = const. > 0),
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and hence
lim (n 4+ 1)agn = 0.

n—oo
Using this and the formula

(oo}

(cn —Cpnr1) =c1 if e, — 0,

n=1
with Cp = NAgn—-1, W€ get
> o
S1 =Y (nag—r — (n+1)agn) + agn— = ar + » _ agn-1.
n=1 ot

In a similar manner we get

(oo} (oo}
Sy = Z(na% —(n+1)agn+1) +agn = a2 + Z asn,
n=1 n=1
which completes the proof. O

Remark 3.3. The main points in the above proof are the relations Q9n+1_1 = V,, and
Vel =< 1. Tt is interesting to try to use the inequality

£l <CD AL
n=0

Then, working as above, we get

2" -1 k
Anf = Z (ak e ak+1) Z er + aQnAn.
k=92n—1 j:2n—1

Now, instead of V,, we have A, at the end, and application of the triangle inequality
only yields
1ALfll, < C(n+1)(agn-1 — agn) + Cagn(n + 1).

The extra factor n + 1 makes this attempt unsuccessful. Thus, in a sense, the above proof
of Theorem 3.2 is accidental.

Remark 3.4. Lemma C was deduced in [9] from the case v = 0 (which is relatively
easy to discuss) by using some non-trivial results of Hardy and Littlewood [7] and of
Flett [4]. A simpler deduction is possible: see [16, Exercise 7.3.5].

Remark 3.5. The space B! is closely related to H' in that H' ® H' = B!, where
X ®Y denotes the set of all g € H(D), which can be represented as

9= hnxkn, hn€X, k€Y,

n=0

with > |[hn || x||knlly < oo (see [1]).
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4. Libera transform of functions with positive coefficients

In [10], Libera introduced the operator

922 [0

and demonstrated its importance in the theory of univalent functions. In particular, it
was shown in [10] that this operator transforms the class of starlike functions into itself.
The ‘generalized’ Libera operator

1 a
Aag(z) = E/ g(¢)d¢, where |a| < 1,

was introduced and studied from the functional analytic point of view by Siskakis in
[20,21], and was then studied further in [2,15,18] and other papers. The case |a| < 1 is
not interesting because A, is then defined on H(ID) and, on classical spaces, has almost
the same linear topological properties as the integration operator f(z) — foz f()d¢.
Therefore, we can assume that a = 1. Define £ = Ay, i.e.
1 1
L) = [ o
< z

The integral is not defined on H(D): for example, f(z) = 1/(1 — z). However, if f(z) =
> anz™ and
o lan|
4.1
> <o (4.1)

n=0

then the integral exists as

D3w—1

im [ 7
(see [15]) and we have

Lf(z) = i b 2",
n=0

where -
ag
b, = .
k+1

k=n
Condition (4.1) is satisfied if f € H' (Hardy’s inequality) and consequently if f € HP,
p > 1. Since B! C H!, (4.1) is satisfied if f € BL.
If a, > 0, then b, | 0, and we can apply Theorems 1.1 and 3.2 to Lf.

Theorem 4.1. Let a,, > 0 for all n. The following three conditions are then equivalent.

LfeH, (4.2)

LfeB, (4.3)
i %ﬂ“) < . (4.4)
n=0

The proof is straightforward and is omitted here.
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It is known (and is easy to check) that £ does not map H' into H' (see, for example,
[15]). Moreover, we have the following corollary.

Corollary 4.2. The operator L does not map B! (& H') into H'.

Proof. By Theorem 3.2, the function

= 1
flz)= Z anz", where a, = —5——,

— log“(n + 2)
belongs to B'. On the other hand, by Theorem 4.1, the function £f is not in H'. |

Theorem 4.3. Let a, >0, and let 1 < p < oo. Then Lf is in H? if and only if

22”( > ak)p < 0. (4.5)

kel,
For the proof we need a lemma.

Lemma 4.4. Let {d,}§° be a non-negative sequence, let 3 > 0 and let v > 1. Then

o0 o0 o0
> 2d, [ <Y 27PN
n=0 n=0

k=n
where C' is a constant independent of {d,}.

¥ [es}
<CY 2",
n=0

Proof. The left inequality is clear. Let v > 1. The other inequality is equivalent to
the following:

o o ¥ 00
S| Yot ) <03 s, (i)
n=0 k=n n=0

where a > 0 and {s,} is a sequence of complex numbers.
To prove this inequality we define the operator T' by

T({sn}°) = {2, }5°, where t, = Z 2 kg,
k=n

and consider the action of T on the spaces L7 (u,N), where N is the set of all positive
integers and p({n}) = 2. It is easy to show that T acts as a bounded operator from
L7(N, p) to €7, for v = 1. The same holds for 4 = oo. Therefore, by the Riesz—Thorin
Theorem, T' maps £7 into £7 for 1 < v < co. Since the norms are independent of {c,},
we get (), which completes the proof. a

Remark 4.5. If 3 |s,]7 < oo, then ) 27"%|s,| < oo by Hélder’s inequality.
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Proof of Theorem 4.3. By Theorem A, the function £f belongs to H? if and only

if
o0
> 2T, < o (1)
n=0
Since - -
=3 =Y
n — = i
k=2m k+1 j=n
where
ai
ci = —
J E+1°

kel;

condition (I) is, by Lemma 4.4 with 8 =p — 1 and v = p, equivalent to

Z 2"@_1)ch < 00,

n=0

which is equivalent to

izn@—l) (2—n Z ak>p < 0.
n=0

kel,
This is obviously equivalent to (4.5), which was to be proved. O
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