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Abstract

In this paper we are concerned with the equilibrium distribution IT,, of the nth elementin a
sequence of continuous-time density-dependent Markov processes on the integers. Under
a (2 + o)th moment condition on the jump distributions, we establish a bound of order
O (n~@*+D/2_/logn) on the difference between the point probabilities of IT,, and those
of a translated Poisson distribution with the same variance. Except for the factor /Iogn,
the result is as good as could be obtained in the simpler setting of sums of independent,
integer-valued random variables. Our arguments are based on the Stein-Chen method
and coupling.

Keywords: Continuous-time Markov jump process; equilibrium distribution; point
probabilities; Stein—-Chen method; coupling

2000 Mathematics Subject Classification: Primary 60J75; 62E17

1. Introduction

Density-dependent Markov population processes, in which the transition rates depend on
the density of individuals in the population, have proved widely useful as models in the social
and life sciences; see, for example, the monograph of Kurtz (1981), in which approximations
in terms of diffusions are extensively discussed, in the limit as the typical population size n
tends to co. In the present paper we consider local approximation to their equilibrium distri-
butions IT,. In Socoll and Barbour (2009), a total variation approximation to I1, by a suitably
translated Poisson distribution was shown to be accurate to order O (n~%/?), provided that
the jump distributions satisfy a (2 + «)th moment condition for some 0 < o < 1. Here,
we examine the approximation of point probabilities by those of the same translated Poisson
distribution, and show in Theorem 1.1 that, under the same assumptions, the error is now of
order O(n~@*+D/2 /logn). This is only worse by the logarithmic factor than the best that
can be obtained under comparable conditions for sums of independent, integer-valued random
variables.

A key ingredient in the proof of the total variation approximation in Socoll and Barbour
(2009) was to show that the total variation distance between IT,, and its unit translate IT,, * §; is
of order O (n~!/?). Here, we need to establish a local limit analogue of this theorem. We prove in
Section 2 that the differences between the point probabilities of IT,, and those of its unit translate
are uniformly bounded by a quantity of order O(n~!/logn). An important step in proving
this is to establish that, for some U > 1, the difference between P[Z,,(t) =k + 1 | Z,,(0) = i]
and P[Z,(t) = k | Z,(0) =i — 1] is of order O(n~'./Togn), uniformly for i in a set I such
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Local limit approximations for Markov population processes 691

that IT,(/°) = O(n~"). This is achieved by a pathwise comparison of probability densities,
and using a martingale concentration inequality. Note that, for sums of independent random
variables, the corresponding difference is always 0, so that this problem does not arise there.

The proof of Theorem 1.1 is undertaken in Section 3. The argument relies on the Stein—Chen
method (see Chen (1975)) and Dynkin’s formula, exploiting the particularly nice properties of
the solutions to the Stein—Chen equation for one point subsets of Z .

1.1. Preliminaries

For eachn € N, let Z,(¢), t > 0, be an irreducible, continuous-time pure-jump Markov
process taking values in Z, with transition rates given by

i i+ atrate nx,-<l—>, i€Z, jeZ\(0),
n

where the A ;(-) are prescribed functions on R. We then define the ‘overall jump rate’ of the
process n~'Z, atz e n7'Z by

AR = ) 2@,
JEZ\{0}

its ‘average growth rate’ by

F) == ) jr@,

JEZ\{0}
and its ‘quadratic variation’ function by n~'o%(z), where
*) = Y j*x@,
JEZ\{0}

assumed to be finite for all z € R.
‘We make the following assumptions on the functions A ;. The first requires a unique attractive
equilibrium for the deterministic drift process.

(A1) There exists a unique c satisfying F(c) = 0; furthermore, F’(c) < 0 and, for any > 0,
Wy = inf_c>y | F(2)] > 0.

The next assumption controls the global behavior of the transition functions 2 ;, limiting their
growth away from the equilibrium ¢, as well as bounding a moment of the jump distribution.
The condition on A1 is sufficient to exclude, for instance, processes confined to the even integers,
for which our results would not hold.

(A2) (a) For each j € Z\ {0}, there exists c; > 0 such that
M@ <cil+lz—c),  zeR,
where the ¢ are such that, for some 0 < o < 1, ZjeZ\{O} |j|2+°‘cj = §q < Q.

(b) For some A > 0, 11(z) > 21, z e R.

We also require some smoothness and uniformity of the functions A near c.
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(A3) Thereexiste > 0and 0 < § < landasetJ C Z\ {0} such that

inf A;j(z) 2erj(c) >0, jel; Aj(z) =0 forall |z—c| <3, j¢&J.

|z—c|<8
(A4) (a) Foreach j € J, A is of class C%on|z—c| <8.
(b) For § as in (A3),
/ "
1A 115 147516

< 00, Ly :=sup — < 00,
jer 1jlxj(c)

where || fls 1= sup, <5 | /().

These assumptions imply in particular that the functions A and F are of class C? on |z —c| < 6,
that o2 is of class C! there, and that their derivatives can be obtained by differentiating inside
their defining sums.

In Socoll and Barbour (2009), under assumptions (A1)—(A4), it was shown that the pro-
cess Z, has an equilibrium distribution IT,,, and that f[n = I, * 8_|;¢) satisfies

dry (T, Po(nve)) = 0(n™*/%),
where v, := az(c)/ {=2F'(c)} and lsz)(n v.) denotes the centered Poisson distribution
ISE)(nvC) = Po(nve) * 8_|su.;

here, §, denotes the point mass at r, and ‘x’ denotes convolution. In this paper we prove the
complementary local limit approximation.

Theorem 1.1. Under assumptions (Al)—(A4), there exists a constant C > 0 such that

sup |1, (k) — Po(nve){k}| < Cn~@tD/2 flogn.
keZ
This theorem shows that, even at the level of point probabilities, the approximation to
I, % 8_|nc| provided by the centered Poisson distribution Po(nv,) is almost exactly the best
that could be expected.
The proof is based on exploiting the equation

E{A,h}(Z,) =0, (L.D)
where 4, denotes the infinitesimal generator of Z,,:
. i . . .
(AR = Z nk;j <—)(/’l(l + j) — h(i)), i €7, (1.2)
n
J€Z\{0}

and where, here and subsequently, the quantity Z,, when appearing without a time argument,
is to be interpreted in such expressions as being a random variable having equilibrium distri-
bution IT,. Equation (1.1) is a manifestation of Dynkin’s formula, and it holds under rather
mild conditions on /; see Hamza and Klebaner (1995). The first step is to approximate +4,h
by replacing h(i + j) — h(i) with the first terms of its Newton expansion:

hi + j) — h(i) ~ jAhG) + 3 j>A%h(), (1.3)
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where Af (i) := f(i+ 1) — f(i) and Azf = A(Af). Substituting (1.3) into (1.2) gives

o
(«Anh)(zwnF( )gh(z>+ ~no (;—)Agh(i),

where we write g, for Ah; a precise version is given in Lemma 3.1, below. Then, considering
arguments i = |nc] + j with j/n small—the values to be expected in equilibrium—and
approximating F (i /n) and o2(i /n) near ¢ (where F(c) = 0), we obtain

(Anh)(D) & jF'(©)gn(j + nc]) + gno*(©) Agn(j + Lnc)).

Dividing through by |F'(c)| yields the Stein operator for the centered Poisson distribution
Po(n v¢), applied to the function g, (- 4 |nc]). This indicates that Po(n v.) is the appropriate
approximation for the centered equilibrium distribution I1,,. The rest of the paper gives the
argument necessary to dispose of the errors involved in this chain of approximations.

2. Differences of point probabilities

As an essential step in proving Theorem 1.1, we first need to show that the differences
between the successive point probabilities of IT,, are suitably small. The bound that we achieve
is of order O (n~!/Togn). In order to prove this result, we begin with two lemmas. The first
states that, for any U > 1, the distribution of Z,, (U) has point probabilities which are uniformly
of order O (n—1/2), if Z,(0) is close enough to nc.

Lemma 2.1. Under assumptions (Al)—(A4), for any U > 1, there exists C>.1(U) < o0 such
that

sup  sup  P[Z,(U) =k | Z,(0) =il < Coa(U)n~'/?

keZ |i—nc|<nd/2

Proof. Note that, for any integer-valued random variable X,

supP[X = k] = sup{P[X < k] —P[X + 1 < k]} < drv{L(X), L(X) %31}, 2.1)
keZ keZ

where L(X) denotes the distribution of X. Taking X = Z,(U) and applying Lemma A.2,
below, completes the proof.

The next lemma shows that the differences between successive point probabilities of Z, (U)
are uniformly close, to order O(n~',/logn), for a large range of values of Z,(0) and for a
particular choice of U > 1. This is the result that we shall then be able to extend to the
equilibrium distribution IT,,. For A* := sup|,_ <5/ A(2), we set

1 1) —U|F’
U:=max{l,— 1 and §|:= M. 2.2)
2A* 4

Lemma 2.2. Under assumptions (Al)—(A4), and for U and 6/1 defined above, there exists
Cpn < 00 such that

sup  sup |P[Z,(U)=k|Z,(0)=i—1]1-P[Z,U)=k+1]Z,(0) =]
k€Z |i—nc|<nd| /2

< Cz_znfl,/logn.
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Proof. We compare the probability measures L((Z,(u), 0 <u <U) | Z,(0) =i —1) %4
and L((Z,(u), 0 <u < U) | Z,(0) = i) by examining the likelihood ratio of the processes
Z,gl) 2 {Z,| Z,(0) =i — 1} and Z,(12) 2 {Z, | Z,(0) =i} along paths with the same set of
jumps (j;, I > 1) occurring at the same times (f;, [ > 1). (Here ‘2 denotes equality in
distribution.) The process Z,,l) starts from the state i — 1; we write z; :=n~1(i — 1 + Zi:l Js)
for the value of n_lz,(ll) attime ¢, [ > 0, and z(u) := z;if 4 < u < t;41. The process Z,(q2
starts from the state i, and, thus, has the same paths as Z,gl) + 1. Then, using the notation
v[0, oo) to denote the function (v(¢), ¢ > 0), the likelihood ratio of the two processes along

the first m steps of the path is given by
Sm = Sm(z[0, 00))

= Sn(20s21 -5 Zmi s o v s bm)
m—1 —1
A (z+n™") _
=11 (”— exp{—n(Az +n~") = AG)) (11 — n)})
1=0 )\jl+1(zl)

m—1
: l_[ V.
=0
Note that, since |(1 +x)(1 +y) — 1] < 3|x| + |y|if |y| < 2, and since |e’ — 1| < 2|¢|if r < 1,
it follows that
M @ +n")
Aji 1)

provided that n{A(z;) — A(z; +n D}t — 1) < 1.
Now, if |z — ¢| < §/2 and nl<s /2, it follows from assumptions (A3) and (A4) that

Vi—11=<3

_ 1‘ 20 A G+ 1) = AE)I s — ),

. -1 2. -1 /
Aj(z+n )_1‘< IAjlls Ly ‘A(z—f-n ) '< 1Als _ Ly 2.3)

j(2) = nerj(c) ~ ne’ A(2)

Hence, for all n > 2/§, writing e;41 := nA(z;)(ti+1 — t;), we have

~ neA(c) ~ ne’

Ly
[Vi—1] < EGJFMH)’

as long as

) ne
lz1 —c| < 3 andeither A(z) < Al +n~") or eq < e
1
Now consider the random likelihood ratio process
(Sm(n_1Z07 n_lzl5 MR n_lzm; Tla ) tm)a m Z 0)5

where (77, [ > 0) denote the jump times of the process z,ﬁ”, and Z; := Zf,l)(rl), [ >0, the
sequence of states that it visits; also define E; := nA(n='Z;_1)(t;y — 1_1). Then S :=
(Sm, m > 0) isamartingale with mean 1 with respect to the filtration ,, := 0(Zo, Z1, ..., Zp;
T1,...,Tm), m > 0. We shall, for technical reasons, work rather with another martingale S s
which typically agrees with S for a long time, but which satisfies the inequality

i _ 2L
1Smst — Sml < LB+ 2Eps1) forallm > 0. 2.4)
ne
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This we achieve by defining o := min{o,, 1 <r < 3}, where
o1 :=inf{l > 0: n|A( ' [Zi=) + 1) — A Zi ) (m — 1—1) > 1), (2.5)

)
or:=inf{{ >0: 8 >2}, and o3:= inf{l >0: |n_IZI —c| > E}

and then setting

Sm = m/\acm,alv

where

e
— ifl < min{m, 02,03} and A(z;_1) > A(z—1 +n~1);
Cp = Viei

1 otherwise.

Note that the only effect of the factor Cy, 4, is to multiply S by e instead of by Vo —1 attime o1,
if o1 < min{o2, 03} and A(zs,—1) > A(Zg,—1 + n~—1). The value e is chosen so that the
martingale property is preserved; and the modification also ensures that (2.4) is still satisfied at
time o7, since 2(e — 1) is no larger that 4L E,, /(n¢e), because, at time o7,

1 <n|AGZo—1 +n7Y) = Ao —1)|(To, = Toy—1)

_E A@o—1 +n7h 1
Az -1
Ly
= EU[E:

in view of (2.3).

Now, from (2.4), and since also, by the strong Markov property, the conditional distribution
L(Ei+1 | §1) is the standard exponential exp(1) distribution for each /, the process S satisfies
the conditions of the variant of the bounded differences inequality for martingales given in
Barbour (2008, Lemma 4.1), from which it follows that

c Li/mlogm ‘
ne

P[|§m—1| >

]
Z,,(O):i—l] gzexp{—w}

928

for any m such that /m/logm > 135C/236. In particular, recalling (2.2), for m = m(n) :=
[2nA*U7, we have

p[mm(m T cL‘Vm(’;):"gm(”) ‘ Z,(0) =i — 1} <203, 2.6)

if we take C := 928, as long as n > e and

> 5407, 2.7
logn

Introducing the notation P, to denote P[- | Z,,(0) = s]; defining M,,(U) := min{/: 7; > U},
we would now like to use the equation

Pi[Z,(U) =k + 1] =Pi1[Z,(U) + 1 =k + 1] = Ei—1((Sm, ) — D 1[Z,(U) = kD),
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together with the control over |.§'m(n) — 1] from (2.6), to establish the inequality that we are
looking for. However, the fact that Sy, (yy may be unbounded makes this complicated. Instead,
we argue from
Ei{1[Z,(U) = k + 118(Z,x[0, 00))} — Ei 1{1[Z,(U) + 1 = k + 11g((Z, + D0, 00))}
=Ei-i{(Sm,w) — DUZ,(U) + 1 =k + 11g((Z, + DO, 00))}, (2.8)

where
8((Z + D[0, 00)) := I[Smn(U,zNO)(n_IZ[O, 00)) = §]1[my (U, 1) < m(n)]
for suitably chosen s, with m, (U, tn,) := min{/: #; > U}. More explicitly, we have
8((Zn + DIO, 00)) = 1[Sm, w) = S11[M,(U) = m(n)]. 2.9

We start by showing that the value of g((Z, + 1)[0, 00)) is 1 with high probability, so that (2.8)
closely approximates the difference that we wish to bound.
First, if

8
max 71 —cl <=, m, (U, ty,) <m(n) and t —-U <1,
1515mn(U,rNo)| | —c| < 5 n(U, tNy) (n) ma (U

it follows from (2.3) and the definition of m(n) that

L " / * Ly / L=
Sm <1+ E exp{l|A|lstn} <expql+2ATU ? + A s(U+ 1D =:5

forallm < m, (U, ty,). Hence, with this definition of 5, g((Z,+1)[0, 00)) = 1on A3NA4NAs,
where Az 1= {03 > M,(U)}, A4 := {M,(u) < m(n)}, and A5 := {ty, ) — U =< 1}. Now,
from Lemma A.1, for all |i — nc| < né’, as defined in (2.2), we have

1)
P;_1[AS] = Pi—1|: sup |n~'Z,(u) —c| > —] <n 'Ky (2.10)
0<u<U 2

Then, by the Chernoff inequality (see Chung and Lu (2006, Theorem 4)),

P 1[AG N A3] =P;_1[{tmu) < U} N A3]
< Po(nA*U){(2nA*U, 00)}
nA*U
)

< exp{—

and P; _4 [Ag] < exp{—ZnAO} is immediate from assumption (A2). Hence, we have proved that
Pi_1[g((Zn + DI0, 00)) = 0] < n1(n),

where 11(n) < Cn~! for some C < oo. The same bound also holds for the probability
P;[g(Z,[0, 00)) = 0], if we restrict i further to the set |i — nc| < nd}/2, provided that

81/2 = n~!, because S(z) is now computed with arguments shifted by »~!'. Thus, and from
(2.8) and (2.9), we conclude that

Pi[Z,(U) =k +1]1—P;1[Z,(U) = k]|
< Ei—i{Sm,w) — DUZ,(U) = k] 1[Sy, ) < SI1[A4]} + 201 (n).
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However, it is immediate that

[Bi—t{(Sm, vy — DUZ,(U) = k] L[Sy, vy < 511[A4]}]
< [Ei—1{Sm, ) — D UZy(U) = k1 1[Sum, ) < 511[A4] 1[Sm, ) = Sm, )]}
+ EPi—l[{SMn(U) # Sm, )} N Ag4l,

and, since Z, (U) is $um,v)-measurable, it follows from the martingale property that

IEi—t{Sm,w) — D UZy(U) = kK1 1[Sy,w) < 511[A411Sm,w) = Sm, ) ]}
= [Ei—1{(Sm(n) — 1) U Zu(U) = K1 1[Sy, ) < 511A Sy, w) = Su, )]}

CL; 73
e m(n)logm(n) P;—1[Z,(U) = k] + (2e — )n"",

IA

the last inequality holding for all n > e satisfying (2.7), by (2.6).
It remains now first to bound

3
Pi1[{Sm,w) # Sm,w)} N Asl < Piy |:A4 N {U A}:”
=1

where A} = {01 > M,(U)} and Ay = {o» > M, (U)}. We already have a bound for
P;_1[A%], (2.10). Then, from (2.5) and the definition of E;, and using (2.3), we have

m(n)
L\E;
ASNA3NA 1%,
1 3 4 C U{ e > }
=1
so that

Pi 1[ATNA3N A4] < m(n)exp{—Z—S},
1

Finally, on the set Ag N A; N A3z N Ay, we then note that

1v/m(n)logm(n)

ne

- L
|Sm(n) —1]> C

for all n > max{3,2A*} such that n/logn > 3(L1/£)2, implying that, for n that also
satisfy (2.7),
P; 1[ASN AL N A3 N Ag] <2173,

from (2.6). Combining these bounds, and also noting that, from Lemma 2.1,

C1(U)

P 1[Z,(U) =k] < Jn

for all |i — nc| < né}, the lemma is proved.

Theorem 2.1. Under assumptions (Al)—(A4), there exists a constant C3 | > 0 such that

sup |I1, (k) — I, (k + D| < C3 ;n~'/logn.
keZ

https://doi.org/10.1239/jap/1253279846 Published online by Cambridge University Press


https://doi.org/10.1239/jap/1253279846

698 S.N. SOCOLL AND A. D. BARBOUR

Proof. Fix U as in (2.2). Since IT, is the equilibrium distribution of Z,, it is in particular
true that

T (k) = Tk + D = | Y T,G) P Zy(U) =kl = Y T, () P Zy(U) =k + 1]

i€eZ i€eZ
< Zl'ln(i — DIPi—1[Z,(U) = k]l — Pi[Z,(U) = k + 1]]
i€eZ

+ Y MG = 1) = T, () [P Z,(U) =k + 1],
i€z

With 5’1 as in (2.2), note that we can write

D MG = DIPi[Zy(U) = k] = Pi[Z,(U) = k + 1]]
i€z
<M,(1Zy + 1 —nc| >né)+ sup |Pi1[Z,(U) = k] = Pi[Z,(U) =k + 1],

. 7
li—nc|<né]

and that
D I, = 1) = ()P [Z,(U) = k + 1]
i€Z
<I,(|Z,+1—nc| > n(Sﬁ) + I1,(|Z, — nc| > n5{)
+ sup  Pi[Z,(U) =k + 112drv{Il,, [T, * 81}
li—nc|<né}
By applying the result of Corollary A.1 three times we obtain
sup [IT, (k) — I (k + 1)]
keZ
<Om Y+sup sup  [Pi1[Z,(U) = k] = Pi[Z,(U) = k + 1]]

keZ |i—nc|<nés|

+sup sup P;[Z,(U) =k + 112drv{I1,, 1, * 61}

keZ |i—nc|<nd|
= 0™ + n1n + n2.

The quantity 7y, is of order O(n~'\/logn), in view of Lemma 2.2; and Lemma 2.1 and
Theorem A.2 together give the bound

Non < Coa(U)n™2Chon™ 2 = 0.
This completes the proof of the theorem.

3. Local limit approximation for the equilibrium distribution

As outlined at the end of the preliminaries, we start from the fact that E{A,h}(Z,) = 0
for many functions #, and transform it using Stein’s method into a statement concerning the
closeness of I1,, to a suitably translated Poisson distribution. The first step is to recall a result
from Socoll and Barbour (2009), which shows that +4,, can be expressed in a form which is
closer to that of the desired Stein operator.
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Lemma 3.1. (Socoll and Barbour (2009, Lemma 1.1).) Suppose that o2(2) < oo forallz € R.
Then, for any function h: Z — R with bounded differences, we have

(Anh)(i) = goz< )Vgh(l)+nF< )gh(l)+E (8. 1),

where 7 f (i) == f(i) — f(i — 1) and gy (i) := vh(i + 1), and, forany i € Z,
. i
En(g, ) —‘EF( )Vg(l)+;a/(g in; ( )—;b,(g,l)nx_j(;),

with

j—1 J
k
aj(g,i) :=—<é>Vg(1)+Zng(l+J—k) Z(z) Vieli+j—k+1),

k=1

k=2
j—1 J k
b,-(g,i>:=(2)vg<z)—2kvg<z—1+k) Z<2>v2g(i—j+k>.
k=2

k=1
Since F(c) = 0, we note that, for small i /n, {—F’(c)}_l(Anh)(i + |nc]) is close to
1
—F'(c) 2
for g (i) := gn(i + [nc]), where (nv.) = nv. — [nv.] denotes the fractional part of nv.. This

is the Stein operator for the centered Poisson distribution I”Z)(n ve) (see Rollin (2005)), acting
on the function g;’. Combining this observation with (1.1) and writing ¥,, = Z, — |nc] yields

0= (=F'(©)) " E{(Auh) (Y, + Lnc]))
= B{nvcAg;, (Yy) — (i — (nve)) g (Ya)} + E{H (g),, Ya)l, (3.1
say. If the error term E{H (g}, ¥,;)} can be controlled then Stein’s method leads easily to
the approximation of £(Y,) = I, * §_|,¢ by Po(nvc) For the approximation of point
probabilities, (3.1) needs to be analyzed for functions g} that are translates of the solutions to

the Stein—Chen equation corresponding to single-point sets.
Carrying out this recipe, and examining the form of H (g}, Yy), yields

sup (T, — |ne])(r) — Po(nue) (r)]

2(C)Ag;,(l) — (i — (nve)) gy (D) = nveAgy (i) — (i — (nve)) g ()

rez
S —— - _-Sup [E{R(n,r; Y,)}| + Supnvc|E{V gnvc (Y 4+ 1D}
( ) rez rez
-+ sup PO(nvc){r}P[Yn < —|nvc]]
reZz
‘= Ruy1 + Ry + Ry3, (3.2)
say, where
R, 73 ¥y) = %[az<w> - 02@] ¥ Guver (V)
n
+{F(%) F(e)~ 1 F (c)}gw (V)
+ F/(C)<nvc>gnvc,r(Yn) + En(gnvc,rv Y, + |nc]), (3.3)
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and the function g, , is given by

- 0 ifl < —|nv.|;
Zu () = = el (G.4)
gnvc,{r+anCJ}(l + [nve]) if I > —|nvc].

Here, for A C Z, gy, 4 denotes the solution to the Stein—-Chen equation
1aG) —Po(u){A} = p guali + 1) —i gu a(i), i =0. (3.5)

We further split the last term of (3.3) into

7
En(gnvp,r’ Y, + [nc]) = Z Enl(énvc,ry Y, + |nc)),
=1

with
- n Y, + |nc] -
Enl(gnvf,r» Y, + nc)) = E(F( ) - F(C)> v gnvc,r(Yn)a (3.6)
V]

J
(Z( ) V gnvc (Y +J —k+ 1))’7)& (c), 3.7
2k

En2(§nvc,r’ Y, + nc)) =

~.
[|

=2
V] j—1
. ] J
EnS(gnvC,ra Y, + nc]) = (2> \V4 gnvf F (V) + Z kv gnvC r Yy +J— k))
j=2 k=1
xn{ (Y H”CJ)—M(C)}, (3.8)
. j—1
En4(§nvc,r’ Y, + |nc)]) = Z <— (é) \V4 gnvf,r(Yn) + Zk \Y4 gnvc,r(Yn +Jj- k))
j=Ivnl k=1
x nxj(M) (3.9)
n
Wl J o
Ens@nvers Yo + [ncl) == (Z (2) V2 Gnver (Yn — j + k))nx_,, ©, (.10
j=2 k=2
oy j-1
EnG(gnvc,r» Y, + |nc]) :i= — Z ((2) \V4 gnvl,,r(yn) - Zk \V g’nv(,,r(Yn —-Jj+ k))
j=2 k=1
xn{k ,(K’+—m>—x_j(c)}, 3.11)
n
j =
En7(§nvc,r’ Y, + |nc]) = — Z <<2> \Y gnv( r(Yn) — Zk \Y gnv( r(Yn —J+ k))
j=Ivnl
x n,\,<Y+TL"CJ> (3.12)
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Our strategy for proving Theorem 1.1 is now to show that each of the terms R, 1, R,2, and
R,3 in (3.2) is of the desired order, O (n~“T1D/2 /logn); clearly, the treatment of R,;1, which
involves all the detail of E, (g, Y + [nc]), is to be the most laborious.

We begin by collecting some of the properties of the functions gy,,,,, defined in (3.4), that

appear frequently. We write || f|loo 1= sup;cz | f(i)| and || fl;, = Ziez | f(@)].
Lemma 3.2. We have the following estimates:

L 1gnve.rlloo = 1A8nve.rlloo < 1/(nve);

2. 1A&nv,r Dy = 2/(nve);

3. 1A% 8w r (Dl < 4/ (nve);

5. 1G = (nve)&nve,r (D] < k(i) + Po(nve){r + [nvcl};

6. |(i = (nve) Agnv.,r (D] < h(i 4+ 1) + h(i) + 1/ (nve),
where, in parts 4 and 5 we have h(i) > 0 for all i and ||h(i)||;, < 3.

Proof. Fori < —|nvc], gnv,,r(i) = 0; fori > —|nv.], we have g,y (i) = g.,5(j), where
Jj=1i+[nv.], u =nve,ands =r + [nv.], and g = g,  satisfies the Stein—-Chen equation

ng(j+1) —jg(j) = 1i5y(j) — Po(u){s}, j=0. (3.13)

Parts 1 and 2 now follow from the proof of Lemma 1.1.1 of Barbour et al. (1992), in which it
was shown that the function g, ; is negative and strictly decreasingin {1, 2, ..., s}, and positive
and strictly decreasing in {s +1, s +2, ...}, with Ag, s(s) < 1/(nv.). Part 3 is then immediate
from part 2.

For part 4, using the notation above and (3.13), we have

(i = (nve))&nve,r () = (J — W) 8u,s(J)
= u(8us(J+1) = 8us(j) — Li5y(j) + Po(u){s}. (3.14)

This implies that
|G — (nve)) &nve,r (D] = {1 AN + L5y (D} + Po(u){s},
which, with part 2, proves part 4. It also follows immediately from (3.14) that
|G = (nve) Agny,,r (D < h(i + 1) + h(@) + |8nv,.,r (0 + DI,

for the same function A (i) := {t|Ag(j)| + 1{53(j)}, and part 5 follows on applying part 1.

As aresult of these bounds, combined with Theorems 2.1 and A.2, we can establish two useful
bounds on expectations of differences of the g, (¥, + -), under the equilibrium distribution.

Lemma 3.3. Foranyr,l € Z, we have

2C42

1' E| Vgnvp,r(yn +l)| S n3/2UC’

~ 2C3
2. BV gune.r (Y + D) < 24 flogn.

C
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Proof. For the first part, it is immediate that

E |V Znueor (Yn + DI < sup TG Y 1V Gner ().
1'eZ ieZ

By part 2 of Lemma 3.2 and (2.1), this is bounded in turn by drv{Il,, I1, % §1}2/(nv.), and
part 1 follows from Theorem A.2. For the second part,

IE{V%8nvp.r (Y + D} =

> anurli — Lne) + )Ty + 1) = T, ()

i€z
< (sup IMaG" = 1) = Ta@)) 3219 B i — L]
i'€Z i€z
< sup [T, (i — 1) — T, (D) [2(nve) ™,
i€eZ

where the last line uses part 2 of Lemma 3.2. Part 2 of the lemma now follows from Theorem 2.1.

Bounding a further set of expectations that appear repeatedly in the estimates first needs
another, technical lemma.

Lemma 3.4. Let (1 be any probability distribution on Z. Suppose that s, f, and h are real
Sunctions on Z such that || flec < 00, [|As|lec < 00, and ||h|l;, < oo, which also satisfy the

inequality
Is@fO = h@Dl+k L <i<Db, (3.15)
for some integers I} < I and some k < co. Then
16)
ZI: wis(@) 7 @O < N fllay,n 1Asllay,n) + 1A, 111151212 li — pig1] + kdpv (i, p* 81)
i=l =

+lunsU) fUL — DI+ lups(2) f ()],
where |81, 1,) = supy, <; -, |8(D)]-

Proof. Tt is immediate that

I
> wis@) v £G)
i=I
h-1
< | Y s+ D — sV @ | + s F U = DI+ |ns(h) £ (1)
i=I
L—1 L—1
< | i = pidsOFO|+ | Y migalst + 1) = s@)f @)
i=h i=I

+ s fUy = D]+ |nps() f(1)].

Clearly, the second termis bounded by || f 1l (1;,1,) | As || (1, 1,)- For the first term, in view of (3.15),
we have at most

ILh—1 ILh—1
D lnigr = il k@ +k Y Jwin — il
i=I i=

which is easily bounded by ||a];; sup;, <; -, |ti — pi+1] + kdrv (i, o * 81), in view of (2.1).
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Note that the argument also goes through for /1 = —oo and I = oo, in which case the final
two elements in the bound disappear.

Lemma 3.4 is combined with parts 4 and 5 of Lemma 3.2 to give the next corollary, which
is used as an ingredient in many of the estimates to be made.

Corollary 3.1. Suppose that |s(i)| < |i — |nc]|| forall |i| < né. Then, forany 0 < §' < § and
alll € Z such that || < n(8 — 8"), we have

1. [E{s(¥u+Dv g’nv(-,r(Yn +D1[Y,] < né/]}|

3C} C 2(C C 8
- sup |As()] + ~2L flogn + A2 (Ciaay + Cianny/ );
nv. li|<né n Znﬁ nve
2. E{s(Yn + 1)V Znver (Yu + D 1[[Y,] < 8}
2 6C% C 4(C C 8
< sup |As()] + 221 flogn + 3Az.z (Cia1,1y +Cianny/ )_
NVc |i|<ns n n3v, nve

Proof. We take I1, % §_; for u and either g,y OF V&ny,,r for f in Lemma 3.4, noting
that parts 4 and 5 of Lemma 3.2 give the appropriate counterparts of (3.15). The first three
elements appearing in the bound given by Lemma 3.4 are in turn bounded by using part 1 of
Lemma 3.2, Theorem 2.1, and Theorem A.2. The last two are bounded by part 1 of Lemma 3.2
and Theorem A.1.

Proof of Theorem 1.1. We are now in a position to undertake the proof of Theorem 1.1, for
which we need to bound the terms Ry, R,, and R3, in (3.2) to order O (n~=@*D/2 /logn).
First, we show that R3,, is as small as O (n_3/ 2). This is because, from Barbour and Jensen (1989,
remark to Lemma 2.1), if X ~ Po(w) then

1
sup P(X =k) < ———.
keZ 2/

Hence, and from Corollary A.1, it easily follows that

Rs, = iggﬁxnv(;){k}Pm < —|nve)l = 0(#).

For the quantity Ry, in (3.2), we just use part 2 of Lemma 3.3 to give

Rap = nve sup |[E{v?&nv,.r (Yn + D} < 2C5 0" /logn.
rez

It thus remains to bound Rj,. To do so, we consider in turn the expectations of the quantities
appearing in (3.3) and in (3.6)—(3.12).
Beginning with the elements of E{R(n, r; Y;)}, we first have

E{ g |:0-2(Yn +n|_nCJ ) _ O—Z(C)] \Y gnvc,r(Yn)}» (3.16)

which is of the form considered in part 1 of Corollary 3.1, with / = 0 and

s(i) = g[az(%) — 02(c)i|.
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For |i| <né/2 andn > 2/§, we have
Is@)| < $li = (nve)lll(@lls and  |s(@) — s — D] < $1(a)ls,
whereas, for |i| > nd/2, we have the simple bound
. n . 1.
Is()] < 5[02@ +Y i +n ‘uw},
JEZL

using assumption (A2). By Theorem A.1 and Corollary A.1, it follows that the latter element
contributes at most O (n~1) to |E{R(n, r; Y;,)}|; for the former, Corollary 3.1 gives a bound of

order O(n_l./logn).

For the next term,
E{n[F(w) —Fo) - ﬁF’(c)]gnv(,,AYn)},
n n

|8nv.,r(Yn)| is bounded by 1/(nv.), using part 1 of Lemma 3.2. The contribution from the part
|Y,| < né is thus easily bounded by

1 _ _
—[IF" s n > B{Y21[|Y, < n81} + | F'llsn™'1,

C

and E{Yn2 1[|Y, < né]} = O(n) by Theorem A.1, so that the whole contribution is of order
O(n~"). If |Y,| > nd, assumption (A2) and Theorem A.1 guarantee a contribution of the same
order. The third term immediately yields

|F' (o)

E |F/(C) (nvc)gnvg,r(ynﬂ =<
nve

again of order O(n~Y). All of these elements are of order O (n~! J/logn), at least as small as
the order O (n=U+®/2 / log n) stated in the theorem, and it thus remains to bound

[E{Eni @nvc,rs Yn + LncD} forl <1 <7.

For the term arising from (3.6), we have

E{’%[F(Y+—L”CJ> - F(c)} v g,wc,rm)},
n

which is of the form considered in part 1 of Corollary 3.1, with [ = 0 and

s(i) = %[F(%) - F(c)}

and can be treated very much as (3.16) was, yielding a bound of the same order. For the term
arising from (3.7),

) . N |
Z (2> \V4 gnvc,r(Yn +j—k+ 1)] ”)\j(c)}»
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we can use part 2 of Lemma 3.3 to bound the expectations E{vzg%r (Yn+j—k+ 1)}, giving
a contribution of at most

& 15 2C3, C3 ) Sa 1 2
Z — jPejn—>L flogn < 212 p=(1H+®/2 flog p,
= 6 n2v, 30,

where we have also used assumption (A2).
The next term is from (3.8), and is more complicated. For its summands, we write

. Jil
Y,
[_(é> V &nve.r (Yn) + Zk V Gnver Y + j — k)i|n{kj <#) _ Xj(c)}
k=1

. Y,
= _<;> \Y gnvp,r(yn)n{)‘j (%) - )‘j(c)}

j—1 .
KT G Y+ —k)n{xj<y" lnelt k) —A,-<c>}

k=1 n
Jj—1 ‘
7 : Yo+ Lnel Yo+ lncl +j—k
+Zkvgnvc,r(yn+]—k)n{)\j<n—>_)Lj< n J )}
k=1 n n

1 . 2 . 3 .
= EQ Y, ) + EQ (Yo, ) + ES (Va, ),

say. The term Er(ll; (Y, j) is of the form considered in part 1 of Corollary 3.1, with / = 0 and

: ' | + |nc]
s(i) = —n(é){)u]<%> —Aj(c)}.

I5()| < <§>|i—<nvc>|||xf,||a and [s(i) — s(i — 1)] < (é)nx;na,

For |i| < né/2,

whereas, for |i| > nd/2, we have the direct bound

1] < ne; <£)<2+n—1|i|>,

using assumption (A2). From Corollary 3.1 and assumption (A4), the contribution from the

first part is of order
0<cj (é)n—l,/logn>; (3.17)

the second part is also at most of this order, in view of Theorem A.1, Corollary A.1, and
part 2 of Lemma 3.2. Adding over j < |./n], this gives a total contribution to the quantity

[E{En3(&nu,.rs Yo + e} of order O(n~"/Togn).
For E,%) (Yn, j), wenow have a sum of terms of the form considered in part 1 of Corollary 3.1,

with/ = j — k and .
s(i) = nk{xj<#> —,\j(c)}.
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Supposing 7 to be large enough that /7 < nd/2, we have
Is@)] < kX lls li = (nve)l and  [s(@) —sG — D] < k|13 ]ls
for |i| < nd/2, whereas, for |i| > nd/2, we have the bound
s ()| < nke;(2+n~1il).

Arguing very much as for (3.17), it thus follows that the total contribution to the quantity
|E{E3(8nve.rs Yn + |nc))}| is again of order O (n~!\/Togn).
Finally, for En3 (Y, j), we again have a sum of terms. We first note that

M(i +r|l_ncj) 3 Aj(i + anjn—i—j —k) <n

for |i| < né/2, and this leads to a contribution to |E{E(2)(Yn, J)} of at most

1y I
[ — KIlIA s

VkG =RV s _Lij

< , (3.18)
P nv. 6nv,
in view of part 1 of Lemma 3.2. For |i| > nd/2, there is the bound
J—1 k
EQ G DI <D —ci2+n' @il +j — k),
=1 Y
giving
) . né 7 né 1 né
EEn3(an])1|Yn|>7 < j%c |Y|>7 +n E|Yn|1|Yn|>7 )
(3.19)

because j < |4/n]. Adding (3.18) and (3.19) over j < |+/n] gives a total contribution to

|E{E(2)(Yn, Y| of order O (n~=1+%/2) because of assumption (A2).
The term from (3.9) is much easier. For |i| < n§, we have the bound

A,-(%) <¢;(1+3),

by assumption (A2), and E | v &nu,., (Yn + )| < 2(Ca2/ve)n=3/? for any [, by Lemma 3.3.
Hence,

. j—1
n+
EH: (é)Vgnvcr(Y)‘l‘Zkvgnvcr(Y +J_k)i| (%)lﬂyﬂfna]‘

k=1

2C
< (14 8= A2p12,

Ve

and summing over j > [/n] gives a total contribution to (3.9) of at most

2Can a1+ 5)n—(1+0t)/27

Sa
Ve
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in view of assumption (A2). For |Y;| > nd, the j-contribution is bounded by

2j%¢;(Cra11y + Ciar2)
nv, ’

721 7 &nverlloo BLGn 4 [Ya ) 1[|Y,| = 18]} <

in view of part 1 of Lemma 3.2 and Theorem A.1, and summing over j > [./n] gives a

contribution of order O(n~'=%/2). Hence, the complete contribution from (3.9) is of order
0(n7(1+a)/2)‘

The remaining terms (3.10)—(3.12) are treated in exactly the same way as those in (3.7)—(3.9).
In all, the largest order of any of the terms in (3.6)—(3.12) is O (n~ 1t/ 24/10g n), and since
the other terms were of order O (n~!,/Togn), Theorem 1.1 is proved.
Appendix A

The following results from Socoll and Barbour (2009) are used in the proofs.

Theorem A.1. (Socoll and Barbour (2009, Theorem 2.1).) Under assumptions (Al)—(A4), for
all large enough n, the process Z,, has an equilibrium distribution T1,,, and

E{ln™'Z, —c|1[|n7'Z, —¢| > 81} < Clasyn™ ",
E{(n'Z, — o) 1In"'Z, —c| <81} < Claayn™ !,

for & as in assumption (A3) and constants C(a.1,1y and Cya 1,2}, as before, in such expressions,
Z, is used to denote a random variable having equilibrium distribution T1,,.

Corollary A.1. (Socoll and Barbour (2009, Corollary 2.5).) Under assumptions (Al)—(A4),
for any fixed §' such that 0 < 8' < 8, there exists C5.1(8') < 0o such that

Plln~"'Z, —c| > 81 < Ca (8"

Lemma A.1. (Socoll and Barbour (2009, Lemma 3.1).) Under assumptions (Al)—(A4), for
any U > 0.and 0 < n < 4, there exists a constant Ky , < oo such that

P[ Sup | Zn(t) — nel > ny | Zy(0) = i] <n 'Ky,
1€[0,U]

uniformly in |i — nc| < (nn/2) exp{—||F'|sU}.

Theorem A.2. (Socoll and Barbour (2009, Theorem 3.2).) Under assumptions (Al)—(A4),
there exists a constant C 4 5 > 0 such that

drv{Tly, T, % 81} < Caon™'/2,
where T1, x 81 denotes the unit translate of T1,,.

Finally, we shall use the following result, which was used in Socoll and Barbour (2009)
to prove the previous theorem; see, for example, Equation (3.7) in the proof of Socoll and
Barbour (2009, Theorem 3.2).

Lemma A.2. Under assumptions (Al)—(A4), for any U > 1, there exists a constant Ky < oo
such that

AtV L(Zy(U) | Zy(0) = i), LZy(U) | Zy(0) = i) %81} < Kyn~ /2,

uniformly in |i — nc| < né/2.
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