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Small Prime Solutions of Quadratic
Equations

Kwok-Kwong Stephen Choi and Jianya Liu

Abstract. Let by, ..., bs be non-zero integers and n any integer. Suppose that by + --- +bs = n
(mod 24) and (b;, bj) = 1for 1 <i < j < 5. In this paper we prove that

(i) ifall b; are positive and n >> max{|b;|}41*¢, then the quadratic equation by p? + - - - + bsp2 = n
j j Pi ps
is soluble in primes p;, and

(ii) ifb;j are not all of the same sign, then the above quadratic equation has prime solutions satisfying
pj < /Inf + max{[b;[}2+<.

1 Introduction
For any integer n, we consider quadratic equations in the form
(1.1) bipt +---+bsp: =n,

where p; are prime variables and the coefficients b; are non-zero integers. A neces-
sary condition for the solubility of (1.1) is

(1.2) by+---+bs=n (mod 24).
We also suppose
(1.3) (bi,bj) =1, 1<i<j<5,

and write B = max{2, |b1[, ..., |bs|}. The main results in this paper are the following
two theorems.

Theorem 1 Suppose (1.2) and (1.3). If by, ..., bs are not all of the same sign, then
(1.1) has solutions in primes p; satisfying

pj < +/|n| +B**,

where the implied constant depends only on €.
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Theorem 2 Suppose (1.2) and (1.3). If by, . . ., bs are all positive, then (1.1) is soluble
whenever
n>> B41+5,

where the implied constant depends only on e.

Theorem 2 with by = --- = bs = 1 is a classical result of Hua [7] in 1938. The
quadratic equation (1.1) in general was first studied by M. C. Liu and Tsang [13],
who obtained a qualitative bound B%, in the place of B**¢ and B*'*¢ in Theorems 1
and 2 above, without the explicit values of the constant A.

Our investigation on (1.1) is not only motivated by [7] and [13], but also by the
following work on small prime solutions of the equation

(1.4) bipi +byps + bsps = n,

where by, by, by, n are non-zero integers satisfying some necessary conditions. This
problem was first raised and investigated by Baker in his well-known work [1], and
was later settled qualitatively by M. C. Liu and Tsang [12]. In this problem, the con-
stant A corresponding to the 20 in our Theorem 1 is called Baker’s constant. The
first author [3] proved that Baker’s constant is < 4190, and M. C. Liu and Wang [14]
improved this to 45.

We prove our theorems by the circle method, and the idea will be explained in
Section 2. At this stage, we only point out that in contrast to the earlier works [3],
[12], [13], [14] which treat the enlarged major arc by the Deuring-Heilbronn phe-
nomenon, we show that in the context of this paper, the possible existence of Siegel
zero does not have special influence and hence the Deuring-Heilbronn phenomenon
can be avoided. This observation enables us to get better results without numerical
computations.

Notation As usual, p(n), u(n), and A(n) stand for the functions of Euler, Mobius,
and von Mangoldt respectively, d(n) is the divisor function. We use x mod g and
x° mod g to denote a Dirichlet character and the principal character modulo g, and
L(s, x) is the Dirichlet L-function. r ~ R means R < r < 2R. The letters c and ¢;
denote absolute positive constants, but the value of ¢ without subscript may vary at
different places. The letter £ denotes a positive constant which is arbitrarily small.

In mathematical formulae, we will write “s.t.” for “similar terms”. For example,
“A1B,C3D4E5+ s.t.” means the sum of all possible terms A,BgC, DsE, with (a, .. ., ¢)
being any permutation of (1, ..., 5).

2 Outline of the Method

Denote by r(n) the weighted number of solutions of (1.1), i.e.,

rn)= Y (logpy)---(logps),
n=by pi+---+bs p?
M<|bj|p}<N
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where M = N/200. We will investigate r(n) by the circle method. To this end, we set
(2.1) P=(N/B)'/*¢  Q=N/(PL*), and L=logN.

By Dirichlet’s lemma on rational approximation, each « € [1/Q, 1 + 1/Q] may be
written in the form

(2.2) a=a/g+A, [N <1/@Q

for some integers a, g with 1 < a < g < Qand (a,q) = 1. We denote by M(q, q) the
set of «v satisfying (2.2), and define the major arcs It and the minor arcs m as follows:

q
(2.3) =) U Mg m= B’HH \ 9.

q<P a=1
(a,9)=1

It follows from 2P < Q that the major arcs Mi(a, q) are mutually disjoint. Let

Sita)=" > (logple(b;p’c).

M<|b[p?<N

Then we have

1
(2.4) r(n) = / Si(@) -+ Ss(a)e(—na) da = / + [ .
0 N

m

The integral on the major arcs 9 causes the main difficulty, which is solved by the
following:

Theorem 3 Assume (1.3). Let M be as in (2.3) with P, Q determined by (2.1). Then
we have

1 - - N3/2
(25) /9]E S](Oé) s Ss(a)e(—na) doa = 3—20(7’1, P)\S(T’l) + O( m) s

where S(n, P) and 3(n) are defined in (2.6) and (2.7) respectively.

The proof of this theorem forms the bulk of this paper, Sections 3—6. From (2.1)
one sees that our major arcs are quite large. Historically, enlarged major arcs are
treated by the Deuring-Heilbronn phenomenon. But here we observe that under the
assumption (1.3), we can save the factor B2 in Lemma 3.1 below (in Lemma 3.8
in [13], there is an extra factor of B>2 on the right-hand side). With this saving,
(2.5) can be derived from the large sieve inequality, Gallagher’s lemma and classical
results on the distribution of zeros of L-functions. This approach has also been used
by Bauer, M. C. Liu, and Zhan [2], and by M. C. Liu, Zhan, and the second author
[10], [11].
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To derive Theorems 1 and 2 from Theorem 3, we need to bound S(n, P) and 3(n)
from below. For x mod g, we define

1 H2
Choa =3 xhe( 7). Claa) =C0C,a)
h=1

If x1, ..., xs are characters modg, then we write

1
hn
Blngoxisx9) = 3 e =77 ) o bk Clxs, bsh),

=1
(h,g)=1
26) Bl = Bl g X)) Al = S8 S0 = 3 Al

4<x

Lemma 2.1  Assuming (1.2), we have S(n, P) > (loglogB)™“ for some constant
c > 0.

Lemma 2.2 Suppose (1.3) and

(i) bj’s are not all of the same sign and N > 10|n|; or
(ii) all b;’s are positive and n = N.

Then we have

N3/2
(27) S(I’l) = Z (ml ce m5)71/2 = m
bymy+---+bsms=n 1 >
M<|bj|m;<N

The proofs of these two lemmas will be given in Section 7.
We now derive Theorems 1 and 2 from Theorem 3 and Lemmas 2.1 and 2.2.

Proofs of Theorems 1 and 2 We start from (2.4) and let N; = N/|b;|. To estimate
the integral on m, one appeals to the estimate on p. 151 in [13]:

o8) Ss(@r) < N/ (|bs|P~" + N3 /4 + Qg 1)/4
< N51/2+6(|b5|/P)1/4 < N1/2+5(|b5|P)71/4.

Also, we have the following mean-value estimate for S;(«a):

1
/O|Sj(a)|4doz<<L4 > 1<NI,

2 22 2
my +m27m3+m4

which in combination with Holder’s inequality gives

1+e

1
2. —_— .
(2.9) /0 [Si(0) -+ Su(@) dor < g
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It therefore follows from (2.8) and (2.9) that

/

The contribution from the major arcs can be handled by Theorem 3, which together
with (2.10) gives

N3/2+5

2.10 —r
( ) |b1-~-175|1/4P1/4

<

3/2 3/2+4¢
r(n) = %S(n,P)S(n) + O< N N ) .

+
by - - - b5|1/2L |by - - b5|1/4P1/4

Now assume the conditions (i) or (ii) in Lemma 2.2. Applying Lemmas 2.1 and
2.2 to the above formula, we conclude

r(n) > |by - - - bs|2N*(loglog B) ™
provided that P >> N°¢|b; - - - bs|, or equivalently N >> B'*¢|b; - - - b5|®. This proves

Theorems 1 and 2.

3 An Explicit Expression

In this section, we establish an explicit expression for the integral in Theorem 3 (see
Lemma 3.2 below), from which and the estimates in Sections 4—6 we can derive The-
orem 3 at the end of Section 6.

Lemma 3.1 Let x;modr; with j = 1,...,5 be primitive characters, ry =
[r1,...,15), and x° the principal character modq. Then

1 _ 15
Z 905(11)-'3(”’% XX, xsx0)| < rg o logt x.
<x
rolq

Proof Lemma 3.1(c) of [13] asserts that for any character y mod p“ with a > 0,
ICOGa)| < 2(2, p)a, p*)/2p2.
Therefore for characters x1, ..., xs mod p?,
5
[B(, p*, X1, -, xs)| < p (22, p)p?) [ B, p™)V? < 200p,
=1

where in the last inequality we have used the condition (1.3); in fact
H?Zl(bj, POV < po2 Since for xi,...,xs modg, the function
|B(n,q, X1, - - -, Xx5)| is multiplicative with respect to g (in the sense as Lemma 3.2
in [13]), we have

B(n, q, 15 - -, x5)| < q*2'%P < g*d"(g),
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where w(q) denotes the number of distinct prime divisors of g. Thus, for the charac-
ters in the lemma, we have

1 410 () e 45(0)
ZwS_(@'B(”’q’XIXOw-waxO)\<<Zq Ly 2L

5
q<x q<x 7 q<x 1
rolq rolq

The desired result now follows from Lemma 2.4 in [8]. [ |

For j=1,...,5,recall Nj = N/|bj|, and set

Mj=M/lbjl, V(M= > elbm’)),

M<|b;|m2 <N
and

B1) Wi = > (ogp)x(plebjp’ ) =3, > elbym®N),

M<|bj[p2<N M<|bj[m2 <N

where 6, = 1 or 0 according as x is principal or not. Also, define

Jj :Zr—l/Sﬂ Z MII;%Q)\W]-(X,A)L

r<P x mod r
and
: N 1/(rQ) ) 1/2
Kj=>Y ey (/ Wi (x, V| d)\> :
r<P x mod r —1/(rQ
where > 4 . is over all the primitive characters modulo r.

Now we state the main result of this section.

Lemma 3.2 Let9t beasin (2.3). Then

/9)2 Si(a) -+ S5(a)e(—na) da — %6(71, P)3(n)
< (W J3KaKs)L + (J1 ]2 JsKa|bs| 1% + 5.£) L
+ (Ji JaJs|ba| =12 |bs| 712 + s.t) L
+ (LN by| =% bs| 2 + s.t) L%
+ (INYANY2 by | 712 |bs| 712 4 st L0

+ |b1 .. b5|71/21\]3/211717

where c; = 2'° + 1 and “s.t.” means similar terms as explained at the end of Section 1.
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Proof Introducing Dirichlet characters, we can rewrite the exponential sum S;(c)
as (see for example [4, Section 26, (2)])

h C(q, bjh) 1
si(5+a) ==L i+ 37 COGbMW (N = T +U;,

— N Vi
q ©(q) o g
say. Thus,
(3.2) / Si(a)---Ss(a)e(—na)da = Iy + - - - + I,
m

where I, denotes the contribution from those products with v pieces of U; and 5 — v
pieces of T}, i.e.,

1 s [1/@Q
I, = Z Z €<__) / Uy U, Ty -+ Ts +s.t)e(—nN) dA.
q<P h=1 q -1/(qQ)
(h,g)=1
We will prove that I gives the main term and I, . . ., Is the error term.

We begin with Is. Reducing the characters in I5 into primitive characters, we have

RSB D>

q<P x1 mod q X5 mod g

B(nv 11» X1y 7X5) /1/(qQ)
¢ (q) ~1/(q@

Wilxi, A) - - Ws(xs, Ae(—nA) dA

SZZ Z * Z *Z|B(n7q7X1X07"'7X5XO)|

5
n<P rs<P x; mod r x5 mod rs q<P ® (q)
nolq

1/(qQ)
x/ W1 V)] - -« [Ws (s A)| dA,
—1/(qQ)

where 0 is the principal character modulo g and ry = [ry,...,7s]. For ¢ < P and
M < |bj|p* < N, we have (q, p) = 1. Using this and (3.1), we have W;(x;x",\) =
Wi(x;, A) for the primitive characters x; above. Consequently by Lemma 3.1, we
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obtain
(r0Q)
‘HSZ"'Z Z Z / (Wi(x1; )| - -+ [Ws(xs, A dA
n<pP rs<Px; mod r x5 mod 75 1/(rnQ)

|B(naq7 XlXOa S XX )|
X
2 ©(q)

q<P
rolq

SEDIND ST SIS S

n<pP rs <P x1 mod r x5 mod 5

1/(r0Q)
x/ W10t M) -+« [Ws(xs, A)] dA.
—1/(r0Q

Applying the inequality r; '** < r, [ STy 1+

using Cauchy’s mequahty, we get

‘IS| < LCZ{ Z T;I/S+E Z . |/\|<1/ |W1(X1,)\)|}

to the above quantity and then

<P X1 mod |
—1/5+¢ *
o 0T max Wi, M)
<P X mod 1, [AI<1/(r;Q)
—1/54e * 1/(r:Q) , 1/2
o AT ([0 wawoka)
r <P X4 mod ry —1/(:Q)
—1/54e * 1/(r5Q) , 1/2
. {er > </ [Ws (s, V)| dA) }
rs<P x5 mod 75 —1/(rs
= 1 2 5K4KsL®.

To bound I, . . ., I}, we need the estimates V;(\) < Nl/2 nd

1/Q 1/Q
H? :// Vi (V) dr = Z / e(bj(m? — md)\) dx
—-1/Q

1
l/2<m 1 <N1/2 /Q

< QT Y m—my
M‘/2<m<N”2 M}/2<m1¢m2§N}/2
1/2 Ao _ _
< NV2Q7U by < by LA,
Thus similarly to (3.3), we have

L] < (1 2 JsKaHs + s.t)L? < (J1 JaJsKa|bs| 712 + s.t)L2,
|| < (]1]2]3H4H5 +5.t)L2 < (]1]2]3|b4bs|_1/2 +5s.t.)L7,
|Iz‘ < (]1]2N I‘I4H5+S'[)LC2 < (]1]2 |b4b5‘_1/2+st)LCZ
IL| < (N, 1/2H4H5 +5.)L7 < ( ]1N21/2N31/2|b4b5|*1/2 +s.t)Le.

(3.4)
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It remains to compute Iy. By the partial summation formula,
NI/
J
Vi(\) = / / e(bjAu?) du+ O(1 + |AIN)
m?
(3.5) 1 !
==Y me(bjm)) +O(1 + |AN).
M<|bj|m§N
Also we have the following elementary bound:
ST mebjmd) < min(N}? M kA7)
(3.6) M<|bjlm<N
< |b;| 72 min(NY2, M2\ Y.

Substituting (3.5) into Iy, we have

(3.7)
1 Blng) V9 £ { e(bjmA)
I = - Z H Z e(—n\) d\
3205 9@ e 5 Uy en mil?
1/qQ 4 bjm\
{Z \B(: )| (H S 6(1_1’”/2)‘(1+ )\|N)+s.t.> dA}.
(9) —1/(qQ \ 2 M<|bj|m<N m

By (3.6) and Lemma 3.1 with ry = 1,

|B(n,q)|
Z ©>(q)

q<P

3 e(bm)‘ (1+ [AIN) dA

1/2
M<|b]\m§N

1/ VAN 1/Q NL®
1 Z IB(?,q)l{/ N? d)\+/ M_2N|)\|_3d/\} < =/
J a<r 7 (q) 0 1/VMN b

—1/(qQ)

So by Holder’s inequality,

|B(n, q)|
Z ©>(q)

q<P

bimA NL®
Z 6(]4:”/2)‘(1+|)\|N)d)\<<m
-1/(qQ) j=1 M<\bj\m§N | 1" 4|
N3/2

< _|b1 T bsll/zL‘.

The other error terms in (3.7) can be treated similarly and they are
& |by---bs|"/2N?2L~!. Now we extend the integral in the main term of (3.7)
—1/2,1/2]; by Lemma 3.1 and (3.6), the resulting error is

L (PQ)L N2
T MN[0 dA 7
by - bs|'2 )1 spq) A < |by - - - bs|1/2M5/2 < |by - - bs|1/2L

<
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where we have used (2.1). Thus (3.7) becomes

I L S(n, P)3 i
Therefore, Lemma 3.2 now follows from (3.2), (3.3), (3.4), and (3.8). [ |

4 Estimation of |
We have

J; < Lmax J;(R)
R<P

where J;(R) is defined similarly to J; except that the sum is over r ~ R. The estima-
tion of J;(R) falls naturally into two cases according as R is small or large. For R > L€,
where C is some positive constant, one appeals to contour integration, mean-value
estimates for the Dirichlet L-functions or their derivatives, the large sieve inequality,
and Heath-Brown’s identity. While for R < L€, one uses the classical zero-density
estimates and zero-free region for the Dirichlet L-functions.

We first establish the following result for large R. In Lemma 4.3 we shall consider

small R.

Lemma 4.1 Let A > 0 be arbitrary. Then there exists a constant C = C(A) > 0 such

that when L¢ < R < P,

Ji(R) < NYPLA,

where the implied constant depends at most on A.

To prove this result, it suffices to show that

* —enrl/2 —
(4.1) Z Z ‘/\max [Wi(x, M| < RS ~Nj/ L4

h oy medr WSU0Q

holds for L¢ < R < P and arbitrary A > 0. Let

(4.2) Wioe N = >

M<|b;|m2 <N
Then

(43) Wil —Wilx, \) = — Z

(A(m)x(m) — 5X) e(bjmzx\).

> (logp)x(ple(b;p™N) < Nj'*.

m>2 M<|bj|p>" <N

Thus (4.1) is a consequence of the estimate

(4.4) Z Z max )|Wj(x7>\)| < }21/.%—51\]]}/2L_A7

A<
r~R x mod r M<1/0Q
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where L¢ < R < Pand A > 0 is arbitrary.
Let M;/z <u< N}/Z, and let Dy, ..., Dy be positive numbers such that

2710M1/2

j SD]"'D]O<H7 and 2D6,...,2D10§M1/5.

Forv=1,...,10let

logm ifv=1;
a,(m) =<1 ifr =2,3,4,5;
wim) ifvr=26,7,8,9,10.

We define the following functions of a complex variable s:

a, (m)x(m)

£ =fls,) =Y

mnD,

» F(s) = F(s,x) = fi(s) -+ fro(s).

Now we recall Heath-Brown’s identity (see Lemma 1 in [6]) for k = 5, which states
that

5

Z(S) => (i) (=D ()G () + Z(S)(l —((5)G)

v=1

where ((s) is the Riemann zeta-function, and G(s) = >, 15 p(m)m~*. The reason
why we choose k = 5 is that the identity with k < 4 will give weaker results, and
when k > 6 it produces the same estimate as the case k = 5. Equating coefficients of
the Dirichlet series on both sides provides an identity for —A(m). Also, for m < u

the coefficient of m~* in — (¢’ /{)(s) ( 1— C(S)G(s)) > is zero. Thus,

5

Am) =) <i>(—1)”“ > (ogmy)u(mye) - - p(my,).

v=1 my---yy,=m
1/5
Myt e,y <l /

Applying this identity to the sum

(4.5) > Alm)x(m),

M;/2<m§u

one finds that (4.5) is a linear combination of O(L'?) terms, each of which is of the
form
owD)= Y - > a(m)x(m) - aw(mo)x(mi)
my~D myg~Dig

M}l./2<m1-~m10§u
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where D denotes the vector (Dy,...,Djg). By using Perron’s summation formula
(see for example, Lemma 3.12 in [16]) and then shifting the contour to the left, the
above o(u; D) is

1 1+1/L+iT v MS/Z N1/2L2
- F(s,x)——1—ds+ 0
271 Jyvy—ir s T

1 {/1/2 iT /1/2+1T /1+1/L+1T} (Nl/2 )

2w 1+1/L—iT  J1/2—iT 1/2+iT T 7

where T is a parameter satisfying 2 < T' < N}/ ?. The integral on the two horizontal
segments above can be easily estimated as

u’ ooy, N}
< ma Flo £iT,x)|—= < ma N T <« L —
1/2§a§)1(+1/L| (o )| T 1/2§a§)1(+1/L ] T T

on using the trivial estimate

Flo +iT,x) < |file £iT,x)|- - [fuolo £iT, x)|

< (D\°L)D}™7 ... D57 « N]“‘”)/ZL_

Thus,

1 T 1 M2 +it) N
U(u;D):—/ F( = +it,x —dt+O
27 -T 2 §+ t

Since R > L (so x # "), we have in (4.2) that

1/2

LZ
)

Wi N = > Alm)x(m)e(bjm’\)

M<|bj|m<N
N/

_ /M el 3T A},

M}/2<m§u

and consequently W (x, \) is a linear combination O(L!?) terms, each of which is of
the form

N2 1 T 1 N2
e(b;*N) do(u;D) = — | F( = +it,x u Vi e(b P \) du dt
[P IR 2r J_p \ 2 M2 !
] J

NY2p2
+ O( ]T (1+ |)\|N)> .
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By taking T = N; /% and changing variables in the inner integral, we deduce from the
above formulae that

(4.6)

[W;(x, \)| < L' max

T 71 N; t
/ F<+it,x) / V3/4e(logv+bj)\v> dv dt
_T 2 M; 4w

9012
+PL?2

where the maximum is taken over all D = (Dy, ..., Dyg). Since

d(t t [t t
dv<47710gv+bj)\v> = RH’V\’ dv2<47r10gv+bj)\v> = i

by Lemmas 4.4 and 4.3 in [16], the inner integral in (4.6) can be estimated as

N;j N;
(Jt]+ Y2 min [t +47b;\v|
M]’<1/§Nj

< M]-_S/4 min{

(4.7)
- N (el + 172 i ] < Tos
N Ty < |t| < T;

where Ty = 87N /(RQ). Here the choice of T} is to ensure that |t + 47b;\v| > |t[/2
whenever [t| > Tj; in fact,

|t +4mb;\v| > |t| — 4m|bjv|/(rQ) > |t|/2 + To/2 — 4N /(RQ) = [t|/2.

It therefore follows from (4.6) and (4.7) that the lemma (more precisely, (4.4)) is a
consequence of the following two estimates: For 0 < T} < T, we have

* 1
4.8 F( = +1it
wn 3 S [r( i)
r~R y mod r 1
while for Ty < T, < T, we have

(4.9) Yy /

r~R y mod r T

2T,
dr < RSTENIA(T, + 1)2L7A,

2T,

1
F( S+t x) ‘ dt < Rl/s’gN}/4T2L’A.

Both (4.8) and (4.9) are deduced from the following bound, which is Lemma 5.2
in [10].
Lemma 4.2  Let F(s, x) be defined as above. Then for any R > 1 and T3 > 0,

>y

r~R y mod r Ts

|1
F( S+t x> ’ dt < (R*Ts + RT,*N}* + NJ/*) L.
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Now we can complete the proof of Lemma 4.1 immediately.

Proof of Lemma 4.1 By taking T3 = T in Lemma 4.2, the left-hand side of (4.8) is

now
< (R*Ty + RTY* NI + N1 < RSTENYA(T, + 1)12L74,

provided that L® < R < P = (N/B)"/#~¢ with a sufficiently large C. Here L® < R
guarantees that N;/ ‘¢ is dominated by the quantity on the right-hand side. This
establishes (4.8). Similarly we can prove (4.9) by taking T5 = T, in Lemma 4.2.
Lemma 4.1 now follows. ]

Now we treat the case R < L€.

Lemma 4.3 Let A > 0andC > 0 be arbitrary. Then for R < L, we have

Ji(R) < N}2 L4,

where the implied constant depends at most on C.

Proof We use the explicit formula (see [4, pp. 109 and 120])

(4.10) S Amx(m) = — 3 Ly o{ (% + 1) 1og2(quT)}

m<u [VI<T

where p = ( + iy is a non-trivial zero of the function L(s, x),and 2 < T < uisa
parameter. Taking T = N;/ ®in (4.10), and then inserting it into Wi(x, A), we get by

M;"* < u < Nj’*, Mj = N;/200, and (4.2) that

N2
W]-(X,A):/m e(bjuz)\)d{Z(A(m)X(m)féx)}
Mj n<u
N2
:’/Mm e(bju* ) Z upfldu+o(N;/3(1+|A\N)L2)
! <N}/

1/2 (68-1)/2 1/3 519002
<N/ 3 N, + O(N}°PL™?),

1/6
[7I<N;

Now we need Satz VIII.6.2 in Prachar [15], which states that Hx mod g L(s, x) is
zero-free in the region ¢ > 1 — n(T),|t| < T except for the possible Siegel zero,
where n(T) = ¢ log_4/ >T. But by Siegel’s theorem (see for example [4, Section 21])
the Siegel zero does not exist in the present situation, since r < L€. We also need the
zero-density estimate (see e.g. Huxley [9]):

N*(Oz7q, T) < (qT)IZ(lfa)/S logc(qT),
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where N*(a,¢q, T) denotes the number of zeros of []
Res > a, |Ims| < T. Thus,

; mod g L(Sa X) in the region

1/6

1—n(N;"")
3 N](.Bfl)/z < Lc/ j (N;/G)IZ(I—(I)/SN](.Q*U/Z do
0

<N}
—n(NY%)/10
< LN; G < exp(—¢L'?).
Consequently,
* A 1/27 -4
(4.11) Z Z Mlgql%Q)\wj(X,A)\ < N;/7LA,
r~R x mod r -

where R < L%, and A > 0 is arbitrary. Lemma 4.3 now follows from (4.11) and (4.3).
|

5 Estimation of K

In this section, we estimate K by establishing the following Lemma 5.1. We remark
that in proving Lemma 5.1 we need not distinguish the two cases R > L and R < L©
as in Lemmas 4.1 and 4.3, since we need not save a factor L~ on the right-hand side
of (5.1).

Lemma 5.1 We have

(5.1) K; < |bj| 2L

where ¢ > 0 is some absolute constant.

Proof By the definition of K; and (4.3), we have

«/ [10Q 1/2
i —1/5+ . 2
K; <<Lglgzr -3 (/ Q)|W](X,/\)| d)\)

— r~R x mod r —1/(r

. Q) 1/2
< Lmax 715y </ Wj(X7>\)|2d>\> + |b;| 72
1

<P
Rs r~R x mod r ~1/(rQ

Thus to establish (5.1), it suffices to show that

* vea 2 v 1/2p1/5—¢
G2 > > (// Wi(x, )| dA) < |b;| VAR5 E L
(rQ

r~R x mod r -1 )

holds for R < P and some ¢ > 0.
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By Gallagher’s lemma (see [5, Lemma 1]), we have

(5.3)
1/(rQ) . 1 2 [0
[oowenra<(z5) [ |2 (e -

—1/0Q v<\bj\m2§v+rQ
M<|bj|m*<N

< (RLQ) 2/N Z (A(m)x(m) — 5X) ‘Zdv.

M=rQ v<|bj|m? <v+rQ
M<|bj|m*<N

2

dv

Let X = max(v,M)/|bj| and Y = min(v+rQ,N)/|bj|. Then the sum in (5.3) can be
written as

(5.4) > (Am)x(m) —6,).

X<m?*<Y

Before estimating (5.4), we observe first that, forany 0 < 5 < 1,

3 5 (v+7rQ)° —4f B V(1 +rQ/v)P -1} rQ
(55) YV -X'< Pk = b, ]° < |b;|PM =57

where in the last step we have used M — rQ < v < N and rQ < 2RQ < 2PQ K
ML_9000.
In the case y = x° mod 1, the quantity in (5.4) is

< Y1/2 _X1/2 < |bj‘—l/2M—l/2Q

by (5.5) with r = 1. This contributes to (5.3) acceptably.

For other x, we have §, = 0 in (5.4). Using Heath-Brown’s identity to this sum,
and applying Perron’s formula as before, we see that (5.4) is a linear combination of
O(L'®) terms, each of which has the form

1 TF l+itX yihein _ xi(+in o N;/sz
2 — )

2T -T % + it

where D, F(s, x) are as in Section 4, and T is a parameter satisfying2 < T < N;/ %,

One easily sees that

Lliin)  yi(i+in Y Y
Y:alz*t ‘)(2 PR _ l/ u_3/4+it/2 du = 1/ u—3/4e Llogu du.
+ 1t 2 X 2 X 4

1
2

The integral can be easily estimated by (5.5) as < Y4 — X4 < |b;|~1/*M—3/*RQ.
On the other hand, one has trivially

Y%(%Ht) 7xi(%+it) Y1/4 N;/‘l
< W < W

1 .
§+lt
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Collecting the two upper bounds, we get
1/4

y 3+t _ x3(5+ir) ) RQ N; < 1 _ [ RQ N4
< min , min .
pei AR ) S T M N

Taking T = N;/z and Ty = N/(QR), we see that

RQ 1 .
0(u;D)<<7/ F(——Ht,x)’dt
[b;|/AN Jyg<r, |\ 2

N1/4
+
ij|1/4 /Tg<t§T

And consequently (5.3) becomes

1/0Q
/ N2 dA
~1/6Q

LZO
|b I2N1/2 max</|z|<To

1 dt
Fl =+i — L2).
(2+1t,x>’t+0( )

2
F(%—i—it,x)‘dt)

. N3/2[20 </ F(1+ . ) dt>2+ NL*
———— —— max —+it,x) | — — .
B;[V2(QR)? "D\ Jpcp<r| N2 |t] (QR)?
Now the left-hand side of (5.2) is
max + it X) ‘ dt
<pramrl XL [G
N3/4L10 / < ) ‘ NI/ZRL12
+it, —_.
|b |1/4RQ s Z; X;ﬁ To<|t|<T It] Q

Thus, to prove (5.2) it suffices to show that the estimate

(5.6) D /

r~R y mod r

2Ty

( + it X> ‘ dt < RV~ CNI/4

holdsfor R< Pand 0 < T} < Ty, and

(5'7) Z Z / < + it X> ‘ dt <« Rl/s (W) T2L

r~R x mod r
holdsforR<Pand Ty < T, < T.
The estimates (5.6) and (5.7) follows from Lemma 4.2. The proof of Lemma 5.1 is
complete. ]

Proof of Theorem 3 Collecting Lemmas 3.2, 4.1, 4.3 and 5.1, we get Theorem 3.
|
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6 Necessary and Sufficient Condition for Congruent Solubility

In this section, we suppose only that (by,...,bs) = 1 but b; may not be pairwisely
relative prime. For any g > 1, we define

N(q) = Card{(my,...,ms):1 <m; < q,(m;,q) =1,

blﬂ’l% +- 4+ bsms =n (mod g)}.

A necessary condition for the solubility of the equation (1.1) is the congruence sol-
ubility that N(q) > 0 for all integer ¢ > 1. In this section, we prove the neces-
sary and sufficient condition for the congruence solubility below. It will follow that
the condition (1.2) is actually sufficient for the congruence solubility under our as-
sumption (1.3). Moreover, we will also obtain an asymptotic estimation for N(p) in
Proposition 4 which is useful and essential to the proofs in Section 7.

It is known (see [13, Section 3]) that N(q) is a multiplicative function of g and
N(p*) > lifand only if N(p) > 1 for odd prime p and & > 1 and N(2¢) > 1 ifand
only if N(8) > 1 for @ > 3. Thus, it only needs to consider N(2), N(4), N(8) and
N(p) for odd prime p.

It is straightforward to verify that

N@) = {90(21)5 ity + a +bs =b (mod 2Y);
0 otherwise;

forl=1,2,3and

NG) = 2% ifb + - +bs; =b (mod 3);
0 otherwise.

Thus it remains to consider p > 5. We are going to show:

Proposition 4 Let by, ..., bs and n be any integers. For convenience, we let bg = —n.
For p > 7, N(p) = 0 if and only if

(i)  p divides exactly 5 of by, .. ., bg; or

(i)  p divides exactly 4 of by, ..., bs (say p { b;, b;) and (%) = —(%1) (;])

o>

For the case p = 5, N(5) = 0 if and only if (i) or (ii) or

(iii) 5 divides exactly 3 of by, ..., be (say 51 b;, bj, by) and

biy _ (bi\ (b
(5)=(3)=(3)
Moreover, if N(p) > 0 then N(p) = p* + O(p?) except when p divides exactly 4 of

br,. ... b (say pt by, bj)and (%) = (1) (%), N(p) = 2(p — D)*. Here () is the
Legendre symbol.
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Proof Amongthe numbers by, ..., bg, let m of them be divisible by p and k (respec-
tively I) of them be quadratic residues (respectively non-residues) modulo p. Then
from the proof of Lemma 3.6 and (3.8) in [13], we have

(6.1) @(p)°pN(p) = 1+ A(n, p),

m+k+1=6and
62)  Anp) = Jp(p)" {0~ DA =D+ (A= DA - 1D}

where A = \/pif p =1 (mod 4) and A = i\/pif p = —1 (mod 4). In view of
(6.1), N(p) = 0ifand only if A(n, p) = —1. It has been proved in Lemma 3.6 of [13]
that if p > 7 (respectively p = 5) and p does not divide more than 3 (respectively
2) of the six numbers by, ..., bs then N(p) > 1 and when N(p) > 1, by direct
computation of the term A(n, p) using (6.2), we can prove that |A(n, p)| < p~! and
hence N(p) = p* + O(p?) by (6.1). It remains to consider cases (ii) and (iii) in the
proposition (case (i) is trivial). For case (ii), m = 4 and k + | = 2 and from (6.2)

Aln, p) = %(p —DTHOA =D A= D + (A= Di(=a =D}

25 ifp=1 (mod 4) and (k,1) = (0,2) or (2,0);
—1 ifp=1 (mod 4)and (k,I) = (1,1);

25 ifp=—1 (mod 4) and (k,]) = (1, 1);

—1 ifp=—1 (mod 4) and (k,]) = (0,2) or (2,0).

Thus A(n, p) = —1if and only if (&) = —(=!) (%) and when N(p) > 1, then

N(p) = 2(p — 1)*. For case (iii), p = 5, m = k+ [ = 3 and from (6.2) we have

A015) = V5 = DEVE = (V5 DVE - 1)

L if (k1) = (1,2) or (2, 1).

1

B {1 if (k,1) = (0,3) or (3,0);

Thus N =01 (4) = (%) = (4). .

7 Proofs of Lemmas 2.1 and 2.2

Lemma 2.1 is a consequence of the following:

Lemma 7.1

(i) Forx > 0,
Z |A(n, q)| < x~ "B log® (x +2).

q>x

So the singular series S(n) := S(n, 00) is absolutely convergent.
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(i) We have S(n) > (loglog B) ™% for some constant cs > 0.

Proof Leto = (log(x+2)) ~'. From Lemma 3.2 and Corollary 3.5 (a) in [13], we

have
3 A, g)| < Z(%) A, )] = 1 S g7 A )
(7'1) q>x q=1 q=1

< x ! H(l +p'7|A(n, p)|)
p
because x? < 1. Using Lemma 3.7 (a) in [13], we have

II 0+ 1At p))) < ] <1+ 60[,

1+
(72)  plhn-bs e P

) < H(l o pflfo')760
p

=((1+0)° <7 =1log”(x +2).
Using (1.3), (6.1) and Proposition 4, we get
@3 I (+plAmpl) < [T G+ep™) i by s < B
plbi--bs plbr--bs

Now (i) follows from (7.1), (7.2) and (7.3).
Using (1.3) and Proposition 4, we have N(p) = p* + O(p?). It follows from this
and Lemma 3.7 (a) of [13] that, for some large constant ¢ > 60,

S =[[(1+Amp) > J] a-=cp™ J[ 1 —60p7>

P plbr---bs piby--bs
p>c p>c

> J[ a-co™> ] a+p=H 0.

Plf;];'bs plby---bs
c

The desired estimate in (ii) now follows from the well-known estimate
[1,,(1+p™") < loglogx. [

Proof of Lemma 2.2 We easily derive the following inequalities:

)RR SR

bymy+---+bsms=n n—(bymy+---+bymy)=0 (mod |bs|)
M<|b;|m;<N M<|b;|m; <N, j=1,..4

= 2 2. !

M;j<mj<Nj m,=bs(n—(bymy+---+bsms)) (mod |bs|)
j=123 My<my <N,

< NiN,N; D o Nt
14V2 3”75‘ ‘bl"'b5‘7
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where byby =1 (mod |bs)|).
To establish inequalities in the other direction, we first consider case (ii) in which
all b; are positiveand n = N. If M < bjm; < N/5for j =1,...,4, then

M < N/5=N —4(N/5) < N — (bym; + - - - + bymy) = bsms < N.

It follows that
N4
1> 1> ——.
> 1z > b
bymy+---+bsms=n n—(bymy+---+bymy)=0 (mod bs)
M<bjm]§N M<b]’m)’SN/57]‘:1,“ur4

The case (i) can be treated similarly. We therefore conclude that

N4
DR
|b1b5|

bymy+---+bsms=n

M<|bj|m;<N
from which and the definition of 3(n) (in (2.7)) the desired result follows. [ |
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